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ABSTRACT: The minimum operating frequency (MOF) of mode-stirred reverberation chambers is often assessed through statistical anal-
ysis using goodness-of-fit (GoF) statistical hypothesis tests such as Anderson-Darling or Kolmogorov-Smirnov. However, in the context
of MOF determination, hypothesis tests are typically used with the aim of proving the null hypothesis made on the probability distribution
of the electric field in the cavity, as opposed to the initial intent of the tests. A new approach avoiding hypothesis testing is proposed in
this work by introducing a criterion based on normalized statistical distances. By normalizing the distances, it has been made possible to
limit the influence of the sample size on the assessed minimum frequency, thereby improving the consistency of the results.

1. INTRODUCTION

Mode-stirred reverberation chambers (MSRCs) are widely
used in many industries and research fields such as elec-
tromagnetic compatibility [1], bioelectromagnetics [2], and the
food industry [3].

When employing or designing an MSRC, it is necessary to
assess its operational frequency range. In order to consider
an MSRC as overmoded, i.e., providing a sufficiently homo-
geneous and isotropic electric field [4], one may define a fre-
quency corresponding to a sufficiently large number of over-
lapping modes. In this work, this frequency is referred to as
the minimum operating frequency (MOF). The MOF can be as-
sessed through different techniques, including statistical anal-
ysis. In the literature, statistical approaches often involve us-
ing goodness-of-fit (GoF) hypothesis tests such as Anderson-
Darling (AD) [2, 5-8] or Kolmogorov-Smirnov (KS) [7,9-11].
However, these tests are usually utilized in a way that consists
of proving the null hypothesis, as opposed to their original pur-
pose. It is shown in this work that this inversion adds uncer-
tainty to the MOF determination.

GoF tests, such as AD and KS tests, use statistical distance
concepts [12]. Within the context of this study, the term ‘sta-
tistical distance’ refers to the similarity between statistical dis-
tributions. The distances are used to compare the measured
experimental distributions from the MSRC with the theoreti-
cal ones. Several different distances have been formulated by
statisticians in the literature. To address this formulation di-
versity, a distance normalization procedure is proposed in this
work.

This paper aims to discuss the use of hypothesis tests in the
context of MOF assessment and proposes a statistical approach
based on normalized statistical distances not relying on hypoth-
esis testing.
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2. MODE-STIRRED REVERBERATION CHAMBER
STATISTICS

2.1. Electric Field Probability Distribution

According to the literature, the rectangular (cartesian) compo-
nents of the electric field in a perfectly overmoded MSRC are
asymptotically Rayleigh distributed [4, 7, 10, 13]. The cumula-
tive distribution function (CDF) of the Rayleigh distribution is
given by:

F(z) =1 exp (— ””2) (1)

202

The Rayleigh distribution parameter o can be estimated from a
sample of size N by applying the maximum likelihood method.
The resulting estimated parameter denoted as & is given by:

@)

One of the approaches to assess the MOF consists of analyz-
ing the S parameters of the antenna(s) located in the chamber.
For example, in the case of a linearly polarized antenna in a
perfectly overmoded RC, the statistics of the magnitude of the
reflection coefficient due to the stirred paths, | S|, are con-
sidered to be the same as the statistics of the magnitude of the
rectangular components of the electric field [5, 14-16].

The fact that the rectangular electric field magnitude is
Rayleigh distributed implies that the MSRC is overmoded, also
denoted as well-stirred. It has been shown that the electro-
magnetic properties inside a well-stirred MSRC are expected
to be homogenous, at an electrically large distance away from
the walls and objects [17]. Hence, it will be considered in this
work that the whole working volume is well stirred as long as
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TABLE 1. (a) Analytical and (b) equivalent computational formulae of the statistical distances used in this study.

@

Distance Name

D

Anderson-Darling (AD) [19]

+oo (Fp(z)—F(x))
N [ Gl ey dF ()

Kolmogorov-Smirnov (KS) [19] max|F ( ) — F (x)]
Cramer-von Mises (CvM) [19] f+°° F (z))*dF(z)
First-Order Wasserstein (FOW) [20] [ \Fn ( )— F(x)|dx
(b)
Distance Name D
N
-N - 2L n(F 1
Anderson-Darling (AD) [5] gl ~ [In(F (@) +1In
(F (zn41-k))]
Kolmogorov-Smirnov (KS) [19] max |F, (zx) — F (zi)|
kE[L;N]

Cramer-von Mises (CvM) [19]

erZ[zfv
k=1

— F(xx)]’

First-Order Wasserstein (FOW)

Numerical integration of the

analytical formula

the ]S st | population is Rayleigh distributed. In other words, the
measurements are performed at a single location in the MSRC
and are considered sufficient to assess the homogeneity and
isotropy in the whole working volume. More details on this
inductive reasoning can be found in [5, 14].

To assess whether the ] S“‘ samples are Rayleigh dis-
tributed, goodness-of-fit (GoF) statistical hypothesis tests such
as Kolmogorov-Smirnov (KS) or Anderson-Darling (AD) are
often employed in the literature [2, 5-10, 18].

2.2. Statistical Hypothesis Tests

Statistical hypothesis tests assess the probability of observing
some results in the conditions of the null hypothesis. This
probability is often referred to as the statistical significance.
Goodness-of-fit (GoF) tests are a type of hypothesis tests used
to study the significance of a statistical sample by comparing its
characteristics to a statistical model or to another sample. Com-
parison methods often consist of measuring the discrepancy be-
tween the empirical cumulative distribution function (ECDF) of
the sample and the theoretical cumulative distribution function
(CDF) associated with the hypothesized population probability
distribution. Let (X7, ..., X) be a set of N independent ob-
servations. The ECDF denoted as F),(x) is the proportion of
observations which are less or equal to x:

|X; < 7|

F, (z) = N

A3)

where | X; < z| denotes the number of sample elements lower
than x.

Figure 1 shows the ECDF of an example set of 50 observa-
tions of a Rayleigh distributed random variable. The shaded
area between the curves is an image of the statistical distance
between the ECDF and theoretical CDF, i.e., the model dis-
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FIGURE 1. Typical plots of ECDF (N = 50) and Rayleigh CDF.

crepancy. This distance can be probed using different formulae
such as those listed in Table 1.

In this table, four different statistical distances denoted
as Dy are given in their analytical form: Anderson-Darling
(AD) [19], Kolmogorov-Smirnov (KS) [19], Cramer-von
Mises (CvM) [19], and first-order Wasserstein (FOW) [20].
In every D formula, F,, refers to the empirical cumula-
tive distribution function of the sample (ECDF) whereas F
refers to the model cumulative distribution function, i.e., the
Rayleigh CDF in the context of this work. For example, the
KS distance measures the maximum distance between the
ECDF and the CDF across all the sample values whereas
the first-order Wasserstein distance measures the shaded area
through Riemann integration. For more efficient computations,
the computational forms of the statistical distances given in
Table 1(b) are used in this study.

For GoF hypothesis tests, the null hypothesis Hy and alter-
native hypothesis H, can be formulated as follows:
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Hy: the observed sample is originating from the hypothe-
sized distribution,

H,: the observed sample is not originating from the hy-
pothesized distribution.

GoF tests use the statistical distance concept (denoted in this
work as Dg) between the sample ECDF and hypothesized dis-
tribution CDF. The calculated Dg is compared to a threshold
value t,, associated with a significance level . The signifi-
cance level is the probability to make a type I error, i.e., H, is
accepted whereas Hj is actually true. Hence, when comparing
the value of Dg to t,, the possible outcomes are [21]:

Dg > t, the result is considered as significant, and the
alternative hypothesis H,, is accepted whereas the null hy-
pothesis Hy is rejected with a probability a to make a type
I error,

Dg < t, the result is considered as insignificant; H, is
not accepted; and one fails to reject Hy.

Failing to reject Hy does not mean that Hy should be ac-
cepted either. As any other hypothesis tests, the AD and KS
tests cannot prove the null hypothesis true. Indeed, these tests
are rather designed to detect statistical anomalies, i.e., signifi-
cant results [21]. Nevertheless, hypothesis tests are commonly
used in the electromagnetic literature with the aim of proving
the null hypothesis [2, 5-10, 18]. These findings motivated the
proposal of the method presented in Section 5 which does not
rely on hypothesis testing.

3. EXPERIMENTAL SETUP

To illustrate the concepts used in this paper, experimental data
was generated using the setup shown in Figure 2. This setup
is mainly composed of three components similar to [2]: a cus-
tom wideband patch antenna, an MSRC based on a biological
incubator (BINDER CB 150 Gmbh, Tullingen, Germany), and
a Vector Network Analyzer (8753E, Agilent, USA). The mea-
surements were conducted following the well-stirred condition
(WSC) method [5, 14] which consists of measuring and analyz-
ing the chamber S7; parameters from the antenna. According
to its dimensions, the fundamental resonant mode frequency of
the cavity is estimated to be approximately 390 MHz.

The MOF measurements were conducted for several antenna
positions and orientations inside the cavity. The results were

D T
Mode stirrer
Wideband

patch
antenna

5 o

VNA HP8753 Mode-Stirred Reverberation Chamber

FIGURE 2. Simplified schematics of the experimental setup.

consistent, i.e., the assessed MOFs were mostly independent
from the position/orientation of the antenna, similar to the re-
sults shown in [5]. For the reasons stated in Section 2.1 and
because this paper focuses on the use of statistical tools, a sin-
gle antenna position and orientation is considered as follows.
Let (S11)n denote the S1; sample mean over the N stirrer
angles. (S11)n represents the maximum likelihood estimator
of the Sy population mean. Therefore, the part of S¥, due to
stirred paths denoted as Sflysﬁ may be estimated by subtracting
(S11) N
Stisi = ST — (S1)n 4

The superscript k designates the k" stirrer angle so that § =
2m % is the stirrer position angle.

The S parameters were measured from 0.5 GHz to 6 GHz and
sampled over 1601 frequency points. Statistics of |Sf1,sn| are
supposed to be related to the statistics of the rectangular electric
field magnitude next to the antenna for a given stirrer angle [16].
Hence, as explained in the introduction, |S fl’sﬁ| is expected to
be asymptotically Rayleigh distributed.

The subsequent sections of this work will focus on compar-
ing the | S}, ;| samples ECDF to the corresponding theoretical
Rayleigh distribution CDF as a function of frequency. In the lit-
erature, this comparison is typically conducted using goodness-
of-fit hypothesis tests. This work proposes another approach
that does not involve hypothesis testing and is instead based on
normalized distances.

4. USING GOF TESTS TO ASSESS THE MOF

The WSC method [5, 14] and other publications [2, 9] use hy-
pothesis tests to assess the |Sfl’sti| ke[1;n] samples whether the
|S11,sti| population is Rayleigh distributed. When it is the case,
the MSRC is considered as effectively overmoded and oper-
ating at least partially as intended [4, 6, 14]. However, ac-
cording to the central limit theorem, the transition process to
a Rayleigh distribution over frequency in an MSRC is contin-
uous and asymptotical [7,22]. The |S;; «i| distribution only
converges to a Rayleigh distribution. Hence, a discrepancy
between the Rayleigh distribution and experimental distribu-
tion always remains. Additionally, experimental measurements
carry thermal and measurement noise [23], usually contributing
to the model discrepancy. Generally speaking, and in particu-
lar for the GoF tests, the statistical power of hypothesis tests
increases with the sample size [21]. Therefore, any model dis-
crepancy might be detected by a hypothesis test, provided that
the sample size is large enough. In the end, the calculated MOF
strongly depends on the sample size selection. This dependence
is studied and discussed both experimentally and in statistical
simulation in this section.

4.1. Testing Experimental Data with GoF Tests

The | S}, qilkeqi;n] samples were acquired using the experi-
mental setup shown in Figure 2. Similar to [24], the modified
statistics of the AD, KS, and CvM tests from Stephens [25] are
used in this study. As the critical values associated with the
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modified statistics are independent of the sample size, the re-
sulting calculations are simplified. Considering its extensive
use in the literature, this section focuses on the AD test which
serves here as an example.

The modified AD statistic A2, is plotted in Figure 3 for dif-
ferent sample sizes ranging from N = 30 to N = 350. A
5% order polynomial interpolation is superimposed to the plots,
similar to [5,26]. A value of 1.341 corresponds to the criti-
cal value t,, for a significance level of 5% for the modified AD
test[5]. Ascanbe observed, when the sample size increases, the
intersections of A2, with t,, shift towards the high frequencies.
This is expected: as the test gains in power, it becomes more
capable of detecting smaller departures from the model. Con-
sequently, both the A2, statistic and MOF increase. Utilizing
the modified KS and CvM tests instead of AD test is reported
leading to the same conclusion.

0 J
500 1000 2000 3000 4000 5000 6000
Frequency (MHz)

FIGURE 3. Experimental plots of the modified AD statistic A2, for
different sample sizes. Thick lines represent the 5™ order polynomial
interpolations whereas thin lines represent the moving averages over
31 points. According to the WSC method [5], the intersections with
the value of 1.341 correspond to the MOF for a 5% significance level.

4.2. Running GoF Tests Statistical Simulations

In this section, a Rayleigh distributed random variable featuring
additive noise is simulated. The aim of this study is to demon-
strate that a distribution model discrepancy, such as additive
noise, will be detected by the GoF tests, provided that the sam-
ples are large enough.

Let X be a Rayleigh distributed random variable with a
distribution parameter 0 = 1. To simulate the presence of
additive noise, a centered normally distributed random variable
Y is added to X, resulting in a random variable U given by:

Rayleigh —1 I—Noise

U=X+nY )

where 7 is a positive scaling coefficient. In the following, the
rejection rate of a test is defined as the empirical proportion
of trials that are leading to rejecting the null hypothesis, i.e.,
the statistic is above the critical value threshold. The rejection
rate associated with the tests for a given significance level is
estimated by generating a high number of observations of U.
Figure 4 shows the calculated rejection rate over 5000 trials
for the AD, KS, and CvM tests as a function of the sample size
for different noise coefficients 1 ranging from 0 to 0.3. The

FOW distance is not shown, as the critical values related to the
tests using the FOW distance are usually not tabulated in the lit-
erature. As expected, the rejection rate without noise is close to
5%. However, when noise is added, the rejection rate virtually
reaches 100% beyond a certain sample size. For example, with
n = 0.1, the AD test only detects the additive noise for sam-
ple sizes larger than 103. As predicted by the theory explained
above, any departure from the ideal distribution, i.e., additive
noise in this example, can be detected provided that the test has
enough power. In this case, increasing the power of the test is
achieved by employing larger samples.

In a mode-stirred reverberation chamber, the additive noise
due to thermal fluctuations or measurement noise is not the
only source of model discrepancy. The electric field rectangu-
lar component magnitude is only asymptotically Rayleigh dis-
tributed [7]. To address these issues, a new criterion based on
normalized statistical distances and accounting for the subjec-
tivity associated with the sample size selection is introduced in
the next section.

5. INTRODUCING A NORMALIZED STATISTICAL DIS-
TANCE

5.1. Definition of the Proposed Normalized Distance

In the context of determining the MOF of MSRCs, the GoF
tests answer the question “Is the sample sufficiently character-
istic of a Rayleigh distribution so the test overlooks the model
discrepancy?” rather than the question “Is the sample drawn
from a Rayleigh distribution?”. The matter here is to define
what “sufficiently characteristic”” means.

A relative normalized distance as a frequency function de-
noted as d,, is proposed, for any N, as follows:

Ds(f) - Ds,oo

P D D

(6)

where Dg refers to any of the statistical distances listed in Ta-

ble 1; D4 ( fo) is the Dj statistical distance evaluated at the cav-

ity fundamental resonance frequency fj; and D; o is the esti-

mated asymptotical value of the distance at very high frequen-

cies: Dg o0 = fli)m Ds(f). Figure 5 shows an illustration of
oo

the proposed d,, distance in (6).

The distance D,(fp) makes no physical sense in itself.
Rather, it serves as a starting point where it is known that the
mode stirrer has little to no influence. The asymptotical value
Dy  is to be experimentally determined. Dy , is expected to
be greater than 0 because of the finite nature of the observa-
tion sets and because of model imperfections such as noise. In
the case of the KS distance, the Dvoretzky-Kiefer-Wolfowitz-
Massart (DKW) inequality provides an upper bound when in-
dependent observations are considered. However, the observa-
tions in this work are not truly independent, leading to an even
higher expected upper bound.

The distances given in Table 1 serve as an example, and one
might expand experiments with other distances. By design, d,,
allows for comparing different statistical distances and also al-
lows for limiting sample size influence. A subjective critical
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FIGURE 4. Simulation of the (a) AD, (b) KS, and (c) CvM rejection rate over 5000 trials as a function of sample size for different additive noise

values and for a 5% significance level.
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FIGURE 5. Schematic diagram illustrating the definition of the normal-
ized distance d,, and its evolution as the frequency increases.

value T can be associated with d,,, satisfying the condition:

f>fmor=>dn(f)<T @)

where fyor is the assessed minimum operating frequency. For
this study, an arbitrary value of 7" = 0.1 is chosen. The value
of T should be chosen in accordance with the context of the
conducted study and should be kept constant across all the tri-
als. The T criterion accounts for the subjectivity introduced by
the choice of both the significance level and sample size when
classically using GoF tests.

5.2. Experimental Results

The following results are obtained using experimental data ex-
tracted from the reverberation chamber setup described in Sec-

tion 3. The normalized distance d,, given by (6) is plotted
in Figure 6 for each of the distances listed in Table 1 with
N = 100 sample size. It is observed that different distances
present a similar behavior. The first-order Wasserstein distance
converges slower than the other distances. This could be be-
cause it involves the Riemann integral, hence behaving differ-
ently from the AD and CvM distances involving the Riemann-
Stieltjes integral [27].

Table 2 features the MOF's obtained by applying the proposed
criterion given in Equation (7), with 7" = 0.1 and N = 100, to
the four distances listed in Table 1. The tabulated frequencies
correspond to the intersection of the polynomial curves plotted
in Figure 6 with the threshold value of 7" = 0.1. Depending on
the context requirements, the global assessed MOF typically is
the higher or average frequency.

Figure 7 compares the minimum operating frequency fuor
plotted as a function of the sample size IV, for both the ap-
proaches, i.e., using the proposed normalized distances and us-
ing the GoF hypothesis tests.

The results demonstrate that the hypothesis test method di-
verges as the sample size increases. For small sample sizes, the
determined MOF is below 500 MHz, i.e., in the vicinity of the
fundamental resonance frequency of the studied electromag-
netic cavity. The method introduced in this work converges
and reaches a plateau value as the sample size increases. In
the [30; 350] sample size range, the MOF issued from the AD
hypothesis test method varies within the entire analysis band,
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FIGURE 6. Plots of d,, for the four statistical distances listed in Table 1
and N = 100. Thick lines represent the 5™ order polynomial interpola-
tions whereas thin lines represent the moving averages over 31 points.

TABLE 2. Assessed lowest usable frequencies using the method de-
scribed in Section 5.1 and the data plotted in Figure 6.

Distance name fmor (GHz)
Anderson-Darling (AD) 2.00
Kolmogorov-Smirnov (KS) 2.25
Cramer-von Mises (CvM) 2.07
First-Order Wasserstein (FOW) 2.49

from 500 MHz to 6000 MHz, whereas the normalized AD dis-
tance method MOF varies from 1450 MHz to 2110 MHz and
asymptotically approaches the value of 2070 MHz. Therefore,
the introduced approach suggests an improvement in the reli-
ability of the MOF estimation over the method relying on hy-
pothesis tests.

5.3. Sample Independence Requirements

Independent samples are required for statistical tests such as
AD or KS, i.e., each measurement in the sample is independent
from one another. However, since the mode stirrer employed in
this study consists of a rotating metallic structure, the number
of actually independent samples is limited due to the stirrer pe-
riodic trajectory. In this work, the GoF tests are inevitably per-
formed on correlated data, particularly for sample sizes above
200. A study led by Monsef et al. [ 18] showed that the AD test
performance is degraded beyond 90% correlation. Nonetheless,
sample correlation cannot entirely explain why the AD hypoth-
esis test is failing at consistently assessing the MOF. Indeed, as
shown in Figure 7, for N = 30 where the samples are mostly
independent, the estimated MOF with the GoF method is be-
low 500 MHz (chamber fundamental resonant frequency). In
the literature, the minimum operating frequency is empirically
defined around 5 fj or 6 fj [8, 15]. The MOF obtained with the
proposed normalized distance method, with " = 0.1, corre-
sponds to the value obtained using this empirical criterion.

6000 1 1 [

< 4000 ;e

L /

s # 59

W $—— "% KS
) s 87 CvM

~@= Normalized Distances (T=0.1)
®- GoF Hypothesis Tests (a=0.05)

0 200 400 600 800

FIGURE 7. Plots of the determined MOF with both the normalized dis-
tance approach (blue curve) and the AD hypothesis test method (red
curve) as function of the sample size.

6. CONCLUSION

A review has been performed on the use of goodness-of-fit hy-
pothesis tests for assessing the minimum operating frequency of
mode-stirred reverberation chambers. As evidenced, the initial
intent of these tests is the detection of statistically significant
results instead of validating the null hypothesis associated with
the population distribution. As a consequence of this logical
inversion, the estimated MOFs using these tests are drastically
impacted by the sample size selection, which is directly associ-
ated with the test statistical power of the tests.

To overcome the uncertainty associated with the subjectiv-
ity on the sample size selection, a new approach was intro-
duced based on normalized statistical distances. By accept-
ing a subjective criterion, denoted as 7" on the normalized dis-
tances, the sample size influence on the MOF estimation was
limited. Moreover, the suggested normalized distance allows
for MOF consistency probing by comparing different statisti-
cal distances. As shown previously, the proposed approach in
this study allows for more consistent results. When normalized
distances are used, the effect of sample size selection is drasti-
cally reduced compared to when GoF hypothesis tests are used.

The method proposed in this paper offers a new approach
to assess the MOF and could be relevant in the straightfor-
ward characterization processes of the mode-stirred reverber-
ation chambers.
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