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ABSTRACT: An exact analytical solution is obtained for the problem of finding the field of a linear electric current located near the
interface between half-spaces filled with ordinary and perfectly matched double-negative media. To achieve this, a novel approach is
introduced that, for the first time, enabled the correct analytic continuation of the function describing the field into the entire half-space
filled with a double-negative medium. The analysis of this solution shows that the current source field, upon reaching the point of perfect
focusing, passes through it and then moves off to infinity, rather than disappearing at that point, as claimed in earlier works.

1. INTRODUCTION

rogress in the experimental realization of double-negative

(DNG) materials reveals new perspectives on many electro-
magnetic phenomena [1,2]. This is most evident in the study
of the field behavior near the interface between ordinary and
DNG media. Layered media that include DNG materials ex-
hibit unique electrodynamic properties [3], such as the effect
of perfect focusing. To obtain an expression for the field of a
current source in such a planar layered medium, spectral de-
composition method is typically used. Thus, the interaction be-
tween a linear current source and a DNG half-space or DNG
slab is modeled using different Sommerfeld integrals in each
layer of such a medium [4,5]. However, when transitioning
from a DNG medium with epyg < 0 and upyg < 0 to the
case of a perfectly matched planar lens with epyg = —¢¢ and
UDNG = — o, spatial regions are divided into two types [6—8].
In regions of the first type, the corresponding Sommerfeld in-
tegrals are calculated explicitly, while in regions of the second
type, these integrals become divergent. A challenge arises in
deriving expressions for the field in regions of the second type.
In [6, 8, 9], additional assumptions regarding the field’s possi-
ble behavior near the focal plane, which separates regions of the
first and second type, are made. Based on these assumptions,
the field is continued from regions of the first type into regions
of the second type. The variants of such continuation proposed
in [6] and [8] lead to the conclusion that the field’s singularity
point in a perfectly matched DNG medium (slab in [6] and half-
space in [8]) is a drain point of electromagnetic energy rather
than a focus, which implies a non-physical disappearance of en-
ergy at this point from the real space. This results in a violation
of the radiation condition: the Poynting vector flux in DNG
half-space appears coming from infinity (Fig. 2 in [8]). This
is a consequence of the assumption that the analytic continua-
tion through the focal plane should be carried out continuously,
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while ignoring the fact that the original function has a branch
point on this plane. On the other hand, the additional assump-
tion used in [9] results in an infinitely large jump of the field at
the focus point.

In this work, we restrict our analysis to the field of a lin-
ear electric current near a DNG half-space. Without any ad-
ditional assumptions, we demonstrate that the analytic contin-
uation, which accounts for the presence of a branch point of
the Hankel function, automatically results in the singularity in
a perfectly matched DNG half-space being a point of perfect fo-
cusing rather than an energy drain point. In this case, the field
has a finite discontinuity in the focal plane.

2. PROBLEM FORMULATION AND SOLUTION
We are looking for the field E, = E,(x, z) of a linear electric

current j = {07 jya 0}»
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FIGURE 1. Geometry of the boundary value problem.
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in a two-layered medium (Fig. 1). This field is E-polarized
with components

18E
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E,=E.=H,=0.

To find it, we solve the following boundary value problem [10]
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Here, the first line is the Helmholtz equation; the third line
represents the continuity condition of the field at the interface
z = 0; the fourth line is the Sommerfeld radiation condition
[11]; the function Egss) (z,z) and permittivity ¢ and perme-
ability us are defined in the upper (s = 1, z > 0) and lower
(s = 2, z < 0) half-spaces. Besides that, r = 2 + 22,
ks = \/Estts w, go = iwpilo/2m.
The solution to the problem (3) is known, which is obtained
using the method of spectral decomposition [10—12]. In this
study, we employ the field representation derived in [10]:
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are reflection and transmission coefficients, and ks (§) =
VEk2—€2(s=1,2).

Next, we consider the case of perfectly impedance matched
media: €5 = —&1, o = —p1. As known from [8], in this
scenario, the reflection coefficient from the boundary of such
media is R = 0; the transmission coefficient is 7' = 1; and
ko (&) = —k1 (§). Therefore, from (4) and (5) follows
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Eg(f) _ 14@ / exp {ifx + ik (z + zo)}d£
T K1

—00

(—o0o<2z<0).
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Here, H(gl) (---) is the Hankel function of the first kind [13].
The convergence of the integral in (8) depends on the sign of the
second term in the exponent’s argument. In region Il (—z¢ <
z < 0, see Fig. 1), from (8) follows

EZ(}Q) _igo / exp {ifx + iky \erzo|}d5
47 K1

— 00
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The representations (7) and (9) are fully consistent with the cor-
responding formulas (8a) and (8b) obtained in [8], taking into
account the difference in sign in the time dependence between
those expressions and the present study.

In region III (—co < 2z < —zp), the integral in (8) di-
verges. Therefore, to obtain the expression for the field E(z)
in this region, it is necessary to perform an analytic contin-
uation of the function H (k1 p) from (9). The point p =

22 + (z + z0)2 = 0 is a branch point of this function. It
is known [13] that in the course of analytic continuation of the
Hankel function, as the branch point is encircled, the following
transformation occurs:

HY (€77 kip) = HSY (k1p) — 2ndo (kip),  (10)

where Jy (. ..) is the Bessel function and n = 0,1,2,.... The
criterion that unambiguously determines the physically correct
result of such continuation is the Sommerfeld radiation condi-
tion. For DNG half-space, this requirement translates to [5]

(2)
lim /p <6E ) = 0.

(11)

p—+00

For n = 1 (single enc1rclement around the singular-
ity of the function H (klp)) from (10) we obtain
H, (1) (e k1p) = —H(g ) (klp). Therefore, the analytic

contmuation of the Hankel function (9) into region III yields

E§2) :714@ / exp {—ifx — ik |Z+ZO|}dﬁ
™ K1

(12)

(—o0 < 2z < —2zp),

VkE = B2, Im k1 (B)

account the asymptotic behavior of the function H, éz) (k1p) for
kip > 1, it is easy to see that the function (12) satisfies the
radiation condition (11). For any n # 1, this condition is not
fulfilled.

90 17 (2
== H (kap)

where k1 (8) = < 0 [11]. Taking into
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As can be seen from (2), (9), and (12), the field compo-
nents Fy, and H, have a discontinuity crossing the focal plane
z = —zp. It can be shown that this discontinuity is a direct
consequence of the effect of perfect focusing.

Let us now examine the distribution of the obtained field’s
Poynting vector

S=ReE x H* =Re {Z)- E,H! — 2z, - E,H} (13)

in each of the three regions. Here, * denotes the complex con-
jugate. Given that Hél’Q)(X) = Jo(x) £ iNo(x) (Jo(x) and
No(x) are the Bessel and Neumann functions), and the Wron-
skian W (Jo(x), No(x)) = 2/mx [13], from (2) and (13) we
deduce

ﬁl/p%v O<Z<007
S=o — pa/pa,  —2 < z<0, (14)
P/ P, —00 < 2 < —2p,

where p) =€, -x + €. (2 — 20), fo = €y -
Wy
3;3 15
As can be seen from (14), the energy flux from the source
at the point (0, zp) propagates in radial directions. Upon cross-
ing the interface z = 0, negative refraction occurs, resulting in
all the electromagnetic energy passing into the DNG medium’s
layer —zp < z < 0 being directed to the point (0, —z(). From
this point, as indicated by the last formula in (14), the energy
spreads radially in the half-space —o0 < 2z < —z; going to-
wards infinity (Fig. 2). Thus, the point (0, —z¢) is a point of
perfect focusing, not an energy drain as claimed in [8]. Addi-
tionally, from (14), it follows that the non-zero energy fluxes,
which are adjacent to the focal plane on both sides, have op-
posite signs, thus indicating a discontinuity of the field in the
focal plane.
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FIGURE 2. Poynting vector of the field of a linear current source near
the interface between ordinary and DNG media. The source is at
(z,2) = (0, z0), the focus point is (z, z) = (0, —z0).
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From the integral representations (7), (9), (12), it can be
concluded that in region I (z > 0), the phase front of the
cylindrical wave propagates from the source point; in region
II (—zp < z < 0), it propagates from the focus point; and in
region III (—oo < z < —zp), it propagates towards the focus
point.

Evanescent spatial modes decay exponentially in the ordi-
nary medium (region I) as they propagate away from the source
(see (7)). After crossing the interface, in region II, their ampli-
tudes increase (see (9)), reaching the focus point (0, —z¢) the
same values that they had when leaving the source point (0, zg).
After passing through the focus point, in region III, their am-
plitudes decay exponentially again (see (12)).

3. CONCLUSION

An exact analytical solution has been obtained for the two-
dimensional problem of finding the field of a linear electric cur-
rent located near the interface between ordinary and perfectly
matched DNG media. This solution shows that the point of per-
fect focusing is not a drain for the field’s energy, as claimed in
[6,8]. The approach proposed in our work allows the manda-
tory radiation condition in the DNG half-space to be satisfied,
thereby eliminating the physically incorrect arrival of waves
from infinity, which occurs in the solution obtained in [8].

It has also been shown that in the considered case of per-
fectly matched ordinary and DNG media, the physically intu-
itive property of boundedness and continuity of the electromag-
netic field, typical for ordinary homogeneous media, is violated
in the DNG medium not only at the focus point but throughout
the focal plane. This is a consequence of the idealized nature of
the model under consideration, where the matching conditions
of ordinary and DNG media are strictly satisfied, and no losses
are present. Violation of any of these conditions eliminates both
the field’s discontinuity and the singularity at the focus point.

The proposed method for determining the field of a linear
current near a perfectly matched DNG half-space can be applied
to solve a similar problem for a perfectly matched DNG planar
layer. Moreover, it can also be extended to the case of three-
dimensional problem that describes the field of a point current
source.

ACKNOWLEDGEMENT

This work was partially funded by the Federal Ministry of Edu-
cation and Research of Germany in the program of “Souverin.
Digital. Vernetzt.”, joint project 6G-RIC, project identification
number: 16KISK020K.

REFERENCES

[1] Guo, Z., X. Wu, Y. Sun, H. Jiang, Y.-Q. Ding, Y. Li, Y. Zhang,
and H. Chen, “Anomalous broadband Floquet topological meta-
surface with pure site rings,” Advanced Photonics Nexus, Vol. 2,
No. 1, 016006, Jan. 2023.

[2] Guo, Z., H. Jiang, K. Zhu, Y. Sun, Y. Li, and H. Chen, “Focus-
ing and super-resolution with partial cloaking based on linear-
crossing metamaterials,” Physical Review Applied, Vol. 10,
No. 6, 064048, Dec. 2018.

WWwWw.jpier.org



rPlER Letters

Pazynin, Sirenko, and Pazynin

(3]

Chen, H., B.-I. Wu, and J. A. Kong, “Review of electromag-
netic theory in left-handed materials,” Journal of Electromag-
netic Waves and Applications, Vol. 20, No. 15,2137-2151, 2006.
Kong, J. A., “Electromagnetic wave interaction with stratified
negative isotropic media,” Progress In Electromagnetics Re-
search, Vol. 35, 1-52, 2002.

Chew, W. C., “Some reflections on double negative materials,”
Progress In Electromagnetics Research, Vol. 51, 1-26, 2005.
Pacheco, J., “Theory and application of left-handed metamateri-
als,” Ph.D. dissertation, Massachusetts Institute of Technology,
Cambridge, MA, USA, 2004.

Culhaoglu, A. E., A. V. Osipov, and P. Russer, “Imaging by a
double negative metamaterial slab excited with an arbitrarily ori-
ented dipole,” Radio Science, Vol. 49, No. 1, 68-79, 2014.
Rosenblatt, G. and M. Orenstein, “Perfect lensing by a single
interface: Defying loss and bandwidth limitations of metamate-

36

[10]

(1]

[12]

rials,” Physical Review Letters, Vol. 115, No. 19, 195504, 2015.

Keleshteri, M. E., V. I. Okhmatovski, and J. Lovetri, “Analytic
sinusoidal steady-state electromagnetic field expressions for the
ideal veselago lens,” IEEE Open Journal of Antennas and Prop-
agation, Vol. 2, 1057-1070, Oct. 2021.

Pazynin, L. A., “Pulsed radiation from a line electric current near
a planar interface: A novel technique,” IEEE Transactions on
Antennas and Propagation, Vol. 59, No. 12, 4733-4739, Dec.
2011.

Felsen, L. and N. Marcuvitz, Radiation and Scattering of Waves,
Prentice-Hall, 1973.

Chew, W., Waves and Fields in Inhomogenous Media, John Wi-
ley & Sons, 1999.

Korn, G. and T. Korn, Mathematical Handbook for Scientists and
Engineers, McGraw-Hill, 1961.

WWwWw.jpier.org



	Introduction
	Problem Formulation and Solution
	Conclusion

