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ABSTRACT: In this work, we propose a technique to enhance the performance of circular patch antennas using an embedded system of
cylindrical impedance surfaces. The technique utilizes a new analytical model of a circular patch antenna containing an arbitrary number
of coaxial impedance surfaces along with nonlinear optimization algorithms. This allows for calculation of the radius and impedance
of each surface to achieve the desired frequency band of input impedance matching for given antenna dimensions. We demonstrate
two applications of adding an optimal set of impedance surfaces into a compact circular patch antenna, i.e., the bandwidth extension
keeping constant antenna dimensions and the miniaturization (height reduction) maintaining the constant bandwidth. Two corresponding
versions of a cavity-backed circular patch antenna, each having three impedance surfaces, are synthesized. Practical implementations for
both versions are designed and considered in full-wave numerical verification of analytically predicted properties. Comparison with the
conventional method using multi-element microstrip matching circuits shows a benefit in radiation efficiency.

1. INTRODUCTION

Patch antennas are open resonators formed by metal patches
of certain shapes located above a ground plane (a flat metal

shield). The advantages of patch antennas include simplicity,
compactness, low manufacturing costs, attainability of omnidi-
rectional or cardioid radiation patterns, and compatibility with
printed circuit board (PCB) technology. Antenna engineers of-
ten face the task of ensuring impedance matching in a fixed fre-
quency band following strict limitations to the antenna dimen-
sions. To address this issue, various miniaturization techniques
have been proposed. For circular patch antennas studied in this
work, miniaturization means decreasing the diameter 2a of a
disc patch and/or the height h of its location above the ground
plane. Methods for reducing the resonant diameter of a circular
patch antenna include: filling the internal space of a patch res-
onator with a dielectric [1], connecting the patch to the ground
plane with a set of capacitive loads along the radiating slots (so-
called fence antennas) [2–4], and creating cuts in the patch or in
the ground plane (see, e.g., in [5, 6]). As the patch radius a be-
comes small compared to the wavelength, the characteristics of
the patch antenna approach the Chu-Harrington limit [7]: the
relative matching bandwidth shrinks with miniaturization [8].
In particular, the matching bandwidth is proportional to h.
There are various methods to maximize the matching band-

width of patch antennas with size limitations, including: adding
a passively coupled microstrip resonator (PCMR) [9, 10], us-
ing an L-shaped feed (LSF) [11–13], creating cutouts in the
patch [14–16] or ground plane [17, 18], and using a stepped
impedance resonator (SIR) [19]. The other method consists
in adding standalone capacitive or inductive loads to the res-
onator (Loads), performed as vertical conductors that connect
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the patch to the ground plane [20, 21]. However, the imple-
mentation of the above methods generally causes changes in
the current distribution across the patch and/or ground plane
through the excitation of higher-order modes distorting the ra-
diation pattern. On the other hand, there are bandwidth im-
provement methods that keep the shape of the radiation pat-
tern unchanged. The most popular one implies connecting a
nonradiativemulti-elementmatching circuit (MC) composed of
distributed or lumped elements to the feed of a patch antenna
(see e.g., in [22, 23]). The decreased radiation efficiency due
to losses in the circuit elements as well as the significantly in-
creased complexity and size of the printed implementation at a
large number of elements are among the disadvantages of this
method. There is a lack of systematic broadband impedance
matching techniques that maximize the radiation efficiency of
compact patch antennas.
The field distribution inside a circular patch resonator can

be effectively controlled using a set of identical loads arranged
with a subwavelength period. This periodic structure of loads
placed at a fixed distance from the antenna axis is equivalent
to a continuous cylindrical impedance surface (IS) with zero
thickness [24]. The distributed reactive impedance of the sur-
face can significantly modify the frequency dependence of the
antenna’s input impedance without changing its radiation pat-
tern thanks to preserving the initial angular field dependence
of the selected mode (with azimuthal index m = 0 for an om-
nidirectional pattern, or m = 1 for a cardioid one) along the
radiating slot ring. Advantageously, the presence of the struc-
ture can be analytically modeled using the averaged bound-
ary conditions method [24]. Moreover, thanks to the validity
of the single mode approximation (m = const), the antenna
properties can be predicted using an equivalent circuit approach
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[25]. It should be noted that analytically synthesized cylindri-
cal periodic structures of loaded conductors have been used to
form scattering field patterns [26], build high-gain antennas and
cloaks [27], achieve spatial field concentration [28], and finally
improve the matching bandwidth of a circular patch antenna
by closely tuning the resonant frequencies of two modes of the
same m but different radial indices [25, 29]. However, none
of the existing works provides a systematic synthesis method
for ensuring the desired frequency properties of circular patch
antennas with given dimensions.
In this work, we derive an analytical model of a circular

patch antenna with an arbitrary number of internal cylindrical
impedance surfaces. Using this model, we demonstrate the po-
tential to expand the matching frequency band for the given
compact antenna dimensions as well as to reduce the antenna
height for the given diameter and matching bandwidth. The
proposed method is numerically compared with the one using
multi-element microstrip matching circuits.

2. ANALYTICAL MODEL
Let us consider the model of a cavity-backed circular patch an-
tenna shown in Fig. 1(a) [30]. The patch is a metal disc with a
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FIGURE 1. To the analytical model of a cavity-backed circular patch an-
tenna with impedance surfaces, an annular radiating slot at a < r < b,
and an infinite ground plane at z = 0: (a) perspective view of the patch
antenna model, showing one impedance surface at r = rN ; the inset
on the left explains the choice of magnetic currents for a multi-mode
description of the end block with the slot in the upper metal plane;
the inset on the right schematically depicts a flat periodic structure of
loaded conductors, which represents the practical implementation of
an impedance surface; (b) cross-section of the patch antenna in the
φ = 0 plane; (c) the equivalent circuit of the antenna, which is a
cascade connection of two-ports with a source and a load being the
radiation admittance of the slot.

radius a in the plane z = 0. A resonator with metal walls forms
a cavity with height h and radius b in an infinite metal shield,
where the upper plane of the cavity coincides with the plane
of the patch. This configuration creates an annular radiating
gap in the plane at a < r < b. In the proposed method, N − 1
coaxial cylindrical impedance surfaces are contained within the
resonator, while an additional (N th) flat impedance surface is
defined within the aperture of the radiating gap. Fig. 1(a) shows
only one cylindrical surface with radius rN , while Fig. 1(b)
(cross-section) shows an arbitrary number of coaxial surfaces.
Thus, the volume of the resonator r < b, 0 < z < h is divided
intoN+1 coaxial cavities byN−1 coaxial impedance surfaces
located at r = r2, r3, . . . , rN and the cylinder with a given
surface magnetic azimuthal current (source) at r = r1. This
source models a slot-fed (aperture-coupled) patch antenna with
a thin coupling annular slot at r = r1. A metal cylinder with a
small radius r0 is installed in the center of a patch antenna, con-
necting the patch to the bottom metal plane (z = −h). Each
impedance surface with the number n = 2, . . . , N is imple-
mented in practice as a periodic structure of vertical conductors
loaded with identical capacitive/inductive loads connecting the
patch to the bottom plane. It is assumed that the conductors are
arranged with a small period compared to the wavelength. For
the impedance surface shown in Fig. 1(a), the period of the con-
ductors is equal to rN∆φN ≪ λ, where ∆φN is the angular
period.
Let us assume the field of a TM type with the azimuthal in-

dex m ≥ 1 corresponding to the angular field dependence of
e−imφ. To calculate the characteristics of the patch antenna,
each nth impedance surface is modeled as an infinitely thin
cylindrical boundary described by impedance boundary condi-
tions [24, 31], which can be written as:

E⃗(r = rn + 0) = E⃗(r = rn − 0) =

= Zg,nn⃗0 × [H⃗(r = rn + 0)− H⃗(r = rn − 0)], (1)

where n⃗0 is normal to the surface, directed from the internal to
the external region, and Zg,n = Y −1

g,n is an imaginary macro-
scopic parameter called grid impedance which depends on the
microstructure of the loaded conductors. In other words, the
tangential component of the averaged (over the period of the
structure) electric field E⃗, which is continuous when passing
in the radial direction through the boundary, is proportional
to the difference in the averaged tangential component of the
magnetic field H⃗ . It should be noted that each coaxial layer
bounded by adjacent coaxial cylindrical surfaces can be treated
as a homogeneous section of a radial waveguide. In this single-
mode approximation, the field is constant along the z axis as
far as h ≪ λ, while on each surface r = rn, there is only one
non-zero electric field component Ez and one magnetic field
component Hφ.
The grid impedance in boundary conditions (1) is calculated

numerically or analytically for a flat infinite periodic struc-
ture in free space, consisting of parallel conductors with a step
rn∆φ, periodically loaded along the length by identical lumped
elements with a step h (see the inset on the right-hand part of
Fig 1(a)). The corresponding calculation methods are avail-
able, e.g., in Chapter 4 of [32]. Once the grid impedance is
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known, it can be employed for solving various direct boundary
problems in a relatively simple form. Moreover, using (1) it
is possible to solve inverse boundary problems. Here, we sim-
plify the antenna synthesis problem by splitting it in two steps.
On the first (macroscopic) step, we determine the required grid
impedance value and radius for each impedance surface, while
on the second (microscopic) one, we find the correspondingmi-
crostructures of the periodic loads to proceed to the practical
implementation.
To find the characteristics of the antenna with N differ-

ent impedance surfaces shown in Fig. 1(b), the decomposi-
tion approach [33] is used. Accordingly, the internal space of
the antenna is divided into individually described coaxial lay-
ers bounded by adjacent impedance surfaces (blocks). In the
single-mode approximation, the field in each block is a sum of
two TMm,0 waves with azimuthal order m propagating in the
positive and negative radial directions. To describe each indi-
vidual block, the electromagnetic equivalence principle can be
employed. The impedance surfaces bounding each block in the
radial direction can be replaced with ideally conducting cylin-
drical surfaces. Then, it is possible to select surface magnetic
currents M⃗S = ϕ⃗0MS,φ = −n⃗0 × E⃗z flowing along the sur-
faces in the azimuthal direction in such a way that they create
the same fields inside the isolated block under consideration
as in the full antenna. In the last formula, E⃗z is the tangen-
tial component of the electric field on the surface, and n⃗0 is
the internal normal to the surface. Thanks to the single-mode
approximation, it is possible to describe the block with num-
ber n = 2, 3, . . . N as an equivalent two-port, the voltage at
the terminals of which is equal to Vn−1 = hMS,φ(r = rn−1)
on the left and Vn = MS,φ(r = rn)h on the right, which
is characterized by a matrix of linear parameters (for exam-
ple, admittance matrix [Y ]wg,n). The combination of blocks
is described by an equivalent cascaded connection of two-
ports, shown in Fig. 1(c). In that cascade, impedance surfaces
with grid impedance Zg,n are replaced by lumped loads having
equivalent admittance Yg,n = Z−1

g,n connected in parallel to the
terminals of the two-ports in the planes of their connection. We
also define the antenna excitation source in the form of an az-
imuthal magnetic surface currentMφ,0 on the surface r = r1.
In the cascade two-port circuit, it is equivalent to the lumped
voltage source V0 = hMφ,0 connected between the first and
second blocks.
Consider calculating the input impedance of the antenna

shown in Fig. 1(b), containingN−1 coaxial surfaces inside the
resonator, as well as an impedance boundary within the radiat-
ing slot (N impedance surfaces in total). With this aim, we first
calculate the admittance matrix for each coaxial block, as well
as for each impedance surface bounding the blocks by solving
for the fields in the single-mode approximation. The admit-
tance matrix [Y ]end of the end block containing a radiating slot
in the upper metal wall describes the interaction between az-
imuthal magnetic currents flowing along the internal boundary
r = rN and magnetic currents within the radiating gap (z = 0,
a < r < b). To calculate [Y ]end, higher-order modes of a radial
waveguide are taken into account when the excitation problem
is solved. Next, the transmission matrix of the cascade con-
nection of two-ports connected to the right of the source is de-

termined. To do this, the above admittance matrices are recal-
culated into transmission matrices, which are then multiplied.
The load of the cascade circuit is found as a parallel connection
of the analytically calculated complex radiation admittance Yrad
of the annular slot and the grid admittance Yg,end = Z−1

g,end of
the impedance surface filling the slot. Note that the correspond-
ing angular distribution of the magnetic current within the slot
(of azimuthal index m) is assumed. Finally, to find the input
impedance, we take into account the presence of a metal cylin-
der of radius r0 in the center of the antenna by connecting a
shorted section of a radial waveguide of length r1 − r0 on the
left of the source. The analytical expressions for the admittance
matrices mentioned above are detailed in Appendix A.
The equivalent circuit model can be used to predict

the frequency-dependent behavior of the calculated input
impedance for a given set of parameters. Alternatively, the
same model can be used to determine the antenna parameters
providing the desired frequency properties of a circular patch.
This implies the first (macroscopic) step of the synthesis
problem, followed by the determination of the required
microstructures of the impedance surfaces in the second
(microscopic) step. The macroscopic step is illustrated for two
different optimization goals in the next section.

3. ANTENNA OPTIMIZATION FOR BROADBAND
MATCHING AND MINIATURIZATION
To illustrate the application of the proposed analytical model,
here we study the possibilities to optimize the frequency prop-
erties of circular patch antennas with given electrically small
dimensions by employing a certain number N of impedance
surfaces.
We arbitrarily select dimensions a = 25mm, b = 27mm for

an antenna operating in the GNSS L1 band (1535–1610MHz).
We will consider the case m = 1 (radiation with a maximum
of the radiation pattern in the upward direction). Note that
2b ≈ 0.29λ0, where λ0 is a wavelength of free space at the
central frequency f0 of the band. The initial value of the height
before miniaturization is h = 8mm. As a requirement for
the matching level, throughout this paper we choose |S11| <
0.31 ≈ −10 dB, assuming a 50-ohm line impedance. The op-
timization parameters are rn, Zg,n, where n = 2, . . . , N , r0,
r1 and Yg,end (2N + 1 parameters in total). Optimization is
performed by iteratively increasing the number of impedance
surfaces N , starting from the case N = 1.
In case N = 1 (referred to hereinafter as the standard an-

tenna), a single impedance surface is installed within the radi-
ating slot (without internal impedance surfaces), while its grid
admittance Yg,end = iωCg,end can be adjusted to tune the reso-
nant frequency of the TM1,1 mode to f0 (without the possibility
of changing the bandwidth). This tuning method is equivalent
(with fixed antenna dimensions, in terms of bandwidth) to fill-
ing the resonator space with a solid dielectric of a certain dielec-
tric constant [34]. Conventionally, the source position r1 can
be adjusted for matching, and r0 should be minimal. A practi-
cal realization of such an end-load impedance surface is based
on a fence of capacitive plates distributed along the periphery
of the disc patch. Advantageously, the fence of periodic metal
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plates that are low-weight and easy to fabricate can be realized
even for relatively large h up to 10–20mmwithout using a solid
bulky dielectric layer. In this work, we extend this approach to
internal impedance surfaces with N > 1.
To obtain a patch antenna with improved frequency charac-

teristics, we choose the following integral as the goal function
to be minimized:∫ f0+∆/2

f0−∆/2

(|S11| − 0.31)2df, (2)

where ∆ = 1610–1535MHz is the width of the GNSS L1
band. Since this function has many minima in the space of var-
ied parameters, the search for an antenna configuration with
the largest matching band at given h and N requires the use
of global optimization methods. Thus, in this work, we used
a genetic algorithm implemented in the Global Optimization
Toolbox package of commercially available Matlab software
[35]. Note that for impedance surfaces the values of Cn (ca-
pacitance) or Ln (inductance) are introduced and used as the
varied parameters to correctly describe the frequency behavior
of Zg,n = 1/iωCn or Zg,n = iωLn, respectively.
The optimization results and parameter values obtained are

summarized in Table 1 for h = 8mm and N ranging from
1 to 4. As can be seen from the results, the presence of two
impedance surfaces does not allow the bandwidth to be ex-
panded compared to the standard antenna. Adding a third sur-
face allows one to approximately double the frequency band. It
was shown that a further increase in N does not lead to a sig-
nificant bandwidth improvement (in particular, for N = 4 the
band increases only by 8% compared to the case ofN = 3). At
the same time, the increase in N with an electrically small an-
tenna size significantly complicates the practical design of the
antenna. Therefore, the compromising caseN = 3 was chosen
for the second (microscopic) synthesis step and the numerical
simulations of a practical antenna design.
The analytically predicted frequency dependences of |S11|

for the standard antenna and for the antenna configuration with
N = 3 (both having a height of h = 8mm) are compared in

TABLE 1. Optimal parameters of circular patch antennas with different
numbers of impedance surfaces.

N 1 2 3 4 3
h, mm 8.0 8.0 8.0 8.0 4.8

Varied parameters:
r0, mm 0.1 0.1 0.1 0.4 0.1
r1, mm 7.9 7.7 2.0 1.5 2.0
C2, nF - 0.1 5.5 8.3 5.5
r2, mm - 19 3.2 2.4 3.2
L3, nH - - 1.9 1.6 1.8
r3, mm - - 8.1 4.6 8.2
C4, nF - - - 1.1 -
r4, mm - - - 6.6 -
Cend, pF 77 65 91 78 137

Bandwidth, MHz 32 30 63 68 32

Fig. 2(a). The goal matching level |S11| = −10 dB is indicated
on the same graph by a horizontal line, while vertical lines in-
dicate the boundaries of the GNSS L1 band. One can observe
a bandwidth extension from 32 to 63MHz. For the antenna
with N = 3, the |S11| curve is compared with full-wave nu-
merical simulation results obtained in CST Microwave Studio
software (Finite Element Method implemented in Frequency
Domain Solver). In the CST model, the impedance surfaces
are defined using Ohmic Sheet boundary conditions, while the
excitation source is a lumped port at a distance of r1 from the
antenna axis. As can be seen from the graph, the resulting nu-
merical curve almost coincides with the analytical one showing
the correctness of the analytical model.
The matching bandwidth of the patch antennas depends lin-

early on the height of the resonator [1]. By adding impedance
surfaces, one can also reduce the height of a circular patch while
maintaining a fixed matching band and radial dimensions a and
b. To demonstrate the possibility of such miniaturization, we
synthesized an antenna with N = 3 impedance surfaces hav-
ing the same bandwidth of 32MHz and the same diameter as
the standard antenna, but with a considerably lower height of
4.8mm. The corresponding optimized antenna parameters are
shown in the last column of Table 1. A good coincidence of
the analytically calculated |S11| curves for the miniaturized and
standard antennas can be seen in Fig. 2(b), which confirms the
possibility of reducing the height by more than 60% without
shrinking the bandwidth. Moreover, the analytical curve for
the miniaturized antenna is in good agreement with a numeri-
cal one, as shown in the same graph.

4. PRACTICAL IMPLEMENTATION OF ANTENNAS
WITH IMPEDANCE WALLS
To build an antenna based on impedance surfaces, in the sec-
ond (microscopic) step, it is necessary to associate each in-
ternal surface with an equivalent periodic structure of vertical
loads [34] distributed along the angular coordinateφwith a sub-
wavelength step and connecting the patch to the bottom metal
plane. Moreover, to ensure equivalence, the load step must be
much smaller than the corresponding radius of the cylindrical
impedance surface, as well as the distance between adjacent
impedance surfaces in the radial direction [26]. To implement
an impedance surface installed in the radiating slot, horizontal
loads with angular periodicity are proposed to be placed so that
they radially connect the patch to the inner edge of the ground
plane in the z = 0 plane.
The loads of each internal impedance surface should be de-

signed to be compatible with the thick air substrate employed
of the antenna, i.e., forming a fence of vertical conductors. The
conductors may have different shapes depending on the sign of
the imaginary part of Zg,n. The inductive grid impedance cor-
responds to a periodic structure of inductive loads. Depending
on the inductance value Ln, the loads may contain solenoids,
meanders, or short-circuited microstrip stubs connected in se-
ries to metal pins that go vertically from the patch to the bottom
metal plane. For small values ofLn, straight vertical pins alone
can provide sufficient inductance. In this case, Ln depends on
the period and thickness of the pins. A capacitive load must
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FIGURE 2. Analytically and numerically calculated frequency dependencies of the reflection coefficient |S11| for two configurations of a synthesized
patch antenna with three impedance surfaces (N = 3), compared to the standard antenna (N = 1). The markers show numerically calculated
curves for the corresponding practical implementations based on periodic loads: (a) demonstration of increasing the frequency bandwidth while
maintaining a fixed height h = 8mm; (b) demonstration of reducing the resonator height h from 8mm to 4.8mm without changing the matching
bandwidth.

contain a capacitive gap in the path of current flowing verti-
cally from the patch to the bottom plane. Possible implemen-
tations may include an open-ended microstrip stub or printed
plates connected to a small gap in the vertical pin. In addition,
a capacitive load may be produced by just one plate connected
to the top end of a vertical pin and located in parallel to the
patch plane with a small gap. The mentioned solenoids, stubs,
or plates can be placed on the top of the patch (outside the res-
onator) to simplify their installation, provided that the corre-
sponding pins go through special holes in the patch. With such
an external arrangement, the patch can be realized with printed-
circuit-board technology on the bottom side of a thin dielectric
substrate. The thickness of the substrate should be small com-
pared to h. The vertical pins of the loads pass through via holes
and connect to the printed plates (or microstrip stubs) located
on the top side of the same substrate. This convenient config-
uration is used in the further numerical simulations. Note that
when being placed externally, the loads may cause additional
radiation. To ensure that this effect is negligible, a comparison
of the radiation pattern with the standard antenna is required.
To implement realistic versions of the antennas with N = 3

(according to Table 1), inductive loads of the internal walls are
implemented as thinmetal wires of circular cross-section, while
capacitive loads are implemented using pins going through vias
connected to capacitive plates on a common dielectric substrate
with the patch. The radial capacitive loads periodically dis-
tributed along the radiating slot ring are implemented using
counter plates, which are continuations of the ground plane

and the patch, printed on the same substrate. To determine
the specific geometric parameters of the loads for each of the
impedance surfaces, CST Microwave Studio software is used
as follows. Instead of a periodic structure on a cylinder with
radius rn, its flat version is considered (which is acceptable
for a small step of loads rn∆φn compared to rn). Figs. 3(a),
(b), (c) show flat versions of periodic structures of inductive
internal, capacitive internal, and capacitive radial loads. In the
simulation, to select the microstructure parameters of the loads,
both an idealized (zero-thickness continuous boundary) and a
realistic (discrete) planar versions of the impedance surface are
placed in a parallel-plane waveguide. The transmission coeffi-
cients for a plane wave incident normal to the surface are nu-
merically calculated. By varying the geometric parameters, the
same transmission coefficients for the realistic Sreal

12 and ideal-
ized Sideal

12 surfaces are achieved minimizing |Sreal
12 − Sideal

12 | in
the frequency band.
In order to implement the two examples with N = 3 an-

alytically synthesized in the previous section, we numerically
choose particular structural parameters of the models depicted
in Figs. 3(a), (b), (c). In each case, the procedure starts with
a deliberately small impedance value with its iterative increase
via parametric variation. Thus, to increase the grid impedance
of the structure shown in Fig. 3(a) assigned to the inductive
impedance surface at r = r3, one should reduce the radius
rL3 of the vertical pins while keeping the period r3∆φ3 un-
changed. To increase the grid impedance of the structure de-
picted in Fig. 3(b) assigned to the capacitive impedance sur-
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FIGURE 3. CST models for designing a practical implementation of a circular patch antenna with N = 3 impedance surfaces: (a) planar periodic
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surface in a parallel-plane waveguide; (c) planar periodic structure of the end capacitive impedance surface with a radiating slot on an open flange
of a parallel-plane waveguide; (d) the practical implementation of the optimized antenna with h = 8mm and an increased bandwidth.

face at r = r2, one should reduce the area SC2 of the printed
plates, e.g., by adjusting the length lC2. Finally, to select the
proper value of the end capacitive loads (Fig. 3(c)) equiva-
lent to the grid impedance previously found of the continuous
impedance surface occupying the area of the radiating slot, one
should gradually increase the overlap area of the counter plates.
With this aim, the parameter δC4 could be adjusted. Note that
in this case, we consider an open end of a parallel-plane waveg-
uide with a flat flange rather than a uniform waveguide section.
Also, unlike for internal impedance surfaces, the parameters
are found by comparing the reflection coefficients of the ho-
mogeneous surface (Sideal

11 ) and the discrete structure (Sreal
11 ) at

the flange (minimizing the difference |Sreal
11 − Sideal

11 | in the fre-
quency band). Although the period rn∆φn of loads could also
serve as a variable parameter for approaching the analytically
calculated grid impedance Zg,n, in the case of a compact an-
tenna with multiple surfaces, it is recommended to keep each
period as small as possible (at least smaller than the radial dis-
tance between the closest adjacent surfaces) to be consistent
with the homogenization approximation and avoid excitation
of higher-order spatial harmonics within the antenna.
Figure 3(d) shows a practical implementation of the opti-

mized antenna with h = 8mm and N = 3 (according to Ta-
ble 1) analytically predicted to have a bandwidth of 63MHz.
One inductive and two capacitive impedance surfaces are re-
placed with periodic structures, as described above. In the CST
model of the antenna, the disc patch and capacitive plates of
two periodic structures are deposited on two sides of the same
dielectric substrate with a thickness of hdiel = 0.508mm and
a relative dielectric constant of εdiel = 3.55 (corresponding to
Rogers RO4003C with a dielectric loss tangent of 0.0027). All
antenna conductors, including the infinite ground plane, bottom
plane, patch, central cylinder pins of the inductive impedance
surface, and capacitive plates of two capacitive surfaces, are
made of copper with a conductivity of 5.96 · 107 S/m. The
TM1,1 mode is excited by two vertical feeding pins at r = r1
connected to two out-of-phase lumped ports. Practical models

for the optimized antenna with h = 4.8mm andN = 3 (see Ta-
ble 1), and the standard antenna with h = 8mm andN = 1 are
built in a similar way. The geometric parameters numerically
determined for all three compared antennas are summarized in
Table 2, where NC2, NL3, and NC4 mean the number of loads
in the periodic structure of the internal capacitive, internal in-
ductive, and capacitive impedance surface in the radiating slot,
respectively.

TABLE 2. Microstructure parameters of the standard antenna (N = 1),
and two optimized antennas with N = 3.

N 1 3 3
h, mm 8 8 4.8
NC2 - 12 12

rC2, mm - 0.25 0.25
SC2, mm2 - 12.9 21.8
rC2cut, mm - 0.65 0.65
lC2, mm - 5.40 8.10
φC2,

◦ - 26.8 26.8
NL3 - 6 6

rL3, mm - 0.45 0.45
hC4gap1 = 1.5mm, hC4gap2 = 1.5mm, rC4 = 0.25mm

NC4 24 24 24
φC4,

◦ 10 10 10
δC4, mm 0.36 0.50 1.0

Bandwidth, MHz 32 63 32

The numerically calculated |S11| frequency curve of the
practical antenna with N = 3 and increased bandwidth is
shown by the markers in Fig. 2(a). A similar curve for the
miniaturized antenna with N = 3 is shown with markers in
Fig. 2(b). It can be seen that for both examples the analytically
predicted frequency curves for continuous impedance surfaces
are in good agreement with numerically calculated frequency
curves for practical periodic structures. Therefore, the dual-
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step synthesis method, whose first step is based on the devel-
oped analytical model, is verified in two examples.
Figure 4(a) shows E-plane and H-plane radiation patterns

for three realistic antenna designs: standard, extended-
bandwidth, and miniaturized antennas. It is clearly seen that
the shapes of all three radiation patterns coincide well in both
planes, indicating the absence of spurious radiation caused
by the presence of realistic capacitive loads in their external
position above the patch. As expected, in all three cases, the
far field is formed solely by the radiation from the annular slot.
Fig. 4(b) shows the frequency dependence of the realized gain
calculated for three realistic antenna designs. The standard
antenna has the highest realized gain at the central frequency,
showing, however, pronounced drops by ≈ 2.2 dB at the edges
of the band due to impedance mismatch. The miniaturized
antenna shows similar behavior, though its maximum realized
gain is smaller by 0.4 dB than that for the standard antenna.
The realized gain of the extended-bandwidth antenna is lower
at the central frequency but higher near the edges of the
band. As one can see, having a comparable averaged realized
gain within the band, the latter antenna has a more uniform
frequency behavior, being more appropriate for transmitting
signals without distortion. The reduction in the gain achieved
for both antennas with N − 3 is explained by increased
ohmic losses in the conductors of the periodic structures.
In summary, the proposed impedance surface technique can
extend the bandwidth or reduce the height of compact circular
patch antennas without deteriorating their radiation patterns
at the cost of a reduced radiation efficiency on the order of
0.5 dB.
Since increased dissipation losses are a common drawback of

broadband impedance matching techniques, a numerical com-
parison of the obtained results is performed with the state-of-
the-art method of multi-element matching circuits (MCs). With
this aim, the standard antenna is equipped with a specially syn-
thesized distributed microstrip circuit connected to the inputs
of the feeding rods. The elements of the circuit are printed on a
separate dielectric substrate situated below the bottom plane of
the resonator. The circuit consists of two resonators connected
through a transmission-line section and a quarter-wave trans-
former. Each resonator includes a short-circuited stub and an
open stub, both designed in the parallel-type microstrip topol-
ogy. The matching circuit is designed as follows. First, a
second-order Chebyshev filter based on lumped elements is
synthesized with the load being the previously calculated input
impedance of the standard antenna at the feeding pin. The goal
of filter synthesis is to realize the same bandwidth and the same
slope of the frequency response as for the extended-bandwidth
antenna withN = 3. Second, each of the required lumped ele-
ments of the filter is replacedwith an equivalent distributed one.
Finally, all elements of the filter are implemented as microstrip
line sections realized on a 0.508-mm-thick Rogers RO4003C
substrate and combined with the standard antenna model in
CST. The numerically calculated realized gain is shown with
a dashed curve in Fig. 4(b). As can be seen, the MC method
allows expanding the frequency band, but provides a 0.6 dB
lower efficiency and realized gain averaged in the GNSS L1
band than the proposed impedance surface technique. This re-

sults in a loss of 1 dB against the standard antenna, and more-
over, the synthesized matching circuit has linear dimensions of
30×21mm, which is comparable to the dimensions of the entire
patch radiator. Advantageously, the proposed impedance sur-
face technique uses the space inside the antenna, without con-
suming additional space outside the radiator. In particular, the
back side of the bottom plane in our technique is free to accom-
modate other electronic components of a receiver.
In addition to the performed numerical comparison with the

multi-element matching circuit method detailed above, in Ta-
ble 3 we summarize the results previously reported for other
bandwidth extension methods mentioned in the Introduction
for the antenna type considered. The comparison demonstrates
that achieving high efficiency and extended fractional band-
width (FBW) simultaneously for electrically small antenna di-
mensions is a significant challenge. In particular, introducing
standalone loads into the resonator allows increasing the frac-
tional bandwidth to reach 85% [21], but this is accompanied by
a significant decrease in radiation efficiency. Using the LSF
method provides higher efficiency than the proposed method,
but the bandwidth of the reported antenna is smaller even with
larger horizontal dimensions. At the same time, using the SIR
method allows one to achieve a larger bandwidth, but this also
requires increasing the antenna dimensions. It is worth not-
ing that the methods discussed above have certain disadvan-
tages that are not present in the proposed approach. For ex-
ample, the PCMR and SIR methods require additional space
outside the main patch resonator, affecting the overall antenna
dimensions. Furthermore, the application of LSF and DSmeth-
ods typically modifies the radiation pattern and increases the
level of unwanted backward radiation leakage. Although the
approach that incorporates standalone capacitive or inductive
loads into the resonator does not exhibit these disadvantages,
its application is complicated by the lack of analytical models
suitable for fast optimization. The proposed method overcomes
this limitation and offers optimization possibilities for design-

TABLE 3. Quantitative comparison of bandwidth extension methods
for compact patch antennas.

Ref. Method Dimensions (λ3
0) FBW (%) Eff. (%)

[9] PCMR 0.48× 0.36× 0.014 12.7 -
[10] 0.62× 0.62× 0.06 63.25 -
[11] LSF 0.45× 0.40× 0.076 28 -
[12] 0.27× 0.27× 0.16 46.1 -
[13] 0.39× 0.39× 0.096 3 90
[15] DS 0.18× 0.36× 0.15 31% -
[16] 0.52× 0.39× 0.10 27 -
[18] 0.89× 0.98× 0.05 139 -
[19] SIR 0.32× 0.12× 0.14 10 80
[20] Loads 0.23× 0.23× 0.027 1.6 -
[21] 0.5× 0.5× 0.1 85 > 50

This work ISs 0.28× 0.28× 0.042 4.3 83
This work 0.28× 0.28× 0.025 2 80
This work MC 0.28× 0.28× 0.042 4.6 74

[23] 0.19× 0.1× 0.01 4 -
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E-plane H-plane(a)

(b)

FIGURE 4. Numerically calculated characteristics of two optimized antennas in their practical implementation: (a) directivity (dBi) in the E- and
H-plane at f ≈ f0 (1575MHz); (b) realized gain as a function of frequency.

ing a broad class of cavity-backed circular patch antennas with
linear and circular polarizations.

5. CONCLUSION
In this paper, a novel technique for expanding the impedance
matching bandwidth and miniaturization of circular patch an-
tennas without radiation pattern distortion has been proposed.
The technique utilizes an optimal set of internal coaxial cylin-
drical impedance surfaces. An analytical model was developed
to calculate the input impedance of a patch antenna with an
arbitrary number of impedance surfaces. The model, which
was verified via numerical simulations, facilitates the solving
of both analysis and synthesis problems.
Two examples of improvement in comparison to a standard

circular patch antenna were demonstrated, i.e., an antenna with
an expanded matching frequency band at the same dimensions
and a miniaturized antenna with the same bandwidth. Both an-
tennas were designed by systematically replacing the idealized
impedance surfaces with equivalent periodic loads structures.
The results of the numerical simulation showed the possi-

bility of increasing the matching bandwidth from 32MHz to
68MHz for the same patch diameter of 54mm and a height of
8mm in the GNSS L1 band using three impedance surfaces. In
comparison to the state-of-the-art method of microstrip match-
ing circuits, the proposed technique does not consume any ad-
ditional space outside the radiator, saving space on the printed
circuit board for electronic components of a receiver. More-
over, for the same materials used and the same frequency re-
sponse, the proposed method provides a 0.6-dB-higher radia-

tion efficiency averaged within the band. This advantage is
achieved thanks to less confined electric currents flowing in
the periodic structures of loads than currents in resonant mi-
crostrip stubs of broadband matching circuits. The other exam-
ple demonstrates the possibility of reducing the antenna height
from 8 to 4.8mm while keeping the same frequency response
and radiation pattern. From the results presented, the proposed
technique can be considered as an effective alternative to con-
ventional microstrip matching circuits and other previously re-
ported on-distorting methods in terms of bandwidth-efficiency
compromise.
Thanks to the analytical model developed, the proposed ap-

proach opens new possibilities for precise tailoring of the fre-
quency response of compact cavity-backed patch antennas.
Apart from increasing bandwidth and miniaturization, in future
work, the developed model combined with nonlinear optimiza-
tion methods can be used to prototype antennas with multiband,
higher order bandpass, notch filter, and other complex charac-
teristics. Future workwill include the extension of the proposed
synthesis algorithm to the realization of the patch antenna, in
which the radiator is conventionally located above a flat ground
plane (without cavity backing), as well as experimental demon-
stration.
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APPENDIX A. THE ADMITTANCE MATRICES CALCU-
LATION
Let us consider the calculation of Yrad. Due to the equivalence
principle, the antenna radiates into the upper half-space like a
ring of magnetic current on an infinite metal screen. The dis-
tribution of the magnetic current over a gap with a small width
compared to the radius (|b−a| ≪ |a+b|/2) for a mode with az-

imuthal indexm can be taken asMoutφ = u0
a+b
2∆

e−imφ

r , where
u0 is the current amplitude, and the width of the radiating slot is
designated as∆ = b−a. The radiation admittance of the given
radiator can be represented in the spectral form as the sum of
complex admittances corresponding to the excitation of the TE
and TM waves in the upper half-space:

Yrad = Y TM
rad + Y TE

rad ;

Y TM
rad = 2π

∫ +∞

0

Y TM a2

kr∆2
(Jm(krb)− Jm(kra))

2dkr;

Y TE
rad = 2π

∫ +∞

0

m2a2

∆2
Y TEI2(kr, b, a)

dkr
kr

,

where I(kr, b, a) =
∫ b

a
Jm(krr)

r dr is determined by numerical
integration; kr is the radial component of thewave vector; Jm is
the Bessel function of first kind with the orderm, while Y TM =

ωεε0√
k2−k2

r

and Y TE =

√
k2−k2

r

ωµµ0
are characteristic admittances for

the TM and TE waves, respectively.
Let us consider the admittancematrices [Y ]wg for a section of

a radial waveguide limited by radii rn−1 and rn. According to
the principle of equivalence, in the single-mode approximation,
azimuthal magnetic currents flow uniformly along the z axis at
the inner and outer boundaries of the cavity. Using expressions
for the fields they create in a radial waveguide, one can obtain
[26]:

[Y ]wg,n =

[
ξ(rn−1,rn)
ν(rn−1,rn)

ξ(rn−1,rn−1)
ν(rn−1,rn)

ξ(rn,rn)
ν(rn−1,rn)

ξ(rn,rn−1)
ν(rn−1,rn)

]
; (A1)

ξ(x, y) = (J ′
m(kx)Ym(ky)− Jm(ky)Y ′

m(kx))
2πix

W0h
;

ν(x, y) = Jm(kx)Ym(ky)− Jm(ky)Ym(kx),

where W0 = 120π Ohm — characteristic impedance of free
space.
Each parallel-connected load at r = rn, corresponding to

an impedance surface with a grid impedance Zg,n, in a radial
waveguide is associated with a transmission matrix: [A]g,n =[ 1 0
Yg,n(2πrn)/h 1

]
. If the loads forming the impedance surface

contain capacitive loads, then Zg,n = 1/iωCn, and if they do
not (i.e., together they form a grid of parallel thin wires), or —
contain inductive loads, then Zg,n = iωLn, where Cn and Ln

are averaged grid capacitance and inductance of the impedance
surface, respectively.
Let us consider the admittance matrix calculation for the end

two-port network [Y ]end. For the calculation, it is necessary to

consider the excitation of a radial waveguide section by a mag-
netic currentMup,φ located within the radiating annular slot on
the upper metal surface in the plane of the patch. The magnetic
current is equal to the current Mout,φ taken with the opposite

sign. Let us find the electric field E⃗⊥ transverse to the z axis as
a sum of the eigenvector functions e⃗q depending on the geome-

try of the end cavity, while the transverse magnetic field H⃗⊥ is
as a sum of eigenvector functions h⃗q . The mathematical basis
for this calculation is presented in [36]. To calculate the spa-
tial distributions of e⃗q and h⃗q , we write auxiliary scalar basis
functions Φq and Ψq for the TM and TE waves, respectively.
In contrast to the upper half-space, the magnetic current ring
inside the end segment of the radial waveguide creates a field
with a discrete spatial spectrum. When expanding into a series,
we use the summation index q. Scalar basis functions satisfy the
two-dimensional Helmholtz equation in coordinates transverse
to the z axis ∇2

⊥Φq + k2rΦq = 0 with boundary conditions on
the perfectly conducting walls of the resonator Φq = 0 for TM
waves and ∂

∂rΨq = 0 for TE waves, where kr is the radial com-
ponent of the wave vector. One can write a scalar basis function
and a characteristic equation for krq — the radial component of
the wave vector for an eigenmode with radial order q. For TM
waves:

Φq(r) = ATMϕq(r) =

= ATM
(
Jm(krqr)−

Jm(krqrN )

Ym(krqrN )
Ym(krqr)

)
1√
2π
e−imφ,

where krq satisfies the characteristic equation:

Jm(krqb)Ym(krqrN )− Jm(krqrN )Ym(krqb) = 0.

For TE waves:

Ψq(r) = ATEψq(r) =

= ATE
(
Jm(krqr)−

J ′
m(krqrN )

Y ′
m(krqrN )

Ym(krqr)

)
1√
2π
e−imφ,

where krq satisfies the characteristic equation:

J ′
m(krqb)Y

′
m(krqrN )− J ′

m(krqrN )Y ′
m(krqb) = 0.

In the above expressions, due to the orthonormal basis of the
eigenmodes:

ATM=
√
2/(b2(ϕ′q(krqb))

2−r2N (ϕ′q(krqrN ))2);

ATE=
√
2/(r2Nψ

′′
q (krqrN )ψq(krrN )−b2ψ′′

q (krqb)ψq(krqb)).

The basis vector functions then can be written as:

e⃗TMq = −∇⊥Φq

krq
; h⃗TMq = −z⃗0 ×

∇⊥Φq

krq
;

e⃗TEq = −∇⊥Ψq

krq
× z⃗0; h⃗TEq = −∇⊥Ψq

krq
.

Considering the boundary conditions at the perfectly conduct-
ing boundary of the end block in the z = h plane, the total
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transverse components of the electric and magnetic field inside
the end cavity can be written as a superposition of TM and TE
waves:

E⃗⊥ =

+∞∑
q=1

V TM
q e⃗TMq (e−ikzqz − eikzq(z−2h))+

+

+∞∑
q=1

V TE
q e⃗TEq (e−ikzqz − eikzq(z−2h));

H⃗⊥ =

+∞∑
q=1

Y TMV TM
q h⃗TMq (e−ikzqz + eikzq(z−2h))+

+

+∞∑
q=1

Y TEV TE
q h⃗TEq (e−ikzqz + eikzq(z−2h)).

(A2)

The amplitudes V TM/TE
q for each of the harmonics of a discrete

spatial spectrum can be calculated from the boundary condi-
tions on the antenna patch containing the radiating slot, using
the property of orthogonality and normalization of eigenfunc-
tions.

V TM/TE
q = −

z⃗0
∫ b

a

∫ 2π

0
[e⃗

∗TM/TE
q × M⃗S ]dφdr

(1− e−2ikzqh)
.

After calculating the tangential component of the electric field
(and, accordingly, the magnetic current density) on the surface
r = rN and on the radiating slot (z = 0, a < r < b), it is
possible to calculate all components of the admittance matrix
for the patch antenna end block [Y ]end.

Yend,11 = ξ(rN , b)/ν(rN , b);

Y ∗
end,21 = Y ∗

end,12 = − 2π

u1u∗0

∫ h

0

(φ⃗0 · H⃗∗
⊥)Minφdz;

Y ∗
end,22 = − 2π

u0u∗0

∫ b

a

(φ⃗0 · H⃗∗
⊥)Mupφrdr,

(A3)

where u1 = Minϕ · h is the amplitude of the magnetic cur-
rent located at the boundary of the end block with radius rN . It
should be noted that to calculate the elements of the admittance
matrix using Formulas (A3), for certain rN and b it is neces-
sary to determine the number of modes qmax, which is sufficient
to take into account to achieve convergence in the expressions
(A2). This operation is performed numerically, as well as for
the calculation of integrals in expressions (A3).
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