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ABSTRACT:Despite the apparent simplicity, the problem of refraction of electromagnetic waves at the planar interface between twomedia
has a vibrant spectrum of unusual phenomena. An example is the paradox when an electromagnetic wave impinges on the interface
between a hyperbolic medium and an isotropic dielectric. At specific orientations of the optical axis of the hyperbolic medium relative
to the interface, the reflected and transmitted waves can disappear entirely, which contradicts reciprocity. In this paper, we analyze the
above-mentioned paradox and present its resolution by introducing infinitesimal losses in the hyperbolic medium. We show that the
reflected wave exists in the form of a ghost wave, which becomes infinitely localized at the interface of the hyperbolic medium when the
losses vanish. Consequently, all the reflected waves are perfectly absorbed near the interface. We support our reasoning with analytical
calculations, numerical simulations, and an experiment with self-complementary metasurfaces in the microwave range.

1. INTRODUCTION

The refraction and reflection of electromagnetic waves at
the planar interface between two media have been exten-

sively studied for various systems, including nonlinear [1],
anisotropic [2], chiral [3], non-local media [4], plasmonic and
all-dielectricmetasurfaces [5–8]. The in-planemomentum con-
servation governs the refraction of a plane electromagnetic
wave at the interface, also known as the phase-matching condi-
tion [9]. Knowing the dispersion of all propagating and evanes-
cent waves at a certain frequency in both media, one can find
the amplitudes and directions of the refracted, reflected, and
transmitted waves. The directions of the refracted (reflected,
and transmitted) waves can be easily found graphically using a
technique of isofrequency contours (IFCs) — the graphical so-
lution of the dispersion equation at the certain frequency in the
wave vector space (k-space) [10, 11]. The IFCs show all possi-
ble states of light in the medium at a certain frequency accessi-
ble for scattering. The curvature and topology of IFCs crucially
affect the structure of transmitted and reflected waves [12, 13].
The birefringence, negative refraction, and canalization can be
easily understood in terms of IFCs [14, 15].
In media with closed IFCs, electromagnetic waves can prop-

agate in all directions, while in media with open IFCs, some
propagation directions are forbidden, resulting in unusual be-
havior of the reflected or transmitted waves [16]. An illustra-
tive example of a medium with an open isofrequency contour
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is a hyperbolic medium [17]. A hyperbolic medium is a highly-
anisotropic material that exhibits different signs of the real part
of permittivity, permeability, or imaginary part of conductivity
tensor components at the same frequency [17–19]. Thus, the
IFC of the hyperbolic media has the form of hyperboloids or hy-
perbolas in 3D and 2D cases, respectively [17]. The hyperbolic
shape of the IFCs leads to the singular photonic density of states
[20, 21] which determines exotic properties of the hyperbolic
medium, such as negative refraction [22–24], diffractionless
[25–27] and high-directional [28–30] propagation, hybrid TE-
TM polarization [31, 32], magnetic polaritons [33], and many
more [17]. These phenomena are widely used for several appli-
cations, including subdiffraction imaging [34, 35], in-plane hy-
perlensing [36], enhanced spontaneous emission [37, 38], sens-
ing [39–41], wavefront shaping and bending [25, 31, 36], po-
larization and optical spin transformation [42, 43], anomalous
photonic spin Hall effect [44–46], twisted optics [47–49], and
mimicking of plasma media [50]. Hyperbolic media can be
implemented as layered metal-dielectric structures, nanorod ar-
rays [17, 51, 52], natural and microstructured two-dimensional
materials [53–57], graphene-patterned structures [25, 36], plas-
monic gratings [24], and metasurfaces [31, 58] in the visible
and near-infrared spectra.
The open topology of the IFC in hyperbolic media enables a

regime in which the existence of a reflected wave can be com-
pletely suppressed by properly aligning the optical axis of the
hyperbolic medium relative to the interface with an isotropic di-
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FIGURE 1. Schematic representation of the paradox that is the absence of reflected and transmitted waves in the case of refraction on the boundary
between hyperbolic and isotropic media. (a), (b) Schematic representation of the refraction of a plane electromagnetic wave at the boundary between
hyperbolic and isotropic media in the real space (a) and in the k-space (b). When the hyperbolic medium is lossless, and when the modulus of the
k-vector in the hyperbolic medium is larger than the modulus of the k-vector in the isotropic one, by rotation of the optical axis of the hyperbolic
medium, it is possible to create such a situation when there is no reflected and transmitted wave. Schematic representation of the isofrequency
contour for lossless (c) and lossy (d) hyperbolic medium.

electric. This phenomenon, where the reflected field is absent,
was numerically demonstrated in Refs. [59] and [60] and even
inadvertently observed in Ref. [61]. However, its underlying
physics remained unexplained until now.
In this work, we have, for the first time, studied in detail the

no-reflection paradox in hyperbolic media, developed an an-
alytical theory of anomalous reflection from hyperbolic meta-
material (HMM), and resolved the paradox through both theo-
retical and experimental approaches. Supported by microwave
experiments, we provide a comprehensive analysis of the con-
ditions under which this phenomenon occurs and discover its
connection with ghost waves manifesting themselves only in
a lossy medium. Our findings reveal the fundamental physics
behind the absence of reflection and predict a broad angular
range of perfect absorption at the interface of hyperbolic me-
dia. This discovery introduces a new physical phenomenon,
offering novel opportunities for designing metamaterial-based
absorbers, concentrators, and optical cavities.

2. RESULTS

2.1. No-Reflection Paradox
Let us consider the Fresnel problem for the boundary between
lossless hyperbolic medium and isotropic dielectric [Fig. 1(a)].
The permittivity tensor of the hyperbolic media in the princi-
pal axes is equal to ε̂ = diag [εo, εo,−εe]. The hyperbolic
medium’s optical axis is aligned so that asymptotic lines of the
dispersion are parallel to kx and kz . All further results are ap-
plicable to the case of arbitrary εo and εe, but for the sake of
simplicity, we put εo = εe = ε. Also, we draw the reader’s
attention to the fact that for brevity and clarity, where required,
we will use the dimensionless components of the wave vector,
which we mark with a tilde and define as k̃x,z = kx,z/k0. And
the real and imaginary parts of the quantities will be labeled
with single and double prime respectively (e.g., Re [kz] ≡ k′z ,
Im [kz] ≡ k′′z ). The relation between the wavevector compo-
nents in such a hyperbolic media is equal to (see Appendix A.1)

kz = −1

2

ε

kx
k20. (1)

Schematically, such an isofrequency contour is presented in
Fig. 1(c). In the k-space, there are branches of the isofrequency
contour only in two quadrants. Using the conservation of in-
plane momentum, it is possible to show that (for kx > 0), there
is no IFC branch for the reflected wave [see Fig. 1(b)]. In addi-
tion, if the wavevector in hyperbolic media is larger than one in
an isotropic dielectric, there will also be no propagating trans-
mitted wave. As a consequence, both the reflected and trans-
mitted waves will be absent in such a system [see Figs. 1(a)
and 1(b)]. Thus, there will be a constant energy inflow due to
the presence of the incident wave and no channels for its con-
sumption (neither for dissipation nor scattering). We call the
aforementioned situation as no-reflection paradox.

2.2. Effect of Losses
The resolution of the paradox lies in introducing losses into the
system. To simplify the analytical expressions, we consider the
simplest case of a lossy hyperbolic metamaterial (HMM) with
isotropic losses, assuming that the imaginary parts κ of the or-
dinary and extraordinary components of the permittivity tensor
are identical [see Eq. (A8) in the Appendix]. While derivations
for a general HMM can be carried out straightforwardly, the
underlying physics of the paradox becomes evident even in this
simplified scenario. Under these assumptions, the permittivity
tensor of the hyperbolic medium is expressed as

ε̂ =

iκ 0 ε
0 iκ+ ε 0
ε 0 iκ

 , (2)

where ε, κ ∈ R.
It is important to stress that we have chosen e−iωt time de-

pendence. Thus, κ > 0 corresponds to lossy media, while
κ < 0 corresponds to media with a gain. For such a permittivity
tensor, the relation between wavevector components follow

kz± =
i

κ

[
kxε±

√
(k2x − iκk20) (κ

2 + ε2)

]
. (3)

See details of the derivation in Appendix A.1.
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FIGURE 2. Isofrequency contours for lossy hyperbolic media with ε = 1 for different values of loss parameter κ: (a) κ = ε, (b) κ = 0.1ε,
(c) κ = 0.01ε. Colorbar encodes the modulus of the imaginary part of k̃z . Panels (a), (b), and (c) show that as κ → 0, precisely in those
quadrants in which the branches of the dispersion equation are absent for the lossless hyperbolic media, the imaginary part of kz is going to infinity
(Im [kz] → ±∞). Panel (d) shows a schematic representation of the IFS for regular and ghost modes in lossless and lossy hyperbolic medium.

A schematic solution of Eq. (3) is shown in Fig. 1(d). One
can see that accounting for losses results in a drastic change in
the topology of the IFCs. In contrast to the lossless case, where
the HMM has forbidden directions for propagating waves, the
HMM with loss has no forbidden directions. The hyperbolic
IFCs turn into two continuous curves spanning all four quad-
rants. Despite the IFCs are symmetric with respect to kz , i.e.,
k′z(−kx) = k′z(kx), the losses demonstrate strong asymme-
try, i.e., k′′z (−kx) ̸= k′′z (kx) [see Fig. 1(d)]. Fig. 2 shows the
real part of kz± from Eq. (3) as a function of kx for a hyper-
bolic medium with ε = 1 for different values of κ. One can
clearly see that in the lossy case, even for infinitesimal losses,
the branches of the dispersion curves exist in each quadrant of
the k-space, i.e., the waves can propagate in all directions in
contrast, the well-studied lossless case of HMM [17].
The behavior of ghost waves becomes clearer by applying

the power series expansion to Eq. (3) assuming κ → 0:

kz± = ±1

2

∣∣∣∣ εkx
∣∣∣∣ k20 + i

κ
(kxε± |kxε|)

±i
|kxε|
2

(
k40
4k2x

+
1

ε2

)
κ+O(κ2). (4)

The latter relation can be decomposed into two parts corre-
sponding to the regular and ghost waves:

Regular: krz = −1

2

ε

kx
k20︸ ︷︷ ︸

lossless dispersion

− iκ
kxε

2

(
k40
4k4x

+
1

ε2

)
︸ ︷︷ ︸

regular losses

, (5)

Ghost: kgz =
1

2

ε

kx
k20︸ ︷︷ ︸

lossless dispersion

+ i
2kxε

κ︸ ︷︷ ︸
singular losses

, (6)

where indices “r” and “g” correspond to the “regular” and
“ghost” waves in HMM.
The key to the resolution of the no-reflection paradox lies in

Eqs. (5) and (6), which clearly show the presence of dispersion
branches in all quadrants of the phase space [see Figs. 2(c) and
2(d)]. One can see from Eq. (5) that for the small losses, the
real part of the dispersion for the regular waves is identical to

the dispersion of waves in lossless HMM, and the imaginary
part is linearly proportional to the loss κ. In the limit κ → 0,
this wave becomes a regular TMmode of lossless HMM. In the
general case, the dispersion of ghost waves [Eq. (6)] occupies
those sectors of the k-space that are forbidden for propagation
in the lossless case. In this sense, regular and ghost waves are
complementary. The distinct feature between the regular and
ghost waves is their losses. As one can see from Eq. (6), the
imaginary part of the kgz is inversely proportional to the loss
amplitude κ. This counter-intuitive relationship implies that
the smaller the material losses in HMM, the larger the imag-
inary part of the propagation constant of the ghost waves and,
therefore, the stronger their spatial localization near the HMM
interface.
Figure 3 shows the refraction of a plane electromagnetic

wave from the interface between lossy hyperbolic mediumwith
ε = 1 and isotropic dielectric with εd = 2 for two different val-
ues of k̃x. The values of k̃x are chosen so that the wavevector of
the reflected waves corresponds to the ghost modes. Figs. 3(a)
and 3(d) show the square modulus of the reflected field. As
follows from Eq. (6), since energy is scattered (reflected) into
ghost modes, the reflected field is highly decaying, and all the
energy is perfectly absorbed near the HMM interface. The lo-
calization is most apparent from Fig. 3(f), where the square
modulus of the reflected field is shown in logarithmic scale for
different values of κ. Additional reasoning can be presented to
prove the highly decaying nature of the reflected field. When
the amplitudes of the incident and reflected waves are compa-
rable, one can see the appearance of nodes and antinodes as a
result of their interference. Figs. 3(b) and 3(e), where the real
part of the total field is plotted, showing the absence of the in-
terference pattern in the hyperbolic medium region, fromwhich
one can conclude that the amplitude of the reflected wave is al-
most negligible in comparison to the amplitude of the incident
wave.
Finally, our analysis resolves the no-reflection paradox.

Treating HMMs as lossless materials is inherently flawed, as
it violates reciprocity for specific orientations of the optical
axis relative to the HMM interface. In the lossless scenario,
the ghost modes associated with reflected waves vanish from
the dispersion equation because the imaginary parts of their
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FIGURE 3. Refraction of a plane electromagnetic wave from the interface between lossy hyperbolic media with ε = 1 and isotropic dielectric with
εd = 2 for two different values of k̃x = kx/k0 and several values of κ. (a), (d) Modulus squared of the reflected magnetic field. (b), (e) Real part
of the total magnetic field. Panels (a) and (b) correspond to k̃x = −2, panels (d) and (e) correspond to k̃x = −1. Panel (c) shows the k-space. All
panels except (f) are plotted for κ = 0.1. Panel (f) shows the modulus squared of the reflected magnetic field for k̃x = −2 and different values of κ.

propagation constants become singular. Thus, ghost modes
are the critical missing element that resolves the no-reflection
paradox.

2.3. Experimental Verification

For the numerical simulations and experiment, we used a self-
complementary hyperbolic metasurface (a 2D analog of a hy-
perbolic medium with a period of 7mm) with unit cells de-
signed exactly as in the work [27]. While any hyperbolic
medium with cut edge is suitable for the experimental verifica-
tion, the self-complementarymetasurface exhibits the spoof hy-
perbolic plasmon-polaritons at any frequency [27] being a per-
fect platform for the demonstration of the phenomenon under
study. An FR-4 substrate with the relative permittivity ε = 4.3,
loss tangent tan δ = 0.025, and thickness h = 1mm was
used to obtain the hyperbolic regime at 4GHz [see Figs. 4(i)
and 4(n)]. The two samples have been designed, having di-
mensions of 280mm × 280mm and containing 40 × 40 unit
cells, i.e., the square sample [Fig. 4(b)] and the rhombic one
[Fig. 4(c)] (with unit cells rotated by 45◦ relative to ones of
the square sample). The excitation loop [Fig. 4(d)] of the di-
ameter d = 7mm, acting as the vertical magnetic dipole, was
placed in the middle of the sample at a distance of 4 mm from
the surface of the sample. A similar loop was used to measure
the spatial distribution of the normal component of the mag-
netic field Hy . After measuring the spatial distribution, we
applied the two-dimensional Fourier transform to extract the
IFCs as it was done in [27, 32]. The same transform was done
for the numerically calculated field maps obtained using CST
Microwave Studio. For more details on the numerical simu-
lation and experiment, see Appendix B. The numerical simu-
lation results and the experiment for both square and rhombic

structures are presented in Fig. 4. To prove the decaying na-
ture of the reflected wave, one can resort to the same reasoning
as in Section 2.2. Figs. 4(e) and 4(g) show the absolute value
of numerically and experimentally measured magnetic field for
the square structure. One can see the presence of pronounced
fringes due to the interference of incident and reflected waves.
However, as discussed in Section 2.2, when asymptotes of the
dispersion contour are perpendicular to the edge of the hyper-
bolicmetasurface, the reflectedwave becomes highly decaying.
As a result, the amplitude of the reflected wave is negligible in
comparison to the amplitude of the incident wave. Therefore,
the interference pattern is absent for the rhombic structure [see
Figs. 4(j) and 4(l)]. It is crucial to clarify that because the dipole
emits waves spanning a broad range of wave vectors, both nu-
merical modeling and experiments reveal the presence of waves
that are completely reflected from the boundaries of the sample
oriented as a square [Figs. 3(b) and 3(f)] and waves that radiate
into free space through the boundaries of the sample oriented
as a rhombus [Figs. 3(c) and 3(k)].

3. DISCUSSION AND OUTLOOK
The results obtained show that hyperbolic medium with cor-
rectly modeled losses leads to the presence of the isofrequency
contour branches in each quadrant of the k-space. However, as
κ → 0, precisely in those quadrants inwhich the branches of the
dispersion curve are absent for the lossless hyperbolic media,
the imaginary part of kz is diverging (Fig. 2). Thus, the tran-
sition from lossy to lossless hyperbolic media is non-regular.
Therefore, it is important to always consider hyperbolic media
as lossy. It is important to stress that the normal component of
the k-vector for the incident and reflected waves is no longer
related to kiz = −krefz , as it is commonly considered. To be pre-
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FIGURE 4. Numerical simulation and experimental results. (a) Unit cell of the metasurface. (b) Square and (c) rhombic samples, respectively. The
insets show the orientation of the unit cell. (d) Photo of the excitation loop over a metasurface. Panels (e)–(i), and (j)–(n) show the magnetic field
distribution obtained numerically and experimentally for the rhombic and square samples, respectively. (e), (g), (j), (l), and (f), (h), (k), (m) are the
modulus and real parts of Hy , respectively. The dashed rectangles represent the edge of the sample. (i), (n) Two-dimensional Fourier transform of
the experimentally measured normal component of the magnetic field for the square and rhombic samples, respectively. Brown lines correspond to
the numerically calculated IFCs using the Eigenfrequency Solver of CST Microwave Studio. All experimental and simulation results are obtained
for the frequency 4GHz.

cise, for small values of κ, ki′z = −kr′z , but ki′′z ∼ κkx, while
kr′′z ∼ kx/κ. While the incident wave is almost non-decaying
for small losses, the reflected wave decays as ekxz/κ.
Experimental results demonstrate that the wave intensity re-

flected from the edge of a hyperbolic metasurface is highly de-
pendent on the edge’s orientation relative to the axes of hy-
perbolic dispersion. When the propagation of refracted waves
is prohibited, reflection becomes negligible, as evidenced by
the absence of interference between the incident and reflected
waves. This phenomenon can be attributed to the rapid decay
of the ghost waves propagating away from the edge of a meta-
surface, which is induced by losses in the FR4 substrate and
copper.
The theory we present and Eqs. (3)–(6) consider the hyper-

bolic media within effective medium approximation and ac-
counts for loss as a small parameter. Strictly speaking, this
approximation breaks down for waves whose propagation con-
stants exceed the reciprocal lattice period of the structure.
Therefore, the accurate analysis of the ghost waves requires ac-
counting for nonlocality, i.e., the spatial dispersion. Neverthe-
less, as one can see from Fig. 4, the effective medium approx-
imation demonstrates excellent agreement with experimental
results. The investigation of ghost waves and their behavior
beyond the effective medium approximation, considering the
finite size of metamaterial unit cells and nonlocal response, re-
mains an important and unexplored research task.

Energy band diagrams are commonly used in solid-state
physics and the optics of photonic crystals to characterize the
dispersion properties of these materials. In photonic crystals,
photonic stop bands represent frequency intervals where the
propagation of Bloch waves is forbidden. Within these inter-
vals, the propagation constant becomes imaginary and finite,
forming evanescent fields inside the crystal. In contrast, for
ghost waves in hyperbolic metamaterials (HMMs), the imagi-
nary part of the propagation constant diverges as the material
losses approach zero. This distinctive behavior highlights the
unique localization of ghost waves, setting them apart from
conventional evanescent waves in periodic structures. While
evanescent waves appear within the forbidden frequency range,
ghost waves arise within specific sectors of the k-space where
propagation is forbidden.
The developed equations remain valid under the substitu-

tion κ → −κ, which corresponds to introducing gain into the
system. This implies that ghost waves can exhibit extremely
large field amplification even for small values of κ. This opens
promising opportunities for applications of ghost waves for las-
ing and polaritonics [60]. It is important to note that our analy-
sis focuses on a specific case of HMM, where the ordinary and
extraordinary components of the permittivity tensor have equal
absolute values εo = εe = ε. Under this condition, the asymp-
totes of the HMM dispersion are orthogonal [see Fig. 2(c)]. In
the more general case, where the permittivity components dif-
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fer, the asymptotes intersect at an angle, dividing the k-space
into two pairs of unequal sectors. One pair of these sectors cor-
responds to regular waves, which can propagate in a lossless
HMM, while the other pair corresponds to ghost waves, which
arise exclusively when material losses are introduced. More-
over, when the asymptotes are not orthogonal to the HMM in-
terface, the reflected wave consists of a combination of regu-
lar modes and highly localized ghost modes. The presence of
both components makes it experimentally challenging to isolate
and distinguish the contribution of ghost modes from regular
reflected waves. A reasonable and yet unresolved question is
how the incident energy is redistributed among the three scat-
tering channels in the general case: (i) transmitted waves, (ii)
reflected regular waves, and (iii) ghost waves.

4. CONCLUSIONS
In this work, we analyzed and resolved the paradox of the ab-
sence of reflected waves in hyperbolic metamaterials (HMMs)
and metasurfaces that appeared for specific orientations of the
optical axis relative to the interface of hyperbolic media. Our
analysis reveals that the resolution lies in considering the ghost
waves — highly localized modes that emerge when losses are
introduced to the hyperbolic medium. The dispersion of ghost
waves lies exactly in those sectors of the k-space that are for-
bidden from propagating in the lossless HMM. The ghost waves
remain strongly localized at the interface of HMM and demon-
strate a counter-intuitive localization behavior with decreasing
losses. The smaller the material losses are in HMM, the larger
the imaginary part of the propagation constant of the ghost
waves is and, therefore, the stronger their spatial localization
is near the HMM interface. Numerical simulations and exper-
imental measurements confirmed that, in configurations where
the isofrequency contour of the hyperbolic medium is perpen-
dicular to the interface, the reflectedwavesmanifest themselves
as ghost waves, exhibiting vanishing interference with the in-
cident waves. The identification and characterization of ghost
waves are pivotal in resolving the no-reflection paradox, as they
provide the missing element to fully describe wave behavior
in HMMs. Beyond addressing this fundamental issue, the in-
sights gained from this study pave the way for practical appli-
cations, such as the development of perfect absorbers, trans-
mitters, and low-threshold lasers that leverage the unique prop-
erties of hyperbolic media. This work underscores the criti-
cal role of loss/gain-induced effects and the proper inclusion of
ghost waves in advancing our understanding and utilization of
hyperbolic metamaterials.
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APPENDIX A. ANALYTICAL DERIVATIONS

A.1. Dispersion Relation for the Lossless and Lossy Hyperbolic
Media
Let us consider nonmagnetic uniaxial media described by the
following permittivity tensor,

ε̂ =

εxx 0 εxz
0 εyy 0
εzx 0 εzz

 .

The dispersion equation for electromagnetic waves in such me-
dia can be found by solving the following equation

det
[
k2Î− k⊗ k− ε̂k20

]
= 0, (A1)

where k = [kx, ky, kz]
T is the wavevector, and k0 is the

wavenumber in the free-space. Under the assumption ky = 0,
Eq. (A1) factorizes and gives the dispersion of TE- and TM-
polarized waves

TE: k2x + k2z − εyyk
2
0 = 0

TM: εxxk
2
x + (εxz + εzx)kxkz + εzzk

2
z − ηk20 = 0

(A2)

where η = Det ε̂2D,

ε̂2D =

[
εxx εxz
εzx εzz

]
. (A3)

Thus, for TM-polarized wave, one can derive

kz± = − 1

2εzz

[
(εxz + εzx) kx

∓
√

4εzzηk20 +
(
(εxz + εzx)

2 − 4εxxεzz

)
k2x

]
(A4)

In the case of lossless hyperbolic media with permittivity ten-
sor ε̂ = diag [ε, ε,−ε], ε ∈ R, rotation of the material by π/4
will result in the following transformation of ε̂

ε̂ = R̂ (π/4)
T

ε 0 0
0 ε 0
0 0 −ε

 R̂ (π/4) =

0 0 ε
0 ε 0
ε 0 0

 , (A5)

where

R̂ (θ) =

 cos θ 0 sin θ
0 1 0

− sin θ 0 cos θ

 . (A6)

Substitution of Eq. (A5) into Eq. (A4) will give the following
relation between kz and kx components of the wavevector of
the TM-polarized wave

kz = −1

2

ε

kx
k20. (A7)
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One can see that isofrequency contours in this case are hyper-
bolas. However, if losses are present in the system, the relation
between kz and kx is changed drastically. Let us introduce x
arbitrary losses to the hyperbolic medium, ±ε → ±ε + iκ,
ε, κ ∈ R. Then,

ε̂ = R̂ (π/4)
T

ε+ iκ 0 0
0 ε+ iκ 0
0 0 −ε+ iκ

 R̂ (π/4)

=

iκ 0 ε
0 ε+ iκ 0
ε 0 iκ,

 . (A8)

In this case the relation between kx and kz components is

kz± =
i

κ

[
kxε±

√
(k2x − iκk20)(κ

2 + ε2)

]
. (A9)

A.2. Refraction Coefficients for the Interface between Uniaxial
and Isotropic Media
Let us consider the problem of refraction of a plane electromag-
netic wave at the interface between uniaxial media with mate-
rial parameters

ε̂ =

εxx 0 εxz
0 εyy 0
εzx 0 εzz

 , (A10)

µ = 1, and isotropic dielectric with material parameters εd,
µd = 1. We are interested in the refraction of the TM-polarized
wave. The coordinate system is chosen in such a way that the
electric field of the incident wave lies in thexz plane. Boundary
conditions for the interface between media “1” and media “2”
(if there are no surface charges and currents) are

E(1)
τ − E(2)

τ = 0, H(1)
τ −H(2)

τ = 0,

D(1)
n −D(2)

n = 0, B(1)
n −B(2)

n = 0,
(A11)

where τ and n denote transversal and normal, with respect to
the interface, and components of fields. In Cartesian coordi-
nates, boundary conditions for the electric field will have the
following look

Ei
x + Eref

x = Et
x, (A12)

and
Di

z +Dref
z = Dt

z. (A13)
Under substitution of the material equation D = ε̂E, Eq. (A13)
rewrites as(

εzxE
i
x + εzzE

i
z

)
+
(
εzxE

ref
x + εzzE

ref
z

)
= εdE

t
z. (A14)

Using the Gauss law ∇ · D = 0, it is possible to show that

Ez = −kxεxx + kzεzx
kxεxz + kzεzz

Ex. (A15)

Therefore, Eq. (A14) can be simplified as follows(
εzx − εzz

kxεxx + kizεzx
kxεxz + kizεzz

)
Ei

x

+

(
εzx − εzz

kxεxx + krefz εzx
kxεxz + krefz εzz

)
Eref

x = −εd
kx
ktz

Et
x, (A16)

where we used the fact that isotropy of space in x direction
implies that momentum in that direction is conserved, i.e.,

kix = krefx = ktx = kx. (A17)

Substitution ofEt
x from Eq. (A12) into Eq. (A16) gives follow-

ing equation(
εzx + εd

kx
ktz

− εzz
kxεxx + kizεzx
kxεxz + kizεzz

)
Ei

x

=

(
εzz

kxεxx + krefz εzx
kxεxz + krefz εzz

− εzx − εd
kx
ktz

)
Eref

x . (A18)

Thus, the reflection coefficient for the tangential component of
the electric field of the TM-polarized wave, after simplification,
is

rx ≡ Eref
x

Ei
x

=

(
εxzkx + εzzk

ref
z

) (
ηktz − εd

(
εxzkx + εzzk

i
z

))
(εxzkx + εzzkiz) (εd (εxzkx + εzzkrefz )− ηktz)

.

(A19)
From boundary conditions, it is clear that the transmission co-
efficient is connected with the reflection coefficient as

tx = rx + 1. (A20)

It can be more convenient to solve the refraction problem via
the only component of the magnetic field, thus we also derive
the expression for reflection and transmission coefficients for
the magnetic field. From Maxwell’s equations, one can obtain

kz
k0

Hy = εxxEx + εxzEz, −kx
k0

Hy = εzxEx + εzzEz.

(A21)
from which it is possible to show that

Ex =
εxzkx + εzzkz

η
Hy, Ez = −εxxkx + εzxkz

η
Hy.

(A22)
Thus,

rh ≡
H ref

y

Hi
y

=
εzzk

i
z + εxzkx

εzzkrefz + εxzkx

Eref
x

Ei
x

=
εzzk

i
z + εxzkx

εzzkrefz + εxzkx
rx.

(A23)
The relation between the transmission and the reflection coef-
ficient for the magnetic field is the same as for the tangential
component of the electric field,

th = rh + 1. (A24)
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APPENDIX B. NUMERICAL SIMULATIONS AND MEA-
SUREMENTS

B.1. Numerical Simulations
For the numerical simulations, we used CSTMicrowave Studio
2019 software. Full-scale numerical models of both metasur-
face samples were built. Isofrequency curves andH-field maps
for both samples were calculated using the eigenmode and tran-
sient solvers, respectively.

B.2. Experiment
In the experiment, the excitation loopwas placed at the center of
the metasurface sample and connected to the first port of a two-
port vector network analyzer (VNA) Anritsu model MS2036C.
Simultaneously, a probe loop with the same diameter as the ex-
citation loop was connected to the second port of the VNA. The
fabricated sample was mounted on a foam substrate and posi-
tioned between the excitation loop and the probe for near-field
measurements. The probe loop was attached to a 3D near-field
scanner, oriented parallel to the metasurface on the opposite
side of the structure, with a gap of 7mm between the probe and
the sample. The measured H-field maps were then converted
into isofrequency contours using a spatial Fourier transform.
The discrepancy between the numerical simulations and exper-
imental results can be attributed to the asymmetry of the ex-
citation and probe loops, which causes asymmetry in the field
profiles and imperfections in the sample.
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