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ABSTRACT: We present a detailed analytical and numerical study of cylindrical metasurfaces for enhanced scattering applications. An-
alytical expressions are derived for the surface impedances of single and double metasurface configurations, respectively, which are
required to maximize scattering in the forward direction. A surface impedance model is developed for 1-D arrays of dielectric cylinders
that is subsequently used to realize and implement numerically the required surface impedances. Our analytical and full-wave numerical
results reveal that cylindrical all-dielectric metasurfaces may exhibit superior forward scattering and balanced higher-order mode exci-
tation in comparison to traditional solid dielectric resonators. Two examples, both with silicon dielectric cylinder, have been chosen to
showcase our results, and they were found to exhibit extraordinary directional scattering properties with the respective forward scatter-
ing efficiencies being 9 and 19 times that of a single mode resonator. The choice of silicon for the cylinder dielectrics highlights the
potential of the proposed configuration in optical communications, although the presented theory applies across the other parts of the

electromagnetic spectrum.

1. INTRODUCTION

etasurfaces (MSs) are flat functional structures enabling
Madvanced wave manipulations such as cloaking, perfect
absorption, and lasing, to mention a few [1-7]. In particular,
all-dielectric MSs have garnered significant interest due to their
lower losses at infrared and optical frequencies, unlike their
metallic counterparts suffering from ohmic losses. A MS con-
sists of periodic subwavelength unit cells forming a 2-D lattice,
typically placed in a rectangular plane. However, recent stud-
ies have shown that MSs can also be utilized in cylindrical and
spherical shapes as well. Curved surfaces form closed struc-
tures, which can be employed for both enhanced and suppressed
scattering (cloaking) as well as vortex generation, polarization
conversion, and local field enhancement [§—22]. In cylindrical
configurations, MSs are often characterized by effective sur-
face impedances or admittances, which can be tailored by ad-
justing the geometry and material composition of their under-
lying unit cells. This versatility allows for the realization of
nearly any surface impedance/admittance values at desired fre-
quencies, making MSs more adaptable than bulk materials with
limited permittivity/permeability values.

For instance, a multilayered cylindrical resonator with super-
scattering properties was proposed in [23]. The resonator fur-
nishes strong directional scattering by exciting multiple bal-
anced modes, which is often associated with the Huygens
source and Kerker’s condition utilized in transmitting MSs and
directional antennas [24-28]. However, this design requires a
combination of materials with specific positive and negative
permittivities, making it difficult to realize in practice. Instead,
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cascaded MSs, which can achieve similar scattering properties,
offer a more feasible solution [9]. Other cylindrical configura-
tions with enhanced scattering have also been proposed, such
as an MS imbedded in a high-permittivity material [8] and a
corrugated metallic cylinder [29].

Although the underlying theory for cylindrical MSs applies
across the electromagnetic spectrum, its primary utilization
has been at microwave frequencies. This preference arises
from the treatment of MSs as homogenized surfaces with ef-
fective surface impedances/admittances which are more com-
mon in electrical engineering. Moreover, most analytical sur-
face impedance/admittance models are formulated for printed
circuit boards (PCBs) consisting of dielectric substrates with
thin metallic elements, which are not particularly suitable for
optics [30-32]. However, recent studies have proposed ana-
lytical models for MSs of graphene [33-36], as well as plas-
monic [13, 37] and dielectric spheres [38, 39] applicable to THz
and optical frequencies. The sphere models are available in
both simple quasi-static form and more advanced versions in-
cluding multipolar contributions. These models have shown
good agreement with simulations for planar MSs and have also
been used to design plasmonic MSs for cloaking cylindrical
structures, demonstrating their applicability surfaces [13].

The purpose of the present work is to investigate all-
dielectric cylindrical MSs for enhanced directional scattering.
While others have studied similar configurations to minimize
the total scattering for cloaking applications, our focus is to ex-
amine their potential within directive scattering manipulation.
Due to the cylindrical configuration, it is more practical to use
1-D model realizations of MSs, as shown in Fig. 1, instead of
the 2-D kinds discussed in previous studies [38]. Therefore,
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FIGURE 1. Sketch of the (a) homogenized MS, (b) planar 1-D MS and (c) cylindrical 1-D MS.

an analytical surface impedance model is proposed for an
MS composed of a 1-D array of high-permittivity dielectric
cylinders in a low-permittivity host medium. Operating in
the quasi-static regime, this MS can only exhibit a capacitive
surface impedance. It has been shown that the resonances
are much more prominent in hollow cylindrical MSs with
capacitive (inductive) surface impedances for wave incidences
with vertical (horizontal) polarization [15,40]. Consequently,
this work focuses solely on vertical polarization.

In this work, the cylindrical MS configuration is treated both
analytically and numerically. Analytical expressions for the
surface impedance, required to maximize the forward scatter-
ing, are derived for resonators with a single and double MSs.
The surface impedance model is then used to determine the MS
designs. Thus, we obtain a fully analytical design and scattering
model for the cylindrical MS configuration. The accuracy of
this model is validated by comparing the analytical results with
full-wave simulations, showing excellent agreement for MSs
with subwavelength unit cells. Additionally, examples demon-
strating enhanced forward scattering are presented, showcasing
extraordinary scattering performances. The dielectric material
in the MSs has a relative permittivity value of 12, correspond-
ing to silicon, indicating their potential in optics. Such optical
resonators hold great promise for communication and sensing
applications.

The manuscript is structured as follows. The surface
impedance model for the 1-D planar MS is first presented and
analyzed in Section 2. In Section 3, the scattering properties
of cylindrical MS resonators are compared with those of solid
dielectric resonators. Moreover, we assess the accuracy of
the analytical model for the cylindrical MS resonators by
evaluating it against full-wave simulations. The resonators
with enhancing forward scattering are then investigated for
single and double MSs in Section 4. For both configurations,
two examples exhibiting extraordinary directional scattering
properties are presented. Throughout this work, the time factor
exp(jwt), where w is the angular frequency and ¢ the time, is
assumed and suppressed.

2. METASURFACE CHARACTERIZATION IN TERMS
OF A SURFACE IMPEDANCE

As illustrated in Fig. 1, any surface structure, including MSs,
can be characterized by an effective surface impedance Zg =
Rs + 7 X5, where Rg and Xg represent the surface resistance
and reactance, respectively. This surface impedance, whether
electric or magnetic kind, can be expressed as [41]

_m (1
Zs = 1 (a B) (1)

where dg is the lattice constant, 7, the intrinsic impedance of
the host medium, « the effective normalized electric or mag-
netic polarizability, and /3 the normalized interaction constant.
In general, Zg and « are tensors, but with the present MSs being
operated in the deeply subwavelength regime (quasi-static con-
dition) and the incident wave being polarized along the cylinder
axis, both can be treated as scalars. Additionally, only lossless
configurations are investigated, implying that Zg = 7 Xs.

Presently, a planar MS comprising a 1-D array of dielectric
cylinders as illustrated in Fig. 2(a) is considered. The MS ex-
hibits a surface impedance as described by (1). The normal-
ized electric polarizability of deeply subwavelength dielectric
cylinders is given by oZ = V/(e — ep,) /end3, where V, = rd
is the volume of the cylinder per length, rg the radius of the
cylinders, and e (e) the permittivity of the dielectric cylin-
der (host medium) [42]. Notably, under vertical polarization
(electric field parallel with the cylinder, z-axis, see Fig. 2(a)),
we find that there is minimal interaction between the subwave-
length cylinders, resulting in S = 0.

As an example, we examine dielectric cylinders with permit-
tivity e = 12¢¢ placed in free space (e, = g). In Fig. 2(b), the
surface reactance calculated using (1) is shown as a function
of the lattice constant for different filling fractions (rs/ds).
Please note that the filling ratio is kept constant for each graph,
meaning that the radius rg also changes when dg is changed.
To validate the model, the surface reactance was also extracted
from the simulated reflection coefficient of the infinite peri-
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FIGURE 2. Planar MS characterized by an effective surface impedance.
(a) Sketch of the MS consisting of a 1-D array of dielectric cylinders.
(b) The normalized z-component of the surface reactance as a function
of the lattice constant ds /Ao, with A being the free-space wavelength.
Each of the graphs is recorded for different filling fractions rs/ds. The
cylinders have the permittivity € = 12¢¢ and the host medium is that
of free space (en = €o).

odic array using COMSOL Multiphysics (for details on the ex-
traction method, see e.g., Ref. [38]). The simulation results,
shown in Fig. 2(b), are in good agreement with the analyti-
cal model. However, for larger cylinders, the dispersion of the
array is not fully captured by the simple polarizability model.
This limitation is evident for dense arrays (rs = 0.45ds) in
Fig. 2(b). To improve the fit, more advanced polarizability
models can be used [38, 39]. However, the deviations between
the quasi-static model and the simulation are small in Fig. 2(b),
and therefore, a fit function C' is introduced to (1) instead,
Xg“ = Xé‘“ﬁ‘ /C. A second-degree polynomial correction fac-
tor was derived for each filling fraction using a least-squares
fit with the simulation results. For rg = 0.45ds, the correc-
tion factor C' = (13.4m~2)d2 — (3.43m~')ds + 1.04 is used.
The results for both the unfitted (C' = 1) and fitted models are
included in Fig. 2(b) depicting a slight improvement with the
fitted model.

3. CYLINDRICAL METASURFACE RESONATORS

In the remainder of the work, we focus on cylindrical MSs. The
configuration under study is an infinitely long circular cylin-
drical structure with a radius r, positioned such that the z-axis
of the rectangular coordinate system coincides with the cylin-
der axis. The structure is illuminated by a linearly polarized
plane wave propagating in the +x-direction. Given the canon-
ical configuration, the internal and scattered fields can be an-
alytically determined using the classical Lorentz-Mie analysis
for cylindrical harmonics [43].

Initially, we investigate and compare the scattering proper-
ties of a solid dielectric resonator (Case A) and the cylindrical
MS resonator composed of unit cells with dielectric cylinders
(Case B). Cross-sectional sketches of both resonators are shown
in Fig. 3(a). The resonators have the same radius and permittiv-
ity. While the solution to the scattered field coefficients of Case
A is well known, Case B presents a more complex electromag-
netic scattering problem if one attempts to calculate the exact
fields. Instead, Case B can be significantly simplified by mod-

eling the MS with an effective surface impedance, Zs, using
(1) on which a surface current density Js = E,,/Zs is induced
with E,, being the tangential electric field. Thus, the config-
uration is reduced to an empty cylinder consisting of a cylin-
drical surface impedance. By applying the impedance bound-
ary condition, Hy,, = Ewn/Zs, the analytical solution to the
field coefficients is determined. For the vertical polarization,
the scattering (field) coefficients are

4 = — Jn ($0)2 (2)
" 2 [ 2xs
n (w0)” +j oo Jn (w0) Yy (o)

where o = kgr, and ko and g are the free-space wavenum-
ber and intrinsic impedance, respectively. .J, and Y,, are the
Bessel functions of the first and second kinds, respectively,
and of order n. The differential and total scattering efficien-
cies are used to evaluate the scattering from the resonators, de-
termined as dQy, (¢) = (2/20)| X . an exp (jné)|? and
Qsca = (2/70) Yoo |an|?, respectively, where ¢ is the po-
lar coordinate.

To compare Case A and Case B, a radius of r = 0.15)\¢ and
a permittivity € = 12¢( are chosen. For Case B, the MS con-
sists of 16 unit cells with rs = 0.45dg, and the fitted surface
reactance shown in Fig. 2(b) is used to model the MS. The re-
sulting total scattering efficiencies as functions of the normal-
ized frequency are shown in Fig. 3(b). Both resonators exhibit
scattering peaks produced by various excited modes. As ex-
pected, the dipolar modes (n = 0 and 1), having fields more
concentrated in the center of the resonator, are more efficiently
excited in the solid dielectric resonator (Case A). However, for
higher-order modes, the cylindrical MS (Case B) shows supe-
rior performance. This is confirmed by the full-wave simula-
tion of the near fields of the two resonators, shown in Fig. 3(c)
for the electric quadrupolar mode (n = 2). Notably, the cylin-
drical MS demonstrates a much stronger forward scattering re-
sponse, making it highly suitable for transmission applications.
This prominent feature will be investigated further in Section 4,
but first we want to investigate the validity of the proposed an-
alytical model.

The inhomogeneity and curvature of the MS is not consid-
ered with the analytical model, and thus some inaccuracies are
expected. This is analyzed in Fig. 4, which shows the total
scattering efficiency as a function of the radius and the num-
ber of unit cells (Ng). As in Fig. 3 (Case B), the permittivity is
€ = 12¢g and rs = 0.45ds. The results from full-wave simula-
tions are included, showing overall good agreement with the an-
alytical model. Particularly, MSs with more unit cells, forming
more homogeneous surfaces, exhibit excellent match. As the
number of unit cells decreases, the analytical model becomes
less accurate.

Besides indicating the accuracy of the analytical model,
Fig. 4 also illustrates how the MS can be engineered for spe-
cific scattering responses by simply changing the geometrical
parameters of the MS. This flexibility is a significant advantage
as most canonical resonators offer very few tuning parameters.
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FIGURE 3. Solid dielectric cylinder (A) and cylindrical MS (B) resonators. (a) Cross-sectional sketch of the resonators and (b) the scattering efficiency
as a function of the normalized frequency. The radius » = 0.15\¢ and the permittivity is € = 12¢¢. The MS contains 16 unit cells with rs = 0.45ds.
(c) Electric field magnitude (logarithmic scale) in the xy-plane obtained from full-wave simulations.
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FIGURE 4. Comparison of the analytical model and full-wave simula-
tion of the cylindrical MS resonator. Scattering efficiency as a function
of the radius for different number of unit cells Ns with rs = 0.45ds.
The calculations are limited up to maximum mode n = 7, and the
vertical axis is shifted by 5 for each graph.

4. ENHANCED DIRECTIONAL SCATTERING

In this section, we illustrate the advantages of cylindrical meta-
surfaces (MSs) for enhancing the forward scattering. This en-
hancement is achieved by exciting multiple modes, a concept
that has been explored in various structures [24-28]. The chal-
lenge lies in balancing these modes by considering both their
amplitudes and phases, obtaining states sometimes referred
to as Kerker’s condition or Huygens source effect [24]. Ini-

tially, this condition was applied only to dipolar modes but
has since been generalized to other multipoles [25]. Our goal
is to maximize the forward scattering, specifically dQ,(¢ =
0°) = (2/x0)| Yo an|®. Given that a, = —1 for a res-
onant mode, this condition is also necessary for all combined
modes and differs from maximizing the total scattering effi-
ciency Qsca, Where just |a,| = 1 is required. However, it
is important to note that both scattering efficiencies are max-
imized when a,, = —1. In this case, the scattering efficien-
cies are maximized to dQ.,(¢ = 0°) = (2/x0)(2N + 1)* and
Qsca = (2/20)(2N + 1), where N is the number of modes ex-
cited, beside the n = 0 mode. If the n = 0 mode is not excited,
the theoretical maxima are dQ ., (¢ = 0°) = (2/x¢)(4N?) and

Qsca = (2/x0)(2N)

From (2), it is straightforward to determine that a,, = —1
when
wxodn (xo) Yy (2
X = P20 (20) Yo (20) ®

To excite two modes (n and m) with X§ = X", we require
In(20)Yn(z0) = Jm(x0)Ym(x0), necessitating specific sizes
and surface reactances. This constrain is confirmed in Fig. 5(a),
where the required surface reactances for modes 0 up to 4 as
functions of the radius are shown. The intersection points on
the graphs indicate designs where the resonances of two modes
overlap. Fortunately, mostly capacitive surfaces are needed, al-
lowing the use of the MSs from Fig. 2.

To demonstrate that these resonators indeed maximize for-
ward scattering, we selected two designs: Design A, combining
modes n = 0 and 1, and Design B, combining modes n = 1
and 2. The required surface reactance Xg = —0.301 (Xs =
—0.547)) is achieved with the MS design parameters r =
0.086Xg (0.245)g), Ns = 6 (33) and rg = 0.45ds (0.45ds) for
Design A (Design B). The simulated local electric field (colors)
and power flow density (arrows), shown in Fig. 5(b), reveal a
significant forward scattering compared to the backward scat-
tering. This is further confirmed by the normalized differential
scattering efficiency dQ., ,(#) = (20/2)dQy,(¢) depicted in
Fig. 5(c). The expected scattering patterns are observed, with
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FIGURE 5. Enhancing directional scattering with a single-MS resonator. (a) Required surface reactance as a function of the radius for modes
n = 0,1, 2,3 and 4 calculated using (3). (b) Simulated local electric field magnitude (colors, logarithmic scale) and power flow density (arrows,
linear scale) in the xy-plane for Design A and B highlighted in (a). (c) The analytical and simulated normalized differential scattering efficiency
dQgea n(#). The excited modes are n = 0, 1 (Design A) and n = 1, 2 (Design B). The design parameters are 7 = 0.0860 (0.245A0), Ns = 6 (33)

and rs = 0.45ds (0.45ds) for Design A (B).

Design A achieving the theoretical maximum of 9 and Design
B slightly exceeding the theoretical maximum of 16 due to a
minor contribution coming from the n = 0 mode. To further
enhance the scattering, more modes must be excited.

For a single MS design as the one studied in Fig. 5, incorpo-
rating more modes entails larger resonators. However, recent
studies have shown that cascading cylindrical MSs can further
enhance the total scattering [9, 17]. The single-layer design an-
alyzed in Figs. 4 and 5 is fundamentally limited by the lack of
multiple overlapping modes according to (2), prompting us to
extend our design to include an additional MS. A double MS
resonator presents a more complex configuration, leading to
more intricate solutions for the field coefficients. However, this
intricacy also significantly expands the design possibilities as
we will illustrate in the next part.

The new resonator design consists of two concentric cylin-
drical MSs with the radius and surface reactance of the inner
(outer) MSs being denoted r; (r2) and X1 (Xs2), respectively.
The cylinder core and the layer between the MSs are empty and
are modelled as free space. The derivation of the analytical so-
lution to the scattering coefficient for the double MS config-
uration follows the same approach as for the single MS. The
solution to the scattering coefficient is given in the Appendix.

Overlapping modes (n and m) are investigated by imposing
an = am;m = —1 and the conditions Xg; = X} and Xg, =
X{5. The solutions to the surface reactances are

2Xg \° 2X
by (“) Fb >0 4 by =0 (4)
TNoX1 TToT1
T (2) Yo () [ (1) Vo 1) — 255
2 2
T2 —Jn (‘rl) Y, (1’2)
Xsr=mn0—~ 2Xs1 (4b)
2 Jn (33‘1) Yn (.%'1) - 7”70;1
where x1 = kory and xo = kore. The coefficients bs, b,

and by in (4a) are provided in the Appendix. From (4), two
solutions can be obtained for each mode combination and all
values of r; and r3. The presented results are limited to the

mode combination n = 0, 1, shown in Fig. 6. The surface reac-
tances (colors) are depicted as function of the radii in Figs. 6(a)—
(d), whereas the resulting dQ, ,(0) is shown in Figs. 6(¢)
and (f). The white spaces denote the complex solutions to
the surface reactances coming from the quadratic equation in
Eq. (4a). These solutions correspond to active surface designs
(Rs < 0), and thus these solutions have been omitted. The col-
ors in Figs. 6(a)—(d) indicate the surface reactance being either
capacitive (red) or inductive (blue). The theoretical minimum
of dQy., »(0) = (1 +2)? = 9 is confirmed in Figs. 6(e) and
(f). It is observed that much higher values of dQ., ,(0) can be
achieved with some resonator designs coming from the scatter-
ing contribution of other excited modes. Eq. (4) ensures that
at least two modes are excited, but there is no restriction to the
excitation of additional modes. However, it must be noted that
for resonators with highly subwavelength radii, the maximum
dQean(0) is around 9. To further enhance the scattering from
such small resonators, additional MSs are needed [9].

Two designs (Designs A and B) exhibiting particularly strong
forward scattering have been selected and are marked in Fig. 6.
The analytical dQ, ,(0) is around 37 and 75 for Designs A
and B, respectively. These superscattering properties are com-
ing from the excitation of not only the n = 0 and 1 modes,
but also a partial excited mode (n = 2) and a nearly fully ex-
cited mode (n = 3) for Design A. For Design B, additional
modes n = 2, 3, and 4 are close to being fully excited. All
the MSs have surface reactances achievable with the MS de-
sign proposed in Section 2. For Design A, the required surface
reactances Xg; = —0.8519 (Xs; = —0.391) are achieved
with the MS design parameters 1 = 0.40r2 (r2 = 0.29)¢) and
Ng; = 26 (Ns; = 27) for the inner (outer) MS. For Design
B, the required surface reactances Xg; = —0.9319 (X5 =
—0.857)9) are obtained with 1 = 0.56r5 (ro = 0.50)\) and
Ns; = 69 (Nsp = 83) for the inner (outer) MS. The filling ratio
remains rs = 0.45dg for all MSs. The simulated local electric
field intensity and power flow density, as well as the far-field
parameter dQ, ,(¢), shown in Fig. 7, confirm the enhanced
directional scattering resulting from the multimode excitation
in both resonators. Compared to a single-mode resonator (as-
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are further analyzed in Fig. 7.
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FIGURE 7. Two examples of double MS resonators with enhancing directional scattering. Simulated local electric field magnitude (colors, logarithmic
scale) and power flow density (arrows, linear scale) in the xy-plane for Design A and B, which are marked in Fig. 6. (b) The analytical and simulated
normalized differential scattering efficiency dQ,., ,(¢). The surface reactances and the design parameters for the MSs are provided in the text.

suming that the excited mode is n > 1), the forward (total)
scattering efficiencies are around 9 and 19 (3 and 4) times for
Designs A and B, respectively. Additionally, the minor scat-
tering lobes are well suppressed being 12.1 dB (Design A) and
13.5 dB (Design B) below the major lobe.

Various multimode cylindrical resonators have been previ-
ously reported, but differences in size, material, and excitation
make direct comparison difficult [8, 9, 20, 23, 29, 44, 45]. Elec-
trically small resonators with high scattering efficiencies rely
on extreme permittivities but are highly sensitive to material
and size changes. Larger resonators, like our Design B in Fig. 7,
offer comparable efficiency with greater practicality. Our de-
signs stand out by using moderate, realistic permittivity values,
making them suitable for infrared and optical frequencies.

5. CONCLUSIONS

In this study, cylindrical MS resonators were analyzed both an-
alytically and numerically. A surface impedance model was de-
veloped for a 1-D array of dielectric cylinders operating under
vertical polarization and in the quasi-static regime. The model
was then coupled to the analytical solution for cylindrical MSs
resulting in a comprehensive analytical framework demonstrat-
ing good agreement with careful full-wave simulations.

The scattering of a solid dielectric resonator was compared
to that of a cylindrical MS, demonstrating that the latter is more
favorable for higher-order mode excitation. Moreover, due to
their engineerable surface impedance, cylindrical MSs offer
superior control over balanced higher-order mode excitation,
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thereby maximizing forward scattering compared to traditional
solid dielectric resonators. Analytical expressions for the re-
quired surface impedance to maximize forward scattering were
derived for resonators with both single and double MSs. Ex-
amples presented in this work highlighted extraordinary direc-
tional scattering performances resulting from the excitation of
multiple modes.

All calculations utilized a relative permittivity of 12, cor-
responding to silicon, indicating the potential applications of
these MSs within optical communication and sensing. The
straightforward design and material composition of the pro-
posed MS resonator make it significantly simpler than many
other resonator structures, allowing it to serve as a potential
substitute for numerous existing designs. A promising exten-
sion of this work involves incorporating gain materials into the
resonators to further enhance their total scattering. Moreover,
tunable materials can be utilized to make the scattering recon-
figurable possibly enabling beam steering capabilities. At last,
the presented theory and examples are not limited to optics only
and can be applied across different parts of the electromagnetic
spectrum.

APPENDIX A.

The scattering coefficients for the cylindrical double MS res-
onator under TM polarization are given by

Tn(@2) [Yo(22) — Ky Jp(22)] + 2552

CLQMS - _ TNoT2
" In(@2) [Yn(22) = Kndn(22)] + %
—J [%Kn + Yn(mZ)Q - Kan($2)Yn($2):|
(Ala)
where
K, = T (1) (501)2 T (Alb)
JIn (331)
The expressions for the coefficients in (4) are
b2 = Jm (I2) Y;n ($2) - Jn (I2) Yvn (IZ) (Aza)
bi = [T (21) Yin (22)] = [T (21) Yo ()]
—bg [Jm (21) Yon (1) + T (21) Yy (21)] (A2D)
bo = Jm (CEl) Jn (1’1) [bQYm (1’1) Yn ($1)
+Jn (xl) an (xl) Yn (.132)2
—Jm (1) Yo (21) Vi (22)°] (A20)
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