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ABSTRACT: In this paper, a novel construction approach of characteristic basis functions (CBFs) is proposed to accelerate the traditional
multilevel characteristic basis function method (MLCBFM) for the analysis of electrically large scattering problems. The solution of
CBFs in the traditional MLCBFM is extremely complicated and time-consuming due to numerous reduced matrix calculation procedures.
Nevertheless, in the proposed method, the CBFs can be solved directly in one step using the new construction approach, which leads to
a significant reduction in computation time. Numerical simulation results have demonstrated the effectiveness of the proposed method,
which achieves higher computational efficiency without any loss of accuracy than the traditional MLCBFM.

1. INTRODUCTION

The method of moments (MoM) [1] is an effective numeri-
cal approach for analyzing electromagnetic scattering prob-

lems, which has strong adaptability and high accuracy. How-
ever, as the number of unknowns increases, the solution of the
dense matrix constructed by the MoM becomes very difficult.
To address this issue, many researchers have proposed vari-
ous innovative approaches, such as wavelet MoM [2], mul-
tilevel fast multipole algorithm (MLFMA) [3], adaptive in-
tegral method [4], and characteristic basis function method
(CBFM) [5–7]. By reducing the dimension of the matrix or
speeding up the filling of the matrix elements, these methods
have achieved considerable success. Among these methods,
CBFM uses the idea of partitioning to divide the target into
subdomains and solve the unknown current on each subdomain
separately. By the division of subdomains, the dimension of the
matrix equation on each subdomain is greatly reduced. Thus,
the calculation efficiency is improved. Additionally, the CBFM
based on singular value decomposition (SVD) [8, 9] was pro-
posed to construct a new set of characteristic basis functions
(CBFs) independent of polarization and angles, which is suit-
able to deal with multiple excitation problems. Based on SVD-
CBFM, an ultra-wideband CBFM (UCBFM) [10–12] is pre-
sented to analyze broadband scattering problems. Neverthe-
less, when the number of unknowns within the subdomain is
still large, solving the matrix equation on the subdomain is still
time-consuming. To overcome this problem, multilevel char-
acteristic basis function method (MLCBFM) [13] divides each
subdomain into smaller subdomains through multilevel divi-
sion. The CBFs defined on each higher-level subdomain can
be represented by the linear combination of the CBFs on the
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lower-level subdomains, and the total current can be similarly
obtained by the CBFs defined on the top-level subdomains. Al-
thoughMLCBFM has achieved good performance, as the num-
ber of subdomains increases, the generation of CBFs will be
time-consuming.
To accelerate MLCBFM, some fast algorithms have been

introduced to MLCBFM. Adaptive cross approximation
(ACA) [14, 15] is combined with MLCBFM to accelerate the
calculation of the reduced matrix. A hybrid approach [16] is
presented by combining ACA and fast dipole method (FDM)
with MLCBFM to accelerate the calculations of impedance
and reduced matrices. To accelerate the calculation of CBFs, a
large-size blocks-based MLCBFM is presented in [17], and the
multiscale compressed block decomposition [18] is combined
with MLCBFM. A fast algorithm for the calculation of far
interactions in MLCBFM is proposed in [19]. MLFMA [20]
is implemented with MLCBFM to accelerate the calculations
of higher-level impedance matrices from lower-level ones.
In [21], the MLCBFM based on PMCHWT formulation is
proposed for solving electromagnetic characteristics from
multi-dielectric and perfect electrical conductor (PEC) com-
posite objects. Recently, compressive sensing (CS) [22]
technology has been introduced into MLCBFM to replace
the solution of reduced matrix. These studies accelerated the
computation process of MLCBFM from different aspects, and
all of them have yielded good results.
Unlike previous works, we present a novel construction ap-

proach of CBFs with MLCBFM, which is based on the Foldy-
Lax multiple scattering equation to improve the efficiency of
generating CBFs. In the proposed method, the primary CBF
(PCBF) is generated only by the original excitation, while the
secondary CBFs (SCBFs) are generated by the scattering of
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FIGURE 1. Multilevel division of objects.

all other upper-level subdomains and other same-level subdo-
mains within the same upper-level subdomain. For all other
higher levels, their CBFs can be obtained directly by combin-
ing their lower-level ones. With this new construction approach
of CBFs, the solution time of CBFs is greatly reduced, while
the computational accuracy is maintained after taking the ap-
propriate order of SCBFs compared to MLCBFM. The results
of numerical simulations have validated the effectiveness of the
proposed method.

2. THEORY

2.1. Traditional MLCBFM
CBFM has achieved remarkable success in reducing the dimen-
sion of matrix equations, whereas, as the electrical size of the
target increases, this efficiency advantage becomes less and less
obvious. The creation of MLCBFM is precisely to address this
problem. According to MLCBFM,m subdomains are obtained
by first dividing the surface of the object, and then each large
subdomain is further divided into n smaller ones. By analogy,
we can get different levels of subdomains as needed, and the
bottom subdomains are split with RWGbasis functions [23]. As
shown in Fig. 1, we divide the object into two levels, generat-
ing four (m = 4) first-level and 16 (n = 16) second-level sub-
domains in each first-level subdomain. The black dot denotes
the 4th small subdomain in the 3rd large subdomain, which is
denoted by the symbol 3{4}. The process of expanding from
low-level subdomains to high-level ones is illustrated in Fig. 2.
Supposing that we calculate SCBFs to the second order on each
level, then the solving process of the induced current is as fol-
lows:

2.1.1. Generation of PCBF

In the calculation of PCBF, both the effect of original excita-
tion and the interactions of other small subdomains in the same
large subdomain are considered. As shown in Fig. 3(a), apart
from the incident excitation, the interactions from subdomains
colored in yellow are considered when calculating the PCBF of
subdomain 3{7}. The specific solution procedure is as follows:

Zi{k}i{k}J
(2)PP
i{k} = Ei{k} (1)

Zi{k}i{k}J
(2)PS1

i{k} = −
∑n

h=1(h ̸=k)
Zi{k}i{h}J

(2)PP
i{h} (2)

FIGURE 2. The generation of high-level subdomains.
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where i = 1, . . . , m; k, h = 1, . . . , n; J(1)Pi is the first-level

PCBF; and J(2)Pi{k} is the second-level (bottom-level) PCBF,

while J(2)PP
i{k} , J(2)PS1

i{k} and J(2)PS2

i{k} are the CBFs of J(2)Pi{k} ;

a
(2)P
i{k} , b

(2)P
i{k} , and c

(2)P
i{k} are the coefficients and the impedance

matrix between the kth and hth subdomains in the same ith
upper-level subdomain is represented by Zi{k}i{h}, while the
excitation vector is represented by Ei{k}.

2.1.2. Generation of SCBFs

Unlike the calculation of PCBF, the calculations of SCBFs con-
sider the interactions of other subdomains on the same level as
illustrated in Fig. 3(b). The first-order SCBFs are calculated as
follows:

Zi{k}i{k}J
(2)S1P
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Zi{k}jJ
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j (6)
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(2)S1P
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(2)S1S1

i{h} (8)
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(a) (b)

FIGURE 3. Interactions between subdomains with traditional MLCBFM. (a) PCBF. (b) SCBFs.
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where the impedance matrix between the kth subdomain in the
ith upper-level subdomain and the jth upper-level subdomain

is represented by Zi{k}j ; J
(2)S1

i{k} is the first-order SCBF on the

second level, while J(2)S1P
i{k} , J(2)S1S1

i{k} and J(2)S1S2

i{k} are the CBFs

of J(2)S1

i{k} ; a(2)S1
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i{k} and c
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i{k} are the coefficients; J(1)S1

i

is the first-order SCBF on the first level.
In analogy, the second-order SCBF is calculated through the

following steps:
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where J(2)S2

i{k} is the second-order SCBF on the second level,

while J(2)S2P
i{k} , J(2)S2S1

i{k} and J(2)S2S2

i{k} are the CBFs of J(2)S2

i{k} ;

a
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(2)S2
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i{k} are the coefficients; J(1)S2

i is the

second-order SCBF on the first level.

2.1.3. Solving the Total Currents

When we get the CBFs defined on the first-level subdomains,
the total current is calculated as follows:

J(1)i = a
(1)
i J(1)Pi + b

(1)
i J(1)S1

i + c
(1)
i J(1)S2

i (16)

J =
[
J(1)1 J(1)2 . . . J(1)m

]T
(17)

where J(1)i is the induced currents of ith subdomain on the first-

level; J is the total induced currents; a(1)i , b(1)i , and c(1)i are the
coefficients. Then, the reducedmatrix equation can be obtained
by employing the Galerkin test method [24]. Eventually, we

can obtain the coefficients a(1)i , b(1)i , and c
(1)
i by solving the

reduced matrix equation, and the total currents can be obtained
as well.

2.2. Proposed Method
MLCBFM has further enhanced the computational efficiency
for electrically large targets by multilevel division of subdo-
mains. However, through the theoretical analysis ofMLCBFM,
one can see that the generation of CBFs is extremely compli-
cated and time-consuming. Therefore, in this paper, a new con-
struction approach of CBFs is presented to address this prob-
lem, through which the computational efficiency of PCBF and
SCBFs is much improved. The comparison of the construc-
tion approach of PCBF between the proposed method and ML-
CBFM is illustrated in Fig. 4.
Similarly, SCBFs are constructed in the same way in the pro-

posed method, whereas the right-hand excitation terms are dif-
ferent from MLCBFM when solving the lower CBFs. Specifi-
cally, the procedure for solving the induced currents using the
proposed method is as follows.

2.2.1. Generation of PCBF

Different from MLCBFM, PCBF is now calculated by taking
into account only the effect of the original excitation illustrated
in Fig. 5(a). Equations for the computation of PCBF are as
follows:

Zi{k}i{k}J
(2)P
i{k} = Ei{k} (18)
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(a) (b)

FIGURE 4. Comparison on construction approach of PCBF. (a) Traditional MLCBFM. (b) Proposed method.

(a) (b)

FIGURE 5. Interactions between subdomains with the proposed method. (a) PCBF. (b) SCBFs.

J(1)Pi =
[
J(2)Pi{1} J(2)Pi{2} . . . J(2)Pi{n}

]T
(19)

One can see that the effects of other small subdomains within
the same large subdomain are ignored here, which means that
the calculations of Equations (2), (3), and (4) are avoided.
However, we consider this part of the effects when solving
SCBFs.

2.2.2. Generation of SCBFs

SCBFs are now calculated by considering not only the scatter-
ing effects of all other upper-level subdomains but also the in-
teraction of other bottom-level subdomains in the same upper-
level subdomain as shown in Fig. 5(b). The calculation of first-
order SCBF is as follows:
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(2)S1
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i{2} . . . J(2)S1

i{n}

]T
(21)

The calculations of Equations (7), (8), and (9) are also
avoided here due to the addition of the second item at the right
side of Equation (20).

Likewise, we can also calculate the second-order SCBF as
follows:
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(2)S2

i{k} = −
∑m
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Zi{k}jJ
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j

−
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i{h} (22)
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[
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]T
(23)

With the new construction approach of CBFs, the solution pro-
cess of CBFs is greatly simplified, which greatly reduces com-
putation time.

2.2.3. Solving the Total Currents

This step is the same with MLCBFM, and the total currents can
be solved by Equations (16) and (17).

3. COMPLEXITY ANALYSIS
We compared the computational complexity between ML-
CBFM and the proposed method from two aspects: the
calculation of PCBF and SCBFs. For the convenience of
analysis, we still take a two-level subdomain division for
example. Assuming that m large subdomains are divided, and
n small subdomains are further divided in each of them, while
N RWG functions are included in each small subdomain. The
SCBFs on each level are considered to the kth order.
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FIGURE 7. Total time versus different orders of SCBFs for the cuboid.

3.1. Calculation of PCBF
First, we take one of the large subdomains into considera-
tion. In MLCBFM, the computational complexity for solving
Equation (1) by lower-upper (LU) factorization is O(nN3),
and the computational complexity for the solution of Equa-
tion (2) is O(knN2). The dimension of the reduced matrix is
(k+1)n×(k+1)n, and each element involves the calculation of
JT1×NZN×NJN×1 whose computational complexity isO(N3).
In addition, a computational complexity of O((k + 1)3n3) is
also needed to solve the reduced matrix equation by LU fac-
torization. Therefore, the computational complexity involved
in a large subdomain is O(nN3 + knN2 + (k + 1)2n2N3 +
(k + 1)3n3). Considering all large subdomains, the total com-
putational complexity for calculating PCBF with MLCBFM is
O(mnN3 +mknN2 +m(k + 1)2n2N3 +m(k + 1)3n3).
For the proposed method, the computational complexity in-

volved in a large subdomain only includes the solution of Equa-
tion (19) whose computational complexity is O(N3). There-
fore, the total computational complexity for calculating the
PCBF with the proposed method is O(mnN3), which is much
smaller than that of the MLCBFM.

3.2. Calculation of SCBFs
Likewise, we can analyze the computational complexity for
generating SCBFs in the same way. We also take one of the
large subdomains into consideration at first. In MLCBFM, the
generation of each order SCBF involves solutions like Equa-
tion (6) by LU factorization whose computational complex-
ity is O((k + 1)nN2). The construction and solution of the
reduced matrix equation are similar to those of the PCBF,
and the computational complexity is O((k + 1)2n2N3) and
O((k + 1)3n3), respectively. Therefore, considering all large
subdomains, the total computational complexity for calculat-
ing SCBFs with MLCBFM is O(mk(k + 1)nN2 + mk(k +
1)2n2N3 +mk(k + 1)3n3).
For the proposed method, the computational complexity in-

volved in a large subdomain only includes the solution of Equa-
tion (20) whose computational complexity is O(knN2). Thus,

the total computational complexity for calculating SCBFs with
the proposed method is O(mknN2), which is significantly
smaller than that of MLCBFM.
Through the above analysis, one can see that a much lower

computational complexity is achieved by the proposed method,
which makes a great improvement in computational efficiency
compared to MLCBFM.

4. NUMERICAL RESULTS
To evaluate the performance of the proposed method, three dif-
ferent types of models are simulated by FEKO software (MoM
solver), MLCBFM, and the proposed method, respectively. All
tests were done on the same computer which is equipped with
the Intel(R) Xeon(R) Platinum 8383C CPU @ 2.70GHz and
64.0GB RAM. For evaluating the accuracy, radar cross section
(RCS) error is defined as follows:

Err =
(
∥σCAL − σREF∥2

∥σREF∥2

)
× 100% (24)

where σCAL represents RCS calculation results of the pro-
posed method or MLCBFM, while σREF represents those of the
FEKO.
First, we simulated a 15λ × 0.4λ × 0.4λ PEC cuboid with

the 300MHz incident plane wave. All the subdomains need to
be extended by 0.2λ on each level for ensuring the continuity
of the induced currents. We use RWG basis functions to split
the surface of the cuboid, which yields 10254 triangular cells,
resulting in 15381 original unknowns and 16581 extended un-
knowns, with four subdomains on the first level and eight sub-
domains on the second level. The comparison of computational
accuracy and time consumption between the proposed method
and MLCBFM at different orders is illustrated in Fig. 6 and
Fig. 7, respectively. It is clear to see that the computational ac-
curacy of the proposed method is higher and more stable than
the MLCBFM when the order of SCBFs is greater than 4, and
the efficiency of the proposed method is improved significantly
as the order of SCBFs increases. In subsequent calculations,
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TABLE 1. Calculation time of three models using different methods.

Model Method Filling time (s) CBFs time (s) Solving time (s) Total time (s)

Cuboid
MLCBFM 112.9 745.6 149.1 1007.6

Proposed method 112.3 234.7 149.0 496.0

Missile
MLCBFM 514.6 1813.6 573.1 2901.3

Proposed method 511.1 617.9 572.6 1701.6

Composite objects
MLCBFM 843.1 1307.1 2665.5 4810.3

Proposed method 840.2 163.2 2663.1 3666.5
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FIGURE 10. Bistatic RCS of composite objects in V -polarization.

SCBFs are considered to the 9th order on each level to obtain
both stable and high accuracy. Simulation results of the H-
polarized bistatic RCS of the cuboid are illustrated in Fig. 8. All
the calculation results of the three methods are in good agree-
ment.
Then, a PEC missile model with a length about 10λ is

brought into consideration at 300MHz. The missile is di-
vided into 16880 triangular cells, resulting in 25320 original
unknowns and 34827 extended unknowns with 0.2λ extended

regions, which are split into eight first-level and 16 second-
level subdomains, respectively. Bistatic RCS results of the mis-
sile model using different methods are displayed in Fig. 9, and
the calculated results of the proposed method are closer to the
FEKO results compared to those of the MLCBFM.
Last, the bistatic RCS of a composite target composed of 36

PEC objects in vertical polarization is calculatedwith the 2GHz
incident plane wave. The diameter and height of each object are
λ, while the distance of every two adjacent objects is also λ. We
divided the composite target into 29128 triangular cells, result-
ing in 43692 unknowns. With the two-level division strategy,
nine subdomains are formed on the first level, while 36 subdo-
mains are on the second level. As shown in Fig. 10, the results
of both the proposed method and MLCBFM highly agree with
those of the FEKO.
From Table 1, it is evident that the time consumption for the

filling of the impedance matrix and the solution of the reduced
matrix remains almost consistent between the proposed method
and MLCBFM. However, the proposed method exhibits signif-
icantly improved efficiency for the generation of CBFs com-
pared to the traditional MLCBFM due to the novel construc-
tion approach of CBFs, with reductions of computation time by
68.5%, 68.9%, and 87.5% for the three models, respectively.
As a result, the total computation time of the three models using
the proposed method is also significantly decreased compared
to those using the traditional MLCBFM.
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5. CONCLUSION
In this paper, we have presented a novel construction approach
of CBFs to accelerate the conventional MLCBFM, through
which the generation of CBFs becomes much simpler and
faster. The solution process of CBFswith the conventionalML-
CBFM contains numerous reduced matrix calculations, which
are comparatively complicated and require several steps to
complete. However, with the new construction approach of
CBFs, the solution of CBFs only needs one solving step, and the
computational complexity is significantly reduced. The numer-
ical simulations have validated that the proposed method ex-
hibits higher computational efficiency than the traditional ML-
CBFM without any loss of accuracy.
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