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ABSTRACT: In this paper, a novel framework is proposed which combines physical scattering models with artificial neural networks
(ANNG) to solve electromagnetic scattering problems of random media through a volume integral equation formulation. The framework
is applied to a snow scattering problem where snow is represented by a bicontinuous random medium. A neural network is constructed
linking the random media structure to the induced dipole moments on the media. The volume integral equation (VIE) serves as a natural
physical constraint on the network input-out relations and is used to guide the training of the network. A discrete dipole approximation
(DDA) strategy is adopted to convert the VIE into matrix equations which also defines the loss function of the surrogate neural network.
For addressing deterministic scattering problems, this represents a viable alternative to traditional iterative algorithms, providing com-
parable accuracy at the expense of reduced efficiency. In solving statistical scattering problems, neural networks with physics-informed
loss function achieve accuracy comparable to that of data-driven models while significantly reducing the dependency on extensive pre-
computed training datasets. The physics-based loss function also allows the network to self-diagnose the prediction accuracy in real
operations. This work demonstrates a novel strategy to effectively merge physical equations with artificial neural networks, and the idea
can be inspiring to many relevant fields, especially when randomness effects are exhibited through a complicated nonlinear system.
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1. INTRODUCTION

lectromagnetic modeling of wave scattering by natural ran-

dom media is crucial for environmental remote sensing re-
search [1-5]. Dry snow on land is composed of a densely
packed ice particle medium against the background of air.
Over the past 30 years, researchers have developed various mi-
crowave snow forward models based on different theoretical
foundations [6]. Among them, numerical simulations of scat-
tering in random media allow us to solve Maxwell’s equations
not limited by analytical approximations. Ding et al. (2010) [7]
proposed a bicontinuous medium for simulating microwave
scattering and emission in snow. This model is based on a con-
tinuous representation of interfaces between different phases
or domains within the medium. Three-dimensional numeri-
cal Maxwell model (NMM3D) is used, based on a method of
moments (MoM) with Discrete Dipole Approximation (DDA)
to solve the electric field volume integral equation (VIE) on
snow samples. This procedure is then combined with Monte
Carlo simulations over random realizations of the random me-
dia in capturing the statistical properties in scattering to calcu-
late scattering characteristics of snow in terms of its extinction
coefficients, absorption coefficients, and scattering phase ma-
trices [4].
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In the field of computational electromagnetics, particularly
within the scope of the MoM, discrete volume integral equa-
tions consistently result in a dense impedance matrix. Conse-
quently, prevalent iterative algorithms, notably the Conjugate
Gradient (CG) method [8] and Generalized Minimal Residual
(GMRES) method [9], are conventionally employed for solving
these linear matrix systems. However, a significant challenge
arises due to the computational cost of matrix-vector multipli-
cation, which escalates with the number of iterations, thereby
imposing high demands on CPU and limiting the processing
speed [10]. To address this issue, MoM derived matrix sys-
tem is often solved using iterative techniques that incorporate
acceleration methods such as through the Fast Fourier Trans-
form (FFT) when translational symmetry is preserved in the re-
sulting Toeplitz matrix. Nonetheless, the application of these
acceleration methods may not always yield a satisfactory solu-
tion, as the impedance matrix can be poorly conditioned, lead-
ing to convergence issues in the iterative procedure. Even when
convergence is achieved, the number of iterations required can
be exceedingly large, rendering the overall solution inefficient.
Therefore, it is crucial to explore alternative methods to replace
traditional iterative techniques or strategies to reduce the num-
ber of iterations when dealing with integral equation compu-
tations. The urge is especially strong for random media scat-
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FIGURE 1. (a) Cross-section view (in zOy plane) of a bicontinuous random medium with typical parameters to represent the microstructure of dry
snow. The sample is truncated into a spherical shape. (b) and (c) illustrate the induced dipole moments within the random medium sample and the
corresponding near field distribution around the sample, respectively. The truncated random media sample is impinged by a plane wave propagating
along 2 direction. Structure parameters: diameter of the truncating sphere D = 64 mm, discretization resolution of the random media d = 0.1 mm;
bicontinuous media parameters: fractional volume f, = 0.3, b = 1.2, (¢) = 9000 m™*; wave frequency: 37 GHz.

tering as the time-consuming scattering calculations need to be
repeated on each sample.

In electromagnetic calculation, numerical techniques, al-
though highly accurate, often entail significant computational
time. Consequently, they are ill-suited for real-time applica-
tions and optimization-based design tasks, as well as for Monte
Carlo analyses that require repeated extensive full-wave sim-
ulations. Meanwhile, Deep Learning (DL) such as artificial
neural network (ANN) has emerged as a promising alterna-
tive to effectively approximating the solutions to Maxwell’s
equations, resulting in more rapid and efficient simulations.
These learning-based computational electromagnetic methods
fundamentally involve the approximation of complex mappings
through various machine learning techniques. These mappings
are learned from a dataset during the model training process,
thereby reducing the computational complexity compared to
traditional computational electromagnetics methods when the
trained network is applied for inference [11]. DL/ANN tech-
niques have been successfully employed to address both for-
ward [12] and inverse [13, 14] electromagnetic scattering prob-
lems, revolutionizing the field by providing more computation-
ally efficient and scalable solutions.

In recent years, the adoption of Physics-Informed Neural
Networks (PINNs) [15, 16] has gained notable recognition for
their ability to tackle intricate computational problems inter-
twined with physical phenomena. This innovative framework
represents a paradigm shift in addressing both forward and in-
verse problems associated with partial differential equations
(PDEs), employing ANNs or Deep Neural Networks (DNN5s)
to approximate the latent solutions. Recent advancements in
PINNs have demonstrated their potential in solving complex
wave-based inverse problems. For instance, Jin et al. [17]
proposed a Generalized Phase Retrieval Model (GPRM) that
leverages DNNs combined with physical constraints to retrieve
phase profiles in metasurfaces without requiring repeated re-
training. Their approach highlights the advantage of embed-
ding physical laws directly into neural network (NN) architec-
tures for efficient and generalizable solutions. Over the past
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few years, PINNs have exhibited considerable promise within
the realm of electromagnetics, yielding noteworthy achieve-
ments in various applications [18, 19]. While the initial intent of
PINNs was to address PDEs, recently there are efforts in lever-
aging PINNs to solve integral equations (IEs) for electromag-
netic scattering problems [20]. Empirical investigations have
shown that the PINN approach can produce commendable out-
comes compared to conventional methodologies like the MoM.

It is noteworthy that the work in [20] addresses the scattering
of a fixed scatterer. There is a significant gap in handling scat-
tering problems of scatterers with rich variability as encoun-
tered in random media scattering problems. In our proposed
framework, we took a different approach to handle random me-
dia scattering. We are inspired by the fact that a random me-
dia scattering problem can be abstracted as a mapping between
a random scattering structure and the resulting induced dipole
distribution over the random structure or the local near fields
over the random structure, c.f. Fig. 1. Therefore, we can con-
struct a neural network linking the random media structure to
the induced dipole patterns, c.f. Fig. 2. Once the dipole mo-
ments are predicted, all quantities related to scattering can be
readily derived from the Maxwell’s equations. Meanwhile, the
VIE confining the dipole distributions can be taken as the loss
function driving the training of the neural network. And the
training will be performed over random realizations of the me-
dia with certain statistical characteristics. Once the network is
trained, it can be applied to arbitrary configuration of the ran-
dom media and predict the scattering solution efficiently in or
near real time. It is a prominent feature that the VIE is only
applied to test the accuracy of the network predicted solution
rather than solving the dipole moments directly. Thus, the op-
timization of network weights replaces the traditional iterative
solution of VIE. The training of the physics driven neural net-
work also carries the potential to be more memory and com-
puting efficient than a traditional data-driven approach where
training data-pairs are to be pre-computed by solving VIEs with
heavy computing burdens. Another potential advantage over
traditional data-driven network approach is that the physics
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FIGURE 2. Schematic of the proposed VIE-NN framework: instead
of solving the physical equations directly, the physical equations are
treated as loss functions to confine the training of the neural network.
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constrained loss function can be treated as indicators on the
prediction accuracy of the network even in its inference phase.
Further measures can be taken to refine the solution if the loss
function raises an alarm, thus significantly improving the relia-
bility of the network. This concept of prediction reliability en-
hancement has been recently demonstrated in [21] in a retrieval
problem setting. The accuracy of the network prediction can be
potentially further improved by cascading the network output
to an iterative solver such as the GMRES algorithm, for which
the required number of iterations to reach convergence will be
substantially reduced and the overall efficiency be improved.
The structure of this paper is organized as follows. Section 2
presents the VIE-NN framework developed for solving random
media scattering problems. Detailed strategies for efficiently
training the network are discussed. The performance of the pro-
posed physics-informed network is also compared with a tradi-
tional data-driven network approach to illustrate its features. In
Section 3, the network performances applied to various vali-
dation sets with distinct characteristics are discussed, and the
challenges associated with solving stochastic problems are ad-
dressed through comparison with the analysis of deterministic
problems. Finally, conclusions are drawn in Section 4.

2. DDA-INFORMED NEURAL NETWORK FOR RANDOM
MEDIA SCATTERING

2.1. The Bicontinuous Random Media Scattering Problem

In this subsection, we briefly review the bicontinuous random
media scattering problem as encountered in the dense media
radiative transfer (DMRT) formulation [7,22]. The genera-
tion of the bicontinuous random media is briefly summarized
in Appendix A [7]. In snow remote sensing, one can solve the
DMRT equation to derive the backscatter and brightness tem-
perature of a snowpack. There are several methods to solve the
DMRT equation, such as the DISORT method [23] or iterative
method [24]. The bicontinuous media — DMRT method char-
acterizes snow scattering through its scattering phase matrix,
scattering coefficient, absorption coefficient, and effective per-
mittivity. These scattering characteristics are then fed into the
radiative transfer equation and its boundary conditions to com-
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pute the microwave intensity solutions. The bicontinuous me-
dia — DDA approach characterizes the snow scattering char-
acteristics through a Monte Carlo procedure, where multiple
random media samples are generated with each confined in a
spherical region as illustrated in Fig. 1(a), and then a scatter-
ing analysis is applied to each of the random sample to de-
rive the statistical properties of scattering. In earlier devel-
opment [7,22], the electromagnetic scattering analysis is con-
ducted through a VIE formulation with a discrete dipole ap-
proximation where a plane wave is impinged upon the random
media sample to induce dipole moments on the media yielding
secondary radiation known as scattering fields.

The volume integral equation on a uniform grid including
N cubic elements as discretized by DDA is summarized in

Eq. (1) [7].

_ k2 N
am :bm+@(7m)?a Z G('Fmvfn) “qn (1)

n=1,n#m

where € is the permittivity of the background medium where
the incident field propagates in; g, = %ﬁm is the normal-
ized version of the dipole moment p,,, of the mth cube cen-
tered at 7,,; the normalization coefficient « is the unified po-
larizability of a discretized ice cube in the bicontinuous me-
dia; b, = O(7p,)Eine(7y) is a masked version of the inci-
dent field Ej(7,,) with the masking template ©(7,,) being a
binary indicator function that represents the bicontinuous me-
dia structure (c.f. Eq. (A3) of the Appendix A for its defini-
tion). Ein.(7) = Gexp(ik; - 7) represents a §-polarized incident
field propagating along k; direction of unit amplitude where
k; = kk;, k is the wavenumber in the background medium,
and G(7, ') is the dyadic Green function linking a source pont
7 to a field point 7. Note that Eq. (1) is a normalized version of
Eq. (B2) in Appendix B by the ice cube polarizability «. This
normalization is introduced to facilitate the neural network op-
eration to be discussed in the following substraction. To sim-
plify our notation in the following discussion, we further reor-
ganize Eq. (1) into

ol

g="> ©)
where j: is of dimension 3N X 3N whose 3 x 3 sub-
matrix Ay, = [ — @(Fm)%aG(Fm,Fn)(l — Omn) In
which [ is a 3 x 3 identity matrix, and d,,, is the Kron-
necker’s Delta function that 6,,, = 1 when m = n and

dmn = 0 otherwise. g= [qlT,qQT,...,qﬁ,...,q%]T and
b= [b{, bl .. bl bm are of dimension 3N_x 1 where

the subscript T represents a transpose. The matrix A, vector b,
and Ej, are all functions of frequency f. Note in practice that
the matrix A will not be computed explicitly and stored to save
memory, while the emphasis is on evaluating Aq efficiently in
the FFT based algorithms.

2.2. The DDA Informed NN Framework for Random Media Scat-
tering

Instead of solving the DDA equation, Eq. (2), following the
conventional linear algebra techniques, in this subsection we
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FIGURE 3. The DDA-NN framework. This framework integrates the DDA with a NN for efficient computation of electromagnetic scattering by
snow structures. The input layer receives the incident field Ein (7, f) and snow structure information ©(7), which are used to compute the vector

b (f). The real and imaginary parts of b,, combined into a single vector of size 6N x 1 are input to the NN which propagates through hidden layers

and produces the output vector G.,. The loss function Lossppa uses the L2-norm to minimize the discrepancy between the predicted and expected

outputs by updating the weights and biases of the network. The matrix j, the vector b, and Ei, are all functions of frequency f.

present a novel model that directly approximates its solution
linking the right-hand-side (RHS) b to the unknown g via an
NN as illustrated in Fig. 3. Meanwhile, Eq. (3) is now utilized
to build a loss function Lossppa averaged over a set of samples
to train and confine the network,

1 &= -
Lossppa = N—BZ ‘A(j—bHQ 3)
n=1

where ||-||, represents the L2-norm of the complex error vector,
and Np represents the batch size. In computing the loss, FFT
techniques can still be applied to accelerate the evaluation of
the matrix vector multiplication A as commonly adopted in the
conventional DDA algorithm, taking advantage of the Toeplitz
feature of the matrix. This DDA informed NN (DDA-NN) is a
substantiation of the general idea as illustrated in Fig. 2. Note
both the input to the network and the loss constraint of the net-
work depend on the random media structure ©. The normal-
ization we adopted in Eq. (1) makes the input and output of the
network regular on a scale comparable to 1.

In the following discussion, the network is chosen to be
a fully connected feed-forward network with hidden layers.
Since we are making use of a network structure that handles
real scalar values, we have streamlined the input and output by
separating the real part and imaginary part of the complex vec-
tors, leading to the input and output layers of the network of
dimension 6 N x 1.

2.3. Network Tuning and Training

The problem of interest in this study involves the scattering be-
havior of random media, which is discretized into small voxels
for numerical analysis. For this investigation, we consider bi-
continuous media samples discretized into 5 x 5 x 5 voxels,
resulting in a total of 125 voxels with the structure parameter
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(¢) =9000m~1, b =1.2,and f, = 0.2. The diameter of the
truncating sphere D = 2.5 mm, discretization resolution of the
random media d = 0.5 mm, and the simulation frequency is set
at 37 GHz. The incident field Ej,(7) is chosen as a plane wave
propagating along 2 axis. A pool of 10,000 random samples
is generated for training and testing the network, with 8,000
samples used for training, 1,000 for testing, and 1,000 for vali-
dation. There is no overlapping among the three datasets.

To better understand the stochastic characteristics of the gen-
erated data, the distribution of ice-containing units across all
10,00 samples was analyzed and compared to the binomial
probability mass function (PMF), as shown in Fig. 4. The bino-
mial PMF describes the probability of having a specific number
of successes (in this case, ice grains) in a fixed number of inde-
pendent trials, given a fixed probability of success in each trial.
In Fig. 4(a), the X -axis represents the number of ice grains per
sample, while the Y -axis shows the probability of occurrence
for each ice grain count. The histogram of the probability distri-
bution for the number of ice grains across the 10,000 generated
random media samples resembles the binomial PMF sharing the
same peak value of occurances but with a broader distribution.
This discrepancy arises because structural parameters, which
are incorporated during the generation process, influence the
spatial connectivity between voxels. These parameters intro-
duce correlations between neighboring voxels, deviating from
the independence assumption inherent in a binomial distribu-
tion. To further illustrate the spatial characteristics of the dis-
tribution, three representative ice grain counts (15, 25, and 35)
were selected and visualized in 3D in Figs. 4(b)—(d), respec-
tively.

2.3.1. Choosing Hyper-Parameters of the Network

The selection of model parameters is essential for optimizing
network performance. Fig. 5 compares the influence on net-
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FIGURE 4. Comparison of the distribution of ice-containing units across 10,000 generated random media samples with the binomial PMF. Counting
is performed on the 5 x 5 x 5 voxels before truncating into a spherical shape. (a) Histogram of samples with varying numbers of ice grains. (b)—(d)
3D visualizations of random media containing 15, 25, and 35 ice grains, respectively. Black voxels represent ice, while other voxels represent air.
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FIGURE 5. Influence of different network structures on testing results.
These results are computed on 5 x 5 X 5 bicontinuous media sam-
ples with (¢) = 9000m™', b = 1.2, f, = 0.2. The diameter of the
truncating sphere D = 2.5 mm, discretization resolution of the ran-
dom media d = 0.5 mm. The simulation frequency is at 37 GHz. An
incident plane wave propagating along 2 and polarized along 9 is ap-
plied. The results reported later also assume such parameters unless
otherwise specified. The legend m samples n neurons and [ layers rep-
resents the batch size, the number of neurons of each layer, the number
ofhidden layers, respectively. The y-axis represents the loss computed
on the testing dataset. The z-axis denotes the training epoch. Compar-
ison of testing losses show the superior performance when choosing a
batch size 500, the number of neurons 256 on each layer and 2 hidden
layers.

work convergence from several different network structures in-
cluding the batch size, the number of hidden layers, and the
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number of neurons in each layer. Two fixed training sam-
ple sets, consisting of 500 and 300 samples each, were se-
lected from the total training dataset of 8,000 samples. For
each training step, the same 500 or 300 samples were used,
with training conducted for 1,000 steps across different con-
figurations of neurons and hidden layers. The configuration
featuring 256 neurons per layer and two hidden layers exhib-
ited the most favorable balance between convergence speed and
testing loss. Although increasing the training batch size from
300 to 500 samples improves model performance on the test-
ing dataset, it also reduces training efficiency. This trade-off
highlights the need for strategies such as pre-training or adap-
tive training techniques to optimize both performance and ef-
ficiency across varying data distributions. In training the net-
work, the limited-memory Broyden-Fletcher-Goldfarb-Shanno
algorithm (L-BFGS) [25] is adopted to optimize the loss func-
tion.

2.3.2. Network Training

As observed in Fig. 5, increasing the batch size yielded limited
improvements in convergence accuracy. Under the selected pa-
rameters (500 batch size, 256 neurons, 2 hidden layers), loss
reduction stagnated after 20 training steps and approached a
minimum value of 0.3 by 40 steps. To further improve con-
vergence, a pre-training strategy combined with random sam-
pling was implemented: the first 40 steps used a fixed batch of
500 samples, followed by 1,960 steps with random sampling,
selecting 50 random samples from 8,000 training samples per
batch, resulting in a total of 2,000 training steps. The L-BFGS
optimization algorithm was configured with a maximum of 50
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(a) Training and testing performance over 2,000 training steps for DDA-NN with and without pre-training, as well as for Data-NN with pre-training.
(b) Comparison of training and testing performance during the first 100 training steps. (c) Training loss convergence behavior in the pre-training
phase, where each training step includes a maximum of 50 iterations. (d) Training loss convergence behavior in the enhanced training phase, where
each training step contains varying and fewer iterations indicating faster convergence.

internal iterations per training step and a optimitzation tolerance
of 1077,

Figure 6 illustrates the training and testing loss curves with
and without the pre-training strategy, respectively. Fig. 6(b)
provides a zoomed-in view of the first 100 training steps to
highlight the differences between the two training strategies of
DDA-NN. During the 40 training steps, the training loss rapidly
decreases to approximately 0.05, while the testing loss stabi-
lizes around 0.3. Both training loss and testing loss stabilize
and only marginally decrease in the following steps on the 500
fixed samples. When the enhanced training strategy is adopted
after the pre-training phase, the introduction of new samples
causes a temporary increase in training loss, but this loss de-
creases over time, though it may not return to the level observed
during the pre-training phase. Notably, with the pre-training
strategy, the testing loss for the DDA-NN model is significantly
reduced to ~ 0.15 after 2,000 steps while training loss reaches
~ 0.12. This hybrid approach highlights a trade-off between
training and testing losses. Although the training loss initially
increases, the strategy ultimately leads to a decrease in testing
loss, thereby improving the model’s generalization capability
and robustness. This strategy allows the model to fully digest
a relatively larger consistent dataset before adapting to other
patterns, enhancing the overall performance.

50

It is noted that the internal convergence behavior within each
training step differed between the two training phases, as illus-
trated in Figs. 6(c)—(d). In the pre-training phase (Fig. 6(c)),
each step utilized the maximum 50 iterations on the fixed 500
samples due to the abundance of data and the model’s early-
stage learning process. In contrast, during the enhanced train-
ing phase with random sampling (randomly 40 samples per
training step) (Fig. 6(d)), steps often terminated early before
the specified maximum number of iterations, with the smaller
datasets satisfying the optimization tolerance more readily.
Thus, incorporating both pre-training and enhanced training re-
duces the required sample size, accelerates convergence, and
ultimately lowers the testing loss.

2.3.3. Comparison with a Data-Driven Neural Network Counterpart

To understand the features of the proposed physics informed
NN, comparisons were made between the proposed network
(DDA-NN) and a traditional data-driven neural network (Data-
NN), as illustrated in Fig. 6. The Data-NN utilized pre-
computed dipole moments derived from the iterative GMRES
solver as ground truth, whose loss function is defined as:

Np
LOSSData = NiB Z ||lj - q/||2

n=1

4)
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subplot in each row corresponds to a different set of structural parameters. The subplots within each row show, from left to right, ¢ from GMRES
(ground truth), 7’ estimated by DDA-NN, and the relative error between ¢ and 7', respectively.

where ¢ is the normalized dipole moments predicted by NN,
and ¢ is the ground truth calculated by GMRES. Both DDA-
NN and Data-NN use the same network hyperparameters and
the same sample space. The key difference between the two
methods is that Data-NN requires precalculated dipole moment
information to generate data pairs corresponding to the relevant
structural information.

As shown in Fig. 6(a), the convergence behaviors of the
Data-NN and DDA-NN networks are comparable, while the
DDA-NN achieves a lower loss than the Data-NN. The DDA-
NN and Data-NN models differ in both their loss functions and
computational requirements. The loss function of DDA-NN is
mathematically related to that of Data-NN, as the DDA-NN loss
can be expressed as lA (7—@)|| representing a transforma-
tion of the Data-NN loss. Numerical results indicate that the
mapped DDA-NN loss achieves a lower value, suggesting im-
proved performance in minimizing residuals and maintaining
adherence to physical constraints. Additionally, one potential
benefit of the DDA-NN lies in its adaptability across datasets
with varying frequencies. Since A is a function of both fre-
quency f and snow structure O(7), the incorporation of these
physical properties into the DDA-NN loss provides the model
with the potential to generalize effectively to diverse applica-
tion scenarios, including those with varying frequencies and
Snow structure parameters.
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This difference in loss function computation also impacts
training time. In Data-NN, the pre-computed ¢’ enables rapid
training, as the loss function evaluation is straightforward.
Conversely, DDA-NN avoids pre-computation and dynami-
cally calculates ¢’ and the associated loss during each iterations.
Over the entire training process, which includes about twenty
thousand iterations across 8,000 total samples, individual sam-
ples are likely to be used multiple times. This leads to frequent
recalculations of the loss, involving the heavy computation of
the matrix vector multiplication Ag’, significantly increasing
computational overhead compared to Data-NN in the training
phase.

Compared to Data-NN, the key advantage of DDA-NN is its
ability to self-check accuracy during predictions. By evaluating
the loss function directly against physical equations, the model
can dynamically validate its predictions, ensuring consistency
with underlying physical principles. Additionally, DDA-NN
eliminates the need for pre-computed ¢, reducing memory re-
quirements and simplifying the data preparation process.

3. RESULTS AND DISCUSSION

In the previous section, the optimized DDA-NN structure and
training strategy were established and compared with a Data-
NN counterpart. In this section, the optimized DDA-NN is ap-
plied to the validation dataset, and the scattering characteristics
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TABLE 1. RMSE comparison between ¢ and predicted ¢ from two NNs for three scenarios.

Scenarios RMSE (Data-NN) | RMSE (DDA-NN)
37GHz, b= 1.2 =9000m*
{0 0.0675 0.0691
D =25mm,d=0.5mm
37GHz, b= 0.5, (¢) = 13000m™*
(€ 0.0662 0.0675
D =25mm,d=0.5mm
18GHz, b= 0.5, (¢) = 13000m™*
(© 0.2219 0.2158
D =25mm,d=0.5mm
GMRES DDA-NN Error
25 1.5 25 1.5 25 0.1
8 2 2 2 0.08
-9
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FIGURE 8. Results of near-field £ derived from DDA-NN. Each subplot represents a 5 x 5 data grid (the third layer of the voxel) for different
scenarios. The subplot in each row corresponds to a different set of structural parameters. The subplots within each row show, from left to right, E’
from GMRES (ground truth), the F estimated by DDA-NN, and the relative error between F and the E’, respectively.

of the bicontinuous random media are derived and illustrated.
The proposed DDA-NN is applied to both stochastic and deter-
ministic scattering problems.

3.1. Performance of NN Models for Stochastic Bicontinuous
Random Media Scattering

We set three distinct scenarios to validate the performance of
the NNs under different conditions. The first scenario uses
a dataset which consists of 1,000 samples from the original
dataset (b = 1.2, (¢) = 9000m~1) as described in Section 2.3,
serving as the baseline for comparison. The second scenario
uses 1,000 samples generated with a modified structural param-
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eter (b = 0.5, (¢) = 13000m~1!). The third scenario uses the
same dataset of the second scenario but is simulated at a differ-
ent frequency (18 GHz) than training the network (at 37 GHz).
Results are presented across four critical aspects: the normal-
ized dipole moment ¢, near-field I, scattering fields, and phase
matrix, providing a comprehensive evaluation of the model’s
capability to handle diverse data inputs. The calculation of
these parameters are discussed in Appendix B and C, respec-
tively.

First, we evaluate the performance of the two NNs by pre-
dicting g for different scenarios and calculating the Root Mean
Squared Error (RMSE) in ¢ averaged over the 1,000 samples,
as shown in Table 1. The results indicate that for the first two
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FIGURE 9. Results of the coherent scattering amplitude and phase matrix derived from DDA-NN. Each row represents a different set of structural
parameters. The first row shows the validation set with f = 37 GHz, b = 1.2, {¢) = 9000m™'; The middle row shows the validation set with
f = 37GHz, b = 0.5, () = 13000m™"; The third row shows the validation set with f = 18 GHz, b = 0.5, (¢) = 13000m™"'. The first
column shows the co-polarization coherent scattering field, the second column shows the co-polarization phase matrix, and the third column shows

the cross-polarization phase matrix.

—— GMRES loss (1 sample)
———— DDA-NN loss (1 sample)
——DDA-NN loss (5 samples)
—— DDA-NN loss (10 samples) | =

100 L
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40
Iterations

1 10 20 30 50 60 70 80 90

FIGURE 10. Convergence curves comparing the GMRES method ap-
plied to a single random media sample with the DDA-NN applied to
both single and multiple random media samples.

scenarios (at 37 GHz), both networks demonstrate strong gener-
alization ability across varying snow structure parameters. The
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RMSE of Data-NN is close to that of DDA-NN. However, when
being applied to samples with a different frequency (18 GHz),
the RMSE of both models increases with DDA-NN outperform-
ing the Data-NN, suggesting an improved capability of DDA-
NN to adapt to variation in frequencies.

We then took the samples from scenario 1 as an example to
illustrate the ¢ spatial distribution predicted by DDA-NN in a
2D plane. Specifically, we focus on a sample containing 15 ice
crystals (counted after spherical truncation on the 5 X 5 x 5
voxels), which corresponds to the most diverse random media
configuration. The 2D plane corresponds to the middle plane
of the random media voxels along the X and Y axes. Fig. 7
presents the visualization of ¢ and compares it to the ground
truth ¢’. The first column shows the ground truth ¢’ for dif-
ferent datasets, while the middle column displays the results
estimated by DDA-NN. The last column highlights the rela-
tive error between ¢ and ¢/, i.e., |q‘_q“1 | %100%. The relative
errors are shown to be consistently below 0.1, demonstrating
the DDA-NN’s relative good performance. Fig. 8 shows the
derived near-field E (following Egs. (BS), (B6), (B7) in Ap-
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FIGURE 11. The far-field scattering amplitude for a single sample, comparing the results of GMRES and DDA-NN under different convergence
precisions. GMRES results are computed with a convergence precision of 10™%, while DDA-NN is evaluated at convergence precisions of 107},

1072, and 1073, respectively.

pendix B) on the same plane, with relative errors also consis-
tently below 0.1.

Next, we calculate the coherent scattering field for co-
polarization (following Eq. (B8) in Appendix B) and the phase
matrix for both co- and cross-polarizations (following Eq. (C4)
in Appendix C) using the DDA-NN model across the three
scenarios, as shown in Fig. 9. The coherent scattering field
and phase matrix are linked to the first and 2nd order moments
of the random media scattering characteristics. These statistics
are computed over the 1000 samples for each scenario. The
results show that as the structural parameters (¢) and b change,
the co-polarization results align well with the ground truth
for both the scattering field and phase matrix. In contrast,
the performance for cross-polarization is less accurate when
predicting scattering characteristics at a different frequency,
and the consistency in co-polarization results for both the
scattering field and phase matrix decreases, though the model
still captures the overall data pattern.

The results indicate that the DDA-NN struggles to accurately
predict cross-polarization results. This limitation stems from
the non-satisfactory network testing accuracy with a loss value
of approximately 0.14 (as shown in Fig. 6). A detailed discus-
sion on the impact of the DDA-NN convergence behavior on
its scattering prediction accuracy is provided in Section 3.2.

3.2. DDA-NN to Solve Deterministic Problems

The proposed DDA-NN can be tuned to solve both determinis-
tic and stochastic scattering problems. In this subsection, we
examine its features in solving deterministic problems given
a specific random media structure sample © and an incident
field Ein.(7), and compare the accuracy between DDA-NN and
GMRES on scattering field calculation. In this situation, the
network training procedure becomes a process of seeking the
solution to the DDA equation. The hyper parameters of DDA-
NN used here (256 neurons and 2 hidden layers) are consistent
with those specified in Section 2.3. The deterministic problem
is evaluated by comparing the performance of DDA-NN with
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the traditional GMRES iterative algorithm, usinga 5 x 5 x 5
voxel sample with parameters b = 1.2, () = 9000m~?, at
37 GHz.

Figure 10 compares the loss values against iterations from
the GMRES method when it is applied to a single random me-
dia sample with those from the DDA-NN when it is applied to
both single and multiple random media samples. When solving
a single sample, the DDA-NN requires significantly more it-
erations (43 iterations) than GMRES (10 iterations) to achieve
the same convergence. This difference primarily arises from
the different optimization targets in each method. GMRES op-
timizes the solution vector ¢’ to minimize the residual AG — b,
whereas in DDA-NN the L-BFGS algorithm optimizes the net-
work weights and biases to update the prediction in ¢. When
being extended to 5 and 10 random samples, the iterations re-
quired by DDA-NN further increase to 55 and 79, respectively.
In Fig. 10, the loss functions adopted for GMRES and the DDA-
NN are the same.

Figure 11 evaluated the DDA-NN model’s accuracy un-
der different convergence conditions by comparing its scatter-
ing filed results at convergence precisions of 107, 10~2 and
1073, respectively, with the sufficiently converged GMRES
benchmark (10~2). The results indicate that co-polarization is
more robust than cross-polarization to convergence errors, as it
achieves reasonable accuracy even at a convergence level 1071,
whereas cross-polarization requires a more rigid convergence
level of 1073 to align closely with the GMRES benchmark.
This also explains why the trained model is more efficient
in calculating co-polarization than cross-polarization when ad-
dressing stochastic scattering problems.

3.3. Computing Efficiency

Table 2 summarizes the CPU time required for solving both de-
terministic and stochastic problems using the proposed methods
against the traditional GMRES methods as a comparison base-
line. The CPU time is measured on a workstation with Intel
Core 17-13700KF supporting 24 threads multi-threading. It is
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TABLE 2. CPU time record for solving deterministic and stochastic problems: GMRES vs. DDA-NN and Data-NN.

Problem Method Isample 100samples 1000samples Training times
S GMRES 0.036s 0.51s 4.95s
Deterministic
DDA-NN 9.87s 178.53 s not measured
. DDA-NN  0.00154s 0.00205 s 0.01278s 101091 s
Stochastic
Data-NN  0.00148s 0.00223 s 0.01319s 9895s

noted that for solving a deterministic problem, the GMRES sig-
nificantly outperforms the DDA-NN approach. This confirms
the supremacy in convergence speed of the GMRES method
over the network training approach. Meanwhile, it is also noted
that the measured CPU time does not strictly linearly increase
with the sample numbers, potentially due to the embedded
multi-threading and computing optimization processes, such as
shared computing overhead over multiple samples. After train-
ing, both DDA-NN and Data-NN exhibited around two orders
of magnitudes efficiency improvement compared to GMRES in
the inference stage (for stochastic problems) over 1,000 random
media samples. Meanwhile, the training of the networks takes
tremendous CPU resources as a one-time overhead. The DDA-
NN approach takes about 10 more times in training the net-
work compared to the Data-NN approach, consistent with the
repeated matrix-vector multiplication evaluation procedures in
the DDA-NN network training, sacrificing CPU time for flexi-
bility. The training time was recorded for 2,000 training steps
with the loss convergence curves being illustrated in Fig. 6.

4. CONCLUSIONS

This paper presents a novel framework that seamlessly inte-
grates a physical scattering model with ANNs to solve electro-
magnetic scattering problems in random media through a VIE
formulation. The proposed DDA-NN framework establishes
a direct mapping between the random media structure and its
dipole moment distribution. The loss function is derived from
the DDA equation, ensuring that the network outputs adhere to
Maxwell’s equations.

A key advantage of the DDA-NN over a purely data-driven
network (Data-NN) is that it eliminates the need for extensive
pre-computed datasets. Unlike Data-NN, which requires pre-
pared data pairs (linking the random media structure and the
induced dipole distribution) as model input and output, DDA-
NN only takes the random media structure as inputs and makes
use of physical relations to tune the network for predicting the
dipole moments. This not only reduces memory usage but also
enables DDA-NN to self-check its prediction accuracy through
its loss function, allowing the physical constraints to be checked
even during inference. Additionally, the matrix A involved in
the loss function is a function of both frequency f and random
media structure O(7), giving DDA-NN the ability to general-
ize across a wide range of scattering scenarios. Furthermore,
the pre-training strategy adopted for DDA-NN demonstrates a
trade-off between training and testing losses. This hybrid ap-
proach improves the model’s generalization and robustness by
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allowing it to stabilize first on a representative and consistent
dataset before adapting to more complex patterns.

When being applied to solve deterministic scattering prob-
lems, the proposed DDA-NN demonstrates lower efficiency
than the traditional GMRES method. Yet it demonstrates a
general framework to make nonlinear mapping incorporating
physical constraints. When being applied to stochastic ran-
dom media scattering, the trained DDA-NN model predicts ¢
much faster than the GMRES method in its inference phase.
The DDA-NN demonstrates better performance in predicting
co-polarization scattering characteristics, including the coher-
ent scattering amplitude and incoherent scattering phase matrix,
compared to cross-polarization counterparts, linked to the lim-
ited convergence level when training the network.

The DDA-NN framework provides a promising paradigm for
solving random media scattering problems combining physi-
cal constraints and artificial intelligence. The network predic-
tions could be naturally fed into a traditional iterative solver as
a well-positioned initial guess to further enhance the prediction
accuracy with reduced efforts, a handy solution to improve the
cross-polarization scattering prediction precision. In addition,
the NN adapted in this paper is trained using real-valued data
instead of complex-valued data, potentially limiting its ability
to capture the intricate phase relationships inherent in the scat-
tering properties. Future improvement of the model could in-
corporate complex-valued NNs. Furthermore, advanced NN
architectures, such as convolutional neural networks (CNNs),
could be investigated. With their ability to process large scale
3D data, CNNs better capture spatial correlations, potentially
improving the model’s capacity to handle scattering of electri-
cal large and complicated random structures.

APPENDIX A. GENERATION OF THE BICONTINUOUS
MEDIA

The numerical procedures for generating the bicontinuous ran-
dom media are summarized in the Appendix following [7]. We
define a zero mean random field S of position r by superim-
posing a large number of stochastic standing waves,

Al
i (AT)

N
S(r) = LZcos(fn-f—i—%)

N n=1
where N is a sufficiently large number (N = 10* is used in this
paper); ¢y is a random phase distributed uniformly between 0
and 27; (,, is a random wave vector (,, = (,,(,,. The unit vector
én is uniformly distributed in all directions. The wavenumber
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¢n, follows a gamma distribution p(§) as specified in Eq. (A2),
whose mean value (¢) is inversely related to the snow grain
size, while b is associated with the uniformity of the generated
random structure.

b+1 <1 (<
Fo11) (0 <<>} e""( )

The bicontinuous random media structure O(7) is obtained by
level cutting the random field S(7),

p(Q)= o+ ) @)

1 SF)>a

. (A3)
0 otherwise

Oa (S (7?)) = {

where « is the cutting level related to the volume fraction f,, of
the random media, c.f. Eq. (A4), where erfc(-) is the comple-
mentary error function.

_ erfe ()

(A4)

APPENDIX B. THE VOLUME INTEGRAL EQUATION
AND THE DISCRETE DIPOLE APPROXIMATION

The DDA equation, as derived from the volume integral equa-
tion,
~ 2

E (F) = Eine (f)+’i /V dF'G (7,7) - [e, (F)—e] E (') (BI)

€

is summarized in Eq. (B2) [7],

Pm = Qi 1nc+am Zn 1Lntm ?G(rmarn)'pn (B2)
where
O = . e —  (B3)
1- 47r€XV |:(4?ﬂ') : (kd) + i % (kd)
o, — 3eay 2 Um) =€ (B4)
ep (Fm) + 2¢

in which AV = % = d3 is the equal volume of each cube,
where V is the total region volume; IV is the number of voxels;
d is the voxel edge length. ,(7,,) represents the permittivity
distribution.

In the air, the near-field E amounts to the sum of the incident
field Ej, and the scattering field E,

B = By + B, (BS)

where E, at 7, in the air is linked to the dipole moments p

N k2 =

Es (fm) = Zn Lntm ? G (Tmyrn) “Pn (86)

In ice particles, the near-field E is linked to the dipole moment
p directly through

p=AV(ep,—¢e)E (B7)
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The dipole moments p and near-fields E corresponding to a
particular bicontinuous media sample as impinged by a plane
incidence wave are illustrated in Figs. 1(b) and (¢), respectively.

The scattering far-field E,(7) is computed from Eq. (BS)
through a far-field approximation of the dyadic Green’s func-
tion [7],

_ k) k2 . .
E,(7) = %?(1813+2823)
Z exp (

Wherellflsz 2714: ><11,2 fk ><1 defines
the 1-2 polarizatloJl systeh‘n k; and k, represent the propagation
directions of the incident field and scattered field, respectively.
The scattering field E,(7) is linked to the scattering amplitude
f(ks, k;) through

—iks « Tp) Pn (BS)

exp (ikr)
r

Eq(7) = éof (ki) Eo (B9)

where Ej is the complex amplitude of the incident field E; ()

Ei (’f) = ¢; Fpexp (’Lk‘];‘z . 77) (B10)

APPENDIX C. CALCULATION OF THE COHERENT
SCATTERING FIELD AND THE PHASE MATRIX

The scattered field is averaged over random media realizations
to obtain the coherent scattered wave [7],

_ 1 Ne
(Es) = N, 27:1 E; (C1)
where 7 is the index of realization with 7 = 1,2, ..., N,, and

ET is the scattered field of the 7th sample from the ensemble.
The incoherent scattered field is taken as the fluctuation over

the mean field,

El = E] — (E,) (C2)
The bistatic scattering cross section is linked to the averaged
incoherent scattered wave intensity normalized by the incident
wave intensity [7].

R R 2
b (kk) = lim —

1 N,
r—00 |E‘inc|2 (]V., Z‘r:l

The phase matrix P(k,, k;) is defined to be the averaged bistatic
scattering cross section per unit volume [7].

P (]%97]%1) = %Ubi ('I;wiﬁ)

Note that in random media scattering, the above stochastic scat-
tering characteristics is physically meaningful when the random
media sample is large enough to fully capture the multiple scat-
tering effects within the sample. This in general requires the
bicontinuous media to be on the order of a wavelength for snow
scattering. This condition has not been fully met in the coherent
scattering amplitude and incoherent phase matrix results pre-
sented in the paper due to the limited scale of the implemented
network.

5;/2> (C3)

(C4)
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