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ABSTRACT: In this paper, the characteristic basis function method (CBFM) is accelerated to calculate the monostatic and bistatic normal-
ized radar cross sections from one-dimensional highly-conducting sea surfaces in the microwave bands (C and Ku). In the framework of
the two-scale asymptotic model, the subsurface length of the block is judiciously derived to contain all the surface curvature components
(small scale), and the associated PBFs, assumed to be identical for all blocks, are rapidly calculated from the Kirchhoff approximation. In
addition, the reduced matrix calculation is accelerated by neglecting the interactions between far blocks and by introducing a roughness
slight approximation (matrix-matrix products can be done from fast Fourier transforms), which also allows us to expedite the resolution
of the linear system since the matrix is sparse. Numerical results show the efficiency of CBFM-KA.

1. INTRODUCTION

he scattering from rough sea surfaces in the microwave

band has been a subject of great interest for several decades.
The applications concern many areas such as remote sensing,
radar surveillance, optics, and ocean acoustics. The calculation
of normalized radar cross section (NRCS) can be divided into
two categories. First, asymptotic models [1-5], where simpli-
fying physical assumptions are introduced to obtain a closed-
form expression of the scattered far field. The NRCS is ob-
tained by deriving the second-order statistical moment. Sec-
ond, full wave methods, like the well-known method of mo-
ments (MoM), [6-8] are applied to solve the boundary integral
equations. However, the solution of the resulting linear sys-
tem through a direct lower upper (LU) decomposition is usu-
ally limited by O(N?) and O(N?) complexities in CPU time
and memory requirement, respectively, where IV is the number
of unknowns. This is computationally very expensive for an
electrically-large multi-scale scatterer (i.e., many unknowns),
like the sea surface. To overcome this issue, the stationary it-
erative forward-backward (FB) method [9] combined with the
spectral acceleration (SA) [5, 10] is very efficient for the scat-
tering from highly-conducting rough sea surfaces.

Compared with iterative solvers, direct solvers have some
attractive features. For example, they do not suffer from un-
predictable convergence and can efficiently solve the problems
with multiple incidence angles (monostatic case). However,
conventional direct solvers like LU are very expensive for large
targets. To overcome this issue, efficient algorithms, based
on subdivision of the entire geometry into several subdomains
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(blocks), have been developed to rigorously solve large prob-
lems. By this way, the solution is calculated from an iterative
scheme, in which smaller size problems are solved from direct
or iterative solvers. In this paper, one focuses on the charac-
teristics basis function method (CBFM) [11]. It has shown its
efficiency for the scattering from two- [12, 13] and three- [ 14—
16] dimensional problems.

The CBFM principle splits up the surface into subsurfaces
or blocks of smaller size, each of them being solved separately
by calculating the primary basis functions (PBFs). Next, the
coupling between them is accounted for via the computation
of the reduced matrix, which involves the coupling matrices
between the blocks. The third and last stage solves the linear
system of smaller size N than that obtained from the MoM
impedance matrix. Thus, for moderate Ng, LU can be applied.

To derive the NRCS, the well-known two-scale asymptotic
model [17] can be applied. It results in that the NRCS is ob-
tained from the modulation (a convolution product) of the small
scale (given by the small perturbation method as a function of
the sea curvature spectrum) by the large scale (given by the ge-
ometrical optics). The first novelty of this paper is to repro-
duce this statement from the CBFM. From CBFM, the contri-
bution of the small scale can be represented by the PBFs. The
size N; or the associated small-scale block length Lgy, of a
given block ¢ is determined so that all the components of the
sea curvature spectrum are accounted for. Typically, we find
that Lgnay is of the order of one meter. In addition, to acceler-
ate the PBFs calculation, the Kirchoff approximation (KA) [13]
of complexity O(N;) (instead of O(N3?) from LU) is applied.
By construction, the PBFs are invariant by translation and ro-
tation. If the block curvature statistics is entirely included, the
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PBFs can be assumed identical for all blocks, which still de-
creases the computing time. For a Gaussian autocorrelation
function (single-scale surface), this idea has been succinctly
tested in [18]. The second novelty of this paper assumes that
the coupling between the blocks (interaction of the small scale
with the large scale) is weak, which expedites the calculation of
the reduced matrix and also the resolution of the linear system,
since the reduced matrix becomes sparse. In addition, to accel-
erate the matrix-matrix products, the roughness slight approxi-
mation is applied, which is based on the BMIA-CAG [5, 19-21]
scheme.

The paper is organized as follows. Section 2 briefly ad-
dresses the CBFM and introduces the three assumptions to cal-
culate the PBFs and the reduced matrix. Section 3 presents the
monostatic and bistatic NRCS, and the last section gives con-
cluding remarks.

2. CBFM COMBINED WITH APPROXIMATIONS

The electromagnetic problem to solve is depicted in Fig. 1. An
incident wave of incidence angle i, € [0; 7/2] illuminates a
rough sea surface of profile ((z) defined in the Cartesian sys-
tem (x, z). The scattered far field is measured in the direction
Osca € [—7/2;7/2]. The purpose of the section is to calculate
this field from the well-known method of moments (MoM) ac-
celerated by the CBFM and introducing physical assumptions.

z
_ _ A N
Zlv—z. 4—23'2 einc E esca ZF*I,P
Sea surface ¢(x) ' E Zpp_1
\:\__[_¥{;? = X
FIGURE 1. Geometry of the problem.
2.1. CBFM

Table 1 lists the inputs and outputs of CBFM. The use of the
MoM leads to the linear system ZX = b, in which Z is the
impedance matrix, b a vector related to the incident field, and
X the surface currents. For an highly-conducting surface and a
point-matching MoM with pulse basis functions, the elements
of Z can be found in [8]. The scattered far field is computed
from the currents X radiation.

The first stage of CBFM [11] decomposes the geometry into
P sub-geometries (blocks). The impedance matrix Z takes the
form

?1,1 ?1,2 ?1,P a; b
2>, Zs, 7> p ap bo

: . . = @
Zpy Zps ... Zpp ap bp

where Z, ,, is the self-impedance matrix of the block number p
(see Fig. 1)and Z,,, ,,, the coupling-impedance matrix between
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TABLE 1. Inputs ans outputs of CBFM.

Name Definition

N Total number of unknowns (input)

noL Adjacent sample number (input)

P Number of blocks (input)

npw > 1 Integer defined in Eq. (3) (input)

€CBFM,SVD CBFM threshold of the SVD (input)

Py € [0; P]  Adjacent block number (input)

N; = N/P  Unknowns number of a block ¢

N,/ Unknowns number of a block ¢ with overlapping
Nipw i CBFM plane wave number of a block ¢ (Eq. (3))
Nipw,svD,i CBFM plane wave number of a block 7 after SVD
N Mean value of N; over i € [1; P)

Nipw Mean value of Nipw,; over i € [1; P]

Nipw,svp Mean value of Nipw,svp,; over i € [1; P)

blocks p; and p,. a, and b, are sub-vectors of the block p.
Next, the primary basis function (PBF), Y; is computed
for each block by solving the linear system

/7kIPW’

Zi',i’Yi’,kIPw = Bi’,klpw7

2
where Z; ; is the self-impedance matrix of block 4, and the sub-
script prime indicates that block 7 is enlarged of ngp (= 1) adja-
cent samples. The integer kipw stands for the kpwth plane wave
(ranging from 1 to Nipw ;). The original version of CBFM [11]
used B/ ., = bss (single incident wave, kpw = 1), and sec-
ondary basis functions (SBFs) were calculated. In 2008 [22],
a more efficient way was proposed to calculate the PBFs, and
the computation of SBFs was not required. Lucente et al. [22]
solved the linear system (2) from a collection of Nypw ; incident
waves {By/ k. }» and the resulting vectors { Y,/ . } are stored
in a matrix J; of size N; x Nipw ;. This means that the over-
lapped unknowns of Y;/ 1., are removed. The choice of Nipw ;
must be relevant to avoid that the size of the matrix is too big.
The incident waves (vectors {B;: i, } in Eq. (2)) are assumed
to be plane, and their incidence angles range from —7 /2 to 7r/2.
In addition, they are spaced equally, and in [13]

Nippw,; = \\(kOLi +1) /nupw, 3)

where the symbol | stands for the upper integer part, L; the
block length, and ky = 2m/)\g the wavenumber in vacuum.
Since for a rough surface, Nipw ; is overestimated, the number
npw > 1 is introduced (equal 2 for the simulations).

The redundant information due to the overestimation of
Nipw,; 1s eliminated via the use of a truncated singular value
decomposition (SVD). This means that from a given threshold
€cBrM,svD, the values for which the modulii of the normalized
eigenvalues are smaller than ecppm syp (equal 1072 or 1073)
are removed. The size of J; becomes N; X Npw svp.i, with
Nipw,svp,i < Nipw,s < N;.
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The second stage of CBFM consists in building a reduced
linear system ZRaR = bR defined as

%gv 1 ;27 2 ?g» P all{ bll{
21 Lo Zyp a3 b3
: . . . = : ) (4)
S 7 R R
Zp, Zp, Zp p ap b5
where the submatrix ZE ; and subvector bR are defined as
Zy, :7j?zi,jjj [Nipw svp,i X Nipw,svp, ] )
b? = J?bj [Nipw svp,i % 1]

Moreover, the symbol H stands for the conjugate transpose op-
erator, and the indexes ¢ and j range from 1 to P.

The last step of CBFM solves the reduced linear system
ZRa® = bR, The unknown vector X; of the block i equals
Xi = jiaZR.

The problem is then represented by the square reduced ma-
trix of size NIQ% = (PNpwsvp)? instead of a square ma-
trix of size¢ N2 = (PN)2?. Then, the reduction factor is
B% = (N/Npwsyp)?. If multiple excitations {b} (for in-
stance, monostatic case) are considered, then the storing of ZR
avoids to apply iterative solvers (like FBSA or conjugate gra-
dient), and the surface currents are rapidly calculated.

2.2. Complexity
Theoretically, the CBFM complexity is

=3 =3
CCBFM = E Oz = E OQO; where a3 ~ OL%, (6)
i=1 i=1

and C! stands for the complexity of the ith conventional CBFM
stage expressed as
O} = 2PNpwO(N?), O} = 2P Npw sypO(N?)
(7

where N = NIPW,SVDP is the reduced matrix size, and «s is
defined by Eq. (8). In (Y, the factor two comes from LU plus
SVD.

2.3. Approximations

For a collection of Npw waves, the PBFs calculation requires
to solve the linear system P Npyw times, leading to a com-
plexity of QPNIPWO(NE’) (N; = N;) from the direct solver
LU plus SVD. To reduce the complexity of this operation to
PNpwO(N?) (o = 1/2 in Eq. (6)), the Kirchoff approxima-
tion (KA) is applied. For a perfectly-conducting surface, this
leads to Y; py = 2Bj k- In the microwave band, both the
real and imaginary parts of the sea complex relative permittivity
is high, which allows us to apply the impedance boundary con-
dition. This implies that the impedance matrix is the weighted
sum of those obtained from the Dirichlet and Neumann bound-
ary conditions [5]. We assume that'Y; ., ~ 2B; i, under the
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KA approximation. In [13], numerical simulations showed that
this approximation predicts very good results. It is important to
underline that the PBFs are not the final solution: they can be
interpreted as merely macro-basis functions. This, in turn, en-
ables us to calculate them with a good approximation, without
compromising the accuracy of the final solution.

In addition, as explained in the introduction, since the PBFs
are invariant by rotation and translation, we assume that the
PBFs of all the blocks are identical. This implies in Eq. (6) that
ap =1/Pand oy = 1/(2P) if KA is applied.

Equation (4) shows that M = P2 sub-matrices {Z,} must
be computed. It is important to underline that the reduced sub-
matrix Z3  characterizes the coupling between the blocks
p1 and po. For far blocks, we can expect that this coupling
should be negligible. To account for this phenomenon, only
matrices {Z§e[1; P, s} are calculated, where J € [jmin; Jmax]»

Jmn = max(l,i — Py), and jmax = min(P, Py + 4), and
Py € [0; P — 1] is the number of adjacent blocks. The sub-
matrix number is My = Py(2P — Py — 1) + P (we can check
that for Py = P — 1, My = M?), and the complexity of the
matrix-matrix products (computation of {Z;}) is multiplied
by the factor ap = My/M €]0; 1] which equals

Py(2P—Py—1)+P _2Py+1

= 5 fr 0<SPR<P (®

Qo =

In addition, the reduced matrix becomes sparse, and the LU
decomposition is accelerated by a factor a3 ~ a3.

To further accelerate the matrix-matrix product Z; ;J;, a
roughness slight approximation is applied, which allows us to
express the sub-matrix Z; ; as a sum of Toeplitz matrices, as
shown in the appendix. This implies that the matrix-matrix
product Z; ;J; can be done from fast Fourier transforms (FFT).

3. NUMERICAL RESULTS

3.1. Determination of the Block Length Lg.

The size N; or the associated small-scale surface length Lgmay
of a given block j is determined so that all the components of
the sea curvature spectrum are accounted for to reproduce the
two-scale model. To evaluate Lgp,y, the following criterion is
defined

mw=7”%(ﬂw=ﬂ%%mM, ©

where S(k) is the sea surface isotropic height spectrum. More-
over, o7 (z) is the cumulative (because it depends on x) vari-
ance of the surface height, i.e., ¢ = 0, slope, i.e., ¢ = 2, and
curvature, i.e., ¢ = 3. If the surface length x is infinity, then the
variance equal to 0Z(c0) is obtained and w;(z) = 1. In other
words, all the roughness scales are included.

Figure 2 plots w versus the surface length for a wind speed
u19 = dm/s (defined at ten meters above the sea mean level).
The Elfouhaily et al. spectrum [24], S, is used. As the sur-
face length increases, w increases to tend to 1, and this limit
is reached faster as ¢ grows. Choosing a threshold of 0.995,
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FIGURE 2. w versus the surface length. ui0 = 5m/s.

the length Lgman ; is defined as w;(Lsman;) = 0.995 and can
be physically interpreted as a correlation length reported in the
legend. For ¢ = 3, Fig. 3 shows that Lgma,3 = Lsman = 1m.
In the following, Lsm,y = 0.96 m.

Monostatic NRCS: f=5 GHz, TE

MoM
— -G~ — CBFM-LU-[100-100}-9.9
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FIGURE 3. Top: Monostatic NRCS versus the incidence angle 0y =
—0ine. Bottom: Ratio NRCS/NRCSwiom (becomes a difference) in dB
scale. f =5 GHz, w19 =5m/s, L =96 m, N, =20, N = 12,800,
P =100, nor = 1, ko = 0.2, ¢ = 0.1 and the polarization is TE.
In addition, for LU, ecgrm,svp = 1072, whereas for KA, ecprm,svp =
1072,

For the height, Lgman,0 ~ 41.8m. The wave number of
the most energetic wave is defined as k, = ¢Q2/u?,, where
g =9.81m-s2 and = 0.84. For u;g = 5m/s, the spatial
period L, = 2m/k, ~ 22.7m < Lgma,o because sea waves
of lesser energy and also of smaller wave numbers (or larger
spatial periods) contribute as well. This means that the surface
length L must exceed Lgmaii,o to include all the surface heights.
In the following, L = 96 m.

3.2. Normalized Radar Cross Section

If the surface has a finite extent, edge diffraction can occur be-
cause the incident field does not vanish on the edges of the sur-
face. To reduce this phenomenon, a Gaussian tapered incident
wave is used instead of a plane wave. The Thorsos wave is

256

and Kine = ko(sind;X — cos 6;2) the incident direction. At the
far distance 7', the normalized radar cross section (NRCS, di-
mensionless) is defined as

2
e

NRCS = 1lim
=00 210 Pinc

(12)
where 1o is the vacuum wave impedance, pj,. the incident
power defined on the rough surface mean plane z = 0
(Eq. (1.34) of [8] and behaves as 1/7), and 1% (behaves as
1/ V') the scattered far field. It is calculated by radiating the
surface currents using the Huygens principle. It is important
to underline that the Thorsos’s wave is not valid at grazing
incidence angles. The sea surface is generated from the
well-known spectral method [5] (Section 1.6) and obeys the
Elfouhaily et al. spectrum [23], and the sampling step is eight
points per wavelength Ag.

For the TE polarization, Fig. 3 plots the monostatic NRCS
versus the incidence angle 65, = —6;,c and Fig. 4 the bistatic
one for 6, = 30°. Figs. 5 and 6 plot the same variations, but
for the TM polarization. At the bottom, to better highlight the
differences, the ratio NRCS/NRCSyom is plotted in dB scale
(10| log;,(NRCS/NRCSpom)|). The frequency f = 5GHz
and the complex relative permittivity €, = 69.2 4 35.77.

Bistatic NRS: Hinc=30°, f=5 GHz, TE
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FIGURE 4. Bistatic NRCS versus the scattering angle 6y.,. Same pa-
rameters as in Fig. 3 and i, = 30°.

In the legend, “MoM” corresponds to the brute force MoM,
and “CBFM-Method” labels CBFM, where “Method” is either
“LU” or “KA” for the PBFs computation. In addition, “+FFT”

WWwWw.jpier.org



Progress In Electromagnetics Research C, Vol. 156, 253-260, 2025

PIER C

Monostatic NRCS: f=5 GHz, TM

—— oM
— -G — CBFM-LU-[100-100}-10.1
CBFM-KA{100-100}-9.5

CBFM-KA+FFT-{1-1001-0.5
— 13 — CBFM-KA+FFT-[1-1)-9.5
— = — CBFM-KA+FFT-[1-2}0.5

Incoherent [dB]
>

251
=35+
45 . . | . . | . |
0 10 20 30 40 50 60 70 80
6 -
— oM, 0.0 dB
— 5f — -3 — CBFM-LU-[100-100}-10.1, 0.0 dB
[a] 4 [ CBFM-KA{100-100}-9.5, 0.2 dB
o CBFM-KA+FFT-[1-100}-9.5, 0.2 dB
'S 3 ||~ - CEFMKASFET(1-1105 06d8
) — =k — CBFM-KA+FFT{1-2195, 0.3 dB
[u] 2t
x
1 L
0 Z s o B =
0 10 20 30 40 0 60 70 80
Backscattering angle F)sca []

FIGURE 5. Same variations as in Fig. 3 but for the TM polarization.

Monostatic NRCS: f=15 GHz, TE
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FIGURE 7. Same variations as in Fig. 3, but f = 15GHz and N =

52, 800.

means that the acceleration presented in the appendix is applied,
where kg = 0.2 and ¢y = 0.1 in Egs. (A8) and (A9). The three
numbers [npgr, Py] — (N/Ng)? = 32 are also reported in the
legend, where N is the size of the impedance matrix Z, Ny
that of the reduced matrix ZR®, and npgr the number of times
that the PBFs are calculated. npgr = 1 implies that the PBFs
are assumed to be identical for all blocks and are calculated only
once.

For the ratio, the additional number in the legend is the ratio
mean value over Oy, € [0,80°] or Oy, € [—90,90]° (bistatic
case). The NRCS is computed from N, = 20 number of surface
realizations.

Aswe can see in Figs. 3, 4, 5, and 6, CBFM-LU matches well
with the MoM reference solution, and when the acceleration is
applied with npgr = 1, the precision remains good. This means
that the number of blocks P = 100 is well chosen and that kg =
0.2, €9 = 0.1 1is a good choice. In Eq. (A1), for Py = P = 100,
the mean (over N,. and block pairs equal to 9326 that satisfy
Egs. (A8) and (A9)) convergence order () ~ 2.26, meaning
that the acceleration converges rapidly.
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Bistatic NRS: Hinc=30°, f=5 GHz, TM
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FIGURE 6. Same variations as in Fig. 4 but for the TM polarization.

Bistatic NRS: 0in0=30°, f=15 GHz, TE
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FIGURE 8. Same variations as in Fig. 4, but f = 15 GHz.

As Py increases, the agreement between CBFM-KA+FFT
and the MoM is slightly improved for grazing angles. As ex-
pected, for |fg,| approaching 90 degrees, more far interaction
blocks (P, increases) are needed, and this feature is more im-
portant for the TE polarization. In Fig. 5, CBFM-KA+FFT-
[1, 1] matches very well with the MoM.

Figures 3, 4, 5, and 6 also reveal that the CBFM reduces
the size of the initial MoM linear system to a factor 5% =
(Ngr/N)? ~ 9.5 (N = 12,800). It is nearly constant ver-
sus the polarization and the method KA or LU. It is important
to point out that the threshold ecgrm,svp of KA equals 1073,
instead of 10~2 for LU, to obtain a similar NIPWSVD for both
methods and thus, the same precision.

Figures 7, 8, 9, and 10 plot the same variations as in Figs. 3,
4, 5, and 6, but the frequency f = 15GHz (wind speed
u19 = Hm/s and surface length L = 96 m). The number of
unknowns N = 51,200 and the complex relative permittiv-
ity €, = 37.6 + 39.85. As we can see, for the TE polarization,
CBFM-LU matches well with the MoM reference solution, and
when the acceleration is applied with npgr = 1, the precision
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Monostatic NRCS: f=15 GHz, TM
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FIGURE 9. Same variations as in Fig. 5, but f = 15 GHz.

remains satisfactory. This implies that the number of blocks is
not sensitive to the frequency. For grazing angles, more far in-
teractions blocks P, are needed to decrease the difference with
the MoM. For the TM polarization, all the methods predict good
results. The reducetion factor 32 ~ 21.5, which shows that the
CBFM is more efficient as the frequency increases since for
f = 5GHz, 82 ~ 9.5. In addition, the mean convergence or-
der Q ~ 2.52 > 2.26 obtained for f = 5 GHz, which slightly
increases as f grows.

All these results are consistent with the TSM (two-scale
model), one of the first-published scattering asymptotic meth-
ods to calculate the monostatic sea NRCS. The PBFs of each
block are related to the contribution of the small scale. From
TSM, the PBFs are obtained from SPM1 (first-order small per-
turbation method), related to the surface curvature spectrum.
That is why the block length is chosen such that all the sur-
face curvature roughnesses are accounted for. The character-
istic matrix allows the surface currents to interact between the
blocks, which is similar to modulate the small scale by the large
scale. The TSM is based on this statement. The fact that CBFM
with npgr = 1 predicts good results implies that the multiple
interactions between the blocks are negligible, and only two
adjacent blocks significantly interact. This again is consistent
with the TSM, since the large scale contribution is determined
from the first-order geometric optics approximation, in which
the multiple reflections are omitted, like SPM. It is also well
known that the TSM predicts better results for the TM case than
the TE one.

From Eq. (6), the CBFM CPU time is defined as tcgpm =
t1 + to + t3, where t; stands for the ¢th-CBFM stage time.
The computer machine is Intel(R) Xeon(R) Gold 6142 CPU
@ 2.60 GHz (4 processors, 32 cores) with 512 GB. The time
allocated to fill the MoM impedance matrix tpj; ~ 1968s or
impedance sub-matrices is not accounted for. The function lin-
solve of MatLab, based on LU algorithm, is applied. For multi-
ple excitations (41), no loop is needed, and this function is very
efficient because it is parallelized (on the 32 cores).

258

Bistatic NRS: Hinc=30°, f=15 GHz, TM
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FIGURE 10. Same variations as in Fig. 5, but f = 15 GHz.

The CPU time of the brute force MoM is tyom =~ 2223 s. For
CBFM-LU it equals 964 s, whose t5 ~ 940 s are allocated to
calculate the characteristic matrix. If the acceleration, based on
FFT, is applied, to ~ 1444s. Theoretically, t2 prr/t2 ~ 1/2 +
4Q%N logy, N/N? = 0.95, where N = 512. This is consistent
with the numerical value, and NN is not large enough to achieve
a gain. If Py = 1, then ¢5 prr = t2 =~ 31s. Theoretically, the
ratio time to/to py=1 = 1/ag = P/(2Py + 1) = 100/3 ~ 33.
Numerically, 1/ay = 940/31 & 30, which is in agreement
with the theoretical value. The total time is about 39 s, which
leads to a gain in saving time of 2223/39 ~ 57 in comparison
to the brute force MoM. For Py = 2, this ratio is about 31.

The CBFM hybridized with KA, and for npgr = 1, the
time t; = 0.165s, whereas for npgr = 100 and with LU,
t1 = 16.39s. The gain in saving time is 16.39/0.16 ~ 104,
and the theoretical value 1/cy = 2P = 200. This means that
the major time is allocated to calculate the SVD.

4. CONCLUSION

In this paper, the CBFM is combined with three physical
approximations to calculate the monostatic and bistatic mi-
crowave NRCSs from sea surfaces. Typically, the block lengths
are equal to one meter, and only one adjacent block is accounted
for the reduced matrix calculation, in which the matrix-matrix
products are expedited by using FFTs. Moreover, the Kirchoff
approximation is applied to compute the PBFs by considering
perfectly-conducting subsurfaces, and PBFs are assumed to be
identical for all blocks. The numerical results show that the
precision of the hybridized method is only altered for grazing
scattering angles, and for a number of unknowns N = 52, 800
(f = 15GHz), the gain in saving time, in comparison to the
brute force MoM, is of the order of 57. This gain is an order
of magnitude and of course depends on the architecture of the
computer machine. This gain should increase with N. So, a
prospect of this paper is to extend the formulation to a two-
dimensional sea surface since for the one-dimensional case the
obtained results are very promising.
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APPENDIX A. MATRIX-VECTOR PRODUCT ACCELER-
ATION

The reduced matrix needs to calculate 2 P? matrix-vector prod-
ucts. For two far blocks, this appendix shows that the coupling
matrix Z; ; can be expressed as a sum of Toeplitz matrices. For
any vector v, this implies that the matrix-vector product Z; ;v
(applied P? times if criterion (A8) is satisfied for any (i,75))
can be done from fast Fourier transforms. This way is ana-
log to the Banded-Matrix-Iterative-Approach/CAnonical Grid
(BMIA-CAGQ) [5,19-21]. The main difference is that the cur-
rent r;, = (Z;n,%jn) and observation r; ,, = (T4m; Zi,m)
points do not belong to the same surface.

For two given blocks (i, j) and from the Dirichlet boundary
condition, the elements of the coupling matrix Z; ; depend on

fmn = Hél)(koﬂrim —rj,]|), where H(()l) is the zeroth order
Hankel function of first kind and kg the wave number in free
space. Introducing x4 = |z m — = |z — zp,) and zg =
Zim — — 2, the expansion of f,, ,, with respect to
u = x4/ zq around zero leads from [5] to

Zjn = Zm

fm,n ~ ZZCQqu aq .Td) (_Zn)pa (Al)
q=0 p=0
where
HY (koza) [ —ko\“
__4q 0
aq(rq) = T (2%> ) (A2)
and
(29)!
cl =" A3
%= pi2g - p)! ()

The coefficients a4(x4), which depend one the abscissa dif-
ference |2, — |, can be expressed from Ht()l) and Hgl) by us-
2qp1(1
By (z) -

ing Hfllﬁl( ) = Hgl_)l(z) [25]. The matrix-vector

product Z; ;v can be expressed as [5]

Q 2q
Zijv=7_ > T[T (Tiv)], (A4)
q=0 p=0

where

T, a diagonal matrix of pre-multiplication of elements
p

o (—z)

T, a Toeplitz matrix of elements aq(zq)

Tg ZS, a diagonal matrix of post-multiplication of elements

P 2p p
CQq m

(AS5)
and a;, = j|An|v/T + v, /4, where A, is the sampling step and
7» the surface slope. Since Th', and T)" are diagonal matrices,
the complexities of the operations T';,v and Th'p v are O(N; +
N;), where Z; ; is of size N; x N;. In addition, since Tg"e isa
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Toeplitz matrix, the complexity of TT""’V is O(N log N) where
N = N; + Nj. Then, the resulting complex1ty of Z; ;v is of
the order of

= (Q+1)>O(NlogN + 2N)
for (N, Q) > 1.

For any Toeplitz matrix A = Z; ; of sizes N; x N; and for any
vector v of sizes IV; x 1, the component u,,¢c[1,n,) of the vector

~ Q?O(NlogN), (A6)

= N; L.
u = Av can be expressed as Uy, = Y ,,2 1 Am—nUn, Which is a

convolution product done in the Fourier domain. This leads to

u = IFFT [FFT (a) FFT (W)”ie[l;N,;] , (A7)
where a = [A(xi,l — Ij71) A(JZZ‘,Q — xj,l)-~-A(xi,N1; —
xj,l) A(Ii,l $j,1) A(Ii,l Ii,Nj) A(Ii,l
zjN,—1) - Alwin — xj2)] and w = [vI Oy, 1] are

vectors of length N; + N; = N. In the above equation,
the subscript m € [1; V;] means that only the first V; ele-
ments are kept since the resulting vector u has a length V.
The element A is computed from Eq. (A2). The resulting
complexity is O(N log N) instead of O(N?). In addition,
(Q+ 1)(N —1) ~ (Q + 1)N elements of the matrix A are
computed instead of N;N;. In [5], the same way is addressed
for the Neumann boundary condition, and Eq. (A4) can be
applied if

)\O z j
Kij 2 < Ko, (AS)

T diy R

and
F, — F,
Q=g+ 1suchas "o Fan —Fy) (A9)
norm (Fy11)

where d; ; = |2;,0 — 0|, in which z; ¢ is the middle abscissa

of the block 7. In addition, o, ; = (zfj>, where z; ; = 2z, —

z; is the height difference between z; and z; of the blocks 4
and j, respectively. Typically, ko € [0.1;0.2]. In Eq. (Al),
the sum over @ is stop, given Q = ¢ + 1, when the relative
norm between two consecutive terms (Fy 1, F) is smaller than
a threshold named €. Typically, g = 0.1.

Equation (A8) shows that this acceleration can be applied
if \o/d; ; < 1, meaning that the horizontal distance between
two blocks is larger than the wavelength \g and, o, ; /Ao < 1,
meaning that the mean height difference between two blocks is
smaller than ).
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