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ABSTRACT: A novel hybrid algorithm is proposed for frequency-invariant (FI) beam pattern synthesis of wideband nonuniformly spaced
array (NUSA), which combines intelligent optimization algorithm with convex optimization algorithm. The improved grey wolf opti-
mization (IGWO) algorithm is employed to optimize the positions of the array elements, while /.-norm is introduced to describe spatial
response variation (SRV) for optimizing the finite impulse response (FIR) filter weights of the array. Considering multiple constraints,
such as array aperture and minimum spacing between elements, an optimal trade-off among constant beamwidth, FI characteristics, and
peak sidelobe level (PSL) is achieved. The effectiveness and advantages of this method are evidenced by synthesis examples of FI beam
patterns for wideband NUSA in different application scenarios. These experimental results hold important theoretical significance, and
provide valuable references for solving the optimization problem of wideband FI array under multiple constraints.

1. INTRODUCTION

Wideband frequency-invariant beamforming arrays have
garnered significant attention due to their ability to
maintain waveform integrity when receiving wideband signals.
In recent years, multiple convex optimization techniques
have been introduced for the synthesis of frequency-invariant
(FI) beam patterns in uniform wideband arrays, such as the
harmonic nesting method [1], Fourier transform method [2, 3],
spatial response variation (SRV) description using the
loo-norm [4], the alternating direction method of multi-
pliers (ADMM) [5], and second-order cone programming
(SOCP) [6]. Compared to uniform arrays, nonuniform sparse
arrays (NUSAs) offer greater freedom in element positioning,
avoid grating lobes, and achieve superior radiation perfor-
mance [7]. Moreover, the use of fewer array elements enables
smaller system size, lower manufacturing costs, and reduced
power consumption. Meanwhile, NUSA is widely applicable
in direction-finding [8], radar [9], and wireless communica-
tions [10,11]. Therefore, by simultaneously optimizing the
filter coefficients and the element positions in NUSA, FI beam
pattern synthesis under multiple constraints can be achieved to
suit a broader range of application scenarios.

Over the last several decades, a series of advanced techniques
have been proposed for synthesizing wideband FI NUSA ar-
rays, such as the earlier harmonic nesting method [12] and
direct analysis method [13]; more optimization parameters of
compressed sensing [14], /1 norm method [15], and matrix
beam method [16] can be considered; second-order cone pro-
gramming (SOCP) [17, 18] and alternating projection approach
(APA) [19] with fast convergence rate are also popular in recent
years. All of these methods are designed to realize wideband
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FI patterns by optimizing the NUSA and element excitation
weight, which are particularly effective for decreasing the num-
ber of elements and meeting FI. However, multiple constraints
may need to be satisfied by optimizing either excitation weights
or element positions. These constraints may include enhancing
SRV characteristics, narrowing beamwidth, suppressing side-
lobe levels (SLLs), defining array aperture, and ensuring sparse
element placement, which are crucial considerations in array
design. While this is an important issue, discussions on such
NUSA cases are relatively scarce.

In this paper, we focus on synthesizing wideband NUSA with
constant beamwidth, minimal sidelobes, and a main lobe FI
beam pattern under a given array aperture. To achieve this, the
choice of optimization method is determined by the difficulty
of transforming the constrained problem into a convex prob-
lem. Researchers have developed various practical synthesis
methods to address the FI beam pattern synthesis problem with
constant beamwidth and sidelobe levels in convex optimiza-
tion. Among them, the method proposed in [4], which uses
the [,.-norm to design uniform wideband arrays with FI pat-
tern requirements, is characterized by low variance and good
optimization performance. This method is referenced in this
paper to describe SRV characteristics, and a relaxation-based
optimization method is proposed to minimize sidelobe levels
in wideband beam patterns.

Due to the high mathematical modeling difficulty of solving
position optimization problems using convex optimization and
the challenge of balancing exact and approximate solutions, it is
necessary to consider alternative optimization methods. Intelli-
gent optimization algorithms are an excellent choice due to their
superior global search capabilities and ability to handle multi-
modal and nonlinear problems. In 2014, the Grey Wolf Op-
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timizer (GWO) algorithm was first proposed [20]. Compared
to multi-objective evolutionary algorithms [21] and modified
competitive swarm optimizer [22], GWO algorithm has been
widely applied in a variety of optimization applications due to
its simplicity, few parameters, ease of programming, and strong
global search ability. In array synthesis, GWO algorithm has
been applied to sparse array [23], conformal arrays [24], linear
arrays [25], and rectangular array [26]. Although GWO algo-
rithm has demonstrated good performance in practical appli-
cations, it also faces several challenges. For example, when
solving nonlinear problems, the algorithm lacks population di-
versity and tends to get trapped in local optima. Its ability to
escape local optima in later iterations is also limited. However,
as addressed in [26] and [27], this issue was well solved by
using Tent chaotic mapping. Therefore, this communication
introduces this method and applies an improved GWO algo-
rithm for position optimization. A collection of examples was
conducted for various wideband FI patterns. These examples
encompass comparisons with other methods.

In this paper, a hybrid algorithm combining IGWO with [ -
norm is proposed for the synthesis of wirelessly bound linear
arrays under multiple constraints. The method optimizes the
element position and excitation amplitude, and effectively re-
duces the PSL of sparse array under the condition of frequency
invariance. First, the hybrid approach has two parts. In the first
part, GWO is improved.

1) The inherent chaotic disorder and ergodicity in the initial-
ization process are used to improve the degree of freedom of
array position.

2) Nonlinear rounding strategy is adopted to improve the al-
gorithm by introducing the number of iterations into the con-
vergence factor, and the convergence degree can be adjusted
according to the iteration situation. This method not only im-
proves the global search ability of the algorithm, but also avoids
the possibility of falling into the local optimal.

3) In the process of location update of grey Wolf optimiza-
tion algorithm, a dominant Wolf dynamic confidence strategy is
proposed to improve population diversity and search efficiency
by adjusting individual voice.

4) When the algorithm is stuck in convergence stagnation,
the opposing learning strategy is introduced to help the algo-
rithm jump out of the current solution and find other optimal
solutions.

By improving the GWO, the efficiency and search accuracy
of the GWO in the sparse array position optimization are im-
proved. In the second part, in the case of sparse distribution
based on IGWO, convex optimization algorithm based on I,
norm is used to solve the excitation amplitude optimization
scheme under the minimum PSL target with FI characteristics,
in order to increase the computational efficiency and accuracy
of the problem description. Therefore, the hybrid algorithm
proposed in this paper can reduce the number of array elements,
while maintaining certain radiation characteristics with broad-
band frequency invariance, thus reducing the system cost.

The innovation of this paper lies in proposing a hybrid op-
timization framework that, for the first time, integrates IGWO
algorithm (for global rapid search of element spacing) with con-

vex optimization (for local precise solving of element excita-
tion) to address the FI multi-objective optimization problem in
broadband NUSA. Compared to single-strategy optimization
approaches (e.g., using only intelligent algorithm or convex
optimization alone), the hybrid algorithm achieves the follow-
ing advantages through hierarchical decoupling of optimization
variables:

1) Global-local collaborative optimization. IGWO avoids lo-
cal optima in spacing optimization, while convex optimization
ensures accurate excitation solutions.

2) Computational efficiency is improved. The hybrid frame-
work reduces dimensionality and iteration counts compared to
traditional intelligent algorithm full-variable optimization.

3) Broadband constraint is satisfied. Explicit constraint
modeling via convex optimization ensures strict adherence to
frequency-domain response requirements, circumventing the
constraint relaxation issues inherent in heuristic algorithms.

The rest of this article is structured as follows. Section 2
provides a linear FIR sparse array signal model. Section 3 in-
troduces the algorithm model of array excitation optimization.
Section 4 introduces the GWO improvement strategy, the al-
gorithm model of array position optimization, and the general
flow of the hybrid algorithm. In Section 5, numerical simula-
tion results and comparative analysis are presented to validate
the proposed method. Finally, Section 6 gives the conclusion
of this paper.

2. LINEAR FIR SPARSE ARRAY SIGNAL MODEL

Consider a symmetric far-field linear wideband beamformer ar-
ray model placed along the X -axis, with an aperture of L, as
shown in Figure 1. The array model is divided into two cate-
gories: odd arrays, which are symmetric about the center ele-
ment, and even arrays, which are symmetric about the midpoint
of the two central elements. Each isotropic element is followed
by a finite impulse response (FIR) filter, with the filter’s tap
length denoted as L, and the vector of filter coefficients is rep-
resented as:

T
W = [wm,wam,lu e awm,Lfl] (1)

where w,,, ; denotes the [th coefficient of the mth FIR filter, and
[-]* represents the transpose. For the even symmetric wideband
beamformer array, the vector of weight coefficients can be rep-
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FIGURE 1. Wideband linear beamformer structure. (a) Odd array. (b)
Even array.
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resented as:

T T T
W= [Wo’wlv"' yWar—1

2

Accordingly, the array response of the beamformer can be
expressed as a function of the signal frequency f and the inci-
dent angle 6:

]T

M
P(f, 6‘) — Z Z ,wm’le—jQTrf(dm cos(0)/c+(1—1)/fs) (3)

m=1 [=1

where d,,, is the distance of the mth element relative to the ref-
erence element. Assuming that the first element is the refer-
ence, the distance of the mth element relative to the first ele-
ment is d,,, = X,, — X1. X,, denotes the coordinate of the
mth element, ¢ the speed of sound in air, f the signal sampling
frequency, and j the imaginary unit. Set:

g(f7 0) — {6*]'27rfd1 cos(@)/c7 L ’efj27rfdM 005(9)/C]T (4)
. T
=P
the array steering vector can be expressed as:
s(f,0) = g(f,0) @ e(f) 6)

where ® denotes the Kronecker product of the matrices. Ac-
cordingly, Equation (3) can be simplified as:

P(f,0) =s"(f,0)w @)

in this way, the original array response can be divided into steer-
ing vector and exciting vector, and expressed in matrix form,
which can simplify the modeling of complex system and is
more conducive to analysis and design.

3. EXCITATION OPTIMIZATION

The introduction of excitation optimization primarily aims to
optimize the PSL of the wideband beam pattern while control-
ling the beamwidth and maintaining frequency invariance.
The definition of the maximum peak sidelobe level between
different frequencies is as follows:
} ®)

where ¢ = 1,..., I, where [ is the number of sampling points
within the frequency range. j = 1, ..., J, where .J is the number
of sampling points within the passband angular range of the
visible area ©. 0, denotes the passband angular range set within
the sidelobe region.

It is well known that methods based on SRV constraints are
representative approaches in the design of frequency invari-
ance. In [4], SRV is described using the [,,-norm, which is
represented in the following form:

m ‘st(fhe])_st(fT79j)‘

Pmax (fu 9@)

PSLL; = max
! {‘Pmax(fiyej)

o = max
fiE[fmimfmax];ejeeH

= [ld(w)||% )
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where |[|-||  denotes the [, norm, and 6 represents the angular
range in which the FI characteristics are expected to be main-
tained. Generally, after maintaining FI characteristics within
01, the actual first null point of the main beam will still deepen
and widen outward. Therefore, the actual main beam range ob-
tained is typically larger by about 2° to 3°. Furthermore, to syn-
thesize the FI beam pattern, SRV ., must be sufficiently small to
limit the expected fluctuations of the array’s spatial response in
the desired frequency band. Besides, to avoid trivial solutions,
a response constraint condition is introduced for the desired di-
rection fy. The final relaxed constraint representation of the
wideband beam pattern in the spatial domain is expressed as:

min PSLL;
st |sT(f.00)wH| =1 (10)
ldw)ll% < e

At present, there are many mature solvers for solving convex
optimization problems. In this paper, CVX toolbox of Mat-
lab [30] is selected to solve Equation (10).

4. POSITION OPTIMIZATION

In this section, the optimization objective is considered based
solely on the positions of the array elements. Accordingly, the
signal optimization model can be simplified as:

P(f,0)=g"(f,0)w (11)

To reduce the PSL within the passband, the PSL at both the
minimum and maximum frequencies needs to be used as factors
in the fitness function. The fitness function of the IGWO is as

follows:
} (12)

Under multiple constraint conditions such as array aperture,
number of elements, and the minimum spacing between el-
ements, the expression for the multi-constraint conditions of
sparse linear array is as follows:

Pmax (f17 93)

Pmax (fl; 91@)

lA)max (fP798)
7 lA)max (fP; Hkl)

PSLLy; = max {

min PSLL,
st | Xon — Xon_1| > dinin
X1 =0,Xy =L,
Lo =28 [M x (np+1) — 1]

(13)

where d,, represents the minimum element spacing con-
straint, set to half of the wavelength at the maximum frequency
(dmin = Au/2). The search range for X, is [0, L,]. X,, can
be expressed as X,, = >, 2; + (m — 1)dmin. r, denotes
the distance between elements after removing dy,,, with a
value range of [0, L, — (M — 1)dpin]- The schematic diagram
of the element distribution of the array is shown in Figure 2.
In Equation (13), given a fixed number of elements, the size
of the array aperture is initialized using a half-wavelength uni-
form array, where the half-wavelength is selected as the wave-
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TABLE 1. IGWO optimization of 10 array elements with different 7r,.

Number of C
ne  PSLwith f  PSLwith fy FNBW with f FNBW with fu umberot onvergence
convergence iterations time (s)

0.1 —16.2509dB —16.2527dB 36.00° 11.00° 21 12.90

0.2 —18.2657dB —18.2142dB 33.00° 11.00° 32 19.47

0.3 —17.6027dB —16.2283dB 30.00° 10.00° 38 19.35

04 —15.7191dB —15.7236dB 27.00° 9.00° 33 18.85

xd, x+d, o where t,x 1S the maximum number of iterations. Next, perform
| I | | | here ¢ th ber of iterat Next, perfi

P P o - .‘ '. , a Bernoulli transformation on Equation (15):
X, X, X; . Xors Xor

FIGURE 2. Broadband line bursts distribution diagram.

length at the maximum frequency. The array conversion co-
efficient (ACC) ny, is then determined, which takes on non-
negative values, where [-] denotes the ceiling function. Since
the excitation of the array requires a specified number of ele-
ments, the desired number of elements can be freely adjusted
under the fixed array aperture using ACC.

4.1. Determination of the Fitness Function for the IGWO Algo-
rithm

In GWO algorithm, the optimization results correspond to four
types of individuals: the historical optimal solution is defined
as «, the second-best solution as (3, the third-best solution as 4,
and the candidate solution as w. Assuming that the gray wolf
population is denoted as M,,, each population consists of M
gray wolves. The position of the mth gray wolf in the solution

space can be represented as x,, = (zm,l, T2, ,:l:m,7Mp).
The fitness function can be represented as:
PSLL; ([w11 @2q -+ -+ Tar,1])
PSLL; ([z1,2 @22 -+ -+~ T 2]
Fit = (14)
PSLL; ([21,m, 22,0, -+ - Tar,])

The gray wolves are classified based on the magnitude of the
fitness values, sequentially selecting the leaders (X, X3, Xs)
for the subsequent hunting process.

4.2. Population Initialization Based on Tent Chaotic Mapping

To address the issue of uneven initialization distribution, a Tent
chaotic mapping with highly random characteristics is used to
generate an initial population with a wide distribution [26, 27],
which improves the original GWO to IGWO.

First, a random control variable is added during its use:

2Z; + rand(0, 1)/ Mptmax, 0<Z<1/2
Zig1=

15
2(1—Z;)+r1and(0, 1)/ Myptma, 1/2< Z < 1 (1)

150

Ziv1 = (2Z;)modl + rand(0, 1)/ Mptmax (16)

where mod denotes the modulus operation. Since the search
scale of the algorithm varies with different problems, it is es-
sential to provide chaotic sequences with enhanced diversity
and problem-specific characteristics.

After generating the chaotic variable Z;,; from Equa-
tion (16), it will be introduced into the optimization model to
generate the initial population:

22 =1+ Uy — ) - Zis1 (17)

Iy and Uy represent the minimum and maximum values of the
position variable x.

4.3. Position Update Method

In IGWO, gray wolves of w adjust their position to gradually
approach the prey of each generation. Before this, A and C are
introduced to simulate the behavior of wolves gradually sur-
rounding their prey, expressed as:

A = 2a-rand(0,1) — a (18)
C = 2-rand(0,1) (19)

where rand(0, 1) is a random number in the range of [0, 1), and
a is the convergence factor, which is given by:
g

1)

Such parameter settings can dynamically change according
to the early, middle, and late stages of the algorithm, which is
beneficial for global search and also alleviates the possibility of
getting trapped in a local optimum.

The distance and updated position between the leadership
wolves and other gray wolves are as follows:

D=|C-Xp(t) = X(1)] @n

Xt+1)=X,t)—A-D (22)

By introducing the positions of X, X3, and X, the position
evaluation of the current iteration number can be obtained as
X1, Xs, X3, respectively. Leadership abilities of gray wolves
at different orders in the gray wolf population are different,
which depends on the variation of fitness function values from

1

e
a=2x [1 — (e(t/tmax)3 _

1—

(20)
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different iterations.

M = Mmax — (t/tmax) - [(Mmax — Mmin) /2]

N2 = (Nmax + Thnin) /2

13 = Mmin + (t/tmaX) : [(nmax - nmm)/Q]
X(t+1)=Xu1(t) -m + Xa(t) - n2+ Xs(t) - m3

(23)

where 11, 172, and 73 are the weight values of «, 8, and § wolves.
Tmax and 7min are the maximum and minimum weights, respec-
tively, taken as 4/9 and 2/9.

When the algorithm falls into convergence stagnation, some
gray wolves with lower fitness function values are mutated ac-
cording to their fitness function values, and the mutation rule
introduces an oppositional learning strategy to increase the di-
versity of the gray wolf population and improve the iteration
efficiency [28]. The mathematical expression for the adversar-
ial learning strategy in [29] is as follows:

X(t) =14 U —rand(0,1) - X(¢) (24)

where U and [ are the upper and lower boundaries of X ().

5. ANALYSIS OF SIMULATION RESULTS

In this section, in order to avoid temporal and spatial alias-
ing, we keep the minimum spacing between array elements as
0.5y, fs = 2fy. In addition, in IGWO algorithm, we set the
maximum number of iterations ¢, = 100 and population size
of gray wolves M, = 200. The number of sampling points are
setto J = 181, and I = 16, respectively. Since the arrays op-
timized in this paper are all symmetric arrays, half of the arrays
can be optimized directly, and the rest is obtained by pairwise
display. The distance between the two array elements at the
center of the symmetric even array is set to 0.5y .

In different experiments, only the number of array elements
M and 7, are changed. Each simulation example is run on an
AMD Ryzen 7 5700G with Radeon Graphics 3.80 GHz com-
puter.

In order to evaluate the obtained FI properties, a parameter
defined in [3] is introduced. This parameter is called frequency
variation factor (FVF) and is given by:

P-1K-1

o= % ST {2010g [P(£,, 05| — (6} (25)
p=0 k=0
1 P-1
(O = 5 > 20log|P(f,, 6] (26)
p=0

where p = 0, ..., P — 1, P is the number of sampling points of
the frequency range, and k = 0, ..., K — 1, K is the number of
sampling points of 6.

5.1. Wideband Nonuniform Array Synthesis with Constant Side-
lobe Level Based on IGWO

The first example has the same parameter settings as [19] for
ease of comparison with it. Array position optimization will be
performed for a linear array with 10 isotropic array elements.
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Algorithm 1 The main steps of the hybrid algorithm for
NUSA wideband FI beampattern synthesis (Continue)

1: Define the population size of the grey wolf M, the
largest number of iteration ¢, , the number of grey wolf
individuals A7 , the minimum spacing d_; ,
transform factor 77, , high and low bounds U, , [, of grey
wolf individuals;

the array

2: Initialize the population: initial populations are
generated using the tent chaos mapping by equation (15),
(16) and (17); Calculation of the fitness function value Fit
for the individuals in the population;

3: while <7 do

4: get a, pand J§ positions X,, X, and X;;

5: for i=1: N, do

6: Update 4, C, a by equation (18), (19) and (19);

7: Update grey wolf positions by equation (21),(22) and
(23);

8: end for

9: Calculation of fitness function values of the new
generation of grey wolf populations, the newly obtained
individuals are compared with the previous ones and the
better results are retained. Get o, fand § positions X,
X, and X

10: Check if it is falling into convergence stagnation, and
if so, update the grey wolf position by equation (24);

11: Calculation of fitness function values for the new
generation of grey wolf populations;

12: The newly obtained individuals are compared with
the previous ones and the better results are retained;

13: t=t+1;

14: end while

15: Output the optimal array position distribution
solution;

16: The excitation of the array is optimized according to
equation (10);

17: Output the optimal array excitation distribution solution.

Set nr, = 0.1, according to Equation (16). L, = 5Ay can be
calculated. It is expected to achieve a constant sidelobe level in
2 € [0.4, 1.2] GHz, and the beam center is set to §p = 0°.

According to the set array position requirements as well as
the population size and the number of iterations according to the
Figure 3(a), it is known that the IGWO algorithm can achieve
stable optimization results after 21 iterations. As shown in Fig-
ure 4, the position of the array elements is optimized under the
requirements of array aperture and minimum spacing, and the
spacing of the array elements is gradually increased from the
center to the sides.

By IGWO, the optimization of the array element position
has a faster convergence speed, but since the array aperture is
set smaller here, the space available for optimization is also
smaller. Therefore, the optimization of the sidelobe level is
not obvious by directly using the IGWO method. Changing
the ACC to 0.2, as shown in Figure 3(b), the optimization of
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TABLE 2. Optimization results of IGWO algorithm based on different wavelength reference.

Wavelength PSL with PSL with FNBW FNBW Gain with Gain with
reference fr (dB) fu (dB) with fr with fur fr (dBi) fu (dBi)
fr —13.33 —4.27 11.00° 4.00° 13.22 12.94
(fr + fu)2 —12.93 —13.06 20.00° 7.00° 10.68 14.92
fu —16.25 —16.25 36.00° 11.00° 8.80 13.36

TABLE 3. Optimization results of hybrid algorithm based on different wavelength reference.

Wavelength PSL with PSL with FNBW Gain with Gain with FVF
reference fr (dB) fu (dB) fr (dBi) fu (dBi1) (dB)
fr —5.88 —5.86 22.00° 8.24 8.35 0.5341
(fr + fu)2 —8.87 —8.87 18.00° 9.91 9.87 0.5204
fu —18.51 —18.53 18.00° 11.44 11.2 0.2387
-16.8
@ _16.245 ® %) e
-16.246 -16.250 _-17.21
@ -16.247 £ -17.41
E‘—16.248 16251 — =176 - -
216249 _ __ __* £ -17.84
-16.250 I -18.04,
-16251 = === -18.24
120 40 60 80 100 BT 20 e s 100
Iteration [teration

FIGURE 3. 10 array element IGWO iteration cases. (a) n = 0.1. (b) nr, = 0.2.

00000000

= 9

0 1 2 3 4 a
‘XH(/A'“

FIGURE 4. 10-array element NUSA layout (Ay is the wavelength at
fu).

constant sidelobe level is achieved in 31 iterations. It can be
seen that there are waveform ups and downs during the IGWO
optimization process, demonstrating the optimization back and
forth between the minimum frequency point and maximum fre-
quency point. As shown in Figure 3(b) and Table 1, the opti-
mization of PSL by IGWO is better in the case of 10 array el-
ements with ACC = 0.2, which can be chosen independently
according to the requirements of aperture efficiency and opti-
mization time. The case of ACC = 0.1 with the least optimiza-
tion time will be chosen later for the consideration of optimiza-
tion rate.

The optimized directional pattern results are shown in Fig-
ures 5(a) and (b). With f;, and fy, the difference of first
null beamwidth (FNBW) is large, but PSL variation (APSL)
is small, which basically realizes the optimization of constant
sidelobe level.

The wavelength reference in the aforementioned exper-
iments was selected based on the maximum frequency, as
higher-frequency signals with shorter wavelengths are more
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susceptible to grating lobe formation. Consequently, adopting
the highest-frequency wavelength (\y) as the reference
enables more effective PSL suppression across the entire
frequency band. For comparative analysis, we present experi-
mental results using both the minimum-frequency wavelength
(ML) and center-frequency wavelength (\g) as alternative
references, thereby providing justification for selecting Ay as
the optimal reference. This is consistent with the setting of
most references.

As shown in Figure 6 and Table 2, these are the pattern results
obtained by the IGWO algorithm under different wavelength
references. It can be observed that selecting Ay as the wave-
length reference yields better PSL performance. However, this
comes at the expense of increased FNBW and reduced gain.
Nevertheless, the improved PSL performance proves more ad-
vantageous for subsequent convex optimization processes.

As detailed in Table 3, the results demonstrate that selecting
Avu as the wavelength reference achieves optimal performance
in terms of PSL, gain, and FVF. This superiority stems from the
minimal APSL obtained through IGWO optimization, which
effectively maintains pattern consistency.

In contrast, when using A\;, as the reference, the significant
grating lobe effect at high frequencies (with APSL reaching
9.05dB) leads to substantially degraded performance. Even
after implementing excitation optimization and broadening the
FNBW to 22°, both PSL and FVF fail to reach satisfactory lev-
els.

WWwWw.jpier.org



Progress In Electromagnetics Research C, Vol. 155, 147-157, 2025

PIER C

=
=

L
=

Power (dB)

Power (dB)

FIGURE 5. 10-element wideband uniform SLL pattern based on IGWO algorithm. (a) IGWO joint spatial frequency distribution and (b) IGWO

orientation map at discrete frequencies.
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FIGURE 7. Uniform SLL wideband FI beam pattern based on (a) and (d) the proposed hybrid algorithm; (b) and (e) generalized APA [19]; (c) and

(f) ATD [7].

5.2. Focused FI Beam Pattern with Constant Beamwidth Based
on Hybrid Algorithm

This example will use convex optimization for the array ele-
ment excitation in the case of the array position optimized in
experiment 1. The relevant parameters are also set the same as
in [19]. The expectation of maintaining the FI characteristics
is set within © € [0.4, 1.2] GHz; the reference frequency f, =
(fr + fu)/2; and the beam center is set to 6y = 0°. The upper
bound of the I.,-SRV constraints is defined as e = 5 x 1073.
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The constraint region will be set to [—14°, 14°] with the side-
lobe region as [—90°, —14°] U [14°,90°].

Figures 7(a) and (d) show the pattern obtained by the hy-
brid algorithm. By optimizing the excitation of array elements
through the [, convex optimization algorithm, FI characteris-
tics can be effectively achieved. The width of the main beam
in the passband is constant at 18°, and the value of the FVF
is 0.2387 dB. While favorable FI characteristics are achieved,
good PSL suppression can also be obtained. The PSL with f;,
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TABLE 4. Comparison of focused FI beam optimization results based on different algorithms.

Synthesis Method PSL (dB) FNBW FVF (dB) Convergence number
Hybrid Algorithm —18.51 18.00° 0.24 21
Convex optimization —18.38  18.00° 0.28 -
Generalized APA [19] —16.07 18.00° 0.28 48
ATD [7] —12.52  18.00° 1.01 -
SSA [27] —16.94 18.00° 0.32 13
GA [31] —16.35 18.00° 0.23 96

is —18.51 dB, and the PSL with fi; is —18.53 dB, which is also
a very small difference.

As shown in Figure 7 and Table 4, the beam shape syn-
thesized by the hybrid optimization algorithm is more regu-
lar than the generalized APA proposed in [1] and the asymp-
totic theory-based design (ATD) method proposed in [7]. Un-
der the same main flap beamwidth, the FVF performance is re-
duced by 0.04 dB and the PSL reduced by 2.44 dB compared
with the generalized APA; the FVF performance is reduced by
0.77dB and the PSL reduced by 5.99 dB compared with the
ATD method. The proposed hybrid algorithm will obtain more
effective PSL suppression and better FI characteristics, which
is a better optimization effect.

As indicated in Table 4, the comparison of focused FI beam
optimization results based on different algorithms is presented.
Specifically, only the convex optimization algorithm was ap-
plied to optimize the excitations of a uniform array (11 ele-
ments) within the same aperture. When FNBW of 18° is main-
tained, the PSL within the passband reaches —18.38 dB, with
FVF of 0.28 dB. This demonstrates that the introduction of the
IGWO algorithm reduces the number of array elements with-
out degrading the PSL and FI performance. Furthermore, the
IGWO-driven suppression of PSL variations across the operat-
ing bandwidth enhances both PSL suppression capability and FI
stability, thereby synergistically improving the overall system
performance. The performance gap becomes more pronounced
as the number of array elements increases.

Replacing IGWO in the hybrid algorithm with SSA [27] and
GA [31], respectively, resulted in inferior PSL optimization
outcomes compared to IGWO, confirming IGWO’s superior
sidelobe suppression capability. Notably, the FVF only slightly
deteriorated by 0.01 dB. In addition, the optimization efficiency
through IGWO is also relatively high, with fast convergence,
where the convergence number is 21. The specific optimization
time is as follows: By the hybrid algorithm, the array positions
of the optimization time is 12.90 s; the excitation optimization
time is 66.26 s; and the total optimization time is 79.16s.

The hybrid algorithm effectively combines IGWQO’s global
search capability and convex optimization’s local precision,
thereby achieving superior overall performance and stronger
synergistic collaborative capabilities.

Figure 8(a) shows the FIR filter coefficients by the hybrid
algorithm and (b) shows the FIR filter coefficients by the gen-
eralized APA. In addition, (c¢) and (d) show the distribution of
array excitation with frequency change, defined by W ( f,m)
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ZZL:_Ol Wy, 1€ 9271 The excitation weights obtained by the
hybrid algorithm have significant weight ups and downs at the
higher orders of the filter. It implies that the higher orders of
the filter are effectively utilized, which may explain better op-
timization results as well as longer optimization time.

Due to the inherent uncertainty of intelligent optimization al-
gorithms, variability in the results may occur. Figure 9 illus-
trates the uncertainty analysis of 100 independent experimental
results using the Bootstrap Monte Carlo method. As shown
in Figure 9(a), the probability density peak of PSL is 27.90,
corresponding to —18.50 dB, with a 97.5% confidence interval
of [—18.53, —18.47] dB. In Figure 9(b), the probability density
peak of FVF is 73.02, corresponding to 0.27 dB, and the 97.5%
confidence interval is [0.26, 0.28] dB. Both the PSL and FVF
peaks align closely with the original mean values, demonstrat-
ing the reliability of the model. Furthermore, the narrow confi-
dence intervals for both metrics validate the effectiveness and
stability of the proposed methodology.

5.3. Fl Angle Setting of Wideband NUSA Array Based on Hybrid
Algorithm

In this section, we investigate the effect of different beam point-
ing directions on the performance of the proposed method. For
comparison with [4], consider a nonuniform linear array with
30 array elements. Each array element is connected to a 32 or-
der FIR filter. The FI characteristics are expected to be main-
tained within Q € [0.2, 0.5] GHz, with the reference frequency
fr = (fr + fu)/2, and the beam center is set to § = —30°.
The upper bound of the /.,-SRV constraints is defined to be
e = 1073. The constraint region is set to [—48°, —12°], and
the sidelobe region is [—90°, —48°] U [—12°,90°]. Here, rede-
fine g(f,0) as &(f, 0):

§(f.0) = |e2rfdi(sin(®)=sin(B0))/c ..
T

e—j27rfdMﬂ(sin(e)—sin(eo))/c 27)

$(f,0) = &(f.0) @e(f) %)

PU,8) = $1(1,0)w (29)

In order to verify the FI performance of the beam direc-
tion map, the frequency variation error (FVE) defined in [4]
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FIGURE 8. Normalized amplitudes of (a) FIR filter coefficients by the hybrid algorithm; (b) FIR filter coefficients by the generalized APA algorithm;
(c) excitation weights by the hybrid algorithm; (d) excitation weights by the generalized APA algorithm.
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. . S
is quoted as p = Igixupk, where Hpke = HPP - P H2 (31)
’f’ (f i 9JF-I)| As shown in Table 5 and Figure 10, the main beam range

PFl = [PIl] = 201og € R™7 (30)

max [P (f:, 01| is [~50°, —10°); the PSL is —40.86 dB; the FEV is 0.45 dB;
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TABLE 5. Comparison of uniform array and NUSA.

Synthesis Method PSL (dB) Finally Reached FNBW  FVF (dB) FVE (dB)
NUSA Hybrid Algorithm —40.86 [—50.0°, —10°] 0.24 0.45
Uniform Array [o.-Norm Method [4] -30.01 [—43.0°, —17.5°] - 0.64

and the FVF is 0.24 dB. Compared with uniform array, the PSL
is reduced by 10.85 dB and the FVE reduced by 0.19dB. The
optimization time for IGWO algorithm is 28.19 s, and the opti-
mization time of the convex optimization algorithm is 388.13 s,
which is a total of 416.32s. In practice, this experiment em-
ploys the same angular constraint settings as [4]. However,
while [4] focuses on beamwidth minimization, the proposed
hybrid algorithm achieves an extended FNBW of 14.2° com-
pared to [4], yet delivers enhanced FI stability and superior
PSL suppression. This further indicates that nonuniform ar-
rays, compared to uniform arrays, trade a controlled beamwidth
expansion for significantly improved FI and PSL performance,
providing a viable design strategy for scenarios requiring strict
sidelobe control and frequency invariance across wide band-
widths.

6. CONCLUSION

In this paper, a hybrid algorithm is proposed for generating a
wideband nonuniform FI beam pattern with restraining side-
lobe level and precise main beam range control under multiple
constraints. The intelligent optimization algorithm and convex
optimization algorithm are efficiently fused, while taking ad-
vantage of the fast convergence of the optimal array position of
the IGWO algorithm and the high efficiency of the [, descrip-
tion of the SRV performance. The method achieves an ideal bal-
ance among beamwidth, FI characteristics, and PSL. Numerical
results validate the performance of the algorithm. It is notewor-
thy that the proposed hybrid algorithm does not factor in the
physical effects of the array, such as non-isotropic and mutual
coupling effects. This may result in performance degradation
under these factors. In addition, more array types and larger-
scale arrays will be considered for beam formation. Mean-
while, the method can be used for the optimization of multiple-
objective array antennas and multifunctional array synthesis
studies. Prospective future tasks could be dedicated to address
these issues.
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