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Monopulse Radar

Fei Cai∗

College of Information Science and Engineering, Hunan Normal University, Changsha 410081, Hunan, China

ABSTRACT: Target tracking in a low-grazing angle scenario is a challenging problem in radar because of multipath phenomenon. When
the signal-to-noise ratio (SNR) is low, this problem becomes more difficult. This paper applies a Bernoulli filter for low-grazing angle
track-before-detect with monopulse radar. A measurement model is established using Swerling II radar target model. The filter is
implemented approximately as a particle filter. Simulation results show that the proposed filter is effective at detection and tracking in a
multipath scenario and under low SNR.

1. INTRODUCTION

When radar tracks a low-elevation target, since the grazing
angle of the target is low, in addition to the direct echo,

reflection signals from the ground or sea surface also enter the
radar beam. An illustration of target tracking in a low-grazing
angle scenario is shown in Fig. 1. In this scenario, the radar
observes two targets: the true target above the surface and its
mirror image below the surface. Because the range andDoppler
differences between the target and its image are generally small
compared to radar resolutions, target echoes from direct and re-
flected paths often occupy the same beam and resolution bin
(range and/or Doppler). Consequently, monopulse processing
commonly used in tracking radars to estimate the direction of
arrival (DOA) may fail. Target tracking in low-grazing angle
(LGA) scenarios remains a well-recognized challenge in the
radar community [1–3].

FIGURE 1. Illustration of the low-grazing angle scenario.

For monopulse radar, DOA is typically estimated using the
real part of the monopulse ratio. If two or more targets fall
into the same resolution bin and beam due to limited radar res-
olution, the typical monopulse processing may fail because the
monopulse ratio is affected by all the unresolved targets in that
bin. The DOA estimation wanders as the relative phases and
amplitudes of the unresolved targets change, and it may not be
true for any of them. Unresolved targets detection and estima-
tion have been active areas of research over the past several
decades [4–12]. Joint detection and tracking of unresolved tar-
gets using a particle filter was studied in [13–15].
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In LGA scenario, the target and its image can be treated as
two unresolved targets. As a result, the DOA estimation of the
typical monopulse processing does not correspond to the DOA
of the target or its image. The estimation methods for unre-
solved targets may be used to estimate the DOA of the target
in an LGA scenario. However, unlike the general unresolved
targets, there exists a constraint relationship between the target
and its image. This constraint relationship includes the geomet-
ric relationship and the signal magnitude relationship. By fully
utilizing these constraints, the estimation performance may be
improved. To achieve this, it is critical to accurately model the
multipath propagation.
There are many researches on low-grazing angle tracking, in-

cluding array signal processing methods [16, 17] and enhanced
monopulse methods [18, 19]. In recent years, with the de-
velopment of tracking theory, LGA tracking based on multi-
path propagation modeling and particle filtering has attracted
academic attention. Ref. [1] investigated low-angle tracking
using Orthogonal Frequency Division Multiplexing (OFDM)
Multiple-Input Multiple-Output (MIMO) radar, implemented
with a particle filter and verified the importance of accurate
multipath propagation modeling. Ref. [20] studied tracking
issues in the context of sea-surface multipath based on parti-
cle filtering, considering both specular reflection and diffuse
reflection. The results indicated that an increase in the num-
ber of reflection paths helps improve estimation performance.
These studies demonstrate that modelingmultipath propagation
within the filter can transform the issue of multipath interfer-
ence into an opportunity for multipath utilization. By com-
prehensively leveraging multipath echoes and direct waves,
tracking problems in multipath environments can be addressed.
However, the aforementioned studies are all based on the tra-
ditional detect-before-track architecture. When the signal-to-
noise ratio is low, missed detections and false alarms of targets
may render these methods ineffective. Multipath reflections are
also used in the localization of non-line-of-sight (NLOS) tar-
gets [21, 22].
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Track-before-detect (TBD) is an efficient dim target tracking
method. It outperforms conventional methods in low SNR sce-
narios through joint detection and tracking using unthresholded
data or thresholded data with extremely low thresholds [23–
25]. The commonly used TBD techniques include Hough trans-
form [24], dynamic programming [23], Particle filter based
TBD (PF-TBD) [26–28], and histogram probabilistic multi-
hypothesis tracking (H-PMHT) algorithm [29]. Bernoulli fil-
ter is an optimal joint detection and tracking filter for a sin-
gle target [30–32]. Different measurement models can be used
in Bernoulli filter, resulting in different update equations. De-
tector output model and intensity measurement model are two
commonly used measurement models in Bernoulli filter, with
the latter resulting in Bernoulli TBD filter. Bernoulli TBD fil-
ter has been employed in several radar applications, such as
MIMO radar [33], scanningmaritime radar [34, 35], monopulse
radar [36], and staring array radar [37].
In this article, we use a Bernoulli TBD filter to address the

detection and tracking problem in a low-grazing angle scenario
using a monopulse radar. First, we develop state-space model
and multipath model to capture the constraint relationship be-
tween the target and its image. Second, we develop the mea-
surement model of the monopulse radar using Swerling II target
model and point spread function. Third, we use a Bernoulli fil-
ter to estimate the target’s presence and state, and implement
the Bernoulli filter using a particle filter. Finally, simulations
are used to evaluate the performance of the proposed method.
The results show that the target’s presence and DOA can be ef-
ficiently estimated in the presence of multipath echo in a low
SNR scenario. The main contributions of this article are sum-
marized as follows.

1) State-space model and multipath model are developed for
LGA scenario.

2) The measurement model using Swerling II target model
and point spread function is developed for a monopulse
radar, which has considered all three cases.

3) A Bernoulli TBD filter and its particle filter implementa-
tion are developed for LGA scenario. Simulation results
demonstrate the effectiveness of the proposed method.

The rest of this article is organized as follows. In Section 2,
target models and multipath model are established. In Sec-
tion 3, measurement model is developed. In Section 4, the
Bernoulli filter and its particle filter implementation are pre-
sented. In Section 5, the simulation results are presented. Fi-
nally, Section 6 concludes this article.

2. MODELS

2.1. Target State Model
In the low angle tracking scenario, the main challenge lies in the
estimation of the vertical angle. Hence, we consider a 2-D case
in which radar estimates the vertical DOA only. We assume
that there is at most one target in the scene, and the target can
be absent or present. The state vector of the target is denoted as
x = [x, ẋ, y, ẏ]T , where (x, y) is the Cartesian coordinates of
the target position, and (ẋ, ẏ) is the target velocity vector. Using

the Finite Set Statistics (FISST), the target state is modeled as a
Bernoulli random finite set (RFS)X . If the target is present,X
has one element and can be expressed as X = {x}; otherwise,
it is empty, that is,X = ∅. Thus, at time step k, the probability
density of the target state X is given by

fk|k(X) =

{
1− pk|k if X = ∅
pk|kfk|k(x) if X = {x}

(1)

where fk|k(x) is the probability density of the target state vec-
tor, and pk|k is the probability of target existence.

2.2. Target Dynamic Model
Without loss of generality, a nearly constant velocity model is
used to model the target motion, that is

xk = Fxk−1 + wk (2)

where F is the transition matrix, and wk is the white Gaussian
process noise with a distribution given by wk ∼ N (0,Q), with
F and Q given by [38]

F =


1 T 0 0
0 1 0 0
0 0 1 T
0 0 0 1

 (3)

Q = σ2
w


1
4T

4 1
2T

3 0 0
1
2T

3 T 2 0 0

0 0 1
4T

4 1
2T

3

0 0 1
2T

3 T 2

 (4)

where T is the interval between the time steps, and σ2
w is the

variance of the process noise.
The existence of the target is modeled by a first-order two-

state Markov chain. If the target does not exist at time step
k− 1, it may enter the scene at time step k with probability pB
and birth density bk|k−1(x), or it may remain absent from the
scene with probability 1− pB . Thus, the target stateX at time
step k is a Bernoulli RFS, and the Markov density is given by

fk|k−1(X|∅) =
{

1− pB if X = ∅
pBbk|k−1(x) if X = {x}

(5)

On the other hand, if a target with state x′ is present at time
step k − 1, it is assumed that the target can survive to the next
time step k with probability pS and transition to state x with
density fk|k−1(x|x′), or disappear from the scene with prob-
ability 1 − pS . The dynamics of the target state vector be-
tween two consecutive time steps is given by fk|k−1(x|x′) =
N (x;Fx′,Q) in this article, according to (2). In this scenario,
the target stateX at time step k is also a Bernoulli RFS, and the
Markov density is specified by

fk|k−1(X|{x′}) =
{

1− pS if X = ∅
pSfk|k−1(x|x′) if X = {x}

(6)
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2.3. Multipath Model
For simplicity, consider the flat-Earth multipath model as
shown in Fig. 2, where hr and ht are the heights of the radar
antenna phase centre and the target, respectively; rd and
rr = r1 + r2 are the lengths of the direct and reflected paths,
respectively; θd and θr are the incident angles of the target and
the image, respectively. Flat-Earth model is appropriate for
the case where the target range is not large, if it is not the case,
a more general multipath model considering the curvature of
the earth should be used [1].

FIGURE 2. Flat-Earth multipath model.

Assume that the radar is stationary and located at Cartesian
coordinates (0, hr). Since the Cartesian coordinates of the tar-
get are (x, y), the coordinates of the image are (x,−y). Thus,
rd, rr, θd, and θr can be calculated by

rd =
√

x2 + (y − hr)2 (7)
θd = arctan ((y − hr)/x) (8)

rr =
√

x2 + (y + hr)2 (9)
θr = arctan ((−y − hr)/x) (10)

The multipath reflection signals include specular reflection
signal and diffuse reflection signals. The specular reflection
is dominant for smooth surfaces, while the diffuse reflection
is dominant for rough surfaces. Only the specular multipath
is considered in this article. The specular reflection coeffi-
cient is denoted as ρ, and it generally consists of three factors:
Fresnel reflection coefficient ρ0, divergence factorD, and sur-
face roughness factor ρs. The Fresnel reflection coefficient is
a function of the grazing angle, radar polarization, and electro-
magnetic properties of the reflecting surface. The function is
given by

ρ0 =


ϵ sin θr−

√
ϵ−(cos θr)2

ϵ sin θr+
√

ϵ−(cos θr)2
vertical polarization

sin θr−
√

ϵ−(cos θr)2

sin θr+
√

ϵ−(cos θr)2
horizontal polarization

(11)

where ϵ = ϵ′ − j60λσ is the relative permittivity at the reflect-
ing surface, ϵ′ the relative dielectric constant of the reflecting
surface, λ the radar wavelength, and σ the conductivity of the
reflecting surface. The divergence factorD is given by

D ≈
(
1 +

2hr(rd sin θd + hr)

rerd cos θd sin3 θr

)−1/2

(12)

where re is the earth radius. The surface roughness factor ρs is
given by

ρs = exp

(
−8π2

(
hrms sin θr

λ

)2
)

(13)

where hrms is the root-mean-square (RMS) surface height vari-
ation. The specular reflection coefficient ρ is calculated by

ρ = ρ0Dρs (14)

3. MONOPULSE RETURNS
Swerling II radar target model is adopted in this article, in which
the target amplitude is pulse-to-pulse independent and follows a
Rayleigh distribution. This can be achieved through frequency
diversity among the pulses [39]. Under this assumption, the tar-
get radar cross section (RCS) σ has an exponential distribution

p(σ) =
1

σ̄
exp

(
−σ

σ̄

)
(15)

where σ̄ is the average RCS of the target. In this study σ̄ is
assumed to be constant and known. The square of the signal
amplitude α is proportional to σ (i.e., α2 ∝ σ), and thus α has
a Rayleigh distribution

p(α) =
α

α2
0

exp
(
− α2

2α2
0

)
(16)

where E[α2] = 2α2
0 ∝ σ̄.

As in [10], we assume that the radar waveform has a rect-
angular envelope of width τ , then its matched filter output has
a triangular envelope of width 2τ . Let the matched filter sam-
pling rate be 1/τ , then there are two contiguous sampling points
affected by the target (or image). Denote the space between two
contiguous sampling points as a slot, then the size of a slot is
∆R = cτ/2. Assume that there are L sampling points for each
pulse. Denote the first and second sampling points affected by
the target (or image) as l1 and l2, respectively, then the contri-
butions of a target (or image) at range r to the two sampling
points are, respectively, hl1(r) = 1 − mod(r,∆R)/∆R and
hl2(r) = mod(r,∆R)/∆R.
Since the length of the direct path is smaller than that of the

reflected path, we have rd < rr. There are three possible cases
of the target and image locations in the slots. Fig. 3 shows the
three cases and the resulting matched filter outputs.

3.1. Case I --- Target and Image Located in One Slot
In Case I, the target and its image are located within one slot
as shown in Fig. 3(a). There are two sampling points affected
by them, and both are the result of their superposition. The
matched filter outputs consist of four samples at each sampling
point, namely: the in-phase and quadrature parts of the sum and
difference signals.

123 www.jpier.org



Cai

The matched filter outputs at the two sampling points l1 and
l2 can be written as

sI(l1) = α1d cosϕd + α1r cosϕr + nsI(l1)

sI(l2) = α2d cosϕd + α2r cosϕr + nsI(l2)

sQ(l1) = α1d sinϕd + α1r sinϕr + nsQ(l1)

sQ(l2) = α2d sinϕd + α2r sinϕr + nsQ(l2)

dI(l1) = γdα1d cosϕd + γrα1r cosϕr + ndI(l1)

dI(l2) = γdα2d cosϕd + γrα2r cosϕr + ndI(l2)

dQ(l1) = γdα1d sinϕd + γrα1r sinϕr + ndQ(l1)

dQ(l2) = γdα2d sinϕd + γrα2r sinϕr + ndQ(l2)

(17)

where αid (i = 1, 2) and αir (i = 1, 2) denote the signal ampli-
tudes of the direct and reflected echoes, respectively, at the ith
sampling point that it affected. γd and γr denote the “electronic
angle” of the direct and reflected paths, respectively. [αid, γd]

T

and [αir, γr]
T are related to the target state x using (7)–(10) and

the following equations

αid =
κ
√
σhli(rd)G

2
Σ(θd − θp)

r2d
, γd =

G∆(θd − θp)

GΣ(θd − θp)

αir =
κρ

√
σhli(rr)G

2
Σ(θr − θp)

r2r
, γr =

G∆(θr − θp)

GΣ(θr − θp)

(18)

where κ is a constant of the radar determined by the radar equa-
tion [40]; θp is the radar boresight angle; GΣ(θ) and G∆(θ)
are the sum and difference beam patterns at angle θ, respec-
tively. The phases ϕd and ϕr are the received phased angles of
the target and its image, respectively. They are assumed to be
uniformly distributed on [0, 2π) and independent of each other.
The matched filter outputs at the other sampling points con-
tain noise only. The noises nsI(l), nsQ(l), ndI(l), and ndQ(l)
(l = 1, . . . , L) are independent, zero-mean, and Gaussian, with
variances

E[nsI(l)
2] = E[nsQ(l)

2] = σ2
s

E[ndI(l)
2] = E[ndQ(l)

2] = σ2
d

(19)

The signal vector in this case has form

g = [sI(l1), sI(l2), dI(l1), dI(l2), sQ(l1),

sQ(l2), dQ(l1), dQ(l2)]
T (20)

Then, we have p(g|x) = N (g; 0,P), where

P =

[
P1 0
0 P1

]
(21)

and

P1 =


α2
01d α01dα02d α2

01dγd α01dα02dγ
α2
02d α01dα02dγd α2

02dγd
α2
01dγ

2
d α01dα02dγ

2
d

α2
02dγ

2
d



+


α2
01r α01rα02r α2

01rγr α01rα02rγ
α2
02r α01rα02rγr α2

02rγr
α2
01rγ

2
r α01rα02rγ

2
r

α2
02rγ

2
r


+diag(σ2

s , σ
2
s , σ

2
d, σ

2
d) (22)

whereα0id andα0ir are the Rayleigh parameters corresponding
to αid and αir, respectively. Because matrix P1 is symmetric,
we present only the upper triangular elements here.

(a)

(b)

(c)

FIGURE 3. The three cases of the target and image locations. (a) Case
I. (b) Case II. (c) Case III.

3.2. Case II --- Target and Image Located in Two Neighboring
Slots
As shown in Fig. 3(b), in this case, the target and image are lo-
cated in two neighboring slots. There are three sampling points
l1, l2, and l3 affected by them, and only l2 is the superposition
of their signals. Thematched filter outputs at the three sampling
points can be written as follows:

sI(l1) = α1d cosϕd + nsI(l1)

sI(l2) = α2d cosϕd + α1r cosϕr + nsI(l2)

sI(l3) = α2r cosϕr + nsI(l3)

sQ(l1) = α1d sinϕd + nsQ(l1)

sQ(l2) = α2d sinϕd + α1r sinϕr + nsQ(l2)

sQ(l3) = α2r sinϕr + nsQ(l3)

dI(l1) = γdα1d cosϕd + ndI(l1)

dI(l2) = γdα2d cosϕd + γrα1r cosϕr + ndI(l2)

dI(l3) = γrα2r cosϕr + ndI(l3)

dQ(l1) = γaα1d sinϕd + ndQ(l1)

dQ(l2) = γaα2d sinϕd + γrα1r sinϕr + ndQ(l2)

dQ(l3) = γrα2r sinϕr + ndQ(l3)

(23)

The signal vector has form

g = [sI(l1), sI(l2), sI(l3), dI(l1), dI(l2), dI(l3), sQ(l1),

sQ(l2), sQ(l3), dQ(l1), dQ(l2), dQ(l3)]
T (24)
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P1 =



α2
01d α01dα02d 0 α2

01dγd α01dα02dγd 0

α2
02d + α2

01r α01rα02r α01dα02dγd α2
02dγd + α2

01rγr α01rα02rγr

α2
02r 0 α01rα02rγr α2

02rγr

α2
01dγ

2
d α01dα02dγ

2
d 0

α2
02dγ

2
d + α2

01rγ
2
r α01rα02rγ

2
r

α2
02rγ

2
r


+ diag(σ2

s , σ
2
s , σ

2
s , σ

2
d, σ

2
d, σ

2
d) (25)

3.3. Case III --- Target and Image Located in Two Disconnected
Slots
As shown in Fig. 3(c), in this case, the range difference between
target and image is more than 2∆R, and four sampling points
are affected by them. As the matched filter outputs of the target
and its image are not overlapped, they can be considered sep-
arately. The signal vector is g = [gTd , gTr ]T , which consists of
direct signal gd and reflected signal gr, with

gd = [sI(l1), sI(l2), dI(l1), dI(l2), sQ(l1),

sQ(l2), dQ(l1), dQ(l2)]
T

gr = [sI(l3), sI(l4), dI(l3), dI(l4), sQ(l3),

sQ(l4), dQ(l3), dQ(l4)]
T (26)

Then, p(g|x) = N (gd; 0,P)N (gr; 0,P), where P has the same
structure as shown in (21), and the P1 in P (taking gd as an
example) has the following form:

P1 =


α2
01d α01dα02d α2

01dγd α01dα02dγd

α2
02d α01dα02dγd α2

02dγd

α2
01dγ

2
d α01dα02dγ

2
d

α2
02dγ

2
d


+diag

(
σ2
s , σ

2
s , σ

2
d, σ

2
d

)
(27)

3.4. The Likelihood Ratio
We assume that the radar sends M pulses in each dwell (we
set the dwells as the time steps in the TBD filter), and the re-
turns from different pulses are independent and identically dis-
tributed (IID). Denote G = {gm}Mm=1, where gm is the signal
vector of themth pulse. Then, we have

p(G|x) =
M∏

m=1

p(gm|x) (28)

The sampling points not affected by the target and image
contain only noise. If there is no target in the scene, all the
sampling points contain only noise. We have an observation
vector from the mth pulse as zm = {zml}Ll=1, where zml =
[sI(l), dI(l), sQ(l), dQ(l)]

T . Then, the likelihood for sampling
points containing only noise is

p(zml|∅) = N (zml; 0,P′) (29)

where P′ = diag(σ2
s , σ

2
d, σ

2
s , σ

2
d).

All the observation vectors in the M pulses constitute the
measurement for the TBD filter: z = {zm}Mm=1. The sampling

points that contain only noise have the same probability den-
sity function (PDF) under both hypotheses: either the target is
present (X = {x}) or not (X = ∅). Then, the likelihood ratio
ℓ(z|x) ≜ p(z|{x})

p(z|∅) is determined solely by the sampling points
affected by x. Specifically,

ℓ(z|x) = p(G|{x})
p(G|∅)

=

∏M
m=1 N (gm; 0,P)∏M

m=1

∏
l∈S(x) N (zml; 0,P′)

(30)

where S(x) is the set of sampling points affected by the target
and image.

4. THE BERNOULLI TRACK-BEFORE-DETECT FILTER

4.1. The Analytical Expressions
The goal of the track-before-detect filter is to detect the exis-
tence of a target and estimate its state x if it is present. To
achieve this, the two posteriors are first estimated recursively
using the Bayesian filtering: 1) the probability of target ex-
istence pk|k; 2) the posterior probability density of the target
state, fk|k(x). The detection of target existence is then done
using pk|k as the test statistic. If the target is detected, the tar-
get state is estimated using fk|k(x).
If the probability of target existence pk−1|k−1 and posterior

probability density fk−1|k−1(x) at time step k − 1 are given,
the recursion of the Bernoulli TBD filter is as follows [31].
Predictor:

pk|k−1 = pb(1− pk−1|k−1) + pspk−1|k−1 (31)

fk|k−1(x) =
pbbk|k−1(x)(1− pk−1|k−1)

pk|k−1

+
pspk−1|k−1

∫
fk|k−1(x|x′)fk−1|k−1(x′)dx′

pk|k−1
(32)

Corrector:

pk|k =
pk|k−1

∫
ℓ(z|x)fk|k−1(x)dx

1− pk|k−1 + pk|k−1

∫
ℓ(zk|x)fk|k−1(x)dx

(33)

fk|k(x) =
ℓ(z|x)fk|k−1(x)∫
ℓ(z|x)fk|k−1(x)dx

(34)
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4.2. The Particle Filter Implementation
Sequential Monte Carlo method is used to implement the
Bernoulli TBD filter. The probability density fk|k(x) is
approximated by a particle system {w(n)

k , x(n)k }Nn=1. That is,

fk|k(x) ≈
N∑

n=1

w
(n)
k δx(n)

k

(x) (35)

where x(n)k and w
(n)
k are the state and weight of the nth par-

ticle, respectively, and δb(x) is the Dirac delta function con-
centrated at point b. The weights are normalized such that∑N

n=1 w
(n)
k = 1.

If pk−1|k−1 and particles {w
(n)
k−1, x

(n)
k−1}Nn=1 that approximate

fk−1|k−1(x) at time step k − 1 are given, the recursion of the
particle filter implementation of the Bernoulli TBD filter is as
follows [36].
Predictor:
The probability of existence pk|k−1 is predicted firstly us-

ing (31). Then, according to (32), the prediction of fk|k−1(x)
is composed of two parts, the new birth and the persisting. We
useN andB particles to approximate the persisting and the new
birth components, respectively. The particles are drawn from
two proposal distributions:

x(n)k|k−1 ∼

{
fk|k−1(x|x

(n)
k−1) n = 1, . . . , N

bk|k−1(x) n = N + 1, . . . , N +B
(36)

with weights

w
(n)
k|k−1 =


pspk−1|k−1

Npk|k−1
n = 1, . . . , N

pb(1−pk−1|k−1)

Bpk|k−1
n = N + 1, . . . , N +B

(37)

Then, the particle approximation of fk|k−1(x) can be expressed
as

fk|k−1(x) ≈
N+B∑
n=1

w
(n)
k|k−1δx(n)

k|k−1

(x) (38)

To reduce computational complexity, compute w′(n)
k|k−1 instead

of w(n)
k|k−1 as follows:

w′(n)
k|k−1 =

{
pspk−1|k−1/N n = 1, . . . , N

pb(1− pk−1|k−1)/B n = N + 1, . . . , N +B

(39)
Corrector:
The integral in (33) and (34) is approximated by

∫
ℓ(z|x)fk|k−1(x)dx ≈

N+B∑
n=1

w
(n)
k|k−1ℓ(z|x

(n)
k|k−1) (40)

Then, (33) is approximated by

pk|k ≈
pk|k−1

∑N+B
n=1 w

(n)
k|k−1ℓ(z|x

(n)
k|k−1)

1− pk|k−1 + pk|k−1

∑N+B
n=1 w

(n)
k|k−1ℓ(z|x

(n)
k|k−1)

=

∑N+B
n=1 w′(n)

k|k−1ℓ(zk|x
(n)
k|k−1)

1− pk|k−1 +
∑N+B

n=1 w′(n)
k|k−1ℓ(z|x

(n)
k|k−1)

(41)

and (34) is approximated by

fk|k(x) ≈

N+B∑
n=1

ℓ(z|x(n)k|k−1)w
(n)
k|k−1δx(n)

k|k−1

(x)

N+B∑
n=1

ℓ(z|x(n)k|k−1)w
(n)
k|k−1

=

N+B∑
n=1

ℓ(z|x(n)k|k−1)w
′(n)
k|k−1δx(n)

k|k−1

(x)

N+B∑
n=1

ℓ(z|x(n)k|k−1)w
′(n)
k|k−1

=

N+B∑
n=1

w
(n)
k δx(n)

k|k−1

(x) (42)

where the updated weight w(n)
k is

w
(n)
k =

ℓ(z|x(n)k|k−1)w
′(n)
k|k−1

N+B∑
n=1

ℓ(z|x(n)k|k−1)w
′(n)
k|k−1

(43)

The implementation of the particle filter is summarized using
the pseudo-code in Algorithm 1, where lines 2–7 are the predic-
tion steps; lines 8–12 are the correction steps; lines 13–16 are
the resampling steps, in which N particles are resampled from
the N +B particles.

Estimator:
Target detection can be performed using pk|k as the test statis-

tic. If pk|k exceeds the predefined threshold ζ ∈ (0, 1), target
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(a) (b)

FIGURE 4. Averaged results. (a) Probability of existence. (b) DOA estimation.

(a) (b)

FIGURE 5. Estimation RMSEs. (a) Range RMSE. (b) DOA RMSE.

presence is declared. If a target is detected, the target state is es-
timated using the particles before resampling by the minimum
mean-square error (MMSE) estimator:

x̂k|k =

N+B∑
n=1

w
(n)
k x(n)k|k−1 (44)

5. SIMULATION
In this section, performance of the proposed Bernoulli TBD fil-
ter for LGA scenario is evaluated through simulations. The pro-
posed filter is referred to as LGABF in this section. For com-
parison, the general Bernoulli filter for monopulse that does not
model the multipath in [36] is simulated, which is referred to as
GBF.
Throughout the simulation, we set σ2

s = σ2
d = 1. The SNR

for each pulse is defined as

SNR =
E(α2

id)

2σ2
s

=
E(α2

id)

2σ2
d

=
σ̄κ2

2r4
(45)

in which it is assumed that hli(r) = 1 and G2
Σ(θ) = 1. For

simplicity, we set value of the radar constant as κ = r2d0, where
rd0 is the initial range of the target. Then, the SNR is controlled
by target ARCS σ̄ and target range, and the initial SNR of the

target is equal to the value of σ̄/2 (in m2). The number of pulses
in each dwell is M = 40. The specular reflection coefficient
ρ = 0.8. The size of a slot is ∆R = 45m. The dwell interval
T = 1 s. The radar is stationary with height hr = 10m. The
target is initially located at (25, 0.3) km and flies at a constant
velocity of 300m/s toward the radar. A total of 50 time steps
are used, with target introduced at time step 11 and deleted at
time step 41. The particle filter parameters are as follows, birth
probability pb = 0.05, survival probability ps = 0.95, particle
number B = 1000 and N = 5000.
With 100 Monte Carlo runs, the estimation results of the

two filters at different SNRs are shown in Figs. 4 and 5. The
widely used monopulse DOA estimation method proposed by
Mosca [41] is also used for comparing the DOA estimation per-
formance. In Mosca method, locations of the two sampling
points affected by the target are assumed to be known, and the
monopulse estimation results of the two sampling points are
averaged. Fig. 4(a) displays the averaged probability of exis-
tence. We observe that the target can be detected several time
steps after its appearance, and the detection delay is longer for
lower SNRs. The detection performances of the two filters are
essentially the same. Fig. 4(b) presents the DOA estimation
results. For LGABF (proposed filter), the estimated DOA con-
verges to the true values as the time step increases, and the con-
vergence speed is faster for higher SNRs. For GBF, however,
due to its lack of multipath modeling, the DOA estimation fails.
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FIGURE 6. DOA RMSE of the LGABF using biased ρ, with the truth of
ρ = 0.8, and SNR = 0 dB.

FIGURE 7. Average execution time of LGABF method.

For Mosca’s method, the averaged DOA estimation result is a
power weighted average of the DOAs of the target and its im-
age. This is the reason that monopulse processing fails in a
low-grazing angle scenario.
The range root mean square error (RMSE) and DOA RMSE

are shown in Fig. 5(a) and Fig. 5(b), respectively. The RMSEs
of the proposed filter decrease as time steps increase, and the
higher the SNR is, the better the performance is. RMSEs of the
GBF decrease as time steps increase too, but the decrease stops
at a relatively high value because a bias exists in the estimate.
In Fig. 5(b), Mosca method failed due to the multipath effect,
while LGABFmethod converges to the ground truth as the time
step increases. As time steps increase, the RMSEs of Mosca
method increase because the distance between the target and
power weighted centroid of the target and its image increases
as shown in Fig. 4(b).
The detection performance of the proposed LGABF method

is evaluated using standard detection metrics. For comparison,
GBF method and the widely used non-coherent integrator [42]
are evaluated simultaneously. For LGABF and GBF methods,
the probability of false alarm pF is estimated using dwells 1 to
10 where no target is present. More explicitly,

pF =
1

10KT

KT∑
i=1

10∑
k=1

pik|k
1
≷
0
ζ (46)

where i is the index of each Monte Carlo run, and KT is the
number of Monte Carlo runs. Similarly, the probability of de-
tection pD is computed as

pD =
1

20KT

KT∑
i=1

40∑
k=21

pik|k
1
≷
0
ζ (47)

Since both the LGABF and GBF methods declare a detection
per dwell, to ensure fairness, the non-coherent integrator’s de-
tection criterion is defined as at least one sampling point ex-
ceeding the threshold after non-coherent integration. Thus,
the corresponding probability of false alarm for each sampling
point is given by 1 − (1 − pF )

L. Table 1 compares the de-
tection performance of all three methods across varying SNRs.

TABLE 1. Detection performance.

SNR pF pD (−3 dB) pD (0 dB)

Non-coherent integrator 0.003 0.5939 0.9019

GBF 0.003 0.9940 0.9995

LGABF 0.001 0.9955 0.9995

For LGABF and GBF methods, the threshold is set to ζ = 0.6.
The non-coherent integrator’s threshold is calibrated to match
the GBF method’s pF . As shown in Table 1, LGABF method
demonstrates a significant improvement in detection perfor-
mance compared to the non-coherent integrator and a marginal
enhancement over the GBF method.
LGABF and GBF methods are both designed for dim tar-

get detection and tracking. Simulation results demonstrate that
both methods enhance detection performance compared to non-
coherent integration approach. However, LGABF explicitly
models multipath effects, whereas GBF does not. Thus, the
primary advantage of LGABF over GBF lies in its DOA esti-
mation accuracy under low-grazing angle conditions.
To analyze the robustness of the proposed method against

environmental uncertainty, Fig. 6 illustrates the DOA estima-
tion performance of LGABF when using a biased ρ value. The
true value of ρ is set to 0.8, while the filter employs three bi-
ased values: ρused = 0.75, 0.8, and 0.85. It is evident that the
estimation performance degrades as the used ρ deviates from
the true value, particularly when ρused = 0.85. These results
demonstrate that the realistic modeling of multipath effects is
critical for optimal performance.
The average execution time of the proposed filter is presented

in Fig. 7. All simulations are executed on a laptop with Intel
i5-12450H CPU and 16GB RAM by MATLAB R2023a. The
filter achieves an average execution time of 0.43 seconds per
time step. If the proposed method is programmed in C lan-
guage, it can run much faster than in MATLAB (in the order
of a few tens times faster) [43]. This computational efficiency
renders the proposed method suitable for real-time processing
in practical scenarios.
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6. CONCLUSIONS
This article proposes a Bernoulli TBD filter for low-grazing an-
gle tracking with monopulse radar. Using multipath model and
Swerling II radar target model, the measurements generated by
a single target and its multipath image are modeled. The mea-
surement model is incorporated into the Bernoulli TBD filter
and implemented using particle filter. Simulation results show
that the proposed filter can efficiently detect and track a dim
target in low-grazing scenario. On the contrary, the Bernoulli
TBD filter that does not model the multipath failed to track the
target.
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