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ABSTRACT: A uniform triangular array (UTA) is proposed for physics-based 2D direction-of-arrival (DOA) estimations of unknown
incoming signals. Three capacitively loaded top-hat antennas are used as array elements. Unlike conventional array-based direction
finding (DF) systems, complex antenna radiation patterns are used in array manifold calculations and DOA predictions, where coupling
among array elements is naturally resolved. Both continuous wave (CW) signals and single tone signals with amplitude modulation
(AM) are considered in DF simulations. Cramer-Rao bound (CRB) values are calculated to provide theoretical lower bounds of DF
accuracies. Multiple signal classification (MUSIC) algorithm is used to further demonstrate the DF performance of the triangular antenna
array without any angle ambiguities within the field of view from 0◦ to 360◦ in the azimuth direction and from 1.25◦ to 178.75◦ in the
elevation direction.

1. INTRODUCTION

In the pursuit of enhancing navigation and communication
systems, direction finding (DF) plays a vital role in both civil

and military applications. In these DF systems, antenna arrays
are crucial components for direction-of-arrival (DOA) estima-
tions [1–7]. However, the presence of mutual coupling will
deteriorate DF accuracies of conventional arrays. In communi-
cation and signal processing communities, various decoupling
methods have been investigated tomitigatemutual coupling [3–
7].
In [3], mutual coupling among antenna elements was mod-

eled by a banded complex symmetric Toeplitz matrix and con-
sidered in DOA estimations. In [4] and [5], an over-complete
block matrix based on the steering vector was constructed to
mitigate the mutual coupling effect. In [6], rank-reduction the-
ory was implemented to eliminate mutual coupling. In [7], mu-
tual coupling effects were reduced by using sparse array con-
figuration and increasing separations among elements. Differ-
ent DF array geometries have been explored in reducing mu-
tual coupling as well, such as uniform linear array (ULA) [3–
5], uniform circular array (UCA) [6], sparse ULA [7], nonuni-
form linear array [8], and triangular array (TA) [9]. In achiev-
ing accurate DOA estimations, various modulated incident sig-
nals have been considered, such as linear frequency modula-
tion (LFM) [9], amplitude modulation (AM) [10], frequency
modulation (FM) [11], and binary phase shift keying (BPSK)
[12]. However, these designs and corresponding algorithms did
not consider practical antenna elements and radiation patterns.
To investigate the impact of antennas on DF systems, realis-
tic antenna elements were incorporated in [8, 13–15]. In [8],
DOA estimations were achieved by considering mutual cou-
pling through impedance matching of small, tuned dipole an-
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tennas in five-element uniform and nonuniform arrays. In [13–
15], realized antenna gain patterns were implemented in DF al-
gorithms to achieve accurate signal predictions. However, the
incident waves were assumed to have constant amplitude val-
ues, and signal modulation was not considered. To the best of
the author’s knowledge, physics-based DOA estimations of in-
coming AM signals were not investigated based on UTA with
considering antenna radiation patterns.
In this paper, a UTA using three top-hat antennas is proposed

to achieve DOA estimations of incident narrow-band signals
with different azimuth, elevation, and polarization angles. Un-
like the conventional DF arrays [1–7, 9–12], a physics-based
DF algorithm is applied to improve accuracies of DOA esti-
mations, where the coupling among antenna elements is natu-
rally considered by using complex radiation patterns rather than
array factors. Unlike the traditional array elements using lin-
ear wire antennas with a narrow frequency bandwidth [1–12],
wideband top-hat antennas are implemented to increase the pos-
sibility of detections and interceptions. Unlike the DF antennas
considering gain patterns and assuming transmitted signals with
a constant amplitude [13–15], DOA estimations are achieved
based on incident CW and AM signals. As a design example,
the proposed DF UTA operates at 650MHz, which is scalable
to any microwave frequency of interest. To improve the oper-
ation frequency bandwidth of the antenna, capacitively loaded
top-hat antennas are used as the array elements. Both CRB val-
ues and MUSIC algorithm are implemented to demonstrate the
DF capability of the proposed unambiguous UTA.

2. AMPLITUDE MODULATION AND PHYSICS-BASED
MUSIC ALGORITHM
Figure 1 presents DF problem setup, where an incident CW or
AM signal with an elevation angle of θ′, an azimuth angle of ϕ′,
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FIGURE 1. A uniform triangular array (UTA) is illuminated by a lin-
early polarized incoming plane wave with DOA of (θ′, ϕ′) and a po-
larization angle of γ′. The feeding point of the antenna element 1 is
located at the origin.

and a polarization angle of γ′ illuminates the UTA. The feeding
point of the antenna element 1 is located at the origin. The UTA
receiver is in the far field of the transmitter. The electric field
intensity of a linearly polarized incident wave at the receiver
can be expressed by [2],

E⃗(t) = ϕ̂Eϕ(t) + θ̂Eθ(t)

= m(t)ejωctejϕc [ϕ̂ sin(γ) + θ̂ cos(γ)]
(1)

where m(t) is the modulating or baseband signal; ωc = 2πfc
is the angular frequency of the carrier signal; and the phase of
the carrier signal is ϕc. For a CW signal, m(t) = 1, which is
not a function of time. For a single tone modulating signal,

m(t) = Ac +Am cos(2πfmt+ ϕm) (2)

where the amplitude of the modulating signal isAm; the ampli-
tude of the carrier signal is Ac; the operating frequency of the
modulating signal is fm; and the phase of the modulating signal
is ϕm. Fig. 2 shows the real component of the AM signal under
the assumption that Am = Ac = 1 and ϕm = ϕc = 0. Fig. 2
top is the modulating signal withm(t) = 1 + cos(2πfmt) and
fm = 20 kHz. Fig. 2 middle is the real component of the car-
rier signal Re{ej2πfct} with fc = 650MHz. Fig. 2 bottom is
the corresponding real part of theAM signalm(t)∙Re{ej2πfct}.

FIGURE 2. An amplitude modulated (AM) signal. Top: A single tone
modulating signal at 20 kHz. Middle: A carrier signal at 650MHz.
Bottom: The corresponding AM signal.

Note that Fig. 2 middle can also be treated as a CW signal with
m(t) = 1. The period of the carrier signal at 650MHz is ap-
proximately 1.54 ns. To have a better observation on the carrier
signal, a coarse sampling point of 571 is chosen to obtain Fig. 2.

The received voltage vn(t) of the source signal at the nth
antenna (n = 1, 2, or 3) in the three-element UTA is given by,

vn(t) = Gnϕ(θ, ϕ)Eϕ(t) +Gnθ(θ, ϕ)Eθ(t) + wn(t) (3)

whereGnϕ(θ, ϕ) andGnθ(θ, ϕ) are ϕ and θ components of the
complex radiation pattern of the nth antenna element. Eϕ(t)
and Eθ(t) are ϕ and θ components of electrical field intensi-
ties of transmitted signals shown in (1). wn(t) is the Gaussian
white noise. Unlike the conventionalMUSIC algorithm [1], the
practical radiation patterns are considered in the column vector
Y , rather than the assumption of isotropic antennas. This leads
to a physics-based MUSIC algorithm,

PMUSIC(θ, ϕ, γ) =
1

YH(θ, ϕ, γ)VQVH
QY(θ, ϕ, γ)

(4)

where H denotes the matrix Hermitian operation; the column
vector Y(θ, ϕ, γ) = Gϕ(θ, ϕ) sin(γ) + Gθ(θ, ϕ) cos(γ) con-
siders the complex radiation patterns and polarization angles of
incoming signals; and the noise-subspacematrix VQ is obtained
from the covariance matrix of vn in (3).

3. DF ANTENNA ARRAY

3.1. Design of the Top-Hat UTA
As a design example, three top-hat antennas are chosen in the
UTA, mounted on a ground plane with a size of 90 × 90 cm2

(1.96λ × 1.96λ), operating at 650MHz with a wavelength of
46 cm approximately. The ground dimension of 90 × 90 cm2

is chosen to consider the future work on platform-based DF ar-
rays. Fig. 3 shows dimensions of the proposed three-element
UTA with three design parameters: width w, height h, and el-
ement center-to-center separation s. The full-wave numerical
simulation software FEKO is used to perform numerous para-
metric studies, where the optimized wideband antenna array at
650MHz is achieved with w = 20 cm, h = 23 cm, and s =
25 cm. The corresponding electrical size is 0.34λ×0.34λ×0.39
based on the wavelength at the lowest operational frequency of
510MHz. There is no observation of any stability issue on the
following DF results.
Figure 4 shows S parameters of the proposed top-hat UTA.

The mutual coupling among antenna elements can be observed
through S12, S13, and S23, which will influence the DF accu-
racy. A higher S13 across the frequency band from 500MHz
to 800MHz indicates a stronger mutual coupling between ele-
ments 1 and 3. Due to the presence of mutual coupling, the re-
flection coefficient S22 of element 2 is different from S11 and
S33 of elements 1 and 3. The −10 dB frequency bandwidth
(BW) of the antennas 1 and 3 is approximately 200.62MHz
with a fractional BW of 32.1% at 650MHz, and that of the an-
tenna 2 is about 209.79MHz with a fractional BW of 33.3% at
630MHz. The wide BW will improve the possibility of sig-
nal detections and interceptions. It is also observed that the
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FIGURE 3. The uniform triangular antenna array with w = 20 cm, h =
23 cm, and s = 25 cm, operating at 650MHz. (a) Three-dimensional
view. (b) Side view in xz plane. (c) Top view in xy plane.

FIGURE 4. S parameters of the three top-hat antennas in the UTA.
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FIGURE 5. The realized gain patterns of the proposed three antenna elements in the UTA.
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FIGURE 6. Comparison of CRB values based on incident CW and AM signals as a function of azimuth angles at 650MHz. (a) The elevation angle
θ = 90◦ with different polarization angles γ. (b) The polarization angle γ = 0◦ with different elevation angles θ. Assume that the snapshot
K = 100 and SNR = 25 dB.

central frequency of antennas 1 and 3 is 650MHz, and that of
antenna 2 is 630MHz because of mutual coupling. This will
not have a great impact on the DF accuracy of the proposed
UTA at 650MHz, since it is within the operational frequency
of the antenna 2. Fig. 5 presents the realized gain patterns of the
three antenna elements in the UTA. Observe that the radiation
patterns of the three identical antennas are different because of
mutual coupling, which will be used to demonstrate DF perfor-
mance in the following subsection. The ϕ and θ components of
the complex radiation pattern of the nth element in the UTA are
denoted asGnϕ(θ, ϕ) andGnθ(θ, ϕ), which are implemented to
the physics-based MUSIC algorithm in (4).

3.2. DF Performance of the Top-Hat UTA
Figure 6 presents the comparison of physics-based Cramer-
Rao bound (CRB) values based on incident CW and AM sig-
nals as a function of full azimuth angles from 0◦ to 360◦ at
650MHz, considering the realized gain patterns in Fig. 5. CRB

FIGURE 7. Comparison of CRB values based on incident CW and AM
signals as a function of SNR at 650MHz. Assume that the incoming
signal has an elevation angle of θ = 90◦, an azimuth angle ofϕ = 90◦,
and a polarization angle of γ = 0◦. The snapshot numberK is 100.

can provide theoretical low bounds of DF accuracies of the
proposed three-element UTA, which vary with azimuth, ele-
vation, and polarization angles, snapshot numbers, and signal-
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FIGURE 8. 2DMUSIC spectrum of the proposed antenna array receiving
incident CW and AM signals from an elevation angle θ = 1.25◦, an
azimuth angle ϕ = 10◦, and a polarization angle γ = 0◦ with SNR =
25 dB and the snapshot numberK = 100. (a) CW, array manifold; (b)
AM, array manifold; (c) CW, consider modulation; (d) AM, consider
modulation. Each inset shows the corresponding zoomed-in estimated
DOA (1.25◦, 10◦).
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FIGURE 9. 2DMUSIC spectrum of the proposed antenna array receiving
incident CW and AM signals from an elevation angle θ = 50◦, an
azimuth angle ϕ = 190◦, and a polarization angle γ = 0◦ with SNR =
25 dB and the snapshot numberK = 100. (a) CW, array manifold; (b)
AM, array manifold; (c) CW, consider modulation; (d) AM, consider
modulation. Each inset shows the corresponding zoomed-in estimated
DOA (50◦, 190◦).

to-noise ratios (SNRs). CRB values can be obtained by tak-
ing inverse of the Fisher information matrix of received sig-
nals shown in (3), where details can be found in [2, 14]. As
depicted in Fig. 1, assume that an incoming linearly polarized
plane wave with different elevation and polarization angles is
in the far field of the receiving UTA. For incoming CW sig-
nals, the carrier frequency fc = 650MHz, the ϕ component
electrical field intensity at the receiver Eϕ(t) = ej2πfct sin(γ),
and the θ component electrical field intensity at the receiver
Eθ(t) = ej2πfct cos(γ). For incoming AM signals, the mod-
ulating frequency fm = 20 kHz, the carrier frequency fc =
650MHz, the ϕ component electrical field intensity at the re-
ceiver Eϕ(t) = [1 + cos(2πfmt)]ej2πfct sin(γ), and the θ
component electrical field intensity at the receiver Eθ(t) =
[1 + cos(2πfmt)]ej2πfct cos(γ). The received signals have an
SNR of 25 dB, and the snapshot number is 100 with a sampling
time interval of 1 ns.
Figure 6(a) shows CRB comparison based on incident CW

and AM signals with a fixed elevation angle of 90◦ but vary-
ing polarization angles of 0◦, 45◦, and 90◦. Observe that pre-
cise DOA estimations could be realized with an accuracy better
than 0.28◦, 1.67◦, and 0.59◦ for incident CW signals and better
than 0.17◦, 0.93◦, and 0.31◦ for incident AM signals when the
polarization angles γ = 0◦, 45◦, and 90◦ respectively. The av-
erage CRB values calculated based on the azimuth angles from
0◦ to 360◦ and the polarization angles of 0◦, 45◦, and 90◦ are
0.20◦ and 0.10◦ for incident CW and AM signals, respectively.
Fig. 6(b) shows CRB comparison based on incident CW and
AM signals with a fixed polarization angle of 90◦ but varying
elevation angles of 1.25◦, 45◦, and 90◦. Due to the null di-
rections along elevation angles of 0◦ and 180◦ in the radiation
patterns of the three antenna elements in Fig. 5, a high DF accu-

racy cannot be achieved in these two directions by the proposed
top-hat UTA. However, accurate DOA estimations can be real-
ized when the incoming signals are from the elevation angles
of 1.25◦ and 178.75◦. Observe that DF accuracies better than
4.86◦, 0.30◦, and 0.28◦ for incident CW signals and better than
2.44◦, 0.15◦, and 0.17◦ for incident AM signals can be achieved
when the elevation angles θ = 1.25◦, 45◦, and 90◦ respectively.
As expected, DF accuracies will be improved when incoming
signals are away from zenith angles. Meanwhile, the CRB vari-
ation based on AM signals follows that based on CW signals
due to the same phase but different amplitudes between AM
and CW signals. The average CRB values calculated based on
the azimuth angles from 0◦ to 360◦ and the three elevation an-
gles θ = 1.25◦, 45◦, and 90◦ are 0.47◦ and 0.24◦ for incident
CW and AM signals, respectively. This shows that the best
achievable DF accuracy for AM signals could be higher than
that for CW signals when the polarization angle is 90◦. These
CRB results demonstrate that the proposed three-element top-
hat UTA could provide accurate DOA estimations. The DF ac-
curacy could be further improved by implementing more array
elements and increasing the snapshot number.
Figure 7 presents the comparison of CRB values based on

incident CW and AM signals as a function of SNR from −10
to 30 dB. Observe that DF accuracies better than 2.33◦ and
1.05◦ can be achieved for CW and AM signals when SNR is
above 0 dB. To further verify DOA estimation accuracies of
the proposed three-element top-hat UTA, Fig. 8 shows 2DMU-
SIC spectrum as a function of both azimuth and elevation an-
gles based on incident CW and AM signals. Assume that the
linearly polarized incoming signal has a polarization angle of
γ = 0◦ and elevation and azimuth angles (1.25◦, 10◦) with
SNR = 25 dB and the snapshot number K = 100 with a sam-
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TABLE 1. Comparisons of DOA accuracies.

Ref. Array Type
Number of
Antennas

Frequency
[MHz]

Element
Spacing [λ]

Signal
Modulation

Snapshot
SNR
[dB]

DOA Accuracy
[◦]

[2] Linear 6 N/A 0.25 N/A 100 20 2.50
[3] Linear 10 3000 0.5 N/A 5000 10 0.50
[4] Linear 10 N/A N/A N/A 200 20 0.10
[5] Linear 14 N/A 0.5 N/A 300 10 0.10
[6] Circular 8 N/A N/A N/A 100 10 0.40
[7] Linear 4 60000 1 LFM 256 10 10−6

[8] Linear 5 300 0.5 N/A 1 26 0.20/0.60

[9]
Nonuniform
Triangular

3 N/A 0.5, 0.71 LFM 100 20 0.01

[12] Linear 8 2000 0.5 BPSK 105 10 4× 10−3

[13] Distributed 5 10 N/A CW 100 25 0.60
[14] N/A 1 625 N/A CW 100 25 0.15
[15] N/A 1 21 N/A CW 100 25 1.06

This Work
Uniform
Triangular

3 650 0.42 AM 100 20 0.10

pling time interval of 1 ns. Figs. 8(a) and 8(b) show physics-
based 2DMUSIC spectrumwithout considering the signal vari-
ations ej2πfct for the CW signal and [1 + cos(2πfmt)]ej2πfct

for the AM signal. Observe that the conventional MUSIC al-
gorithm [1] using triangular array manifold provides inaccurate
DOA estimations (15.63◦, 175◦). The similarity in Figs. 8(a)
and 8(b) is because the received signals are measured within
100 ns, and CW and AM signals in Fig. 2 are similar within
100 ns in the simulations. Figs. 8(c) and 8(d) present 2D MU-
SIC spectrum with considering the incident CW and AM sig-
nals in the MUSIC algorithm, where precise DOA estimations
(1.25◦, 10◦) are achieved. A priori knowledge of CW and AM
signals is assumed.
To validate the DF accuracy with a signal from another di-

rection, Fig. 9 shows 2D MUSIC spectrum of the proposed an-
tenna array receiving incident CW and AM signals from an el-
evation angle θ = 50◦, an azimuth angle ϕ = 190◦, and a
polarization angle γ = 0◦ with SNR = 25 dB, the snapshot
number K = 100, and a sampling time interval of 1 ns. Sim-
ilar to the results in Figs. 8(a) and 8(b), Figs. 9(a) and 9(b)
present physics-based 2D MUSIC spectrum without consider-
ing the CW and AM signal variations. It is further verified that
the traditional MUSIC algorithm fails to provide DOA estima-
tions. An accurate DOA estimation (50◦, 190◦) is obtained in
Figs. 9(c) and 9(d), due to the consideration of the signal mod-
ulation. There is no angle ambiguity observed within nearly all
field of views from 1.25◦ to 178.75◦ in the elevation direction
and from 0◦ to 360◦ in the azimuth direction. Both CRB calcu-
lations and MUSIC spectrum shown in Figs. 6–9 validate DF
performance of the proposed UTA in detecting CW and AM
signals.
Table 1 shows comparisons of DOA accuracies among the

literatures and the proposed work. Observe that the proposed
work achieves a better DF accuracy of 0.10◦ than most antenna

arrays [2, 3, 6, 8, 9, 13–15]. The linear arrays in [4, 5] have the
same DOA accuracy of 0.10◦ as the proposed triangular ar-
ray. However, more than three antenna elements are applied,
and practical antennas are not considered. The linear arrays
in [7, 12] and the nonuniform triangular array in [9] provide
better DOA accuracies than the proposed work. However, com-
pared to the proposed array, more antenna elements and snap-
shot numbers are implemented in [7, 12], and practical antennas
are not considered in [7]. For the nonuniform triangular array
in [9], the number of antennas, snapshot numbers, and SNR val-
ues are the same. Although a DOA accuracy of 0.01◦ can be
achieved by the nonuniform triangular array detecting an LFM
signal, the practical antenna array with the presence of mutual
coupling is not considered. The proposed triangular array is
more compact with an element spacing of 0.42λ, demonstrat-
ing that strong mutual coupling will not affect the DF accuracy
with the consideration of antenna radiation patterns.

4. CONCLUSIONS
Unlike traditional DF arrays, the complex radiation patterns
are considered in physics-based CRB calculations and MUSIC
spectrum. Unlike conventional array elements using linear wire
antennas, the wideband top-hat antennas are implemented to in-
crease the probability of signal detections. Instead of assuming
constant amplitude of incident signals, realistic CW andAM in-
coming waves are investigated. Accurate DOA estimations us-
ing the proposed three-element-top-hat UTA are demonstrated
by calculating CRB values with different elevation, azimuth,
and polarization angles. 2D DF capability of the antenna array
with a wide field of view from 1.25◦ to 178.75◦ in the eleva-
tion direction and from 0◦ to 360◦ in the azimuth direction is
validated by the MUSIC algorithm, where no angle ambiguity
is observed.
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