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ABSTRACT: This paper reviews recent advances in acoustic computation and modeling, specifically bridging effective medium theory
(EMT) and biomedical ultrasound imaging. To achieve this, we examine how EMT provides the physical foundation for wave-based
imaging through homogenized parameters, focusing on image reconstruction across diverse systems ranging from single pulse-receivers
to multi-input and multi-output (MIMO) tomography. Furthermore, we highlight cross-disciplinary insights from computational optics,
such as the transport of intensity equation and ptychography, while addressing acoustic-specific challenges like aberration correction
and wave interference. In light of these challenges, emerging solutions are discussed, including ultrasound matrix imaging (UMI) via
transfer matrix methods, inverse-designed matching layers, and hardware-accelerated approaches like the Krimholtz-Leedom-Matthaei
(KLM) electro-acoustic model for ultrafast imaging. Ultimately, by integrating physical understanding of effective media with advanced
computational algorithms, these developments provide a robust framework for the future of high-resolution 3D ultrasonography and

acoustic holography.

1. INTRODUCTION

ue to the exponential development of computer power in

modern society following Moore’s law [1,2], the ancient
discipline of acoustic calculation is experiencing a resurgence.
The reason is simple: what was previously uncomputable can
now be calculated, contributing to the advancement and deeper
understanding of acoustic materials as well as related wave
propagation. It is of note that the power law is similar to that of
supercomputers, and commonly used graphics processing unit
(GPU) technology, such as the NVIDIA GeForce series, can
increase the number of operations per second for medical ultra-
sound and ultrafast imaging modalities. Another notable exam-
ple is the discovery of acoustic metamaterials and their flour-
ishing over the past two decades [3—6]. Meanwhile, owing to
the increasingly mature advanced algorithms and software, the
theoretical threshold of acoustic calculations has been lowered.
Students, engineers, and more advanced scientists can simulta-
neously engage in the research and development of new algo-
rithms, theories, and materials, accelerating the rapid progress
of the field. Therefore, this study aims to examine the latest ad-
vancements in acoustic computing technology and address the
challenges faced in the current context.

In addition to solving differential equations using grid-based
numerical methods, including finite element methods and
boundary element methods, there is another category of ana-
lytical or semi-analytical methods known as effective medium
theories [7-11]. The importance of the former is self-evident,
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as it is a versatile and user-friendly choice. However, the
latter requires a better understanding of physics to simplify
specific problems and also provides higher efficiency. The
theory of effective medium provides a fast response function
(sometimes also considered as a physics-informed neural
network), which can offer possibilities for the reverse design of
high-performance metamaterials. At the same time, acoustic
imaging is extremely vital in biomedical applications since the
distribution of material components is usually unknown. Treat-
ing the system as a black box, the material spatial information
of the system can be inferred completely or partially through
different trial inputs. As shown in Fig. 1, the homogenization
process of the acoustic effective medium is complementary to
the imaging process. This can be seen from the relationship
between spatial functions and time-frequency processing.
The homogenization process encodes spatial information into
the frequency domain. For example, the response of three
different impedance barriers to sound waves, if we want to
replace them with a piece of spatially uniform material, the
overall equivalent parameters may exhibit dispersion (or local
resonance) in the frequency domain. The imaging process
(taking A-mode imaging as an example) is to invert the time-
domain information into spatial information, and then obtain
the approximate coordinates of the three materials. Time and
frequency information can be collectively transformed into
each other through the Fourier transform or its inverse version.
In addition, the transformation (or the reciprocal transforma-
tion) into positional information is called the imaging process
(or homogenization process). In this study, we review the
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FIGURE 1. The complementarity between the effective medium theory and the imaging process. (a) The harmonic waves emitted by a signal source
pass through three layers of impedance obstacles with a frequency sweep (steady states). By extracting the amplitude and phase of the reflected
and transmitted spectra, we can accurately reconstruct the frequency response curve of the system (represented by effective density and effective
bulk modulus). The spatial component information is transformed into frequency information. (b) The ultrasonic transducer emits a transient pulse,
which is reflected by the same three layers of media. By extracting the flight time of the echoes, spatial information can be reconstructed. This
one-dimensional process is known as A-mode imaging, forming the foundation for the more complex B-mode imaging process.

effective medium theories (homogenization) and biomedical
imaging problems as well as their relations. The simplest toy
model [e.g., Fig. 1] will be reviewed to help comprehend more
complex concepts in an extended manner. We believe that
a better understanding of the physical responses of effective
media and materials will be beneficial for the advancement
of imaging technology, and vice versa. In the domain of
imaging technology, the use of simplified and approximate
effective media is common, which can enhance efficiency
and accuracy for specific medical ultrasound scenarios in the
future. Both aspects are essential and mutually reinforcing in
the development of acoustic calculations.

2. EFFECTIVE MEDIUM THEORY

Why do we need effective medium theories for ultrasound
imaging? The answer can vary according to different perspec-
tives. In acoustic calculations, these theories offer two key ad-
vantages: they significantly reduce computational complexity
while accurately approximating the acoustic behavior of com-
posite materials, and they provide insights into material reso-
nance properties in the frequency domain, enabling practical
modal analysis (the study of how structures respond to differ-
ent frequencies). To introduce these concepts, let’s explore a
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one-dimensional toy model that demonstrates the fundamental
principles. This simplified approach will serve as a foundation
for understanding more sophisticated applications in biomedi-
cal imaging. Acoustic properties are typically defined by mass
density p and bulk modulus . If the scatterer includes a solid
material, the extension of the mechanical equations should be
considered (adding a parameter, such as Poisson’s ratio v or
shear modulus G). However, in terms of acoustic calculations,
the external domain is usually a fluid. Therefore, even if the
scattering process involves solid mechanics, it will be homog-
enized using two parameters, including p. and k.. Here, ho-
mogenization means considering the impact of excited solid
mechanical modes (with longitudinal and/or shear motions) on
the output longitudinal responses (due to the missing parame-
ter of shear modulus in the environmental fluid). For special
cases with higher-modes symmetry, the shear modulus should
be reintroduced again [12]. Then, we will concisely introduce a
few fundamental models and discuss the application conditions
of acoustic homogenization.

2.1. Static Homogenization

The static effective medium refers to the situation under static
limit or long wavelength conditions. When you are carrying a
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bag of groceries from the store, your hand only feels the total
weight, and cannot distinguish what components are inside the
bag (without looking with your eyes). The same thing occurs in
acoustics. Under the long wavelength limit [the left-side limit
of the frequency response in Fig. 1(a)], the effective mass den-
sity and bulk modulus perceived by the sound waves also fol-
low this principle. The concept of this static effective medium
is similar to the series and parallel arrangement of resistors, that
is, in the case of a direct current (corresponding to the static lim-
its of sound/electromagnetic waves). Firstly, the bulk modulus
can measure the stress response of a system when it is com-
pressed or expanded under a strain. For a two-phase composite
including a solid material in a fluid matrix, the static effective
modulus is described by the famous Wood’s formula [13]:

L_h o b

Ke K1 K2

(M

where the summation of volume fractions f; + fo = 1. The
fluid matrix characterized by 1 and f; should be a topologi-
cally connected network. If Phase 1 is also a solid material, then
Eq. (1) should be generalized by introducing the Poisson ratio
v1 [14]. It should be noted that the applicability of Eq. (1) is lim-
ited, and a more general model should refer to the rule of mix-
tures [15], which can sometimes only give the upper and lower
bounds of the composite modulus. Secondly, we review the cal-
culation of the effective mass density. Throughout a long his-
tory, it was believed that the static limit density of sound waves
is directly averaged over the volume: p. = fip1 + fap2 [13],
following the same definition as Eq. (1). But this is only true
for acoustic waves when the composites are connected in series
(layered structures). If composites are connected in parallel,
which will allow relative motion between the different material
phases, an exceptional case can lead to p; ! = f; pfl + fapy !
(see an example of an acoustic hyperlens device in [16]). The
generalized version of the effective mass density calculation
was pioneered by Berryman [17], who proposed the following
formula:

Pe — P1 -1 P2 — P1
(d—1)pe + p1 (d=1)p2+p1’

2

where d is the number of dimensions of the solid-fluid two-
phase system. Eq. (1) and Eq. (2) were rigorously proven by
taking a first-order approximation in the multiple scattering
theory [9, 18] without the assumption of in-phase movement
of all components. The interference of higher-order scattering
channels will become significantly important when the volume
fraction of the solid inclusion is large, i.e., the near-field in-
teraction via evanescent waves should not be ignored. In this
case, Eq. (2) should be corrected [19]. Moreover, this is also
similar to the added mass in the calculation of the radiation
impedance in the acoustic perforated plates [20, 21]. The spatial
engineering of the static properties involves so-called gradient
index/impedance materials [22-24].

2.2. Dynamic Homogenization

The discovery of locally resonant metamaterials [3,4,25]
has propelled the revolutionary development of the theory of
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dynamic homogenization. Previously, most researchers be-
lieved that for phononic crystals, below the bandgap of Bragg
scattering (L ~ \), most frequency ranges could be effectively
described using the static effective medium approximation.
However, the emergence of local resonances (L. < ) with
wavelengths several times larger, even hundreds of times
larger than the unit size, has shattered this inherent under-
standing [26,27]. Moreover, it is worth mentioning that these
deep-subwavelength monopole and dipole resonances often
lead to well-known phenomena, including negative density
and negative modulus. The simplified mathematical forms for
dipole [3] and monopole resonators [4] are as follows:

2
pe = ” 3)

w
po + pm 2
wyg —w
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where wy and wy, are the dipole and monopole resonance fre-
quencies, respectively. The detailed derivations of the above
Lorentzian forms are available in [10, 28] by locally calculating
the eigenmodes and [29] with a focus on externally extracting
the effective properties from a scattering matrix. Moreover, the
importance of locally resonant metamaterials is also reflected in
the fact that in the low-frequency region where traditional ma-
terials were incompetent, a wide range of dynamic properties
can be controlled using relatively small metamaterials [27, 30].
These flexible and customizable features can play an important
role in the field of imaging applications.

“4)

2.3. Extensions of Effective Medium Theories

As presented in Fig. 1(c), the ideal effective medium theory
in material research may involve many potential assump-
tions, including periodicity, subwavelength approximation,
non-dissipative approximation, spatial symmetry, isotropy,
linearity, etc. When it comes to the understanding of complex
media, including granular media and biomedical tissue, these
assumptions may not hold true [31-34]. However, it does
not mean that the effective medium theory is not useful.
Furthermore, it still serves as a window to understand the
propagation characteristics of waves. We emphasize that
the emerging region between the fundamental physics and
biomedical applications exhibits great potential for application
opportunities. In practical complex acoustic systems (such
as marine sediments, acoustic reverberation rooms, and
biological tissues [35]), the original effective medium theory
needs to be modified or modeled in a different way for wave
propagation. Next, we will discuss some important extensions
that may deepen our understanding in biomedical applications.
Non-Hermiticity. In wave physics, non-Hermiticity refers to
the system not being able to return to its original state after
time reversal, i.e., the broken time symmetry, which usually
describes dissipative/gain systems [36]. Based on Fig. 1(b),
it can be observed that the signal will experience attenuation
during the imaging process, leading to a weakening of the
received signal (reduced signal-to-noise ratio), which can
explain why imaging deep tissues is challenging. In effective
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medium theory, addressing dissipation can be challenging as
it is often a fitting parameter, making it difficult to establish
the dissipative mechanism from the ground up. However,
there are still some commonly used viscous and non-viscous
models for elastic media [37]. Furthermore, if we need to
consider the frequency-dependent effects of the broadband,
the Kramers-Kronig relations should be utilized [38,39]. A
successful example is that, by considering the correlation of
frequencies, it is possible to recover as much imaging informa-
tion as possible in dissipative media [40,41]. Non-uniformity.
The control of non-uniformity in waves is crucial, and rich
physics is involved here. To some extent, imaging is also a
process of analyzing non-uniformity information to assist in
disease diagnosis. Important quantitative research has been
established in the field of physics, inspiring a series of applied
research. For example, gradient materials [22,24,42] can
solve wideband impedance matching, focusing, and more;
utilizing the extreme material properties of metamaterials
can help waves pass through very hard obstacles [43] (such
as skulls); using nonuniform metasurfaces can also increase
imaging freedom, allowing a single detector to achieve good
edge detection effects [44]. Moreover, overcoming and
even utilizing non-uniformity to enhance the transmission
of information in waves is a hot area with rich opportunities
in the field of imaging. Next, we will further elaborate on
how the non-Hermiticity and non-uniformity of materials
affect and guide the design of ultrasound imaging systems. In
ultrasound computation, these two correspond to the imaginary
part of the refractive index and non-uniform density, which is
equivalent to the variation of the scattering potential function
in computational optical phase imaging.

3. WAVE PHYSICS ON COMPUTATIONAL IMAGING

Before delving into the specific computational imaging tech-
niques, it is instructive to examine the well-established frame-
work of optical wave physics. As a mature field, optical imag-
ing has developed rigorous theories — such as coherence the-
ory, phase retrieval, and iterative reconstruction methods —
that provide both conceptual and mathematical foundations for
understanding wave-matter interactions. These optical princi-
ples are not merely analogous but often directly transferable to
the acoustic domain, particularly in the context of wave scat-
tering, coherence, and inverse problems. In this section, we
review key optical imaging modalities and their underlying the-
ories, with an emphasis on how they have inspired and can be
adapted to advance ultrasound imaging. Specifically, we will
explore how the transport of intensity equation and ptychog-
raphy offer alternative approaches to phase recovery and reso-
lution enhancement, which address fundamental limitations in
conventional delay-and-sum beamforming.

3.1. Optical Coherence Theory

Traditional optical imaging can be categorized into ghost imag-
ing, coded aperture imaging, adaptive optical imaging, fluores-
cence imaging, polarization imaging, computerized tomogra-
phy (CT), light field cameras, phase imaging, etc. The gen-
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eral framework of the optical coherence theory is well estab-
lished based on the optical coherence theory and mutual co-
herence function I'(ry,re, 7) = (U*(ry1,t1)U(re, t2)), where
the time difference 7 = t5 — ¢; and the angle brackets repre-
sent time averaging or equivalently for ergodic fields. U(r,t)
is taken to be a scalar field, and the polarization effects are
neglected. Furthermore, this kind of optical coherence theory
can be readily extended to electromagnetics, as shown in the
Wolf book [46]. In the classical theory of wave-focusing fields
by partially coherent waves, the monochromatic and single-
frequency spherical waves can be described as an expression
based on the Huygens-Fresnel principle [47]:

i eiks
U(r,w):—X/U(O)(r’,w) -
S

ds, )

where U©) (r',w) is the field on the wavefront S that fills one
specific aperture, k = w/c = 27/\ is the wavenumber as-
sociated with frequency w corresponding to wavelength A and
light speed c. Here, s = |r’ — r| is the calculated distance from
the observation point on the aperture surface r and integration
point r’. With the knowledge of wave field radiation patterns,
Mie [48] laid the groundwork for the scattering of wave fields
by a particulate medium, such as a colloidal suspension. The
total field U (r, w) can be written as the sum of the incident field
U® (r,w) and scattered field U*) (r,w) as follows:

Ulr,w) = U9 (r,w) + U® (r,w). (6)

If we approximate the total field U (r,w) by the incident field
U (r,w) in the side of the scattered integration U(*)(r,w).
The first-order Born approximation yields the expression:

U(r,w)=UD(r,w) + /F(r’7 WU (r,w)G(r — 1, w)d®,
14

(7

where V' is the volume occupied by the scatterer, and the

scattering potential becomes F(r,w) = £ [n?(r,w) — 1]
and n(r,w) represents the refractive index of the scatterers.
The outgoing free-space Green’s function ass/ociated with the
Helmbholtz operator is G(r —r',w) = % Researchers
have long noticed that the phase profile of the wave field has
an unusual behavior in the near-zeros of amplitude, which is
described by Sommerfeld in the textbook on optics. Later,
the analogous dislocation in crystal structures by Nye and
Berry [49] showed that the phase of the wave field contributes
to the zeros of wave intensity. For example, the commonly
described Young’s double-pinhole interference experiment
is illustrated in Fig. 2(a), where the zero of the interference
pattern observed in the imaging screen corresponds to the
zero surface in the three-dimensional space. If the number
of the pinholes is increased to three or more, the zeros form
from a line pattern to a hexagonal pattern, which is a typical
feature of interference patterns containing a large number
of these zero-intensity lines. For further analysis, these
zero-intensity patterns are related to the phase singularities
of coherent optics [50]. The concept of optical coherence,
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FIGURE 2. From Young’s two-pinhole experiment to ultrasound tomography. (a) Illuminating fields modulated by two and three pinhole screen show
the lateral and vertical resolution limit, respectively. The intensity of light observed on the measurement screen shows that zeros of the interference
pattern are lines and a hexagonal pattern, respectively. (b) Schematic diagrams of TIE and ptychography, respectively. Panel (a) was adapted based

on permission from [45].

encapsulated by the mutual coherence function, directly
parallels the coherence properties of acoustic fields in medical
ultrasound. In ultrasound imaging, the spatial coherence of
backscattered signals determines the speckle statistics and
image resolution, particularly in tissue environments where
multiple scattering dominates. Understanding the coherence
length and its dependence on source distribution — governed
by the van Cittert-Zernike theorem — is essential for designing
transducer arrays and beamforming strategies. Thus, the
optical coherence theory serves as a critical starting point for
analyzing and improving ultrasound imaging systems.

3.2. Transport of Intensity Equation

Distinguished from conventional intensity-based imaging,
quantitative optical phase imaging techniques based on the
Transport of Intensity Equation (TIE) [51] fully leverage the
intensity and phase relationship of light during propagation
to accurately solve for the phase. This enables the precise re-
construction of complex wave phase information using optical
and electron microscopes. To recover the phase information,
Teague etal. [52] derived the so-called transport-intensity
equation (TIE):

0

_k%

I(x,2) =V - I(x,2)V 1 $(x, 2), ®)

where V| is the transverse gradient operator. The above equa-
tion establishes a mathematical link between the axial deriva-
tive of the intensity and the spatial phase along the vertical di-
rection. In other words, the axial derivative of the intensity is
approximated by the finite differences as follows:

I(x,z + Az) — I(x,z — Az)
2Az ’

g[(x,z) ~

0z ©)
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where Az is the defocus amount. In an optical system, the
amount of defocus can be determined by moving the micro-
scope to displace the detector along the axial intensity deriva-
tive direction. TIE-based phase imaging approaches are widely
applied in biomedical imaging, such as quantitative phase mi-
croscopy in cell culture growth [53] and transmission electron
microscopy [54]. Basically, TIE-based phase imaging consid-
ers a monochromatic, scalar field at the axial plane over the
specimen between the white light illumination plane and the
optical detector. Fundamentally, if there are two different po-
larized fields with the same intensities /; and I, the TIE tech-
nique can be readily extended to differential interference con-
trast (DIC) images, which can be regarded as a quantitative
phase-imaging technology. Besides, the imaging process for
TIE has been shown in the upper part of Fig. 2(b). The trans-
port of intensity equation (TIE) provides a direct relationship
between the axial intensity variation and the transverse phase
gradient, enabling phase recovery without iterative algorithms.
This principle is particularly attractive for ultrasound imaging,
where phase information is often lost in conventional B-mode
imaging due to envelope detection. By acquiring intensity maps
at slightly different focal depths — analogous to the defocus-
ing in optical microscopy — one could, in principle, retrieve the
phase of the acoustic field. This approach offers a pathway to
quantitative ultrasound imaging that accounts for phase aberra-
tions and tissue-induced delays, moving beyond the simple geo-
metric assumptions of delay-and-sum beamforming. Although
acoustic implementations remain less mature, the success of
TIE in optical microscopy strongly motivates its adaptation for
ultrasound.

3.3. Optical Ptychography

In contrast to imaging methods that directly solve for the phase
based on TIE, ptychographic imaging [55-57] based on scan-

WWwWw.jpier.org



PIER

Dong et al.

ning phase recovery techniques provides greater freedom for
reconstructing high-resolution sample information. The funda-
mental principle involves correlating and reconstructing phase
information from multiple scanned images during the iterative
reconstruction process. The characteristic of ptychographic
imaging is based on translational invariance, which means that
it requires regions of illumination must overlap with one an-
other to facilitate the ptychographic translational invariance
constraint. Rodenburg and Faulkner [58] proposed a phase re-
trieval algorithm for shifting illumination imaging, which con-
sidered the product of the specimen 2D complex transmission
function O(r) and the illumination function P(r) by various
distances R. It assumes that only moving P(r) with a fixed
O(r), the exit wave function ¢ (r) can be the product of O(r)
and P(r — R) as follows:

P(r,R) = O(r)P(r — R). (10)

The algorithm process can be found in Appendix A. The
guessed object function can be updated by using the update
function:

[P(r —R)

Ognt1(r) = [Po(r —R)|

Og.n(r) +

P*(r—R)E; 4,(r,R)
(|P(r - R)|2 + a)

: (11)

where E. g, (r,R) = B(¢cn(r,R) — 14 »(r,R)), and the pa-
rameters [ and « can be chosen appropriately. |P(r — R)| is
the maximum value of the amplitude function of P(r) over the
total diffraction region. As ptychographic imaging describes,
the motion phase delay to form a motion-compensated image
should essentially be the active reconstruction in ultrasound
imaging, such as DAS coherent compounding [59]. The next
step is to move to the next position R, where the illumina-
tion overlaps with the previous region. The final step for pty-
chographic imaging is to repeat the above steps until the sum
squared error (SSE) is sufficiently small:

(1P (k, R)[* — W0 (k, R)[*)?

SSE =
N 9

(12)

where N is the number of pixels for the detector array elements.
Based on the above initial ptychographic imaging algorithm
shown in the lower part of Fig. 2(b), the phase retrieval with
transverse translation diversity has been developed, which is
based on a nonlinear optimization approach [60].
Ptychography’s iterative reconstruction strategy — which
synthesizes high-resolution images from overlapping, low-
resolution measurements — offers a powerful paradigm for
ultrasound imaging. In the acoustic domain, the equivalent
concept appears in coherent plane-wave compounding, where
multiple angled illuminations are coherently summed to
improve image quality. However, unlike ptychography,
conventional compounding does not explicitly solve for the
complex object function through iterative updates. By adopt-
ing the ptychographic framework, ultrasound systems could
potentially achieve super-resolution and aberration correction
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without requiring prior knowledge of the medium, particu-
larly in scenarios where the illumination function (e.g., the
transducer beam profile) is known, but the object is unknown.
This cross-fertilization between optical ptychography and
ultrasound beamforming represents a promising direction for
future algorithmic development.

Conventional focused imaging (Fig. 7(d)) (128 focused
beams, 4 focal depths) requires sequential transmissions and
per-point delay-and-sum (DAS) beamforming. Its compu-
tational complexity scales as O(N, - Npy), where N, is the
number of array elements and Ny« the number of image pixels,
leading to a low frame rate (~25 fps) and high overall cost.
This is analogous to confocal scanning microscopy, where
point-by-point acquisition guarantees high resolution but at
the expense of speed and heavy post-processing. Single-angle
plane-wave imaging (one transmission) drastically reduces the
number of firings, achieving ~18000 fps. Its complexity is
essentially that of a single DAS operation, i.e., O (N, - Nyx) per
frame, but with a constant factor much smaller than focused
imaging. In optics, this corresponds to wide-field microscopy:
one illumination yields an entire frame, trading off spatial
resolution for speed.

Plane-wave compounding with 17 angles (Fig. 7(d))
(~1000 fps) coherently sums 17 plane-wave responses. The
computational cost increases linearly with the number of
angles, i.e., O(17 - N - Npy). While this offers a substantial
improvement in image quality (comparable to conventional
focused imaging), the required memory and summation
steps grow proportionally. This scenario is akin to Fourier
ptychography or structured illumination microscopy with a
small number of illumination directions: the synthetic aperture
is partially filled, providing a balanced compromise between
resolution and throughput. 40-angle compounding (~350 fps)
further improves the signal-to-noise ratio and resolution at the
cost of a nearly 2.4 x higher computational load compared to
the 17-angle case. Its complexity O(40- N, - N, ) makes it less
suitable for real-time three-dimensional imaging but remains
feasible on modern GPU architectures.

From an algorithmic efficiency perspective, all DAS-based
methods share a common structure that can be expressed as a
sparse matrix-vector product (SpMV), as noted in Section 5.1.
The sparsity of the DAS matrix enables GPU acceleration,
yet the scaling with the number of compounded angles is lin-
ear. In contrast, optical ptychography (Section 3.3) employs
an iterative update scheme (Eq. (11)) whose per-iteration com-
plexity is dominated by fast Fourier transforms (FFTs), typ-
ically O(Npx log Nyx). While ptychography requires multi-
ple iterations and overlapping measurements, its asymptotic
scaling can be more favorable for high-resolution reconstruc-
tion than brute-force angle compounding. The key link is that
both plane-wave compounding and ptychography exploit mul-
tiple illuminations (angles or translated probes) to surpass the
resolution limit of a single shot. However, ultrasound com-
pounding performs a linear coherent summation, whereas pty-
chography solves a nonlinear phase retrieval problem, enabling
super-resolution without explicit knowledge of the object’s sup-
port. This cross-disciplinary insight suggests that adopting pty-
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chographic iterative engines for ultrasound — replacing lin-
ear DAS compounding with an optimization-based reconstruc-
tion — could potentially reduce the number of required angles
(thus lowering computational cost) while maintaining or even
enhancing image quality, especially in the presence of aberra-
tions. Thus, the choice among the four modalities represents
a clear trade-off among speed, image fidelity, and computa-
tional resources, directly analogous to the trade-offs between
wide-field, structured illumination, and ptychographic or holo-
graphic methods in optical imaging.

While coherence and iterative retrieval offer a robust math-
ematical bridge for cross-disciplinary transfer, localized mod-
ifications are essential to account for fundamental physical di-
vergences. First, although both fields exhibit vectorial prop-
erties, their manifestations differ: optical polarization is fre-
quently simplified as a transverse scalar field, whereas acous-
tic waves in biological tissues involve complex coupling be-
tween longitudinal and shear mechanical modes. This requires
integrating parameters such as the shear modulus and Pois-
son’s ratio, which are typically absent in optical models. Sec-
ond, while both domains experience absorption and dispersion,
these effects are more pronounced in acoustics and follow dis-
tinct physical laws. Ultrasound is subject to intense, frequency-
dependent attenuation and non-linear dispersion within human
tissue, necessitating corrections — such as the Kramers-Kronig
relations — to ensure signal alignment. Finally, detection
mechanisms impose unique constraints; whereas optical sen-
sors capture intensity patterns, acoustic systems modeled via
the KLM network are limited by the transducer’s emission re-
sponse and real-time data processing rates. Recognizing these
non-uniformities is critical for successfully adapting optical
TIE or ptychography into reliable tools for quantitative ultra-
sound.

3.4. Ultrasound Imaging

Due to the well-developed optical wave imaging theory, ultra-
sound imaging exhibits exceptional adaptability in transferring
similar mechanisms to itself. As initial attempts, considering
the limited power of computer resources, it is not surprising
that ultrasound tomography was realized based on the simpli-
fied acoustic wave equation with constant density values as fol-
lows:

VZp(r) + K (r)p(r) = 0. (13)
If the plane wave solution p = pg exp(—ikq7(r)) is considered
and rewritten into the wave equation under the high-frequency
approximation Ao — 0, the eikonal equation can be written as:

|V (r,c)|> = n?(r), (14)

where n(r) = c¢o/c(r) is the refractive index, and 7(r) is the
acoustic wavefront. In the seminal work on optical imaging
back in 1969, Emil Wolf [61] proposed a method to reconstruct
three-dimensional distributions of the refractive index using the
scattered field U(*) (r,w). In addition, for the case of constant-
density acoustic wave equation, it can also be written as the
combination of the incident acoustic pressure field and scat-
tered field based on Wolf, invoking the first-order Born approx-
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imation as:

p(r,w) = p(r,w) + /O(r’, WP (r, w)G(r — ', w)d>r,
v

(15)

where O(k,r) = (k% — k2) is the scattering potential function,

and G(r —r',w) = %Hél)(kdr —1'|) represents the Green’s
function based on the zero-order Hankel function of the first
kind. The form of the first-order Born approximation is similar
to Eq. (7). As expected, the simplifications above turn into lim-
itations in extending ultrasound emission mechanisms, namely,
the assumption of constant density value, linear wave genera-
tion and propagation, and high-frequency approximation. In
a counterexample, photoacoustic imaging shows more superi-
ority over conventional ultrasound imaging in higher imaging
resolution and the introduction of more biomedical informa-
tion containing anatomical, molecular, and radical data. The
photoacoustic effect refers to a comprehensive response of ma-
terials receiving optical excitation. With photon energy depo-
sition, the following heat generation, changes in optical, ther-
mal, and mechanical properties, and then thermal expansion,
eventually emission of the ultrasound signal, are closely inter-
related. It is not hard to notice that this violates the limita-
tions of applying the above eikonal equation given the nonlin-
ear processes. Although photoacoustic imaging was observed
for a long time and developed as a fastest-growing technique,
its full application strongly depends on ultrasound detection
and processing. Conventional photoacoustic microscopy ne-
glected the nonlinear processes above and embraced the well-
developed linearized ultrasound theoretical basis. Photon en-
ergy absorption, thermal diffusion, and then thermal expansion
are linearly described within the restriction of thermal confine-
ment and stress confinement, 7, < 74, and 7, < T, thatis, the
laser pulse width is much shorter than heat diffusion time and
stress response time, respectively. Under the above simplifica-
tions and plane wave condition in a uniform medium, thermal
expansion induced pressure rise follows ultrasound-like acous-
tic wave equation solution [62]:

po(z,t) = T Foe™ H0%, (16)

where IT" refers to the Griineisen coefficient representing the
thermal properties; ., is the optical absorption coefficient,
which denotes the simplified optical properties; Fj refers to the
incident laser fluence; and g is the acoustic attenuation coeffi-
cient. Nevertheless, the change in the excitation of ultrasound
offers exclusive functional potential in photoacoustic imaging,
such as neurovascular imaging [63, 64], blood flow and lym-
phatic imaging [65], oxygen saturation imaging [66], and tu-
mor tissue imaging enhanced by contrast agents [67]. Based
on the precise measurement of the scattering potential function
and refractive index, medical ultrasound tomography technol-
ogy can separate the scattered field information from the total
field. Further algorithms are developed to reconstruct the ob-
ject by frequency hopping reconstruction or tomographic for-
ward and backward integration, which will be discussed in the
next part.
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FIGURE 3. From single ultrasonic pulse-receiver (PR) imaging to multi-input and multi-output (MIMO) system. (a) Plane piston radiation source with
infinite large barrier in free space corresponds to a two-dimensional axis symmetry case. Phased array sources with a specific time delay line in 2D
case for transmit beam-formation with a certain incident angle 6. (b) From acoustic ray path to the multi-input and multi-output (MIMO) ultrasound
tomography (USCT) system. (c) Scattering determination by given saline inside of a balloon and thickness evaluation by rotating amplitude imaging.
(d) exhibits the forward propagating wave, total field, and scattering field, respectively. Panels (b) were adapted based on permission from [68].
Panel (c) was adapted based on permission from [69]. Panel (d) was adapted based on permission from [70].

4. MEDICAL ULTRASOUND TOMOGRAPHY

4.1. X-Ray Tomography to Ultrasound USCT

Similar to the wave focusing fields by a partially coherent light
field, the acoustic field at the measurement point is expressed
in terms of the velocity potential ¢(z, y, z) by the Rayleigh in-

tegral:
/

The coordinate system is shown in Fig. 3(a), and v is the am-
plitude of the particle velocity. This integral is simply an ex-
pression of Huygens’ principle that the acoustic field at a mea-
sured point (z,y, z) can be the sum of all the spherical radiat-
ing points. If considering that there is one circular plane pis-
ton [71-74] in a rigid baffle, the full field can be obtained by
the following formula based on Rayleigh’s formula:

p= iwpo eiwt /
2 S

where R is the distance from the plane piston source to the
observation point, and ¢, 6 are the two azimuthal angles, re-
spectively. From the perspective of a single plane piston trans-
ducer, researchers have integrated ultrasound transducer arrays,
where the point scatterer or object in water is surrounded by ar-
rays with both ultrasound transmission and reception abilities.
Before the array system became the most popular technology,
an ultrasound camera under transmission mode had been used

erj(wt—kr)

P(x,y,z) = ds. an

27r

UefikR

ds, (18)
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for water tank measuring [75]. In addition, some new algo-
rithms can also be integrated into multi-array systems to make
full use of the unfocused plane piston radiation sources with
different transmission and reception angles that make the ob-
jects to be imaged as much as possible. As shown in Fig. 3(b),
when the plane piston source dimension is smaller than the
wavelength, the approximate pulsed spherical wavefront can
be generated from a single emitter, and all other transducers
receive the resulting field. In the right panel of Fig. 3(b), an
A-scan is depicted for the indicated emitter-receiver combina-
tion as a pressure signal versus time. To analyze the different
time-domain signals, it can be divided into two types of A-scan
signals: including transmission signals (green signal) and re-
flection signals (red signal). The transmission signals are from
the fastest path (or the shortest path) from a single emitter to
a specific receiver, and the reflection path is scattered, as indi-
cated by the dashed red line. Other multiple scattered signals in
the reflections represent other paths and interactions of scatter-
ers inside background water. The first publication for utilizing
USCT can be traced back to the 1970s by Schomberg [76]. Re-
cently, X-ray-induced acoustic tomography has also been de-
veloped by using radiation-induced acoustic waves for three-
dimensional (3D) X-ray imaging. Achieving resolutions of
0.4mm in the XZ plane and 3.5mm in the XY plane at a
depth of 16 mm [77], which is benefited from the absorption
of X-ray energy by the soft tissue to produce spatial pressure
changes. X-ray tomography can determine the Hounsfield unit
(HU) scale, which is a linear transformation of the original at-
tenuation coefficient into two different HU values, including
the radiodensity of distilled water and air at standard pressure
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and temperature (STP). The HU values for distilled water and
air are 0 and 1000, respectively, and for the given linear atten-
uation coefficient fimaterial 1 @ certain voxel, the corresponding
HU value is therefore given by [78]:

Hmaterial — Hwater
HUmaterial = 1000 X —————,
Hwater

(19)

where fiwater aNd fimaterial are the relative linear attenuation coef-
ficients of water and the reconstructed matrix values in the CT
image, respectively. It can be seen that when fimaterial = fiwater»
HUpateriat = 0 and HUpaterial = —1000 when fimageriat = 0.
From the variation of HU values, except for the water and air,
other types of the materials, such as contrast-enhanced blood
and bone, have a relatively high effective atomic number, since
the function of the phonon energy of materials is a nonlinear
relationship with the linear attenuation coefficient in water and
air. Analogous to reconstructive X-ray tomography, USCT can
determine the spatial distribution by the refractive index or at-
tenuation coefficient from an object illuminated by ultrasound
beams instead of X-rays. For the simplest case, we assume
that the speed of sound inside the medium is uniform (c). The
two-way travel times of the wavefronts from the transducer co-
ordinates x; to the scatterer coordinates. The reconstruction
methods of USCT are based on the inhomogeneous acoustic
Helmholtz equation. According to the physical definitions of
different parameters to describe USCT, the wave modeling can
be further simplified as diffraction, refraction, scattering, and
absorption, respectively. The wave-based reconstruction meth-
ods can be grouped into two categories: Full-wave Tomogra-
phy, which uses the full information of the diffraction field,
and Paraxial and Diffraction Tomography, which use an ap-
proximate method for reconstruction. One of the attenuation
mapping methods by the attenuation coefficient of the objects
was proposed by Carson and Oughton [79], and the refractive
index mapping by time-of-flight measurements was proposed
by Glover and Sharp [80] in 1977. In the conventional ap-
proach, it is assumed that each pulse generated from the trans-
mit transducers travels along a straight line and arrives at the
receiver positions. Under this assumption, the refractive index
n = wvg/v, where vy is the sound velocity in water, and spatial
varying sound velocity v indicates the refractive index from the
object. According to eikonal Eq. (14), the conventional recon-
struction algorithm can be described as follows:

/ nds=vyTy, k=1,...,K;1=1,..., L. (20)
Tkl

where rj; means the straight line between the emitter and re-
ceiver at position (6, ;). Contrary to the traditional pulse-
echo ultrasonography, the imaged objects are surrounded by a
fixed transducer array and in such a way that both transmis-
sion and reflection images of the speed of sound and attenu-
ation distribution can be reconstructed. The transducer arrays
with optimized spatial distributions and dimensions for gener-
ating spherical waves can overcome the challenges posed by
the highly spatially variable and anisotropic properties by B-
scan reflected sonography. If considering that the absorption is
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assumed to be smaller over the distance of one wavelength, the
refractive index can be written as:

. ()
77(95) ~ C(I‘) +1

where p is the spatial and frequency-dependent absorption co-
efficient, and attenuation coefficient « is often calculated in-
stead of the absorption. Following the Born approximation as
shown in Eq. (7), the scattered field [81] can be simplified to:

p @1

0 =t G X)) < XA, @2)

where the total pressure field p(x’) can be approximated by the
incident ultrasound field p“(x). Moreover, it should be no-
ticed that the Born approximation assumes that the object to be
reconstructed is small, and the scattering effect is weakly distin-
guishable from the background medium, and the Rytov approx-
imation constrains the maximum object contrast. The above-
mentioned diffraction tomography is based on a full-wave sim-
ulation method and can also be classified into several diffrac-
tion tomography approximations, such as Born or the Rytov
approximation, in the first order of the wave equation [82].
Some of the low-frequency diffraction tomography studies in
2D imaging systems can be found from Greenleaf et al. [83],
André et al. [84], Chenevert et al. [85], and Simonetti et al. [86].
By invoking the first-order Born approximation. As shown in
Eq. (22), the total acoustic field p(r, k) can be approximately
equal to the incident field p(r, k) =~ p™** (r) = p(r, ky). The
combination of the incident acoustic field and scattered field
can be approximated as the inverse solver equation:

p(l‘, k)_p(rv kb) ~ /dr/ [kQ(r/) - kl%(r/)jl p(rl7 kb)Gb(ra l'/).

(23)

Since the unknown wave number function k%(r’) —kZ (r’) has
the unknown term &2 (r’) and a set of measured acoustic fields
p(r, k), the initial guessed background pressure field p(r, k)
can also be determined by the references such as uniform back-
ground ky. The iterative methods, such as the Newton-type
Distorted Born Iterative Method (DBIM) approach [87], can be
used to refine an initially guessed wave number k3 (r’) using the
forward solver to predict the pressure field and inverse solver
to correct the guessed wave number profile k(r’). The termi-
nation criterion depends on the relative residual error (RRE),
which is defined as:

Ip(7: k) — (7 )|

RRE = _
lp(g; k)|

24

4.2. USCT Experiment

The experimentally validated results [70] were conducted in-
side a water tank with the fixed transmitting transducer and one
receiver attached by a circular arm and can be rotated around
the sample as the scatterer. The experimental setup is described
in Fig. 3(c). Both the transmitting and receiving transducers
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were unfocused plane piston radiation sources, as described in
Fig. 3(a). The characteristic acoustic length ka = 6.65 indi-
cates the relatively uniform field covering the object to be im-
aged in both transmission and reception. The signal generator
sent a one-cycle sinusoidal burst signal at a center frequency of
1 MHz, and the received signal was pre-amplified by 20 dB and
filtered between 300 kHz to 5 MHz using a pulser/receiver. A
General Purpose Interface Bus (GPIB)-connected digital oscil-
loscope was used to digitize and synchronize the signals from
the receiving transducer. The temperature inside the water tank
was fixed at approximately 18.1°C. The imaging target was a
phantom built using a soft rubber balloon filled with a saline
solution. The speed of sound of the balloon film and saline so-
lution was determined by time-of-flight (TOF) measurements
under a frequency of 1 MHz, and the speed of sound (SoS)
values were measured as 1540 m/s and 1718 m/s, respectively.
Additionally, the thickness of the soft rubber film and the di-
ameter of the total balloons are 0.23 mm and 7.3 mm, respec-
tively, with an electronic caliper. The fixed center distance
between the transmitting transducer and the circular balloon
was 104 mm, and the distance between the balloon phantom
and the receiver was 91 mm, respectively. With this arrange-
ment, the L-shaped arm is rotated from —60° to 60° with a ro-
tation step of 1°. Two sets of measurements were collected,
including the incident field without the soft balloon and an-
other total field when the object was introduced into the water
tank environment. As shown in Fig. 3(d), the scattered field
was obtained by subtracting the incident field from the total
field. By performing the Fourier transform along the receiv-
ing angle from the receiver positions, the amplitude and phase
spectrum can be reconstructed. As shown in the center part of
Fig. 3(d), imagine that we draw a line at zero angle, the first
bright spot corresponds to the echo peak (Fig. 1(b)), which is
much larger than the time resolution of 1 us at a frequency of
1 MHz. In this situation, the distance uncertainties are related
to the spot size, and the deep sub-microsecond time resolution
is expected to be achieved by choosing the proper weight of the
pulse train over a given time window. Similar to that discussed
in plane wave compounding and nonlinear beamformer-based
non-coherent noise reduction in the following paragraphs, the
peak finding method by repetitive measuring of the diffraction
field can be applied here to further improve the spatial resolu-
tion in the future. Then, the DBIM method of moment (MoM)
forward solver was chosen for 0.64 MHz and 1.2 MHz phan-
tom model reconstruction. Besides, the frequency hopping was
required for the coarse reconstruction to reduce the root mean
square error (RMSE). To use the operator-independent acqui-
sition and enhanced field of view, fast volumetric ultrasound
has been proposed for high-resolution 3D ultrasound tomog-
raphy and reconstruction by distributed beam-formation with
four 256-channel nodes with a GPU in each node [88]. The
aforementioned imaging technique with separate transmitters
and receivers gained widespread attention in the early stages
of ultrasound imaging, particularly in breast and prostate nod-
ule imaging. However, to make ultrasound more real-time and
portable, traditional ultrasound tomography cannot meet the de-
mands of rapid clinical diagnosis. As a result, the pulse-echo
mode based on the delay-and-sum algorithm has been rapidly
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developed. The next part will discuss the development from
pulse-echo estimation to dynamic beamforming.

5. FROM PULSE-ECHO ESTIMATION TO DYNAMIC
BEAM-FORMING WITH EFFECTIVE MEDIUM

5.1. Reflection-Based B-Mode Ultrasonography

Different from USCT, reflection-based B-mode ultrasonogra-
phy based on reflection and scattering has become an important
adjuvant for the clinical assessment of soft tissues. Delay-and-
sum (DAS) is the most widespread digital beamformer in high-
frame-rate/ultrafast ultrasound imaging [2, 89, 90]. Before the
widespread use of delay-and-sum algorithms in medical ultra-
sound transducers, beamforming was a spatial domain filtering
technique primarily used in wireless communication systems
to enhance signal transmission quality and efficiency. By ad-
justing the phase and amplitude of each antenna element in an
array, a strong signal beam can be formed in a specific direction
while suppressing interference and noise from other directions,
which enables efficient data transmission. Beamforming is par-
ticularly important in multi-antenna systems [91] as it effec-
tively mitigates multiple access interference and is a key tech-
nology in the physical layer of next-generation broadband wire-
less MIMO communication systems. The principle of the DAS
beamformer is depicted in Fig. 4(a). Assuming a medium con-
sisting of pointlike Rayleigh scatterers, the backscattered sig-
nals from these scatterers (i.e., secondary sources) are received
by each array element along different travel paths. Delays can
be estimated by calculating the round-trip TOF towards and
from the scatterers to the transducer array elements, assuming
a homogenous medium with a uniform speed of sound (= c).
Furthermore, the two-way travel times for a scatterer of coordi-
nates X = (z, 25) are defined by the following formula [92]:

_ drx(Xs) + drx(Xs, )

TZ‘(XS) c

—t9. (25)
dryx and dpy are the transmission and reception distances, re-
spectively. In diverging wave imaging, the transmission dis-
tance dry can be expressed as the function of the virtual source
as follows:

dTX(Xs) = \/(xs - x0)2 + (Zs - ZO)2

—V/H(|wo| = L/2)(Jxo] = L/2)? + (20)?, (26)
where H represents the Heaviside step function that can be uti-
lized to reduce the distance to z if |zo| < L/2, which indicates
that the virtual source (zg, zo) is located behind the array trans-
ducer. The above transmission distance formula is based on a
diverging wavefront. If we define a virtual source with a tilt
angle of 6 and a beam angle of 3, the virtual source point can
be rewritten as follows:

{xo = (L/2)sin(26) /sin(3),
z0 = —(L/2)cos(B) + cos(20) /sin(5).

@7

Substituting Eq. (27) into Eq. (25), and taking the limit as
B — 07, the transmission distance for plane-wave imaging is
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as follows:

lim_ drx(Xs) = (sgn(0)L/2 — x) sin(0) + z5 cos(f). (28)

B—0

The travel distance between scatterers and receiving array el-
ements can be given by dpy(Xs, z;) = /(z; — 74)? + 22. As
shown in Fig. 4(b), the analog signals received by piezoelec-
tric elements are commonly referred to as RF (radio frequency)
signals. Combining Eq. (25), the recorded signal S; (7 (X)) is
pre-amplified and sampled before being processed by a beam-
former. In the following algorithms, the band-pass modulated
signals s; is defined by s;(t) = s(x;,t). These signals are com-
posed of a complex envelope of s; which can be modulated by
1Q demodulation by downmixing and low-pass filtering. The
DAS-beamformed RF data at position X; = (x5, 25) can be
written as:

sp(Xe) = D si(m(X), (29)

iC[1,N]

where the subscript ‘bf’ represents ‘beamformed’ and a sub-
set of 1 to NV, considered the element directivity by using an
f-number. The beamformed signals for Eq. (25) only represent
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the RF signals. In many situations [92, 93], the received digital
RF signals will be digitally I/Q demodulated before DAS beam-
forming, as shown in Fig. 4(b). The received raw RF signals
[Si(7:(X5))] are firstly down-mixed with the low-frequency
carrier wave [e3™/<7i(Xs)] followed by a low-pass filter and
decimation into raw IQ signals. Taking into account the f-
number, the DAS equation can be described as:

IQup(X) = D 1Qi(ri(X,))emferi(X),

iC[1,N]

(30)

where ¢ is the subject to z5/2|zs —x;] > fs and fu =
z/aperture. The DAS matrix is used as a linear operator that
transforms the I/Q signals (IQ; with i = 1...N,) recorded by
array elements (the matrix size is nsN, X V) to beamformed
I/Q data (IQps). The DAS beamforming can be written as:
IQvs = Mbpas x 1Q), where Mpas is the DAS matrix con-
taining the interpolation weights. If a g-point interpolation is
used to estimate the signals at 7;(X), then the sparsity of the
DAS matrix verifies:

sparsity(Mpas) > 1 — i.
n

S

(31)

WWwWw.jpier.org



PIER

Dong et al.

Sparse matrix-vector multiplication (SpMV) can be com-
puted on GPUs [94]. Its computational complexity can also
be calculated [95]. Additionally, some ultrasound tomogra-
phy techniques are mathematically congruent to training a fully
connected convolutional neural network with complex-valued
weights and some symmetry properties. This fact means that
it takes full advantage of the NVIDIA GPU technology and
leads to a speed of approximately 60 to 100X over published
algorithms while using 64 times fewer compute nodes (two
NVIDIA GPU cards instead of 128 compute nodes). Due to
the planar wave ultrasound transmission mode, the use of syn-
thetic focusing is significantly affected by the motion of the
scatterers, which interferes with the image quality of coher-
ent compounding imaging. Particularly, motion speeds of up
to 20 cm/s can be observed in the myocardial imaging process.
To correct the phase delays caused by such motion, a motion-
compounded (MoCo) imaging algorithm is proposed as shown
in Fig. 4(b). In order to visualize the real-time tracking process
of moving targets, it is first necessary to determine the auto-
correlation function of the phase delays caused along the emis-
sion compounding number M. In this study, the transmit-to-
transmit phase delay caused by motion can be calculated using
the product of the following phase angles:

1
PMoco (0, 7) = 54{93719372}, (32)
The factor % is necessary to recover the phase due to the product
of the two autocorrelations. The following equation shows the
sum of the M migrated complex envelopes s,, (6, ) to obtain
the coherently compound complex envelope:

M
. o ~ % PMoCo £\ simémeco
SC(Q,T)—Z{Sm (9,T+(m 2 ) 47_(_ f()) € :

m=1

(33)
The effectiveness of motion correction is demonstrated in
Fig. 4(c), where motion artifacts are significantly reduced,
leading to clearer B-mode images. With the demand for high-
resolution imaging of intracranial microvessels by using power
Doppler, Kou et al. [96] proposed null subtraction imaging
(NSI) based on a nonlinear beamforming technique, as an
alternative to delay-and-sum (DAS). The spatial resolution
has been improved by approximately six times, while the
computational cost has merely increased by 40% compared
with power Doppler.

5.2. Assumption and Challenges in DAS

Note that we assumed a constant speed of sound in the afore-
mentioned DAS beamformer. The DAS beamformer assumes
that the travel path between the pulse and receiver system is
one line, without diffraction, aberration, and scattering. How-
ever, uncertainty exists in the transmission path through scat-
tering media, which is primarily caused by off-axis wavefronts
introduced by focused beams and the inherent anisotropy, at-
tenuation, and absorption of the medium [97]. Additionally,
higher-order phase aberrations caused by nonlinear propaga-
tion in a heterogeneous attenuating medium can contribute to
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signal misalignment and cause degradation of the ultrasound
images [98]. In addition, in deep tissue photoacoustic com-
puted tomography (PACT) imaging, DAS is also a widely used
beamformer, although time reversal (TR) provides a more com-
plete reconstruction, but with a greater computational cost [99].
Therefore, it is crucial to establish a sound speed model to un-
derstand the wave propagation path for accurately reconstruct-
ing ultrasound images. The accuracy of estimating the speed
of sound in scattering media largely depends on the signal-to-
noise ratio arising from the round-trip time between the trans-
ducer and the backscattering medium and the echo intensity.
In general, the speed of sound in human tissues can be cate-
gorized into the following types: fat tissue (1435 m/s), muscle
tissue (1595 m/s), blood vessels (1616 m/s), blood (1580 m/s),
bones (2500 m/s), and the liver (1567 m/s) [100]. Methods for
estimating the speed of sound in human tissues can be broadly
divided into two categories: pulse-echo estimation based on re-
flection [101, 102] and insertion replacement based on through-
transmission system [103—105]. The advantage of using the
pulse-echo mode to evaluate the speed of sound is that it is dif-
ficult to accurately measure the mean speed of sound or the ax-
ial variations in a layered medium. Transmission-mode ultra-
sound tomography allows precise measurement of axial and lat-
eral variations in the layered medium; however, this technique
is limited by the transmission of ultrasonic waves and cannot be
easily integrated into a system. Recently, coherent-based aver-
age sound speed estimation methods in two-layered [106] and
multi-layered media [100] have been proposed for providing
quantitative mapping of ultrasound images. In quantitative ul-
trasound imaging, the speed of sound and density can contribute
to the effective acoustic impedance values that can be utilized
for ultrasound estimation and imaging. Recently, some 3D-
printed tissue-mimicking materials have been fabricated and
measured based on ultrasound transmission-mode and pulse-
echo mode characterizations at frequencies within 3.5 MHz as
follows [107]: Agilus30 (2035 m/s), Formlabs (2591 m/s), Ve-
roClear (2473 m/s), etc. The two-phase medium is based on the
effective medium theory (EMT), which was initially developed
by Kuster and Tokoz in the field of geophysics [108]. In this
study, the velocity and attenuation of seismic waves in two-
phase media have been proposed based on the density p,4 and
compressibility k4 of the new effective particle based on EMT.
Similar to geophysics, red blood cells contained in plasma
can also be described via two fluids with acoustical proper-
ties: p1, p2, K1, and Ko, respectively. The internal concentra-
tions of red blood cells within the aggregates ¢; are as follows:
Pag = Gip1 + (1 — ¢i)p2 and 1/kay = ¢i/k1 + (1 — ¢;)/ka.
In this case, the derived equation from geophysics corresponds
to the effective modulus and static effective densities proposed
in Section 2. Here, the nonuniform and non-Hermitian nature
of material properties have not been considered, which will be
discussed in the next part on ultrasound propagation in aberra-
tion layers. In this case, speckle elimination can be achieved
by enhancing the non-coherence of the field, while resolution
enhancement can be achieved by enhancing the spatiotemporal
coherence through time-reversed focusing.
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6. CHALLENGES IN ULTRASOUND PROPAGATION
THROUGH ABERRATION LAYERS

6.1. Van Cittert-Zernike Theorem in Random Scattering Media

The Van Cittert-Zernike theorem is a formula in statistical op-
tics that can predict the autocorrelation function of the wave
field generated from a scattering medium illuminated by any
acoustical (or optical) source [111]. The Van Cittert-Zernike
theorem is one of the most important theorems of modern op-
tics. This theorem pointed out that the wavefront from an in-
coherent source will appear almost coherent at large distances,
but with complicated interactions near the center of the sources.
The covariance of the optical field based on spatial coherence is
related to the well-known Young’s slit experiment and is fully
described in [112]. Considering two points at X; and X5 on the
plane of the holes, the physical phenomenon is that the spatial
covariance of the field is infinitely narrow at the incoherence
source and becomes wider and wider at the far field. The Van
Cittert-Zernike theorem describes that the spatial covariance of
the optical field at points X; and X5 is equal to the Fourier
transform of the source aperture function, with a spatial fre-
quency of (X5 — X7)/AZ. In medical ultrasound, for diffuse
targets, by applying the Van Cittert-Zernike theorem, the ultra-
sound backscatter intensity distribution is equal to the squared
amplitude of the product of the ultrasound beam pattern and the
target function given by the formula below [113]:

+

R(AX,,z f) = / / P(X. 2, F)x(Xes 2 )]

— 00

X6727rj(X/5AXa)/)\deS7 (34)

where AX, = [z,,y.]" represents the distance between two
points X; and X, at the aperture plane of the transducer ar-
ray. The diffraction field coordinates can be written as X, =
[7s,ys]T, and x(Xs, 2, f)) is the object function.

]T

6.2. Time Reversal Mirror and Distortion Matrix

Mallart and Fink generalized the Van Cittert-Zernike theorem
in pulse-echo measurements for ultrasound imaging [114]. In
this case, the speckle noise that limits the ultrasound imaging
and tissue characterization can be attributed to random inter-
ferences (stochastic nature of media) and is linked to the spatial
coherence of ultrasound beams. This problem of speckle re-
duction can be solved using incoherent processing techniques.
By applying the Van Cittert-Zernike theorem, the SNR can be
defined as:

SNR = ARAT/ (/[RP(X)]2ROR (x)dx) " ;o (35)

where Ar and R are the areas of the receiver and transmit-
ter, and R, is the receiver autocorrelation function. Rp(X) is
the spatial covariance, which is a separable function of 1 — 22
and of frequency. The detection of random scattering media
(speckle noise) meets significant challenges including micro-
calcifications. One promising technology based on the iterative
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time reversal technique can be applied to compensate for the
sound velocity heterogeneity and wave distortions. In this case,
the random medium scattering field can be described by using
the spatial covariance of the scattering field. In random scat-
tering media with aberration layers, acoustical time-reversal
invariance of the wave field can be used for precise control,
guiding sound waves to propagate through randomly inhomo-
geneous media or reverberation tubes containing a large num-
ber of scatterers. During the process of time-reversal acoustics,
sound waves undergo initial emission from the transmitter ar-
ray, while the receiver array records the time-reversed wave-
front information. The wave was then re-emitted and focused
on the random medium, repeating multiple times to achieve
maximum time compression and spatial focusing. Compared
with other backpropagation algorithms, the advantage of time
reversal lies in not needing prior information about the medium.
By simply comparing the correlation of the transmitted and re-
ceived signals before and after, the phase information of the
transmitted wavefront can be modified to adapt to the spa-
tial inhomogeneity of the aberration layers. The early ultra-
sound time-reversal theory was proposed by Mathias Fink and
others [115]. Later, Derode etal. [116] introduced the first
time-reversal acoustics experiment under high-order multiple
scattering. By placing 2000 steel rods in water, they firstly
demonstrated the reversibility of the high-order multiple scat-
tering of transient sound waves. The observation resolution of
the waveforms recovered through time reversal was approxi-
mately 1.05 mm, which is one-sixth of the resolution based on
the classical Sinc function aperture resolution, i.e., 1.2Az/a =
6.38 mm. In the distortion matrix correction algorithm [109]
used in three-dimensional ultrasound matrix imaging (UMI),
the projection focusing matrix R between the input and output
isused as a reference basis. Subsequently, the wavefront distor-
tion caused by the focusing matrix R is extracted and compared
with the speed of sound in an ideal homogeneous medium, ul-
timately resulting in the distortion matrix D = [D(u,r)]. The
distortion matrix D contains the aberrations caused when the
wavefront is focused at any point, and is represented relative
to the reference basis. The long-range correlation exhibited by
this distortion matrix is similar to isoplanicity in optics. In ap-
proximate scenarios, such as a single layer of porcine tissue,
the input and output point spread functions are assumed to pos-
sess spatial invariance. The iterative phase inversion algorithm
provides a process for estimating the transfer matrix T(u), con-
sidering the differences between the input focusing point and
the midpoint. By applying this algorithm to two-dimensional
ultrasound matrix imaging, the original image and the refer-
ence image under 2D UMI for the same target located at 38 mm
from the ultrasound sources are displayed on the right side of
Fig. 5(a). To demonstrate the ability of aberration layer correla-
tion imaging in three-dimensional UMI, a phantom composed
of nylon rods and an anechoic structure was covered by a layer
of porcine tissue consisting of fat and muscle tissue, serving
as the aberration layer, as shown in Fig. 5(b). Additionally,
a more general approach involves using a plexiglass layer on
top of a human tissue-mimicking phantom to contact the trans-
ducer surface to directly collect the reflection matrix R, which
is constructed by forming a plane wave beam applied by the
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FIGURE 5. Ultrasound matrix imaging (UMI) through aberration layers. (a) UMI consists in a projection of the focused R-matrix in a correction
(here transducer) basis at the output. The resulting dual R-matrix connects each focusing point to its reflected wave-front, and subsequently consists
in realigning those wave-fronts to isolate their distorted component from their geometrical counterpart, thereby forming the D-matrix. An iterative
phase reversal algorithm provides an estimator of the 7-matrix between the correction basis and the midpoint of the input focusing points considered
in the panel. The right panel exhibits the original and corrected images of the same target with 2D UMI, respectively. (b) Schematic of a tissue-
mimicking phantom through pork tissue. (c) Sketch of the experimental acquisition. An ultrasonic transducer array is placed in contact with a
plexiglass layer, which is on top of a human tissue-mimicking phantom. Original ultrasound confocal image and the removal of multiple reflections
are shown with ¢ = 1800 m/s. (a), (b) were adapted based on permission from [109]. (c) was adapted based on permission from [110].

transducer. The reflection matrix constructed in this manner
can be represented as Ry (2) = T(z) x ['(z) x TT (z), where
I'(z) = [['(z,2', z)] represents the scattering matrix inside of
the phantom medium and T(z) is the true transmission matrix
between the Fourier basis and the focal plane at the depth of z.
In the coordinate illustration as shown in Fig. 5(c), it is noted
that reverberation signals appear due to multiple reflections be-
tween the bones and human tissue. Interestingly, the norm-
square of its coefficients directly yields the spatial frequency
spectrum of the scattering medium at depth of z:

|R(k0ut7 kina Z)|2 = H/(kout + kinv Z)|2 . (36)

It can be noticed that reflection matrix Ryy, is a sparse matrix
that can be utilized to filter out signals from reverberation, and
then the inverse operation can be applied to the filtered matrix
Rj,,, to obtain a filtered reflection matrix as follows:

R}, (2) = T{(2) x Ry (2) x Tj(=). 37

Compared with the original reflection matrix R, the low-
spatial frequency component was removed from the diagonal
direction of the original matrix. The removal of multiple reflec-
tions has enabled the discovery of previously hidden objects at
shallow depths to recover the image information from aberra-
tion layers. The images recovered from the aberration layers are
shown on the right part of Fig. 5(c). The distortion matrix ap-
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proach is a powerful tool for imaging through a heterogeneous
medium with a priori unknown characteristics. Aberration can
be corrected without any prior knowledge of the bulk modu-
lus or speed of sound distribution inside the phantom medium.
This distortion matrix work was inspired by the original imag-
ing work in optics [117]. Other works related to time-reversal
mirrors have also been proposed for both ocean noise-based al-
gorithms [118, 119] and ultrasound-disordered media based on
the cocktail party problem [120].

6.3. Transcranial Ultrasound

As a representative example in aberration-correction ultra-
sound, transcranial ultrasound faces great challenges by using
simple linear transducer arrays without phase modulation.
Since the first introduction of time-reversal acoustics applied
in human skull focusing [115,121], researchers found one
possible pathway for manipulating ultrasonic waves through
aberration layers (Fig. 6(a)). A noninvasive method for
focusing ultrasound through the human skull was proposed
by Clement and Hynynen [122] using CT scans of the head.
Recently, the transcranial focused ultrasound has also attracted
attention in ultrasound stimulation by using low-intensity tran-
scranial focused ultrasound (tFUS) as a new non-invasive brain
stimulation method [123] together with low-intensity pulsed
ultrasound (LIPUS) [124], which can also be applied, espe-
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cially in sonogenetics [125]. In addition, based on the concept
of acoustic lenses, silicone has been used to fabricate adaptive
acoustic lenses for transcranial ultrasound therapy based on
computed tomography by single-element transducers [126].
Since MRI and CT are widely used to provide complementary
tools for imaging and reconstruction of the human brain
with high spatial resolution, full-waveform inversion (FWI)
imaging has also been proposed for the human brain [127] and
breast [128]. In this work, 3D tomography array transducers
attached to the surface of the human skull are used for data
collection and transient pulse reception. FWI is an imaging
method that was first widely applied in geophysics [129], and
then applied to transcranial ultrasound. The computational
effort required for 3D FWI was considerable. The results of
using FWI for computing acoustic wave speed mapping require
around 32 hours of elapsed time to complete, running on a
conventional cluster of 128, CPU-based, and 24-core compute
nodes. Therefore, the individual high-performance GPU-based
servers are currently able to achieve speeds in excess of one
peta-flop, so that they can produce a final model which is less
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than 10 minutes. For the full-wave simulation model, there
is still a lack of a complete model to calculate the imaging
capability of three-dimensional cranial bones. On the other
hand, this is due to the lack of acoustic attenuation models and
also the limitations in computational power based on CPUs.
Based on the quantitative assessment of the human liver and
skull bone, Muller et al. proposed quantitative viscoelasticity
mapping by using supersonic shear wave imaging [130] and
nonlinear resonant ultrasound spectroscopy (NRUS) [131],
respectively. Apart from the aberration correction algorithms,
recent work on ultrafast ultrasound Doppler imaging has been
explored by segmenting the outer surface with a deep learning
model [132]. In Fig. 6(b), firstly, the plane-wave imaging
is conducted by the total region, and there is no distortion
in the area above the outer surface of the skull. Then, the
outer surface is segmented with the deep-learning model for
B-mode imaging by the first step. The speed of the sound
model of the imaging area will be updated again and imaged
again. Thirdly, the inner region of the skull phantom is
segmented by the deep-learning model, and the velocity model
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is updated over the imaging area again. The results shown
in Fig. 6(b) indicate that the sound speed distribution of the
skull region has been fully reconstructed compared with the
image without aberration correction in the center image; the
right part of Fig. 6(b) shows the actual spatial position of the
circular inclusion. By using the distortion matrix to correct
the phase aberration in the skull phantom, as proposed in
Figs. 5(a)—(b), transcranial ultrasound imaging of the human
skull phantom has been shown in Fig. 6(¢). In this case, the
ultrasound probe is attached to the outer surface of the skin
and images the spherical targets inside the skull phantom (cen
was about 3000 m/s). Without distortion matrix correction,
the skull reverberation will cause significant multi-scattering
between the probe and the skull thickness region. The 3D
matrix imaging results show the wavefront expansion and low
imaging resolution compared with the ground truth. Using
the 3D distortion matrix UMI, the real information in both
the skull surface and the inner region of the soft phantom
has been recovered successfully. Apart from the distortion
matrix, recently, complementary acoustic metamaterials have
been introduced for correcting the phase aberration over
the skull-medium interfaces. As shown in Fig. 6(c), the
complementary metamaterials (CMM) based on coordinate
transformation is attached on the surface of the aberrating layer
to mimic the human skull. The CMM compresses and cancels
the information on the defined aberrating layers. The effective
density tensor and compressibility of the CMM and the
aberrating layers are p(©) (2(¢), (¢ 2(9)), p(@) (z(@) y(a) (a))
and B (x(9), y(©) 2 gla)(gla) yla) ~(a))  respec-
tively. Based on the coordinate transformation proposed by
Chen etal. [135]:

[Pt = A[p@]1AT/ det A, (38)
B = B/ detA. (39)

The predefined coordinate relation determines the material
properties of the CMM and is expected to obtain the maxi-
mum transmission through the aberrating layers, in which the
schematic diagram is shown in Fig. 6(c). The following ex-
perimental results based on the CMM have also been pro-
posed [136]. Recently, Park et al. [137] proposed a Fabry-
Perot resonance-tailoring panel to overcome the ultrasound
barrier-through imaging challenges in an underwater environ-
ment. Based on the assumption of time reversal and spatial in-
variance, a novel spatial phase-reversal metalens design based
on the virtual source setting is proposed for correcting aberra-
tions in transcranial focusing. Compared with the traditional
curved focus lens, the phase-encoded metalens can overcome
the near-field correlation effect more effectively than the curved
one, as shown in Fig. 6(d). Inspired by the computer-generated
acoustic hologram, a very beginning research on bypassing
absorbing objects in focused ultrasound by holographic tech-
niques has been proposed by Hertzberg and Navon [138]. For
a typical computer with an Intel P8700 CPU and MATLARB for
2048 x 2048 pixels, the calculation time was only about 2s.
Then, Melde et al. proposed one 3D-printed acoustic hologram
plate for acoustic levitation and trapping objects in both air and
water environments [139]. When considering the decoupled
modulation of the amplitude and phase, a holey structured lossy

72

acoustic metamaterial (LAM) has been proposed to practically
implement the holographic metamaterial design [140]. Simi-
lar to medical ultrasound beamforming [141] and ultrasound-
limited beam proposed by [142] in the 1990s, the broadband
depth-of-field by using phase-only acoustic holograms has also
been proposed for generating Bessel beams [143]. The cur-
rent technology on acoustic hologram is now able to precisely
target a set of focusing locations through brain disorders, such
as simultaneously bilateral blood-brain barrier (BBB) opening
and drug delivery in a mouse model [134]. Based on the MRI
data and reconstructed acoustic model, holograms can be man-
ufactured by stereo-lithographic 3D-printing techniques using
translucent resin for BBB opening and transcranial focusing
(Fig. 6(f)). The aforementioned ultrasound aberration correc-
tion algorithm aims to correct waveform distortions caused by
the introduction of aberration layers. Its rapid implementation
often relies on electronically scanned phased arrays or ultra-
fast ultrasound linear arrays. Therefore, analyzing the hard-
ware structure of ultrasound transducers, such as an equiva-
lent electro-acoustic network model, is more targeted for un-
derstanding the limitations of the imaging system.

7. EQUIVALENT ELECTRO-ACOUSTIC NETWORK
MODEL FOR TRANSIENT ULTRASOUND WAVES AND
ULTRAFAST COMPOUNDING

7.1. Ultrasound Transducer and KLM Model

In ultrasound transducer modeling, three models are widely
used, including the Mason model [146,147], the Redwood
model [148], and the KLM model proposed by Krimholtz
et al. [149]. The comparison between these models can be
found for piezoelectric resonators in the thickness mode [150].
The KLM model uses lumped parameters to represent the
equivalent electrical characteristics of piezoelectric elements
and represents the mechanical properties of the structure in a
transmission-line manner. By using the KLM model [144] to
connect piezoelectric elements in series in the form of transmis-
sion line equations, the model can fully consider the piezoelec-
tric crystal, backing layer, matching layer, and the connecting
adhesive layer within each layer, and can independently ana-
lyze the equivalent electrical parameters of each component.
In this model, the excitation voltage V; excites the piezoelec-
tric crystal to generate longitudinal vibrations. After the crystal
vibrates, it excites the acoustic waves. The crystal thickness
in the model is d, the area is A, and the acoustic impedance of
the piezoelectric crystal is zg. When the acoustic wave encoun-
ters a scatterer and reflects back to the piezoelectric crystal, it is
converted into an electrical signal using the piezoelectric effect.
The equivalent electro-acoustic network model for transient ul-
trasound waves generated by a piezoelectric crystal has been
shown in Fig. 7(a). The detailed hardware structure, includ-
ing the backing and matching layers, is illustrated in Fig. 7(b).
From port A, the input impedance can be written as:

. Z
+_]X1 + ?;7

in (40)

- j’LUC(]
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where the capacitance Cj and inductance X7 can be described

as:
) <wd>
sin [ — ),

¢

and the crystal impedance Z; and electromechanical coupling
coefficient ¢ can be described as:
. wd
2¢ )’

where p is the density of the piezoelectric crystal material; ¢
is the particle velocity; ¢ is the permittivity constant of the
material; Cy is the capacitance; X; is the inductance; h is
the piezoelectric constant; and ¢ is the electromechanical cou-
pling constant. The equivalent impedance observed from point
C to points D and B in the model can be written as: Z, =
Z11Z12/(Z11 + Z12), where Zp1 and Zr,2 become:

cA
Co = R

h2
X =
! ’LU2Z0

(41)

’LUZO

ZO :pCAv ¢: 2%

(42)

ZQ(Zl —|—_]Z() tan(wd/2c))

Z =
L Zo + 21 tan(wd/2c)

(43)
_ Zo(Zy + jZy tan(wd/2¢))
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where Z; and Z, are the acoustic impedances for the backing
layer and matching layers, respectively. Taking the linear probe
of a cardiac ultrasound as an example, it is mainly composed of
one backing layer, one crystal layer, and three matching lay-
ers. The acoustic impedances in the crystal layer and backing
layer are Zy = 34.69 MRayl and Z5 = 7.8 MRayl. The acous-
tic impedances for the three matching layers can be chosen as
8.5 MRayl, 6 MRayl, and 3 MRayl, respectively. For the tis-
sue medium, the acoustic impedance can usually be chosen as
1.5-2 MRayl, and the transducer area is about 448 mm? with
64 elements or more for the typical cardiac imaging probe.

7.2. Transient Pulse for Ultrafast Ultrasound

Similar to Positron Emission Tomography (PET), compared
with computerized tomography (CT), which is a common med-
ical scintillography technique used in nuclear medicine that
uses radioactive substances known as radiotracers to visual-
ize and measure changes in physiological activities, ultrasound
wave-to-wave imaging provides a multi-mode ability for con-
ventional ultrasound imaging [145]. The wave-to-wave imag-
ing idea comes from the sonic shear wave and ultrasonic wave
interaction that yields a highly resolved image of deep tissue
stiffness. The shear wave velocity propagation in soft tissues
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can be calculated by ¢ = \/pu/p = +/E/3p and the compres-
sion wave speed can be estimated by ¢, = /K /p. The above
two formulas indicate that the shear wave speed is related to the
Young’s modulus of soft tissues, and the bulk modulus deter-
mines the value of the compression wave speed. In most soft
tissues, the typical compression wave speed is about 1540 m/s
and the shear wave speed is between 1-10 m/s. The wave-to-
wave approach uses a plane wave at 5006000 Hz pulse rep-
etition to achieve ultrafast imaging, and the local small dis-
placement is from 1 to 100 pm. At the surface of the phan-
tom, there is a 50 Hz transient vibration or shear wave propa-
gating at about 1 m/s inside the medium. Compared with the
burst ultrasound excitation, the pushing force from the piezo-
electric crystal to the phantom volume is approximately 6 m/s,
which is faster than that of 1 m/s for shear wave propagation.
When the pushing force of the transducer moves faster than the
shear wave speed, the wave accumulates on a so-called Mach
cone [145]. By visualizing the propagation of shear waves
within soft tissue, one can infer local viscoelastic information
about the tissue. However, due to the delay-and-sum algorithm-
based beamformer being solely focused on the receiving end,
the highest frame rate achievable with imaging modes using
linear focusing (upper part of Fig. 7(c)) is approximately 30—
40 fps. Delannoy et al. [151, 152] proposed utilizing paral-
lel processing to form a complete frame image with a single
acoustic pulse, achieving frame rates as high as 1000 fps. San-
drin et al. [153, 154] proposed ultrafast ultrasound imaging un-
der planar wave illumination, with frame rates reaching up to
5000 fps (lower part of Fig. 7(c)). Conventional focused ultra-
sound imaging can only achieve 25 fps due to multiple focused
transmissions, as shown on the left part of Fig. 7(d). In con-
trast, plane-wave compounding allows for ultra-fast imaging at
an order of kHz. For example, using one plane-wave transmis-
sion, the imaging frame rate can reach 18 000 fps (inner part
of Fig. 7(d)). However, there exists a trade-off between the
image quality and frame rate. Utilizing 17 angles for plane-
wave compounding (right part of Fig. 7(d)), a comparable res-
olution performance relative to conventional focused imaging
can be achieved at a frame rate of 1000 fps. The advantage
of this approach is the ability of performing high-frame-rate
transient elastography imaging [155] using the shear charac-
teristics of human tissue. Benefiting from the ultrafast frame
rates (> 5000 fps) for soft tissue shear wave imaging (SWI),
Lee et al. proposed myocardial fiber orientation mapping us-
ing echocardiography-based SWI [156]. In addition, Lu and
Greenleaf, among others [157—159] in the 1990s, proposed ul-
trafast ultrasound imaging using limited beams with nondiffrac-
tion characteristics, wherein the spatial Fourier transform of the
object function was used to reconstruct images. In this method,
speckle characteristics can be corrected using incoherent finite
beams, and the spatial resolution can be improved using the
principle of coherent superposition. The development of elas-
tic wave ultrasound imaging technology is usually based on
two-dimensional ultrafast ultrasound imaging. However, three-
dimensional functional imaging is often limited by high com-
putational cost and therefore low imaging speed. The complex-
ity of an n x n matrix in a two-dimensional integral is n?; on
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the other hand, the fast Fourier transform (FFT) can achieve
high imaging quality with reduced computational load by spar-
sifying the matrix to the complexity of nlog(n). FFT-based
ultrasound computer holography technology and compressed
sensing will be described in the next section.

In ultrasound imaging, all algorithm implementations are
based on the KLM model, which is a constraint on the trans-
ducer’s emission response. Under this constraint, ultrasound
imaging systems can achieve B-mode imaging and elastogra-
phy algorithms based on DAS. However, hardware based on
the KLM model is limited to DAS and wave-to-wave, both of
which have physical limitations. The introduction of acous-
tic holography holds promise for generating new hardware and
algorithms because fundamentally, acoustic holography is not
bound by the KLM-based transducer model’s constraints.

8. ULTRASOUND COMPUTER HOLOGRAPHIC IMAG-
ING AND COMPRESSED SENSING

8.1. Bessel Beams

Before the holography technology in ultrasound, it is neces-
sary to discuss a precise solution to the Helmholtz equation,
the Bessel function. Ideal Bessel beams do not undergo the
diffraction process. These beams possess self-healing proper-
ties, approach the diffraction limit, and exhibit a long depth of
focus. Bessel beams were first proposed by Durnin [160, 161]
in 1987, and have been widely used in optics and acoustics.
Moreover, the phase dislocation characteristics of higher-order
Bessel beams have attracted attention in controlling the parti-
cle rotation and transmitting orbital angular momentum infor-
mation. Beyond the zeroth-order Bessel function, a high-order
Bessel beam with phase dislocations can be described by a pres-
sure distribution [143]:

elk,-T‘elMO

max(r, rg) ’ (44)

Po (Ta 9) =

where the topological charge of a first-order Bessel beam cor-
responds to M = 1, and 6 is the polar angle. From the above
high-order Bessel beam generation, the phase-only hologram
has been mentioned for realization. From the long-range cor-
relation property, the Bessel beam shows potential for deep-
depth speckle reduction in ultrasound imaging. By applying
the phase-only hologram compared with the 3D-printed Fraxi-
con lens, a zero-order Bessel beam with flat-intensity along the
axis in the ultrasound diffraction region has been both achieved
(Fig. 8(a)). However, the forward design of a Bessel beam
without iterations faces great challenges in generating high-
precision images when considering the interaction between the
illumination pressure field and object scattering. Moreover, it
also remains challenging for object reconstruction in a diffrac-
tion field is challenging.

8.2. Optical Holography

Holography, as originally conceived in optics, provides a com-
plete framework for recording and reconstructing both the am-
plitude and phase of a wavefield. For acoustic applications,
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FIGURE 8. Ultrasound hologram and compressed sensing. (a) Manufactured fraxicon lens for a zero-order Bessel beam (M = 0) and phase-only
holographic lenses for flat-intensity Bessel beams corresponding to M = 0. The results indicate the field distribution in the sagittal plane for the
fraxicon lens and phase-only hologram, respectively. (b) Schematic diagram of a hologram plate attached to the surface of the transducer, converting
a planar wavefront from the transducer into the required phase distribution. This travelling wave diffracts to form an image in the image plane.
(c) Schematic overview of the complete imaging setup. A single sensor transmits a phase uniform ultrasound wave through a coding mask that
enables the object information (two plastic letters “E” and “D”) to be compressed to a single measurement. Rotation of the mask enables additional
measurements of the same object. Result of solving part of the image vector through an iterative least squares technique. The two images are mean
projections of six pixels along the z dimension (individual z slices). (a) was adapted based on permission from [143]. (b) was adapted based on

permission from [139]. (c) was adapted based on permission from [44].

this capability is especially valuable because conventional ul-
trasound transducers typically capture only intensity (or enve-
lope) information, discarding the phase that carries critical in-
formation about tissue structure and composition. By under-
standing how optical holography records the interference be-
tween a reference wave and an object-scattered wave, one can
directly map this concept to acoustic holography, where a ref-
erence acoustic wave is used to encode phase information into
measurable intensity patterns. This optical foundation is there-
fore essential for appreciating the principles behind ultrasound
holographic imaging, which we discuss in the following sub-
section. Historically, the development of acoustic holography
has closely followed advances in optical holography, making a
thorough review of the optical counterpart indispensable.

To solve the above-mentioned problem, optical holography is
the fundamental theory behind achieving the three-dimensional
reconstruction of objects, high-density data storage, and opti-
cal manipulation of cells using optical tweezers. Essentially,
holographic technology can control the coherence range and
intensity distribution of the wavefront in space. Information is
recorded directly or using spatial illumination, which involves
holographic recording and forward propagation, respectively.
Unlike TIE and ptychography, inline holography is a quantita-
tive optical phase imaging method based on interferometric op-
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tics, which was first invented and proposed by British scientist
Gabor [162] in 1948 based on the theory of wavefront recon-
struction. This method involves the interference between the
reference light and diffracted light from objects to record holo-
grams on materials, which are then reconstructed and magnified
by illuminating the hologram with visible light. However, due
to the poor coherence of the mercury lamp used at that time and
the adoption of an inline holographic system, the imaging effect
was not extremely good. By the year 1960, with the introduc-
tion of laser light sources, high-coherence light sources became
available, making it easier to record optical wave informa-
tion. In 1964, Leith and Upatnieks proposed off-axis hologra-
phy [163], utilizing the off-axis reference beam method, where
two interfering light beams are at non-coaxial angles to obtain
holograms, solving the problem of overlapping images from
different diffraction orders in inline holography. Subsequently,
scientists began diverse explorations in holography, leading to
techniques such as reflection holography, color holography,
and image holography [112, 164, 165], enriching holographic
images with vibrant colors, and expanding the application space
of holography. Due to the high coherence of laser light sources,
which demands higher stability in optical systems, white-light
holography has become a research hotspot, with white-light
recording and reconstruction being extensively studied. Cur-
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rently, holographic technology has yielded a wide range of ap-
plications, including holographic displays, holographic storage,
optical tweezers, and holographic imaging. With the advance-
ment of computers and optoelectronic devices, computational
holography and digital holography have emerged. In 1967, an
American scientist Goodman [166] introduced digital hologra-
phy, using electronic devices instead of traditional holographic
plates for hologram recording, and reproducing holographic
images on computers. In 1966, German scientists Lohmann
and Paris [167] laid the theoretical foundation for computa-
tional holography and produced the first computational holo-
gram. Given the rapid development of radar communication
systems, Wiley at Goodyear Aircraft company laid the foun-
dation for the invention of a synthetic radar system for remote
sensing, with the early demonstration taking place at the Uni-
versity of Illinois in the 1950s, a historical milestone that was
retrospectively summarized in later literature [168].

8.3. Ultrasound Holography

Building upon the principles of optical holography reviewed in
Section 8.2, ultrasound holography seeks to achieve analogous
wavefront recording and reconstruction using acoustic waves.
The key insight from optics is that by interfering the scattered
field with a known reference field, one can encode both ampli-
tude and phase information into a measurable intensity pattern
(the hologram). In the acoustic domain, this same principle ap-
plies: a piezoelectric transducer array or a holographic mask
can be used to record the interference pattern, and the object’s
acoustic properties can be subsequently reconstructed via nu-
merical backpropagation. Thus, the optical holography frame-
work provides not only the conceptual foundation but also the
mathematical tools — such as the angular spectrum method
and iterative phase retrieval — that are directly transferable
to ultrasound. In this subsection, we discuss how these opti-
cal concepts have been adapted to realize acoustic holographic
imaging, with applications ranging from particle manipulation
to transcranial focusing.

In the early stages of optical holography, the interaction
between spatially coherent beams and object scattering is
recorded using photodetectors, which are primarily divided
into on-axis and off-axis holography. In ultrasound holog-
raphy, acquiring scattering information can be based on the
product integral of the beam intensity and scattering distribu-
tion function according to the Van Cittert-Zernike theorem in
multi-variable imaging, followed by holographic projection
through the product of transfer functions [113]. For the
one-way propagation process based on the two-dimensional
aperture amplitude, the diffraction field can be written as:

oikzaik(X[Xs)/22

p(Xsazvf): JAZ

% // {A(me)ejkx;xamz} efzwjxgxa/Adea7 (45)

where p(Xg, 2, f) refers to the diffraction pressure patterns for
the original amplitude A(X,, f) at the hologram plane. One
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widely used algorithm is the iterative angular spectrum algo-
rithm (IASA), considering the transducer as a multi-element
array system. Holographic projection can be achieved by en-
coding the aperture in terms of both the amplitude and phase.
Firstly, the transmission of planar ultrasound waves is repre-
sented by the following pressure-wave equation:

p(x,y, 2) = p(z,y, 2)e20®v:2) (46)

where the initial amplitude and phase function at the imaging
plane in the diffraction field are recorded as p and ¢(x, y, z),
respectively. Subsequently, the angular spectrum can then be
obtained by the spatial Fourier transform at the imaging plane
as follows:

+oo
P(kxa kya Z) = //p(ﬂ?, Y, z)eij(kmx+kyy)dxdy7 (47)

the backpropagation from the image to transducer arrays can be
calculated as:

P(kmvkyvo) :P(kr,ky,Z)H(kz,ky7—Z)7 (48)
where the propagator function can be expressed as

H(ky, Ky, 2) = &V RE—ki—hy, Here, the wave vector
k = (ky, ky, k.) represents the three wavenumber components
over forward and backward propagation. Then, the forward
propagation will be P(k;, ky,z) = P(ky, ky,0)H (ks ky, 2)
and the real-space pressure field Fig. 8(b) can be obtained by
inverse Fourier transform as follows:

1 oo
p(x,y,z) = m // P(km7ky7z)dkmdky- (49)

The following step is to compare the image quality of the pro-
jected image and forward-propagated images. The root mean
square error (RMSE) or structural similarity index (SSIM) can
be used to determine whether the quality of the iterative im-
age meets our expectations. Finally, repeat Eq. (46) and back-
propagate the phase and amplitude of the ultrasonic field again
until the RMSE or SSIM is below the set threshold. By apply-
ing the following algorithm, researchers can fabricate the ex-
pected metamaterial-based ultrasound transducer (Figs. 1(a)—
(b)), which is becoming a hot topic in the metatransducer
field [169].

8.4. Compressed Sensing and Fischer Information

Most ultrasound transducer arrays are primarily two-
dimensional linear or curved linear arrays. However, to
achieve three-dimensional volume imaging, it often requires
rotation or translation of the 2D array. The main limitation
is the high hardware complexity required for 3D ultrasound
imaging, such as needing over 1024 ultrasound transducer
arrays and highly integrated electronic circuits. Moreover,
computational ultrasound imaging in awake mice faces great
challenges in that the overall size of the acoustic matrix
was computed to be approximately 40 TB and 7.7 hours
reconstruction [170]. The complexity of the data acquisition
depends on the sampling constraints imposed by the Nyquist
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sampling theorem. To overcome the constraints of the Nyquist
theorem requiring uniform sampling of analog signals during
digitization, it often necessitates sampling rates of more than
twice the highest frequency component, which significantly
increases the data volume. This limitation has opened up
another new research area, known as compressed-sensing
imaging. Through compressed sensing, the high-volume
channel signals can be compressed several times, similar
to the compression process of graphic files. Consequently,
the original data volume can be drastically reduced and is no
longer bound by the Nyquist sampling theorem. Inspired by the
principles of compressed sensing imaging, a work on achieving
three-dimensional volumetric ultrasound with a single element
has put forward a rotation phase-coded aperture mask [44].
Information is encoded into measurements of random apertures
and correlated signals, with decoding algorithms used for the
recovery and imaging of the measurement results. As shown
in Fig. 8(c), the signal matrix u from the pulse-echo measure-
ments based on multiple hardware rotations can be represented
as a linear combination of the measurement matrix H based
on accurate hardware measurements and the true image v of
the reconstructed position. The model can be expressed as the
following formula:

u = Hv +n, (50)
where u is an M -dimensional matrix containing pulse-echo sig-
nals, with the matrix’s rows expanded through multiple rota-
tions; H is a prediction matrix based on accurate plane calibra-
tion used for forward transmission and self-convolution, and
with the pulse signal calibration results after multiple rotations
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are used to increase the number of rows in the H matrix, with
dimensions of M x N (M < N). The calibration field re-
sults from signal scans using small needle hydrophones and
displacement platforms in a water tank. The initial plane cali-
bration signal field results can be extended to arbitrary diffrac-
tion planes through information transfer and prediction using
Melde’s iterative angular spectrum algorithm (IASA) about
holography [139]. In theory, the more rotations that are added,
the more accurate the additional rows provided for image re-
construction. The complete imaging schematic is shown in
Fig. 8(c), where a single sensor performs compressed sensing
imaging through rotating a randomly encoded mask board. The
role of the random phase mask is to disrupt the phase uniformity
of the ultrasound to achieve compressed sensing imaging, with
letters E and D placed at two different distances in the diffrac-
tion field as scattering targets. To reduce the overall data vol-
ume of the matrix, the 3D image is obtained through 50 rota-
tions with uniform sampling intervals. To determine the spatial
correlation of pulse-echo signals for deriving a single scatterer
from single or multiple measurements, the Fisher information
matrix is used to numerically compute the covariance matrix of
the Cramer-Rao lower bound. Its assumptions include: 1. Any
noise is considered zero-mean Gaussian white noise. 2. Ad-
herence to the point-source superposition principle in the mask
template. 3. The pulse response of the transducer is equiva-
lent to a Gaussian signal: h(t) = exp[—%] and emits a single
Dirac pulse. The virtual source j is denoted as s;, and the set
of all s; is denoted as S. Under the above-mentioned assump-
tion, the forward pressure field at position § = [z, y, 2] can be
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written as:

IS|-1

p(t,0) = > h(t —7(0,s;)), (51)
j=0

where ¢7(0,8;) = 2-[s;]. + -|ls; — 0][2. Mask impulse re-
sponse: p(t,0) = h(t)xm(t,0,S) and the echo signal is equiv-
alent to the autoconvolution of the forward pressure wave field
a(t,0) = p(t,0) = p(t,0) at 6. The (i, j)th entry of the Fisher
information matrix is equal to:

(52)

Making the educated guess of signal propagation through scat-
tered media is a fast-moving frontier in computational imag-
ing, and the assumption of Poisson statistics of photons works
well. Recently, the Fisher information matrix [171] has become
amethod for measuring the amount of information contained in
a random variable about a parameter (such as the mean) in its
probability distribution. Moreover, statistical methods in the
Fisher information matrix for random scattering media and the
application of the Cramer-Rao lower bound (CRLB) in com-
putational ultrasound imaging will soon become a trend in the
future.

9. CONCLUSIONS AND OUTLOOK

In this review, we present Fig. 9 as a systematic framework
that integrates the main concepts discussed in our work, namely
effective medium theory, biomedical ultrasound imaging, op-
tical inspirations, and emerging techniques. The diagram is
organized hierarchically from top to bottom. At the apex,
we place the overarching theme — Acoustic Computation —
which bridges two complementary pillars: Effective Medium
Theory (left) and Biomedical Ultrasound Imaging (right). On
the left, we summarize key topics in homogenization, includ-
ing static and dynamic models, as well as extensions address-
ing non-Hermiticity and nonuniformity. On the right, we
cover major imaging modalities and algorithms, such as ul-
trasound tomography, DAS beamforming, aberration correc-
tion, and quantitative ultrasound. A bidirectional arrow be-
tween the two pillars highlights the mutual reinforcement we
have emphasized throughout the review: effective medium the-
ory provides homogenized parameters that improve imaging
reconstruction, while imaging challenges (e.g., aberration and
scattering) drive the development of advanced homogenization
models. This cross-linking is further elaborated in the cen-
tral Cross-linking box, where we explicitly state these inter-
dependencies. In the lower part of the diagram, we branch
into two additional domains: Optical Inspiration and Emerg-
ing Techniques. The former acknowledges that established op-
tical imaging theories — coherence theory, transport of inten-
sity equation, ptychography, and optical holography — have in-
spired analogous acoustic methods. The latter lists recent tech-
nological advances, including ultrasound matrix imaging, com-
pressed sensing, acoustic holography, and metamaterial-based
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lenses, which we consider as future directions for acoustic com-
putation. Collectively, Fig. 9 provides a concise yet com-
prehensive roadmap of the field, illustrating how fundamen-
tal homogenization principles, imaging methodologies, cross-
disciplinary inspirations, and cutting-edge techniques are inter-
connected within the scope of acoustic computation.

We have attempted to summarize the research developments
from the effective medium theory to biomedical ultrasound
imaging. Although these are two completely different re-
search fields, the effective medium theory discusses the reso-
nance [10, 11] and non-resonance [7, 8] characteristics of sound
waves at different wavelengths and scatterer sizes from the con-
stitutive properties of materials. In this section, the real and
imaginary parts of the dynamic mass density and bulk modulus
trigger local resonances in the transmission and reflection co-
efficients [3, 26, 27], while the increase in absorption time and
interaction depth of ultrasound pulses with human tissue leads
to a layer-by-layer decrease in reflectance during the ultrasound
transmission process. The other part of this review emphasizes
the wavefront modulation of the optical/acoustic field based
on the interaction between the wave field and object functions,
thereby developing transmission-based ultrasound tomography
imaging [70] and reflection-based DAS algorithms [92]. The
early emergence of periodic and lossless acoustic metamateri-
als directly facilitated the development of the homogenization
theory based on multiple scattering media [8]. In recent years,
this theory has evolved into a more complex and practical ef-
fective medium theory with non-Hermitian [36] and nonuni-
form [22,24,42, 172] characteristics that match the actual ef-
fective properties in biomedical ultrasound imaging. One of
the research challenges is how to adaptively establish a proper
material absorption model to accommodate different ultrasound
imaging modes and for establishing a universal standard for
different imaging modalities. We currently understand that
the non-Hermitian and nonuniform nature of materials signif-
icantly affects imaging quality. However, the lack of under-
standing of material dispersion [107] in the ultrasound fre-
quency range hinders the further development of this theory.
Therefore, it is crucial to expand quantitative ultrasound into a
more universally acceptable theoretical framework. From the
perspective of computational optical imaging to ultrasound to-
mography, the understanding of ultrasound local coherence is
still limited to integral forms based on the first-order Born and
Rytov approximations [46]. Different from the optical transport
of intensity equation (TIE) [51], the relationship between inten-
sity change and local phase gradients in ultrasound imaging is
not as mature. One possible limitation is that many ultrasound
algorithms employ DAS algorithms similar to synthetic aper-
ture radar beamforming [173], which are fundamentally based
on the acoustic eikonal equation [174], thus overlooking the
spatial coherence, diffraction, and multiple-scattering effects
on the intensity. In standard B-mode imaging, the reconstruc-
tion process assumes that the propagation of energy travels in
a straight line without bending or scattering. Historically, the
algorithms that fully utilized this ray-based method have been
well developed in geophysical exploration of oil and gas based
on seismic waves and oceanographic applications [118, 119]
from shallow water to the deep ocean. Furthermore, computed
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tomography (CT) technology based on X-rays has made signif-
icant achievements in quantitative soft tissue imaging, funda-
mentally through the quantitative estimation of absorption coef-
ficients in air and water media. This helps to determine the den-
sity distribution corresponding to the Hounsfield Units (HU) of
different soft and hard tissues. Based on the experience of CT
scans, ultrasound quantitative imaging has attracted attention
in terms of attenuation coefficient mapping [175] and velocity
mapping [100]. However, the incoherent nature of ultrasound
waves in tissues causes speckle effects, as well as nonlinear ab-
sorption and frequency dispersion effects increasing with tis-
sue depth, limiting the accuracy from intensity estimation to
quantitative phase mapping and attenuation mapping. More-
over, enhancing the accuracy of quantitative estimations while
understanding the diffraction field characteristics of imaging
and tissue types has become a challenge that needs to be ad-
dressed in quantitative ultrasound imaging. Since the NVIDIA
GeForce GPUs were first introduced in October 1999 [176],
they have directly promoted the application of convolutional
neural networks (CNN) in computer vision and image segmen-
tation. By increasing the number of neurons, selecting appro-
priate filter convolution operators, and generalization schemes,
it is possible to ensure the adaptability of image segmentation
and the accuracy of feature extraction. Compared with other
medical data, ultrasound imaging lacks a large number of spe-
cific datasets. Currently, there is no mature and efficient solu-
tion for applying artificial intelligence to ultrasound imaging.
Therefore, we recommend using transfer-learning methods to
overcome this challenge. For instance, complete datasets of
CT images and disease data are already available for use and
transfer. By creating a small new dataset of acoustic phan-
tom images, we can retrain the existing models and emphasize
the distinctions between optical and acoustic images. This ap-
proach enables us to leverage the dataset and accurately identify
ultrasound images. Furthermore, some speckle reduction al-
gorithms for volumetric ultrasound require multiple emissions
to increase the incoherence of the diffraction field. However,
they are still limited by data redundancy and CPU processing
speed, making it difficult to achieve high-frame-rate volumetric
imaging and real-time processing. The development of GPUs
may provide a new path for the next-generation high-speed
imaging and recognition using volumetric ultrasound. Aber-
ration layers, as obstacles to energy transmission, are widely
present in microwave engineering, electromagnetic waves, and
ultrasonic transcranial transmission. Based on the reciprocity
of acoustic waves, time-reversal mirrors [115, 121] have been
proven to achieve reverse focusing and image reproduction in
fluid systems and ultrasound, thereby enhancing the signal-
to-noise ratio of ultrasound signals in strongly scattering me-
dia [109,110]. The design of a novel ultrasound matching
layer based on complementary media theory [43] effectively
reduces the impedance mismatch at the interface between the
aberration layer and background media, thereby maximizing
the energy transmission. However, owing to the non-negligible
high-frequency attenuation in ultrasound, further understand-
ing of the non-Hermitian properties based on the transforma-
tion theory [177] of the medium and their impact on ultra-
sound transmission characteristics is of particular importance.
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Phase-conjugate metalenses [42] were reconstructed based on
the concept of time-reversal focusing lenses, and the future de-
velopment of this theory is expected to be experimentally real-
ized using micro/nano acoustic metamaterials, potentially ex-
erting a sustained impact in the field of transcranial ultrasound.
Additionally, as human tissue is an anisotropic and nonuni-
form medium, ultrasound imaging continues to have an impact
in areas such as bone assessment [132], gingival fiber imag-
ing [178], artery plaque imaging [179], liver health elastogra-
phy, and cardiovascular and cerebrovascular diseases, among
others. The overall trend in probe development is towards
miniaturization, low power consumption, and wireless direc-
tion, with the potential to expand into point-of-care medical ul-
trasound and personalized healthcare in the future. Ultrasound
ultra-fast elastic wave compounding is a revolutionary technol-
ogy in wave-to-wave imaging, benefiting from the character-
istics of soft tissues that are difficult to compress but easy to
shear [2,180]. Currently, ultra-fast elastic wave compound-
ing has been widely applied in nondestructive testing, health
assessment of structural components, and cellular elastic prop-
erties. As the imaging depth increased, the signal-to-noise ra-
tio also decreased. Maintaining imaging quality and accuracy
in deep imaging areas such as the heart is a challenge, and
nondiffracting X waves and Bessel beams [142, 157-159] are
expected to address this challenge in the future. Achieving
high-resolution and high-precision elastic wave imaging is an-
other challenge, especially in complex effective media where
nonlinear wave propagation and attenuation need to be over-
come. The newly developed acoustic holography technology
can effectively record all the information of the medium, of-
fering a potential solution for high-resolution coherent imaging
in the future. High-frame-rate and high-dimensional real-time
ultrasound imaging is the future pursued by medical imaging,
which is crucial for reducing the misdiagnosis rate of clinicians
and improving the efficiency of diagnosis and treatment un-
der ultrasound guidance. Similar to CT, MRI [181], and nu-
clear medicine, the field of ultrasound is experiencing explosive
growth, with the industry continuously introducing revolution-
ary products in personalized medicine, point-of-care centers,
and digital healthcare. The emergence of convolutional neural
networks (CNNs) and transfer learning (TL) has provided a new
pathway for the rapid segmentation of ultrasound images and
fusion with CT images. Cardiovascular diseases benefit from
large datasets of clinically driven cardiac ultrasound under arti-
ficial intelligence, enabling the rapid assessment of cardiovas-
cular diseases by physicians. Recently, with the advancement
of natural language processing, training and validation based
on large-scale ultrasound text-image datasets have promoted
the development of ultrasound report auto-generation technol-
ogy [182], which holds promise for breakthroughs in alleviat-
ing the burden on healthcare and improving patient diagnostic
accuracy in the future. However, owing to the data rate limita-
tion of Peripheral Component Interconnect Express (PCIE) to
GPU communication, [Q-based ultrasound signals can still not
be easily processed in real-time 3D volumetric imaging. Due
to the efficient transmission rate of Ethernet optical transceivers
and the fast processing capability of GPUs, the hardware inter-
face for optical microscopy imaging has matured, while the pro-
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cessing speed of ultrasound signals based on IQ protocols is sig-
nificantly slower than that of optical interfaces. Therefore, ex-
ploring how to fully utilize optical signal processing [183, 184]
for ultrasound data could be a potential pathway toward real-
time three-dimensional ultrasound imaging in the future.

All-optical ultrasound (OpUS) imaging [185] is one of the
attempts to combine the fast transmission rate of optical com-
munication and the deep penetration depth of ultrasound imag-
ing. Recent studies have been performed on switching the ul-
trasound generation and receiving end to an optical fiber. Gen-
erally, optical-based ultrasound generation can be achieved by
employing composite photothermal and thermal expansion thin
film. To receive ultrasound signals, the change in pressure is
converted into a relative change in optical response. For in-
stance, reflectivity changes can be detected based on Fabry-
Pérot interferometer [ 186, 187] and Bragg grating sensor [188].
However, traditional OpUS configuration is restricted to shal-
low depth endoscopy, including intravascular detection and oe-
sophageal imaging [187, 188]. Nevertheless, with the rapidly
growing photonic integrated circuit (PIC) technology, perform-
ing optical computation and interference imaging processing
with PIC exhibits exceptional potential in applications and im-
proved computational speed [189, 190] relative to traditional
computing schemes. This spontaneously fits the optical ultra-
sound receiving sensors mentioned above, showing potential if
introducing a receiving sensors array and connecting to a PIC.
It can be foreseen that biomedical ultrasound imaging develop-
ment is not only correlated with effective medium theory and
computational algorithms, but its connection with multiphysics
fields will also become a future development direction.
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APPENDIX A. PTYCHOGRAPHY RECONSTRUCTION
ALGORITHM

The algorithm proceeds from the guess of the specimen trans-
mission function (object function) O, ,(r), where the sub-
scripts g and n represent the guessed function and nth iter-
ation of the algorithm, respectively. Then, the guessed exit
wave function will be the product of the guessed object func-
tion O, ,, (r) and the known illumination function P(r —R) for
the current position R and the original position r:

Yg.n(r,R) = Oy »n(r)P(r — R). (A1)
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Transform g, (r,R) from Cartesian space coordinate to
diffraction Fourier space plane:

\I’g,n (k, R) = ]'-Wg,n(l‘, R)], (AZ)

where k is the wave vector in the optical system, which is the
usual reciprocal-space coordinate. If we consider the phase
term in the diffraction space at iteration n for position R, the
guessed wave function in Fourier space can be described as
the product of the guessed amplitude diffraction space modulus
|¥, . (k,R)| and the guessed phase term e%s.n (KR) a5 follows:

U,k R) =¥, ,(k R)| eifg,n (R) (A3)

The next step is to correct the guessed diffraction space wave
function to the known amplitude values,

U, (k R) = |¥(k,R)| e R (A4)

Then, the inverse Fourier transform is utilized back to the Carte-
sian coordinate space for the exit wave function:

Yen(r,R) = F U, ,(k R)]. (A5)

APPENDIX B. BORN ITERATIVE INVERSION FOR IN-
VERSE SCATTERING

The integral can be discretized into the form of an integral op-
erator. Therefore, the scattered field can be further rewritten
as:

;" = M[y], (BI)
where M is the integral operator. The aim of this reconstruc-
tion is to reconstruct the contrast function x using the measured
scattering matrix f)?‘:t. The backward propagation process from
the scattered field can be written as:

X =M [p:], (B2)

where MI[p3'] = 32, w?[pi*(x)G(x" — x/)]*p(x"). In
the so-called Born inversion, x can be calculated iteratively by
minimizing E,, = ||p3°" —M][x,,]||. This is very similar to iter-
ative ptychography imaging based on the updated object func-
tion from the guessed object function, as shown in Eq. (11) in

optics.
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