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ABSTRACT: Distorted Born Iterative Method (DBIM) is a deterministic iterative method which exhibits second-order convergence in-
dicating that the reconstruction error decreases quadratically with successive iterations. Existing regularization techniques when being
applied with DBIM often face challenges in determining the optimal regularization parameter (λ), leading to inconsistent convergence
across various problems. To address this, a quantitative imaging algorithm is proposed in this paper by combining DBIM and Hybrid
LSQR method for solving Inverse Scattering Problems (ISP). This enhances the accuracy of the reconstructed object profiles and op-
timizes the regularization level to prevent both under- and over-regularization. For a fair comparison with the results in the literature,
simulation studies are conducted using a breast profile that has two tumor inclusions, each with a radius of 6mm, and two fibro-glandular
tissue inclusions, each with a radius of 10mm. The proposed method achieves a Root Mean Square Error (RMSE) of 0.75, indicating
a better level of accuracy. The experimental validation is performed using a phantom made of Delrin material. The Delrin phantom,
with a diameter of 10 cm, contains three inclusions made of PVC material with diameters of 10mm, 6mm, and 3mm. These inclusions
have been successfully reconstructed with errors 0.085, 0.128, and 0.165, respectively. These results demonstrate the effectiveness of
this algorithm in reconstructing both high and low-dielectric profiles, making it suitable for microwave imaging applications.

1. INTRODUCTION

In the modern era, Microwave Imaging (MWI) [1] plays a
major role across various engineering and medical appli-

cations [2]. MWI utilizes electromagnetic waves in the mi-
crowave frequency range (300MHz to 30GHz) to solve Inverse
Scattering Problems (ISPs). The goal of ISP is to determine the
characteristics of the object under study by analyzing the dielec-
tric variations based on the scattered electromagnetic waves.
MWI has diverse applications in biomedicine, civil engineer-
ing [3, 4], Electro Magnetic Compatibility (EMC), geophysics,
remote sensing, Non-Destructive Evaluation (NDE) [5], and
structural health monitoring [6].
MWI methods are broadly classified into qualitative and

quantitative approaches. Qualitative methods locate objects
but do not provide precise measurements of material proper-
ties. Algorithms such as Synthetic Aperture Radar (SAR) [7],
Delay-And-Sum (DAS) [8], and Multiple Signal Classifica-
tion (MUSIC) [9] fall into this category. Meanwhile, quan-
titative methods reconstruct an object’s shape, size, location,
and dielectric values accurately. These methods are further di-
vided into stochastic and deterministic approaches. Stochastic
techniques [10–12] use probabilistic approaches. Determinis-
tic methods [13–17] operate on fixed, predictable rules. Deter-
ministic methods are preferred in well-defined scenarios with
predictable uncertainties.
Among the deterministic methods, [18, 19] are limited to low

dielectric contrasts. DBIM [16] offers a balance among com-
putational efficiency, stability, and practical applicability, mak-
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ing it a preferred choice in MWI. DBIM provides stable con-
vergence, is simpler to implement, and effectively reconstructs
both low and high dielectric profiles. However, DBIM strug-
gles with significant nonlinearity in ISP, leading to divergence
in high-contrast scenarios. To address this, regularization tech-
niques are essential to stabilizing solutions in large-scale and
noisy imaging applications.
Regularization methods are categorized into variational and

iterative approaches. Variational regularization solves an opti-
mization problem with explicit regularization terms, integrat-
ing prior knowledge into the reconstruction process. Tech-
niques explained in [20–23] fall into this category. These meth-
ods effectively stabilize the inverse problems but are computa-
tionally intensive and sensitive to noise. Selecting appropri-
ate regularization parameters is crucial, as improper tuning can
lead to over-smoothing (removal of essential details) or under-
smoothing (retention of noise and artifacts).
On the other hand, Iterative regularization methods progres-

sively update the solution and achieve stability through early
stopping. These methods are computationally efficient per it-
eration but requires an appropriate selection of stopping cri-
teria to avoid overfitting (noise amplification) or underfitting
(insufficient reconstruction). Algorithms such as the Iterative
Shrinkage-Thresholding Algorithm (ISTA) [24] and its vari-
ants, FISTA [25] and SpaRSA [26], Landweber Method [27],
Conjugate Gradient Methods [28] and LSQR [29] fall into this
category. Although these methods offer flexibility in handling
nonlinearities and large-scale problems, their convergence rates
are low. Further these methods are sensitive to initialization
and converges to local minima. LSQR (Least Square QR) is a
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widely used iterative solver for large-scale linear least squares
problems where a matrix is decomposed into an orthogonal
and an upper triangular matrix which suffer from semiconver-
gence [30]. To overcome this, Tikhonov regularization, a vari-
ational technique, is used to stabilize the solutions to ill-posed
problems by incorporating a regularization term into the objec-
tive. This Hybrid LSQR [31] is an approach which is a com-
bination of LSQR, an iterative regularization and Tikhonov, a
variational regularization. Here, regularization is applied af-
ter projecting the problem into the Krylov subspace, effectively
controlling noise within a reduced-dimension.
This paper proposes an integrated technique which combines

DBIM with Hybrid LSQR to achieve optimized regularization
level thereby ensuring improved reconstruction accuracy and
stability for the reconstructed object profile.
The paper is structured as follows. Section 2 details the re-

construction algorithm used. Section 3 validates the reconstruc-
tion results using experimental data, assessing the accuracy and
reliability of the proposed method. Finally, Section 4 concludes
the paper.

2. PROBLEM STATEMENT

The object under study is illuminated using Transverse Mag-
netic (TM) waves, and these incident waves are scattered
around in all directions due to the inhomogeneity introduced
by the object. The objective is to reconstruct the object profile
from the scattered data recorded by the antennas using the pro-
posed imaging algorithm, which combines the Distorted Born
IterativeMethod (DBIM)with a hybrid LSQR approach. In this
section, the process of data acquisition from the antennas in the
presence of object under study is explained in detail. In Sec-
tion 2.1, the tomographic imaging setup and the formulation
of the Electric Field Integral Equation (EFIE) equations from
Maxwell’s equations for solving ISP is explained. Section 2.2
describes the reconstruction algorithm, which employs DBIM
with the hybrid projection method.

2.1. Tomographic Imaging arrangement and EFIE formulation

As depicted in Fig. 1, the tomographic imaging setup consists of
two distinct regions: image domain and measurement domain.
Image domain V encompasses the object of interest, character-
ized by permittivity ϵ, and a homogeneous background medium
with permittivity ϵb. This domain is discretized into a grid of
N elements to model dielectric variations. The distance from
the origin to any point in the image domain is denoted by r,
while the distance from origin to any point in the measurement
domain is represented by r′. The space surrounding the ob-
ject is the measurement domain, where transmitting antennas
emit microwaves that propagate through the medium and in-
teract with the object, causing scattering in various directions.
The receiver antennas capture the scattered signals, which en-
code information about the dielectric properties of the object,
and this process is known as the forward problem. Conversely,
retrieving the dielectric profile of the object from the measured
scattered data is referred to as the inverse problem.

FIGURE 1. Tomographic imaging.

In any ISP, the dielectric characteristics of the object or scat-
terer are determined by solving the EFIE. However, the EFIE
is nonlinear because the dielectric profile and the total electric
field within the scatterer are simultaneously unknown. The to-
tal electric field at any given point on the scatterer is derived
from Maxwell’s wave equation and is expressed as [32]:

Etot(r) = Einc(r) + Escat(r) (1)

where Etot(r) is the total field in the medium with the presence
of a scatterer, Einc(r) the incident field generated by the source
at the background medium, and Escat(r) the scattered field due
to scatterer-wave interaction.

Etot(r) = Einc(r) + jωµb

∫
G(r, r′) · τ(r′) ·Etot(r′) dr′ (2)

From Equations (1) and (2), the scattered field is derived
as [32]:

Escat(r) = ω2µ

∫
G(r, r′).τ(r′).E tot(r′) dr′ (3)

where ω is the angular frequency, µ the scatterer permeability,
µb the background permeability, G the Green’s function, and τ
the difference between the permittivity of the medium relative
to the background.

τ =
ϵ(r)− ϵb(r)

ϵb(r)
(4)

where τ is known as the contrast function. The Method of Mo-
ments (MoM) is used to discretize the EFIE. Equation (3) which
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is the EFIE can be expressed in discrete form as [33]:

[Escat] = [G][Etot][τ ] (5)

Equation (5) is solved to determine the dielectric profile of the
object under investigation.

2.2. Proposed Reconstruction Technique
This paper employs a combination of DBIMwith Hybrid LSQR
which offers a better solution to the reconstruction problem.
The reconstruction steps involved in the DBIM-Hybrid

LSQR method are:

1. Initialization of the dielectric values for the object profile.
2. The preliminary estimate of the object profile is deter-

mined using Born Approximation.
3. Iterations are carried out for solving EFIE.

(a) In each iteration, the algorithm updates the dielectric
profile and the total electric field.

(b) Green’s matrix is also updated based on the current
estimate of the dielectric profile.

(c) The optimal regularization parameter λk,opt is deter-
mined for each iteration.

4. The algorithm iterates until the weighted Generalized
Cross Validation [32] (GCV) stopping criteria is met.

This DBIM combined hybrid projection method offers an ef-
fective approach for solving ISP in microwave imaging. A key
advantage of this method is that the search for an optimal reg-
ularization parameter is performed within the projected prob-
lem, which is of smaller dimension than the original large-scale
problem. This reduction makes the computation significantly
more efficient. In this approach, the regularization parameter
is iteration-dependent, adapting dynamically as the Krylov sub-
space expands.
Hybrid LSQRmethod is incorporated from the IR tools pack-

age [31] inMATLABR2024b which offers a variety of regular-
ization methods that can provide optimal and stable solutions.
The hybrid nature of hybrid LSQR ensures robust and stable

reconstructions, especially in cases where the inverse problem
is ill-posed, or the data is noisy. By adjusting the regularization
parameter and stopping criteria, hybrid LSQR offers a flexible
framework for tackling a wide range of inverse problems.
The ISP explained in Equation (5) can be expressed in linear

form as

Ax ≈ b, A ∈ RM×N ; b ∈ RM , x ∈ RN (6)

whereA represents the measurement matrix which is [G][Etot];
the product of Green’s function and the total field, b, is the mea-
sured scattered data [Escat]; x is the unknown contrast function;
RM×N is the space of real-valued matrices with M rows and
N columns; RM is the space of real-valued vectors of length
M ; and RN is the space of real-valued vectors of length N .

b = bexact + e, (7)

where bexact denotes the noise-free data [34], and e is the noise.
Inside the hybrid LSQR method, the Golub-Kahan bidiagonal-
ization (GKB) process [34] is adopted. This process generates

two sets of orthonormal vectors. These vectors span the Krylov
subspacesKk(A

⊤A,A⊤b) andKk(AA⊤, b). The initialization
is done as follows:

u1 =
b

β1
, v1 =

A⊤u1

α1

where β1 = ∥b∥ with ∥ · ∥ being the standard Euclidean norm
and

α1 = ∥A⊤u1∥.
At the kth iteration, the following recurrence relations hold:

AVk = Uk+1Bk, (8)
A⊤Uk = VkB

⊤
k + αk+1vk+1e

⊤
k , (9)

where Bk is a lower bidiagonal matrix:

Bk =



α1

β2 α2

β3 α3

. . . . . .
βk αk

βk+1


(10)

.
For k ≥ 1, the new vectors and scalars uk+1 , vk+1 are com-

puted as follows:

uk+1 =
Avk − αkuk

βk+1
, (11)

vk+1 =
A⊤uk+1 − βk+1vk

αk+1
, (12)

where βk+1 = ∥Avk − αkuk∥ and αk+1 = ∥A⊤uk+1 −
βk+1vk∥.
These relations construct the bidiagonal matrix Bk, which

forms the foundation for the iterative method. The kth iterate
of the solution can be given as:

xk(λk) = Vk(B
⊤
k Bk + λkIk)

−1B⊤
k U⊤

k+1b. (13)

Note that U⊤
k+1b = ∥b∥e1. The regularization parameter λk is

given as:

λk=arg min
λ∈R+

∥r(x(λ))∥2+2σ2 trace
(
AA†

reg(λ)
)
−Mσ2, (14)

where trace
(
AA†

reg(λk)
)
is the trace of the influence matrix.

It can be expressed as [34]:

AA†
reg(λk, k) = Uk+1Bk

(
B⊤

k Bk + λkIk
)−1

B⊤
k

Moreover, the norm of the residual is defined as:

r(xk(λk)) = b−Axk(λk) =
(
Im −AA†

reg(λk, k)
)
b

, and σ is the standard deviation of the noise e.
Weighted Generalized Cross-Validation (WGCV) method is

an adaptive approach used to address over-smoothing issues by
introducing a weight factor w, where 0 < w ≤ 1 to adjust the
behavior of the GCV criterion.
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(a) (b) (c) (d)

FIGURE 2. (a) Input Dielectric Profile : Profile-1, (b) Profile reconstructed byWeighted Basic Pursuit Algorithm (RwBP) at 3–4GHz [35], (c) Profile
reconstructed by SVBIM at 3–4GHz [26], (d) Profile reconstructed by the Proposed method (DBIM with Hybrid LSQR) at 3–4GHz.

At each iteration, weighted GCV [32] is given as:

Gw(λk, k) =
n ∥r(xk(λk))∥2(

trace
(
Im − wAA†

reg(λk, k)
))2 , (15)

The optimal regularization parameter λk,opt at the kth itera-
tion is determined which satisfies the condition:

0 ≤ λk,opt ≤ σmin(Bk), (16)

where σmin denotes the smallest singular value of thematrixBk.
By minimizing the weighted GCV function with respect to w,
the weight factor w can be determined.

∂

∂w
(Gw(λk, k))

∣∣∣∣
λk=λk,opt

= 0. (17)

If σmin(Bk) approaches zero in the later iterations due to ill-
conditioning, the weight factor w can be approximated as the
average of its previous values: wk = mean {w1, w2, . . . , wk} .
At each iteration, the stopping criterion (17) is checked.

When it is met, the solution xk(λk) can be calculated from the
corresponding λk.
Simulation and experimental studies are conducted to assess

the performance of the proposed method. The reconstruction
results obtained from solving the ISP are presented in Section 3.
The algorithm defined as Algorithm 1 is employed for the im-
plementation of the proposed reconstruction method.

Algorithm 1 Proposed Reconstruction Algorithm
Require: Measured scattered data b, Measurement matrix A
1: Initialize dielectric profile x0, Iteration index, k = 1
2: while stopping criterion not satisfied do
3: Expand the projection subspace ran(Vk)
4: Compute Uk+1 using βk+1

5: Compute Vk+1 using αk+1

6: Compute regularization parameter λk

7: Evaluate the weighted GCV function
8: Update iteration index: k ← k + 1
9: end while

Ensure: Approximate solution xk(λk)

3. RESULTS AND DISCUSSION
Quantitative analysis is essential for assessing the effectiveness
of the proposed method for solving the inverse scattering prob-
lem. In this context, the accuracy of reconstructed images is
evaluated using Root Mean Square Error (RMSE). RMSE pro-
vides a measure of the average difference between the recon-
structed image and the actual dielectric profile of the object un-
der study and is expressed as [35]:

RMSE =

√√√√ 1

P

∑
i

∑
j

∣∣∣∣∣ϵrri,j − ϵtri,j
ϵtri,j

∣∣∣∣∣
2

(18)

where ϵrri,j and ϵ
t
ri,j denote the dielectric profiles reconstructed

from the proposedmethod and the actual dielectric profile; (i =
1, 2, . . . , P1; j = 1, 2, . . . , P2); and the total number of pixels
P = P1 × P2.

3.1. Simulation Results for the Proposed Technique
Two breast profiles, profile-1 and profile-2, with circular ge-
ometries consisting of a 5mm thick outer skin layer and an inner
fatty breast tissue layer with a 50mm radius are considered for
simulation studies. Two tumors, each measuring 6mm in size,
and two glandular inclusions, each 10mm in size, are eccen-
trically embedded within the profiles, as illustrated in Fig. 2(a)
and Fig. 3(a). Though the imaginary part has also been con-
sidered for the computations, only the real part of the dielectric
profile is reported here, as it constitutes the primary quantity
of interest for quantitative comparison and evaluation. The di-
electric values of different tissues of breast profiles are given
in Table 1. These values are taken as input to the proposed
method for reconstructing the dielectric profile. These profiles
are used in medical imaging research to mimic the properties
of real breast tissue.

TABLE 1. Dielectric constants εr of tissues in breast profiles: Profile-1
and Profile-2.

Tissue Type [36, 37] Profile-1
εr

Profile-2
εr

Skin 32 32
Fatty breast tissue 9 9
Fibrous tissue 11 11
Tumors 40 60
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(a) (b) (c)

FIGURE 3. (a) Input Dielectric Profile : Profile-2, (b) Profile reconstructed by SVBIM at 3–4GHz [26], (c) Profile reconstructed by the Proposed
method (DBIM with Hybrid LSQR) at 3–4GHz.

The number of transmitter and receiver antennas employed
are 32. The frequency of operation is chosen as 3–4GHz. The
scattered data generated with the forward problem at 20 differ-
ent frequencies have a size of 20× 32× 32. An additive Gaus-
sian noise of 30 dB signal-to-noise ratio (SNR) is incorporated
here to account for typical noise intrusions present.
The algorithm processes the scattered data and generates the

reconstructed images. To ensure a fair comparison, the results
obtained using the proposed technique are quantitatively eval-
uated against existing studies in the literature. To assess the
performance, RMSE is selected as the quantitative compari-
son metric. The reconstructed images are shown in Figs. 2(b)–
2(d) and 3(b)–3(c). The comparison of the results of the pro-
posed method with [26] and [35] for profile-1 are shown in
Table 2 and with [26] for profile-2 in Table 3. The proposed
method demonstrates improved accuracy in reconstructing the
permittivity values of various breast tissues such as fatty adi-

TABLE 2. Comparison of different methods for Profile-1.

Breast Model Method Permittivity, εr RMSE

Tumor
εr = 40

RwBP [35] 39.29 0.710
SVBIM [26] 39.53 0.470

Proposed method 39.657 0.343

Breast tissue
εr = 9

RwBP [35] 8.35 0.650
SVBIM [26] 8.59 0.410

Proposed method 8.66 0.340

Glandular tissue
εr = 11

RwBP [35] 10.31 0.690
SVBIM [26] 10.54 0.460

Proposed method 10.655 0.345

TABLE 3. Comparison of different methods for Profile-2.

Breast Tissue Method Permittivity, εr RMSE
Tumor
εr = 60

SVBIM [26] 59.13 0.872
Proposed method 59.25 0.750

Breast tissue
εr = 9

SVBIM [26] 8.46 0.540
Proposed method 8.54 0.460

Glandular tissue
εr = 11

SVBIM [26] 10.21 0.790
Proposed method 10.46 0.540

pose tissue, fibroglandular tissue, and tumor regions compared
to both [26] and [35], resulting in reduced reconstruction error.
These findings indicate that the proposed method effectively

reconstructs both high- and low-contrast scenarios. Conse-
quently, the next step is to experimentally validate these nu-
merical results. Details of the microwave imaging experiment
and its corresponding results are discussed in Section 3.2.
The impact of noise on the reconstruction performance is

evaluated by comparing the proposed method with RwBP and
Total Variation (TV) Regularization [38] regularization tech-
niques. The results shown in Fig. 4 demonstrate that the pro-
posed method consistently outperforms both RwBP and TV
regularization across all noise levels.

FIGURE 4. RMSE of reconstructed profile for different noise levels.

3.2. Validation with Experimental Results
For a fair comparison, the validation of the proposed recon-
struction algorithm is done with a Delrin phantom. The Delrin
phantom [39] used in the experiment is depicted in Fig. 5. The
phantom has a cylindrical shape with a diameter of 10 cm and a
height of 15 cm. The material chosen for this phantom is Del-
rin with a relative permittivity (εr = 3.7). The outer region of
the phantom represents fatty breast tissues. The phantom con-
tains three inclusions made of polyvinyl chloride (PVC) mate-
rial, each with a higher permittivity (εr = 4.8). The inclusions
mimic tumors and have varying sizes: 10mm, 6mm, and 3mm.
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FIGURE 5. Inclusion details of Delrin Phantom. FIGURE 6. Experiment setup.

(a) (b) (c)

FIGURE 7. Reconstructed profiles of Delrin Phantom (a) by RwBP [35], (b) by SVBIM [26], (c) by the proposed method (DBIMwith Hybrid LSQR).

TABLE 4. Comparison of inclusion localization and size estimation
using the proposed method versus [26] and [35] for Delrin Phantom.

Inclusion 1 (Diameter = 10mm, True Location = (1.5, 1.5))

Method Location Estimated
Diameter (mm) Error

Proposed (1.503, 1.504) 9.15 0.085
Ref. [26] (1.505, 1.505) 9.11 0.089
Ref. [35] (1.505, 1.515) 8.32 0.166
Inclusion 2 (Diameter = 6mm, True Location = (2.5, 2.5))

Method Location Estimated
Diameter (mm) Error

Proposed (2.51, 2.50) 5.24 0.128
Ref. [26] (2.51, 2.50) 5.2 0.133
Ref. [35] (2.48, 2.50) 3.8 0.58
Inclusion 3 (Diameter = 3mm, True Location = (2, 4))

Method Location Estimated
Diameter (mm) Error

Proposed (2, 4) 2.34 0.165
Ref. [26] (2, 4) 2.2 0.21
Ref. [35] (1.97, 4.012) 1.9 0.36

The experimental arrangement is given in Fig. 6. A standard
horn antenna operating in the 2–18GHz range is used as the
transmitter antenna. The receiver antenna used is a microstrip
UWB antenna of egg-shaped geometry [39]. Imaging is carried
out by placing the receiver antenna at an angular spacing of 10

degrees, that is, at 36 locations around the phantom. PNAE
8362B vector network analyzer (Agilent Technologies, USA)
was utilized for exciting the transmitter antenna between 3 and
10GHz in the UWB frequency range at 201 discrete frequen-
cies. The microwave signals are scattered by the phantom be-
cause of the inhomogeneity created by the inclusions with a di-
electric constant different from that of the outer layer. The scat-
tered signals are received by the receiver antenna. The above
experiment is carried out inside an anechoic chamber. The pro-
posed method is applied to the scattered data for the reconstruc-
tion of the scattered profile.
The reconstructed profiles for various methods are shown in

the Figs. 7(a)–7(c).
The proposed method provides a more accurate estimate of

the diameter of inclusion, resulting in smaller error values (Ta-
ble 4). The improved dielectric value localization and size esti-
mation, in comparison to [26] and [35], demonstrate the effec-
tiveness of the proposed method.

4. CONCLUSION
An integrated quantitative reconstruction method combining
the Distorted Born Iterative Method (DBIM) with Hybrid
LSQR for solving Inverse Scattering Problems (ISP) is
proposed in this paper. The proposed method is capable of
reconstructing materials with both low and high dielectric
contrasts, achieving values up to εr as high as 60. This imaging
technique produces a significantly reduced permittivity error
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value of 0.343 in the reconstruction of tumor inclusions even
in the presence of 30 dB noise against 0.47 of Subspace-based
Virtual Born Iteration Method (SVBIM) with SpARSA tech-
nique. Experimental validation is carried out using a Delrin
phantom containing three inclusions measuring 10mm, 6mm,
and 3mm. The inclusions are successfully localized with
errors of 0.085, 0.128, and 0.165, respectively.
This experimental validation demonstrates that the proposed

method can detect inclusions of various sizes with minimal er-
ror, highlighting its potential for medical and industrial imaging
applications. Although this study is limited to 2D imaging with
Transverse Magnetic (TM) polarization, future work will fo-
cus on extending the approach to 3D imaging using Transverse
Electric (TE) or full-vectorial illumination. This advancement
will require modeling complex 3D field interactions, construct-
ing appropriate 3DGreen’smatrices, and solving large-scale in-
verse problems to reconstruct the complete volumetric dielec-
tric profile.
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