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ABSTRACT: This paper examines the impact of soil stratification and the frequency dependence (FD) of the Earth’s electrical parameters
on the transient response of underground cable systems, accounting for both earth-return admittance and impedance. A derivative-free
iterative approach is proposed to overcome issues related to discontinuous modal transformation matrices that occur at certain frequen-
cies when using conventional diagonalization algorithms. This method ensures smooth and continuous eigenvector tracking. Transient
voltages and currents along cables are computed using a modal-domain-based transmission line model combined with Numerical Inverse
Laplace Transform (NILT). Simulation results validate the proposed method’s accuracy and stability, and highlight the significant influ-
ence of the stratified frequency-dependent (SFD) ground under various operating conditions. Finally, a reduced equivalent model of the
three-phase underground system is established to facilitate further analysis.

1. INTRODUCTION

ccurate modeling of overhead lines and underground ca-

bles (OHLUGC) is essential for assessing the transient re-
sponse of power networks. A multi-phase system (MPS) is
characterized by distributed, frequency-dependent FD parame-
ters where voltages and currents behave as propagating waves.
To compute transient responses in such systems, the ground-
return impedance and admittance for lossy soil must be care-
fully evaluated. In this context, initial formulations for the
ground-return impedance of underground cables were proposed
by Pollaczek [1], neglecting displacement currents and asso-
ciated admittance. They were later extended by Sunde [2],
who incorporated the effects of ground displacement currents.
Since then, various generalized expressions for admittance and
impedance have been derived for both single-phase [3-6] and
multi-phase [7, 8] systems. These classical models assume a
semi-infinite, homogeneous earth.

Further studies [9—14] have investigated the influence of
frequency-dependent soil properties on the wave propagation
and transient behavior in OHLUGC systems. In recent years,
several methods have been proposed for measuring and model-
ing FD soil parameters [15-17]. Soil is characterized by its
frequency-dependent conductivity o(f), relative permittivity
€-(f), and the constant magnetic permeability p which is as-
sumed to be equal to the vacuum permeability pg. These soil
parameters also depend on soil characteristics such as temper-
ature, humidity, and soil particle size. To evaluate the effect of
the FD soil parameters on the transient response of the MPS,
the usual procedure used in the aforementioned works consists
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of calculating the ground-return impedance and admittance us-
ing a specific set of FD ground models. This is justified by the
fact that the parameter o(f) + jwe,(f)eg appears directly in
frequency-domain Maxwell equations.

In this context, Li et al. [9] evaluated the behavior of
overhead transmission line parameters considering the fre-
quency characteristics of soil parameters. The ground-return
impedance of the line was evaluated with complex penetration
depth. The conductivity and permittivity of the soil were mea-
sured using a broad band dielectric spectrometer accounting
for the soil moisture content and temperature. De Conti and
Emidio [10] adapted Marti’s transmission line model [18] to
consider the influence of FD soil parameters by substituting
Carson’s integrals [19] of limited validity, particularly for
high-frequency in poorly conducting soils, by those of Nak-
agawa and Iwamoto [20]. Causal expressions proposed by
Alipio and Visacro [16] to represent the FD behavior of o (f)
and €, (f) have been adopted. Later, Papadopoulos et al. [21]
investigated the impact of the soil’s FD electrical properties
on propagation characteristics of underground cables. Earth-
return impedance and admittance proposed in [22] were used.
Recently, Xue et al. [14] developed an extended transmission
line approach involving a generalized earth-return impedance
and admittance for underground cables based on complete
solutions of Maxwell’s equations [8].

To solve transmission-line equations in these settings, modal
decomposition techniques [23, 24] are commonly employed to
decouple multi-phase systems. This allows for independent
treatment of each mode, while preserving the influence of FD
behavior in the modal transformation matrices. However, in
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FIGURE 1. Geometric configuration in two-layer earth.

complex cable configurations, standard eigenvalue solvers may
fail to produce consistently ordered eigenvectors. As frequency
varies, it often leads to unavoidable discontinuities or switch-
ing of modes. To achieve continuous and smooth eigenvectors
and eigenvalues of ZY for power cables and lines, various it-
erative methods, including the modified Jacobi [25], Newton-
Raphson [26], and Levenberg-Marquardt [27] methods were
developed. For these methods, ZY is scaled as proposed in [28]
to overcome overflow errors, and the eigenproblem is reformu-
lated into an explicitly real-valued formulation.

This paper investigates the influence of stratification and
frequency-dependent soil properties on the transient response
of an underground cable system. The generalized quasi-
transverse electromagnetic (TEM) earth-return impedance
and shunt admittance model from [22] is adopted, along with
the curve-fitting expressions of Longmire and Smith [15]
for o(f) and ¢,.(f). To ensure consistent modal tracking
over frequency, we apply a derivative-free iterative scheme
introduced in [29], enabling robust sorting and smoothing of
modal quantities. Finally, a reduced model of a three-phase
underground system is established.

2. SYSTEM UNDER STUDY

The geometric configuration of three single-core (SC) under-
ground cables placed in a stratified earth medium is illustrated
in Figure 1.

The soil consists of two layers. The cables are buried in
the first layer at depths hj, hs, and hs from the air-soil inter-
face, with horizontal spacings 12, 23, and y13 = y12 + Ya23.
The electrical properties of each layer are frequency dependent.
The first layer has thickness d and is characterized by conduc-
tivity o1 (f) and permittivity 1(f) = eoer1(f). The second
layer, extending to infinity in depth, is defined by o2 (f) and
ea(f) = eoer2(f). Both layers are assumed to share the same
permeability j9, with g and po denoting the vacuum permit-
tivity and permeability, respectively.

Assuming quasi-transverse electromagnetic (TEM) propaga-
tion, the voltage and current wave propagation in the frequency
domain is governed by the telegrapher’s equations:

%Z = —Z(w)1, (1a)
) |
5, = Y@V, (1b)
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where w is the angular frequency, and V and I are 6 x 1 vectors
of phase voltages and currents, respectively. The 6 x 6 matrices
Z(w) and Y (w) denote the per-unit-length series impedance and
shunt admittance matrices, respectively. These matrices consist
of the following components:

Z = UQZL+Z.®J ©)

The operator ® denotes the Kronecker (tensor) product, and
the 3 x 3 matrices U and J are the unit and all-ones matrices,
respectively. In Figure 1(b), the single-core cable is shown as
a two-conductor system consisting of a core and a sheath, and
the impedances are represented by a 2 x 2 matrix:

Zi — |: chi :|

Z 551
where Z..; is the core self-impedance, Z,; the sheath self-
impedance, and Z,,; the conductor-sheath mutual impedance.
Expressions for the elements of impedance matrix Z; based on
the loop impedance formulation are given in [23].

The 3 x 3 matrix Z. accounts for the earth-return path
impedance of cables buried in the first layer in the two-layer
soil model. According to Papadopoulos et al. [22], its elements
are computed as:

Z cct

chz' (3)

Ik
»t] 1 0

Z " F(A) cos(yiy ) dA, @

with the kernel function F'(\) defined as:

1
a1(s10821 — dipdare—214)

FQ) =
—ay|hi—hj| + 810d21€—a1(2d—h,;—hj)

*|S10821 — €

+ dypsgre” Wit 4 g gdg e 1 A= Ihi=hil)

(5)
where the coefficients are given by:
510 = plo1 + p1 g, dig = poa1 — p1a,
S21 = p2Q1 + p1Qi2, do1 = paar — pia.  (6)

VA2 92+ wepmpim, and 7y, =

\/JWptm (0 + jwen) is the propagation constant in medium

Here, «,, =
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m = 0, 1, 2. The per-unit-length admittance matrix Y is related
to the inverse of the potential matrix P as:

Y = jwP!. (7)

The matrix P is defined as:

P=(T")™! {U@ [Pgs PO } +P.® {8 (1)” T, (8)

where P.; and Ps, are the potential coefficients corresponding
to the internal (core-to-sheath) and external (sheath-to-earth)
insulation. The incidence matrix T is used to transform loop
quantities to phase quantities:

T:U@[_l1 ﬂ )

The operator (.)! refers to the transpose of a matrix.

For cables buried in the upper soil layer, Papadopoulos et
al. also proposed the following expression for the elements of
the ground-return potential matrix:

Jw

P.i; =

(o1 + jwer) /0 [F(N) + G(N)] cos(yijA) dA,
(10)

where

G(N) = 200pmp2(7f —73)(G1(A) + G2(N)
+2a1p0p (V7 = 25)(G3(A) + Ga(N). (11)

Expressions for G (), with k = 1,. .., 4, are provided in Ap-
pendix A. The self-impedance and self-admittance corrections
due to the earth can be obtained from (4) and (10), respectively,
by setting y;; to the cable outer radius and h; = h;. To decou-
ple Equations (1a) and (1b), the product YZ is diagonalized via
the modal transformation matrix T;, obtained by solving the
eigenvalue problem:

T;'YZT; =+, (12)

where v2 = diag(+?,73, . ..,72), and ~; are the modal propa-
gation constants of the six modes.

Finally, for the three-phase SC cable system, the two-port
nodal admittance equation can be formulated as:

I0)] [ A -B V(0)
[ 0 ] = {B A+YL] [V(l)}’ (13)
where
A = T; diag™ ' (tanh(+1)) diag ™" ()T} Y,
B = T, diag ' (sinh(~!)) diag ™" (7)T; Y.
and

V = [Va, Vi1, Vea, Vaz, Ves, Vas]*
I = [Icla Islv Ic27 Is27 Ic?n Is3]t
with subscripts ¢ and s referring to core and sheath, respec-

tively. The cables are of length [ and are connected to load
admittances Y, and Y, at their input and output terminals.

3. SMITH AND LONGMIRE (LS) FREQUENCY-
DEPENDENT SOIL MODEL

A realistic example of frequency-dependent soil is the model
proposed by Longmire and Smith [15], commonly known as the
LS model. It is a complex, broadband model suitable for rep-
resenting permittivity and conductivity for different soil types,
with empirical parameters obtained from experimental mea-
surements. The model is valid in the frequency range from
100Hz to 10° MHz [33]. In this work, Longmire and Smith
model is used to investigate the frequency dependence of soil
parameters on the transient response of the three-phase cable
system buried in two-layer soil. According to [15], the fre-
quency dependence relative permittivity e, and conductivity o
are given by:

13
a .
&(f) = oot Y ———, & =€y, i =12 (14)
(7

2
2, o (£)

o(f) = O'Dc—|—27Tf€()ZFn 5
n=1 1+ (%)

where opc is the DC soil conductivity (cpc = opci, ¢ =
1,2); €,  is the high frequency limit of the relative permittivity
(€r,00 = 5); and I}, is defined as:

F, = (1250pc)%®312 . 10" [Hz] (16)

o =0 (15)

and the coefficients a,, are given in Table 1.

TABLE 1. Coefficients for LS soil model.

n Qn n Qn

1 3.4-10° 1.25 - 101
2 2.74-10° 4.8-10°

3 258-10% | 10 2.17-10°
4 338-10%° | 11 9.8-107*
5 5.26-102 | 12 3.92.-1071
6 1.33-10%° | 13 1.73-107*
7 2.72-10!

Table 2 shows the electrical properties of the examined soils.
In#H; and #H3 cases, the soil is considered homogeneous with
constant electrical parameters o and €, = 5 for the first case,
and frequency-dependent o(f) and €, (f) according to the LS
model for the second. In cases #SFD; and #SFDs, the soil is
stratified with two layers. The DC conductivities of the layers
(LS model) are o1pc = 0.01 S/m and oopc = 0.001 S/m for
#SFD. #SFD> soil is characterized by o1 pc = 0.001 S/m and
Jg2pDC = 0.01 S/m.

4. FIXING EIGENVALUE AND EIGENVECTOR
SWITCHOVERS

By calculating the eigenvalues 42, i = 1,...,6 and associ-
ated eigenvectors [T; ., j = 1,...,6], where Ty ,; is the jth
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TABLE 2. Examined soils properties.

Cases Conductivity (S/m)
#H; o =0.01
Homogeneous earth | ¢ = 0.001

#H3 opc = 0.01

FD soil opc = 0.001
#SFD1 g1DC = 0.01

FD two-layer earth o2pc = 0.001
#SFD2 o1pc = 0.001

FD two-layer earth o2pc = 0.01

column-vector of the matrix T; defined in (12), for each spe-
cific frequency using standard routines such as the Matlab eig(-)
function, Mathematica Eigensystem][-] function using the direct
method, QR algorithm, and power methods, the eigenvalues
switching occurs. It also means that the relative positions of the
columns T; .;, 7 = 1,...,6 change places at certain frequen-
cies. This is because when the eigenproblem (12) is solved at a
given frequency, conventional algorithms are unable to recover
the relative order obtained at the previous frequency step, which
makes them not suited for the evaluation of YZ eigenvectors as
smooth frequency functions. In this work, YZ is calculated,
and each element is divided by —w?egpto. The unit matrix U is
subtracted, and the eigenvalues 77 and eigenvectors T; of the
modified matrix S [29]

YZ

S=—5—-U 17)
—Ww=€o o
are calculated. The real eigenvalues of YZ are then:
7 = —weono(1+77) (18)

Figure 2 shows the frequency responses of the second col-
umn of the current modal transformation matrix T; (real and
imaginary parts) for horizontally arranged three-phase cables
which are buried directly in the first layer of a frequency-
dependent layered soil. The cables are located 1 m from the
surface of the ground and are spaced 0.25m apart. The first
layer of # SFD5 soil is 3 m deep. The eigenvector matrix T is
calculated from S matrix given in (18) using the MATHEMAT-
ICA Eigensystem][-] function.

As depicted in Figure 2(a), the components of the second
eigenvector of S matrix exhibits discontinuities as the fre-
quency changes, leading to switchovers in the propagation
modes associated with the cable structure. The variation of the
attenuation constants for the six modes (#¢,7 = 1, ..., 6) of the
cable system as a function of frequency is represented in Fig-
ure 3. As can be noticed in Figure 3(a), mode switching occurs
at frequencies near 223.8 Hz, 274.15 Hz, and 1.71 MHz.

To ensure continuous and smooth YZ product eigenvectors
over a wide range of frequencies, the proposed new method
consists firstly in solving the modified eigenproblem

(S—32U)T1wp = 0, k=1,...,6
TI,*k"TIV*k = ].

(19)
(20)

20

at the minimum frequency fii, of the set of frequency points
{fimin, fmin + AF, fiiny £2Af, . ., fmax} Where A f is the fre-
quency step using Mathematica Eigensystem[-]. The rela-
tionship (20) represents the normalization equation for the
eigenvector Ty .. The eigenvalues at fni, are denoted by
'7%71,'71272, e ,"in, and their eigenvectors by T},*kv k =
1,...,6. After grouping (19) and (20), the complex-valued
vector function F of size 7 is formulated and tends to zero for
the pair of solutions t and A, which respectively represent the
6 x 1-dimensional eigenvector of the S matrix and the corre-

sponding eigenvalue
)=
(t ) (22)

The nonlinear system of Equation (21) can be solved by using
several techniques [27,28]. In this paper, an iteration proce-
dure is proposed by applying a derivative-free iterative scheme
which is based upon the divided difference operator (DDO) [29]
as presented:

S-t— At
t-t—1

F(X) = ( @1

X =

On = [CnaXn;F}il F(Xn)
Cn+1 :Xn _571

23
Y,=X,+d, (23)
Xn+1 = Yn + [Cn+17xn; F}_l ' F(Yn)
where [£, v; F] is the first order DDO of F = (Fy, Fy, ..., Fg)?

for the 6 x 1 dimensional nodes £ and v defined by a component-
to-component procedure as follows:

[gvvaF]zd = Fi(gl’ e ’55]7_1};[7]+17 R 706)
J J
_Fi(§1)"'7§7‘—17Uj,...7’U6) (24)
& — v

Next, each pair (T} ,,,7:i,)" is used as the initial guess X;
in the iterative process (23) to provide the correct eigenvalue-
eigenvector pair (T 1,*1@75’127 )b at frequency fuin. The initial
guess value (3 is considered equal to X; + 0.0001Q where
Q = (1,...,1)%. The iteration stopping criteria, which cor-
respond to both [X,,+1 — X,,| and |F(Xu+1)| less than a fixed
tolerance e, typically equal to 10~8, are used. Finally, to ensure
continuous, smooth behavior of the eigenvectors as a function
of frequency and speed up the iteration process, the initial value
of X at each frequency is seeded with the final solution at the
previous frequency.

Figure 3(b) shows the attenuation constants obtained by ap-
plying the proposed method. It is obvious that there is no mode
switching. Moreover, as depicted in Figure 2(b), the eigenvec-
tors are continuous and smooth as a function of frequency. It
should also be noted that the eigenvector switchover problem
is altogether solved by the proposed method without the need
for a sorting algorithm.
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FIGURE 2. Magnitude of the real and imaginary elements of eigenvector 2 of YZ matrix.

5. TRANSIENT RESPONSES

To demonstrate the influence of soil stratification and
frequency-dependent electrical properties on cable transient
behavior, consider the three-phase horizontal SC cable system
previously introduced in Figure 1. The cables, labeled C,
C5, and (', are identical. The soil specifications are listed in
Table 2.

21

The transient responses are evaluated for various cable
lengths and soil topologies. The soil may be homogeneous
with constant (#H) or frequency-dependent (#H3) parameters,
or layered with frequency dependence, denoted as #SFD; and
#SFD2. The geometric layouts are shown in Figures 1 and 4.

A standard 1.2/50 us lightning impulse voltage v;(t), of per-
unit amplitude, is applied to the core of C} at the sending end,
as illustrated in Figure 4. Cable sheaths are grounded through
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FIGURE 3. Comparison of modal attenuation constants for the cable system in #SFD> soil.

FIGURE 4. Test configuration for transient simulation.

a 1 () resistance. The nodal admittance matrix (13) is modified
using Modified Nodal Analysis [30] to incorporate boundary
conditions. Ground-return impedance expressions (4) and (10),
involving semi-infinite integrals, are evaluated using the nu-
merical integration method proposed in [31]. Time-domain re-
sponses are then recovered via Laplace Transform inversion
using the Fast Fourier Transform in conjunction with the -
algorithm to accelerate the convergence of the resulting infinite
complex Fourier series [32].

Figure 5 summarizes the transient sheath voltage responses
at the far end of cable C'; in the MPS, under the four previously
introduced soil topologies and three cable lengths (I = 100 m,
1000 m, and 4000 m). For each length, two conductivity values,
0.01 S/m and 0.001 S/m, are used to assess the influence of both
soil stratification and FD electrical parameters.

For the short cable arrangement of length [ = 100 m, the
comparison between Figures 5(a) and 5(b) reveals a signifi-
cant influence of soil conductivity. When the homogeneous soil
conductivity is o = 0.01 S/m, topology #H; exhibits noticeable
discrepancies compared to the frequency-dependent topology
#H3 (with cpc = 0.01 S/m), as well as the stratified topology
#SFD; (with 01 pc = 0.01 S/m). These discrepancies, in peak
amplitude and time delay, highlight the sensitivity of transient
responses to both soil stratification and frequency dependence
at higher conductivity.

At lower conductivity, these effects become even more pro-
nounced: the amplitude of the transient sheath voltage is
reduced by nearly half compared to the higher conductiv-
ity case, and the differences between topology #H; (with

22

o = 0.001 S/m) and the frequency-dependent topologies (with
opc = o1,pc = 0.001S/m) become more distinct. It indi-
cates the dominant role of frequency-dependent parameters in
strongly influencing the transient response in low-conductivity
environments.

For a cable length of [ = 1000 m, Figures 5(c) and 5(d)
show a decreasing sensitivity to both soil stratification and fre-
quency dependence electrical parameters. Under higher con-
ductivity conditions, the transient responses for topologies #H;,
#Hs, and #SFD; become nearly indistinguishable, indicating
that the influence of frequency-dependence and stratification
diminishes at this length.

At lower conductivity, minor variations persist between the
homogeneous and frequency-dependent topologies; however,
the overall trend remains: the impact of soil electrical proper-
ties on transient voltages becomes less pronounced as the cable
length increases.

For the longest cable arrangement, with a length of [ =
4000 m, Figures 5(e) and 5(f) confirm this trend. The tran-
sient sheath voltage responses for the three configurations, #H1,
#Hs, and #SFD4, with 0 = opc = 01,pc are nearly identi-
cal for both conductivity values. Additionally, the deviation
previously observed in topology #SFD5 becomes significantly
reduced, reinforcing the conclusion that the impact of soil char-
acteristics on transient behavior weakens with increasing cable
length.

These observations collectively suggest that, while fre-
quency dependence and stratification have a considerable
impact at short lengths and low conductivities, their influence
becomes progressively negligible as the cable length increases.

Figure 6 illustrates both the primary and the equivalent MPS
models employed in the transient simulations. In the primary
MPS configuration, three identical cables, each with a length
of [ = 1km, are positioned at distinct vertical locations.

Cables C' and Cj3 are located at a depth of h; 3 = 2m be-
low ground level, whereas the middle cable, Cs, is situated at
ho = 1m, all embedded within the first soil layer of thick-
ness d = 3m in a frequency-dependent stratified medium. A
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FIGURE 5. Comparison of transient sheath voltage responses at the far end of the first cable for two conductivities: 0.01 and 0.001 S/m.
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+ S1.eq
+ ™ S2,eq
A < - >
Three-conductor configuration Equivalent two-conductor configuration
FIGURE 6. Primary and equivalent MPS configurations employed for transient analysis.
double-exponential voltage source is applied exclusively to the The geometric layout of the equivalent MPS model, com-
core of the central cable C5. prising cables C'; ¢q with radius 7y and C5 ¢q and radius 7eq =
In the equivalent two-conductor model, cables C; and C'5 are r4|y1 — ys|, is shown in Figure 7.
replaced by a single equivalent cable denoted as Cs q, while the These conductors are embedded in a two-layer soil charac-
central cable CY is represented by C ¢q. In this configuration, terized by DC conductivities 01, pc and 02 pc.

the excitation is applied to the core of C ¢4.
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FIGURE 8. Transient core and sheath voltage responses for two FD conductivity configurations: (SFD1) and (SFD2).

Figure 8 compares the transient voltages at the cores and
sheaths of the cables for both the primary and equivalent mod-
els. In the equivalent configuration, the first equivalent ca-
ble (' ¢4 is excited, analogous to the excitation of cable C in
the primary MPS configuration. The results presented in Fig-
ures 8(a) and 8(c) demonstrate that the sheath voltages of cable
Cs can be accurately estimated using the equivalent two-phase
model. Similarly, the voltages in cables C; and C3, which
are electrically identical, are well reproduced by the equiva-
lent cable Cy ¢ for both soil topologies #SFD; and #SFD.
This equivalence remains valid provided that the cables shar-
ing identical electrical characteristics, are subjected to the same
excitation, and are terminated with identical load impedances.

A similar observation applies to the core voltages of cables
C and C'3, which closely match the transient voltage at the core

24

of the equivalent cable C'5 ¢4, as shown in Figures 8(b) and 8(d).
A noticeable reduction in the amplitude of the core voltage of
(5 ,¢q s observed as a consequence of changes in soil topology.

A noteworthy finding is that the transient voltage response at
the core remains identical for both soil configurations #SFD
and #SFDs. This consistency is attributed to the dominant in-
fluence of the impulse voltage source, which is largely unaf-
fected by variations in soil electrical parameters.

It should be noted that the sheath transient voltages at the re-
ceiving end of cable C1 for soil topology #H3 and cable lengths
Il =100m, ! = 1km, and [ = 4 km in the flat three-phase con-
figuration are exactly those obtained in [34] (see Figures 10(a),
(c), and (e), reported in [34], for a generalized approach and a
flat configuration). This agreement in results validates the pro-
posed methods for eliminating mode switching, calculating the
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generalized earth return impedance and admittance for buried
cables, and evaluating transient voltages in underground MPS.

6. CONCLUSION

In this paper, the influence of soil stratification and the fre-
quency dependence of electrical parameters on the transient be-
havior of underground cables in a multi-phase system configu-
ration has been investigated.

An improved method was first proposed to compute smooth
modal transformation matrices in the frequency domain using
a derivative-free iterative approach. This robust technique ad-
dresses the challenging switchover eigenproblem and provides
a reliable foundation for accurately modeling the modal behav-
ior of underground MPS configurations.

The impact of soil stratification and frequency-dependent
electrical parameters on the transient responses of MPS cables
was thoroughly examined using Modified Nodal Analysis. The
results show that, while these factors, especially soil conduc-
tivity (i.e., FD conductivity), strongly influence the transient
behavior of short cables, their effect significantly diminishes
with increasing cable length. For longer cables, transient volt-
ages become less sensitive to soil stratification, provided that
the conductivity of the surrounding burial medium remains con-
stant. This observation suggests that simplified homogeneous
soil models may be sufficiently accurate for long-distance sim-
ulations.

Furthermore, this study validates an equivalent cable reduc-
tion technique for MPS configurations, in which two identical,
symmetrically placed cables are replaced by a single equiva-
lent conductor with an appropriate radius. This method accu-
rately preserves both core and sheath voltage responses, as con-
firmed by the strong agreement between the full and reduced
models. The proposed approach thus offers a robust and com-
putationally efficient alternative for simulating transients in un-
derground cables embedded in complex soil environments.

APPENDIX A.

The terms G;(\) appearing in expression (11) for the function
G(\) are defined as:

SloAloefal(zdfhlfhz)
_D10A21€—a1(2d+h1—h2)
(A10A21 + A1gAgpe2019)
(S10S21 + D1gDare2914)

SlOA1067Q1(2d7h1+h2)
_D10A106—01(2d+h1+h2)
(A1pA21 + AjgAgre=201d)
(S10S21 + D1gDare214)

521A12€7a1(2d+h17h2)

+D21A21e*a1(2d+h1+h2)
(A1pA21 + AjgAgre=201d)
(S10S21 + D1gDare21d)
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Sa1Aqpe=or(haths)
+D21A2167a1(2d7h1+h2)
(A10A21 + A1gAgye2019)
(810521 + D1gDare2214)

Gi(\) =

Assuming the indices {p,n = 0,1, 2}, the auxiliary terms are
defined as:

Spn = fin0p + fipQn,  Apn = O‘"’Vg”" +ap Yoty

Dpn = UnClp + HpCin, Apn = Oén’YgMn - Oép")/i,up
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