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Fields in Horizontal Multilayered Media with Full Anisotropy

Guibo Chen∗ and Ye Zhang

School of Physics, Changchun University of Science and Technology, Jilin, China

ABSTRACT: In this paper, a semi-analytical method for the calculation of electromagnetic (EM) fields in horizontal multilayered media
(HMLM) with full anisotropy is presented. First, the governing equation was obtained by the plane wave decomposition to Maxwell’s
equations, and the EM fields in the wavenumber domain (WD) were solved by means of eigensystems. Subsequently, a more intuitive
derivation of the spectral-domain propagationmatrix method based on existing literature was employed to calculateWD’s EM fields in the
HMLM. Finally, the EM fields in the spatial domain (SD) were obtained by 2-D inverse Fourier transform. To accelerate the evaluation of
SD’s EM fields, 2-D infinite integrals were transformed into semi-infinite integrals including sine(cosine) functions by Euler’s formula,
and fast sine(cosine) transforms based on digital filters were introduced. It has been shown that the proposed semi-analytical method
can be effectively used to calculate the EM fields in HMLM with full anisotropy through the comparison with the existing numerical
algorithm.

1. INTRODUCTION

Modeling of electromagnetic (EM) fields in horizontal mul-
tilayered media (HMLM) is widely used in antenna de-

sign, remote sensing, and geophysical prospecting [1–4]. Not
only can it describe the fundamental physical processes of EM
waves propagation, reflection, transmission, and attenuation in
HMLM, but more significantly, it is also the basis and key part
to solve the EM scattering problems of 3-D objects buried in
HMLM by the Method of Moments (MOM) [5–12].
In the classical book by Chew [5], rigorous derivation pro-

cesses were systematically introduced to calculate the EM
fields in layered media with horizontal, cylindrical, and spher-
ical configurations. Chew also presented dyadic Green’s func-
tions (DGFs) for EM fields in HMLM based on the vector wave
function approach, alongwith their application in integral equa-
tion formulations for EM scattering by buried 3-D objects. In
addition, there is a considerable body of literature on EM mod-
eling in a horizontal-layered medium. For isotropic formation,
Wannamaker et al. derived the expressions of EM fields and
DGFs in theHMLMsuitable for solving the 3-D geo-electric in-
tegral equation [7], and Lin et al. derived approximate formulas
for the radiation EM fields excited by a vertical electric dipole
in the presence of a four-layered region [13]. Okhmatovski and
Zheng presented rigorous fundamental principles, mathemati-
cal derivations, numerical methodologies, and application ar-
eas of EM fields for layered media in their recently published
book [14].
For a transverse isotropic formation, Kong solved the

EM propagation problems for the HMLM by decomposing
the field into different modes [15]. Michalski and Mosig
provided compact representations of potential- and field-type
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DGFs for HMLM based on the Transmission-Line Network
(TMLN) [16]. Chen et al. studied the singularity elimination
of DGFs in HMLM and its applications in solving the 3-D con-
traction integral equation [12]. For an azimuthal anisotropic
formation, Li and Pedersen developed methods to derive EM
fields from a grounded dipole on half-space and HMLM,
respectively [17, 18]. For orthotropic anisotropic formation, Li
et al. proposed an analytical algorithm for EM fields excited
by magnetic dipoles in HMLM using a classical propagator
matrix [19]. For more complex anisotropic formations, Huang
and Lee obtained the DGFs of EM fields for unbounded
and two-layered general anisotropic media using the eigen-
decomposition method [20], Yin and Maurer proposed a
method suitable for the calculation of low-frequency EM in-
duction in arbitrary anisotropic layered earth [21], and Løseth
and Ursin studied the EM fields in symmetric anisotropic
layered media [22]. For a full anisotropic formation, Hu et al.
proposed a method to calculate EM fields in HMLM [23]. To
our knowledge, there are relatively few works on the study
of EM responses in HMLM with full anisotropy due to the
mathematical complexity [24].
In this study, a semi-analytical method is proposed for the

calculation of EM fields in HMLMwith full anisotropy. Build-
ing on the spectral-domain propagator matrix method estab-
lished in existing literature [22, 23], this study constructs re-
cursive formulas by explicitly tracing the propagation and
multiple-reflection paths of waves between layers, thereby
making the derivation process of EM fields and generalized
reflection coefficients in the wavenumber domain (WD) more
intuitive while maintaining consistency in the mathematical
framework. In addition, to accelerate the numerical evalua-
tion of DGFs in the spatial domain (SD), a fast sine(cosine)
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FIGURE 1. Model diagram of horizontal multilayered anisotropic
medium.

transform algorithm based on digital filters was introduced, in
contrast to the conventional direct quadrature used in existing
literature.
The structure of this paper is as follows. In Section 2, physi-

cal modeling and EM solutions are presented, including the de-
composition of Maxwell’s equations, derivation of EM fields
in the WD, reflection and transmission at the interface, analyti-
cal solutions of eigenvalues and eigenvectors, and evaluation of
DGFs in the SD. In Section 3, the proposed method is verified
by comparison with existing algorithms. Our main conclusions
are summarized in Section 4.

2. PHYSICAL MODELING AND EM SOLUTIONS

2.1. Decomposition of Maxwell's Equations
Consider the HMLMmodel consisting ofN layers separated by
the horizontal interfaces parallel to the x-y plane of a Cartesian
coordinate system and located at z = d2d3, . . . , dN as shown
in Figure 1, the permittivity, conductivity, and permeability of
each piecewise homogeneous region are assumed to be 3 × 3
tensor:

ε̄ =

 εxx εxy εxz
εyx εyy εyz
εzx εzy εzz

 , σ̄ =

 σxx σxy σxz

σyx σyy σyz

σzx σzy σzz



µ̄ =

 µxx µxy µxz

µyx µyy µyz

µzx µzy µzz

 (1)

There is an electric (magnetic) dipole source J(M) at r′ =
(x′, y′, z′) with a time dependence of exp(−iωt), which can
generate EM fields at r = (x, y, z) that satisfyMaxwell’s equa-
tions [1]: {

∇× E = iωµ̄ ·H−M
∇×H = −iωε̄∗ · E+ J (2)

where complex permittivity ε̄∗ can be expressed as ε∗ξς = εξς−
σξς

iω (ξ, ς = x, y, z).
Because the HMLM shown in Figure 1 holds an infinite

range in the transverse direction, the following plane wave de-
composition [25, 26]

f̃ (kx, ky; z, z
′)

=

∫∫ +∞

−∞
f(x−x′, y−y′; z, z′)e−i[kx(x−x′)+ky(y−y′)]dxdy (3)

can be applied to Eq. (2), and the governing equation of the EM
fields in the WD can be obtained as(

Ī d
dz

+iK̄
)
Ψ (z) = s (4)

where kx and ky denote the wavenumbers in x- and y-
directions; Ī is the identity matrix; and Ψ(z) represents the
transverse fields vector given by

Ψ (z) =
[
Ẽx, Ẽy,−H̃y, H̃x

]T
. (5)

In Eq. (4), source vector s = [s1, s2, s3, s4]
T can be written

as:

s1 =
kx
ωε∗zz

J̃z − M̃y +
µyz

µzz
M̃z (6)

s2 =
ky
ωε∗z

J̃z + M̃x − µxz

µzz
M̃z (7)

s3 = J̃x − ε∗xz
ε∗zz

J̃z −
ky
ωµz

M̃z (8)

s4 = J̃y −
ε∗yz
ε∗zz

J̃z +
kx
ωµz

M̃z (9)

and the coefficient matrix K̄ with 4× 4 can be expressed as:

K̄=
[
K̄11 K̄12

K̄21 K̄22

]
(10)

K̄11=

 ε∗zxkx

ε∗zz
+

µyzky

µzz

ε∗zykx

ε∗zz
− µyzkx

µzz

ε∗zxky

ε∗zz
− µxzky

µzz

ε∗zyky

ε∗zz
+ µxzkx

µzz

 (11)

K̄12=

ω(µyy− µyzµzy

µzz

)
− k2

x

ωε∗zz
ω
(
µyzµzx

µzz
−µyx

)
− kxky

ωε∗zz

ω
(
µxzµzy

µzz
−µxy

)
− kxky

ωε∗zz
ω
(
µxx− µxzµzx

µzz

)
− k2

y

ωε∗zz

(12)
K̄21=

ω(ε∗xx− ε∗xzε
∗
zx

ε∗zz

)
− k2

y

ωµzz
ω
(
ε∗xy−

ε∗xzε
∗
zy

ε∗zz

)
+

kxky

ωµzz

ω
(
ε∗yx−

ε∗yzε
∗
zx

ε∗zz

)
+

kxky

ωµzz
ω
(
ε∗yy−

ε∗yzε
∗
zy

ε∗zz

)
− k2

x

ωµzz

 (13)

K̄22=

[
ε∗xzkx

ε∗zz
+

µzyky

µzz

ε∗xzky

ε∗zz
− µzxky

µzz

ε∗yzkx

ε∗zz
− µzykx

µzz

ε∗yzky

ε∗zz
+ µzxkx

µzz

]
(14)

If the solutions of Ψ(z) are obtained, then the vertical compo-
nents can be calculated using the transverse fields:

Ẽz=
1

iωε∗zz

[
ikyH̃x−ikxH̃y−iωε∗zxẼx−iωε∗zyẼy

]
(15)

H̃z=
1

iωµzz

[
ikxẼy−ikyẼx−iωµzxH̃x−iωµzyH̃y

]
(16)
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FIGURE 2. Schematic diagram of wave propagation when source and
receiver are in them-layer.

2.2. EM Fields in the WD
To solve Eq. (4), the coefficient matrix is diagonalized as
K̄=Ā · Λ̄ · Ā−1, and Eq. (4) can be transformed into the fol-
lowing equation [27]:(

Ī d
dz

+iΛ̄

)
ϕ (z) = S (17)

where,

S = Ā−1 · s (18)

Λ̄ = diag (λ1, λ2, λ3, λ4)=

[
Λ̄1 0
0 Λ̄2

]
(19)

In (17)–(19), Ā is the eigenvector matrix corresponding to K̄
and is formed by the set of eigenvectors as columns; Λ̄ is the
diagonal matrix composed of eigenvalues of K̄; andϕ(z) is the
unknown quantity containing the EM fields to be solved:

ϕ (z) = Ā−1 ·Ψ (z) (20)

To ensure numerical stability, among the four eigenvalues of
Λ̄, the two with positive imaginary parts Λ̄1 are designated as
representing the contributions of up-traveling waves, whereas
the two with negative imaginary parts Λ̄2 represent the con-
tributions of down-traveling waves. Then, ϕ(z) and S can
be expressed as the following combinations of up- and down-
traveling waves:

ϕ (z) =
[
ϕu ϕd

]T (21)

S =
[
Su Sd

]T (22)

In a homogeneous medium, solutions of (17) can be given
by:

ϕ(p)
u = −eiΛ̄

(m)
1 (z′−z) · Su (z < z′) (23)

ϕ
(p)
d = e−iΛ̄

(m)
2 (z−z′) · Sd (z > z′) (24)

In the HMLM, solutions of (17) are obtained by the following
three cases:
(1). The source and receiver are in the same layer (m-layer)
The case where dm < z < z′ shown in Figure 2 will be

considered. Under this condition, the up-traveling waves are
composed of direct waves and reflected waves (including mul-
tiple reflected waves) caused by the interfaces. Therefore, the
up-traveling waves can be expressed as:

ϕu = ϕ(p)
u + ϕ(s)

u (25)

where ϕ
(p)
u indicates the primary wave propagating directly

from z′ to z, and ϕ
(s)
u represents the contribution of reflected

waves corresponding to boundary effects and can be written
as [22]:

ϕ(s)
u = eiΛ̄

(m)
1 (dm+1−z) ·Qu (26)

whereQu is defined as the amplitude of the up-traveling waves
at interface dm+1. As shown in Figure 2, the up-traveling
waves at interface dm+1 are the results of the reflection of the
down-traveling waves at the interface. Because Qu contains
multiple reflection processes, it can be decomposed into the fol-
lowing terms:

Qu = Q(1)
u +Q(2)

u +Q(3)
u + . . . (27)

Furthermore, for the first term Q(1)
u in the above equation,

the up-traveling wave consists of two parts. One is the down-
traveling wave from z′ propagating to interface dm+1 (i.e., the
part in brackets [. . .] in (28)), which is then reflected to form

the up-traveling waveQ′(1)
u . The second is that the up-traveling

wave from z′ propagates to the interface dm (i.e., the part in
⟨. . .⟩ in (29)), and then it is reflected to form the down-traveling
wave (i.e., the part in [. . .] in (29)). This down-traveling wave
propagates to the interface dm+1 (i.e., part of ⟨. . .⟩ in (29)) and
is reflected to form the up-traveling wave Q′′

u(1) . The above
physical process can be expressed using the following formulas,

Q′
u(1)=˜̄Rm,m+1

[
e−iΛ̄

(m)
2 (dm+1−z′) · Sd

]
(28)

Q′′
u(1)=− ˜̄Rm,m+1

{
e−iΛ̄

(m)
2 hm

[
˜̄Rm,m−1

⟨
eiΛ̄

(m)
1 (z′−dm)·Su

⟩]}
(29)

here, hm = dm+1−dm is the thickness of them-th layer. From
Figure 2, the second- and third-terms in (27) can be written as:

Q(2)
u = ˜̄Rm,m+1e−iΛ̄

(m)
2 hm ˜̄Rm,m−1eiΛ̄

(m)
1 hm ·Q(1)

u (30)

Q(3)
u = ˜̄Rm,m+1e−iΛ̄

(m)
2 hm ˜̄Rm,m−1eiΛ̄

(m)
1 hm ·Q(2)

u (31)

Considering (27)–(31), one can obtain:

Qu = Q(1)
u + ˜̄Rm,m+1e−iΛ̄

(m)
2 hm ˜̄Rm,m−1eiΛ̄

(m)
1 hm ·Qu (32)

Substituting (28) and (29) into (32) yields the following expres-
sion for Qu:

Qu=
[
Ī− ˜̄Rm,m+1e−iΛ̄

(m)
2 hm ˜̄Rm,m−1eiΛ̄

(m)
1 hm

]−1

·

− ˜̄Rm,m+1e−iΛ̄
(m)
2 hm ˜̄Rm,m−1eiΛ̄

(m)
1 (z′−dm) · Su

+˜̄Rm,m+1e
−iΛ̄

(m)
2 (dm+1−z′)

· Sd

(33)
The down-traveling waves can be written as:

ϕd = e−iΛ̄
(m)
2 (z−dm) ·Qd (34)
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FIGURE 3. Schematic diagram of wave propagation when the source
layer is below the receiver layer.

where Qd represents the amplitude of the down-travelling
waves at dm. Similar to the derivation of Qu, Qd can be ex-
pressed as:

Qd=


[
Ī− ˜̄Rm,m−1eiΛ̄

(m)
1 hm ˜̄Rm,m+1e−iΛ̄

(m)
2 hm

]−1

·

− ˜̄Rm,m−1e
iΛ̄

(m)
1 (z′−dm)

· Su
+˜̄Rm,m−1eiΛ̄

(m)
1 hm ˜̄Rm,m+1e−iΛ̄

(m)
2 (dm+1−z′) ·Sd



(35)

When z′ < z < dm+1, expressions of up- and down-
traveling waves can be similarly obtained:

ϕu = eiΛ̄
(m)
1 (dm+1−z)·Qu (36)

ϕd = e−iΛ̄
(m)
2 (z−z′)·Sd + e−iΛ̄

(m)
2 (z−dm)·Qd (37)

(2). The source (m-layer) and receiver (n-layer) are not in
the same layer andm > n

If B(n)
u is defined as the amplitude of the up-traveling wave

at the interface dn+1 as shown in Figure 3, then the up- and
down-traveling waves at z can be written as:

ϕu = eiΛ̄
(n)
1 (dn+1−z)B(n)

u (38)

ϕd = e−iΛ̄
(n)
2 (z−dn) ˜̄Rn,n−1eiΛ̄

(n)
1 hnB(n)

u (39)

According to the physical characteristics of wave propaga-

tion, B(n)
u is equal to the sum of the transmitted wave B′

u(n) of
the up-traveling wave in n + 1 layer and the reflected wave
B′′
u(n) of the down-traveling wave in n layer with the following

expressions:

B′
u(n) = T̄n+1,neiΛ̄

(n+1)
1 hn+1B(n+1)

u (40)

B′′
u(n) = R̄n,n+1e−iΛ̄

(n)
2 hn ˜̄Rn,n−1eiΛ̄

(n)
1 hnB(n)

u (41)

Then, B(n)
u can be expressed as:

B(n)
u =

[
Ī− R̄n,n+1e−iΛ̄

(n)
2 hn ˜̄Rn,n−1eiΛ̄

(n)
1 hn

]−1

·T̄n+1,neiΛ̄
(n+1)
1 hn+1B(n+1)

u (42)

Using (42), B(n)
u can be calculated recursively from the ampli-

tude B(m−1)
u ofm− 1 layer, and the expression of B(m−1)

u can
be obtained similarly to the derivation of Qu:

B(m−1)
u

=T̄m,m−1

[
Ī−eiΛ̄

(m)
1 hm ˜̄Rm,m+1e−iΛ̄

(m)
2 hm ˜̄Rm,m−1

]−1

·
[
eiΛ̄

(m)
1 hm ˜̄Rm,m+1e

−iΛ̄
(m)
2 (dm+1−z′)

·Sd−eiΛ̄
(m)
1 (z′−dm)·Su

]
(43)

(3). The source (m-layer) and receiver (n-layer) are not in
the same layer andm < n

Using the analytical method presented above, the up- and
down-traveling waves for the case of m < n can be obtained
as follows:

ϕu = eiΛ̄
(n)
1 (dn+1−z) ˜̄Rn,n+1e−iΛ̄

(n)
2 hnB(n)

d (44)

ϕd = e−iΛ̄
(n)
2 (z−dn)·B(n)

d (45)

where B(n)
d can be obtained from the following recursive rela-

tion:

B(n)
d =

[
Ī− R̄n,n−1eiΛ̄

(n)
1 hn ˜̄Rn,n+1e−iΛ̄

(n)
2 hn

]−1

·T̄n−1,ne−iΛ̄
(n−1)
2 hn−1B(n−1)

d (46)

It should be noted that, for the case where the source and re-
ceiver are not in the same layer, the wave amplitudes on the
interfaces dn+1 (for m > n) and dn (for m < n) are ob-
tained through the recursion formulae given in this study and
then used to calculate EM fields, while the wave amplitudes
at the interfaces dn (for m > n) and dn+1 (for m < n) are
obtained through the recursion formulae given in the existing
literature. Evidently, the recursion formulae proposed in this
study are more consistent with the actual physical process of
wave propagation.

2.3. Reflection and Transmission at Interface
In the expressions of the EM fields given in the above section,
˜̄Rn,n+1 and ˜̄Rn,n−1 represent the generalized reflection matri-
ces of the interface and include the contributions of reflection
and transmission from the interface of all layers from the source

to the receiver. In this section, ˜̄Rn,n+1 is chosen as an example
to provide recursion derivation. Assuming that a wavewith unit

size is reflected by dn+1, as shown in Figure 4, and ˜̄Rn,n+1 can
be expressed as the sum of multiple reflections as follows [5]:

˜̄Rn,n+1 = ˜̄R(0)
n,n+1+

˜̄R(1)
n,n+1+

˜̄R(2)
n,n+1+

˜̄R(3)
n,n+1+ . . . (47)

According to the process of wave propagation in Figure 4, the
expression of each term in (47) can be written as (owing to
space constraints, only the first three terms are presented here):

˜̄R(0)
n,n+1=R̄n,n+1 (48)
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˜̄R(1)
n,n+1=T̄n+1,neiΛ̄

(n+1)
1 hn+1 ˜̄Rn+1,n+2e−iΛ̄

(n+1)
2 hn+1 T̄n,n+1(49)

˜̄R(2)
n,n+1=

{
T̄n+1,neiΛ̄

(n+1)
1 hn+1 ˜̄Rn+1,n+2e−iΛ̄

(n+1)
2 hn+1R̄n+1,n

·
[
eiΛ̄

(n+1)
1 hn+1 ˜̄Rn+1,n+2e−iΛ̄

(n+1)
2 hn+1 T̄n,n+1

]}(50)
˜̄R(3)
n,n+1=


T̄n+1,neiΛ̄

(n+1)
1 hn+1 ˜̄Rn+1,n+2e−iΛ̄

(n+1)
2 hn+1R̄n+1,n

·

[
eiΛ̄

(n+1)
1 hn+1 ˜̄Rn+1,n+2e−iΛ̄

(n+1)
2 hn+1R̄n+1,n

·eiΛ̄
(n+1)
1 hn+1 ˜̄Rn+1,n+2e−iΛ̄

(n+1)
2 hn+1 T̄n,n+1

] (51)
Substituting (48)–(51) into (47), ˜̄Rn,n+1 can be expressed as:

˜̄Rn,n+1= R̄n,n+1+T̄n+1,neiΛ̄
(n+1)
1 hn+1 ˜̄Rn+1,n+2

·
{
Ī+Γ̄

[
Ī+Γ̄

(
Ī+Γ̄⟨Ī+. . .⟩

)]}
e−iΛ̄

(n+1)
2 hn+1 T̄n,n+1

= R̄n,n+1+


T̄n+1,neiΛ̄

(n+1)
1 hn+1 ˜̄Rn+1,n+2

·

[
Ī− e−iΛ̄

(n+1)
2 hn+1R̄n+1,n

eiΛ̄
(n+1)
1 hn+1 ˜̄Rn+1,n+2

]−1

e−iΛ̄
(n+1)
2 hn+1 T̄n,n+1

 (52)

where Γ̄=e−iΛ̄
(n+1)
2 hn+1R̄n+1,neiΛ̄

(n+1)
1 hn+1 ˜̄Rn+1,n+2.

Similarly, the expression of ˜̄Rn,n−1 can also be obtained:

˜̄Rn,n−1= R̄n,n−1

+


T̄n−1,ne−iΛ̄

(n−1)
2 hn−1 ˜̄Rn−1,n−2

·

[
Ī− eiΛ̄

(n−1)
1 hn−1R̄n−1,n

e−iΛ̄
(n−1)
2 hn−1 ˜̄Rn−1,n−2

]−1

eiΛ̄
(n−1)
1 hn−1 T̄n,n−1

 (53)

In (52)–(53), R̄n,n+1, R̄n,n−1, T̄n,n+1, and T̄n,n−1 represent
the reflection and transmission matrices of a single interface,
which can be obtained from the boundary conditions of the EM
fields at the interface [23].

2.4. Analytical Solutions of Eigenvalues and Eigenvectors
It can be seen from the above analysis that to express the EM
fields in WD, it is also necessary to calculate the eigenvalues
and eigenvectors of the coefficient matrix K̄. According to ma-
trix theory [27], the eigenvalues of K̄ satisfy the following quar-
tic equation:

λ4 + a3λ
3 + a2λ

2 + a1λ+ a0 = 0 (54)

where,

a3=− (K11 +K22 +K33 +K44) (55)

a2=

K11K22+K33K44+(K11+K22)(K33+K44)
−K12K21 −K13K31 −K14K41

−K23K32 −K24K42−K34K43

 (56)

a1=



−K11K22 (K33+K44)−K33K44 (K11+K22)
+K12K21 (K33+K44)+K13K31 (K22+K44)
+K14K41 (K22+K33)+K23K32 (K11+K44)
+K24K42 (K11+K33)+K34K43 (K11+K22)
−K23K34K42−K13K21K32−K14K31K43

−K12K24K41−K24K32K43−K14K21K42

−K12K23K31−K13K34K41


(57)

a0 =



K11K22K33K44 +K12K21K34K43

−K12K23K34K41 +K13K24K31K42

+K14K23K32K41 −K14K21K32K43

−K13K24K32K41 −K14K23K31K42

−K12K24K31K43 −K13K21K34K42

−K24K42K11K33 −K13K31K22K44

+K11K23K34K42 −K34K43K11K22

+K44K13K21K32 +K14K31K43K22

+K33K12K24K41 −K12K21K33K44

+K11K24K32K43 −K23K32K11K44

+K14K21K42K33 −K14K41K22K33

+K44K12K23K31 +K22K13K34K41



(58)

The quartic equation (54) can be solved using the Ferrari
method [28], and four eigenvalues can be obtained:

λ =
−α±

√
α2 − 4β

2
(59)

where,

α =
a3
2

∓
√

a23
4

− a2 + γ; β =
γ

2
∓

√
−a0 +

γ2

4
(60)

In (60), γ satisfies the following cubic equation:

γ3−a2γ
2+(a1a3 − 4a0) γ−

(
a21 + a0a

2
3 − 4a0a2

)
= 0 (61)

Solutions of Eq. (61) can be easily written as:

γ =

(
p2 +

√
p31 + p22

) 1
3

+

(
p2 −

√
p31 + p22

) 1
3

− a2
3

(62)

where,

p1=
1

3
(a1a3 − 4a0)−

1

9
a22 (63)

p2=
1

6

[
(4a0−a1a3)a2−3

(
a21+a0a

2
3−4a0a2

)]
+

1

27
a32 (64)

Then, the eigenvector corresponding to each eigenvalue can
be calculated by substituting the eigenvalue into K̄ = Ā·Λ̄·Ā−1

and is expressed as:

A2j=(K31K24−K21K34)[K41(K33−λj)−K31K43]
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FIGURE 5. Distributions of ḠJE(r, r′) along z-direction (the solid line, circle, and dash represent the results from method of this paper, direct
numerical integration, and FVM, respectively).

−[K41K34−K31(K44−λj)][K31K23−K21(K33−λj)] (65)
A3j=[K31(K22−λj)−K21K32][K41K34−K31(K44−λj)]

− (K41K32−K31K42) (K31K24−K21K34) (66)
A4j=(K41K32−K31K42) [K31K23−K21 (K33−λj)]

−[K31(K22−λj)−K21K32][K41(K33−λj)−K31K43] (67)
A1j=− (K12A2j+K13A3j+K14A4j)/(K11−λj) (68)

here j = 1, 2, 3, 4.

2.5. EM Fields in the SD
To obtain the EM fields in the SD, the EM fields in the WD
must be subjected to a 2-D inverse Fourier transform:

f (x− x′, y − y′; z, z′)

=
1

4π2

∫∫ +∞

−∞
f̃(kx, ky; z, z

′)ei[kx(x−x′)+ky(y−y′)]dkxdky (69)

It can be predicted that the efficiency of using direct numerical
integration to evaluate the above 2-D infinite integral is rela-
tively low. To accelerate the numerical integration, based on
Euler’s formula, the infinite integral (69) can be transformed

into the following four semi-infinite integrals:

1

4π2
× f (x− x′, y − y′; z, z′)

=

∫∫ +∞

0

f̃1(kx,ky; z,z
′)cos[kx|x−x′|]cos[ky|y−y′|] dkxdky

+

[
Θ (x−x′)
·Θ (y−y′)

]
·
∫∫ +∞

0

f̃2 (kx, ky; z, z
′)

·sin [kx|x−x′|]
sin [ky |y −y′|]

 dkxdky

+iΘ (y−y′)

∫∫ +∞

0

 f̃3 (kx, ky; z, z
′)

· cos [kx |x− x′|]
sin [ky |y − y′|]

 dkxdky

+iΘ (x−x′)

∫∫ +∞

0

 f̃4 (kx, ky; z, z
′)

·sin [kx |x− x′|]
cos [ky |y − y′|]

 dkxdky (70)

whereΘ (η − η′) =

{
1 (η > η′)
0 (η < η′)

(η = x, y) and,

f̃1 (kx, ky)
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FIGURE 6. Distributions of ḠMH(r, r′) along z-direction (the solid line, circle, and dash represent the results from the method of this paper, direct
numerical integration, and FVM, respectively).

=f̃(kx, ky)+f̃(−kx, ky)+f̃(kx,−ky)+f̃ (−kx,−ky) (71)

f̃2 (kx, ky)

=−f̃(kx, ky)+f̃(−kx, ky)+ f̃(kx,−ky)−f̃(−kx,−ky) (72)

f̃3 (kx, ky)

= f̃ (kx, ky)+f̃ (−kx, ky)−f̃ (kx,−ky)−f̃ (−kx,−ky) (73)

f̃4 (kx, ky)

= f̃ (kx, ky)−f̃ (−kx, ky)+f̃ (kx,−ky)− f̃ (−kx,−ky) (74)

Integrals (70) can be evaluated by introducing fast Fourier sine
and cosine transforms based on a digital filter algorithm [29].
The filter coefficients are designed using the following two in-
tegral identities

∞∫
0

x2e−a2x2

cos (bx) dx=
√
π

(
2a2 − b2

8a5

)
e−(b

2/4a2) (75)

∞∫
0

x3e−a2x2

sin (bx) dx=
√
π

(
6ba2 − b3

16a7

)
e−(b

2/4a2) (76)

Taking the third integral in (70) as an example, its value can
be evaluated by

∫∫ +∞

0

f̃3(kx, ky; z, z
′)cos[kx|x−x′|]sin[ky|y−y′|]dkxdky

=

N2∑
i=N1

M2∑
j=M1

W c
i W

s
j f̃3

(
eAi−ln|x−x′|, eBj−ln|y−y′|; z, z′

)
|x− x′| · |y − y′|

(77)

whereAi andBj are the corresponding equally spaced filter ab-
scissas, andW c

i andW s
j are the 151 filter coefficients sampled

with 0.1 in the log-space designed in advance.

3. NUMERICAL VERIFICATION
Considering an HMLM model with a seven-layered medium,
as shown in Figure 1, it is assumed that the top- and bottom-
layers are half-space, and the boundary positions of other layers
are d2d3, · · · , d7 = 0, 8, 13, 25, 34, 50m, respectively. Since
the application background of this work primarily involves for-
ward modeling of geophysical electromagnetic problems and
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TABLE 1. Conductivity tensor of the designed HMLM.

Layer σxx σxy σxz σyx σyy σyz σzx σzy σzz

1 0.83 0.19 0.26 0.19 0.39 0.043 0.26 0.043 0.32
2 0.091 0.0014 0.02 0.0014 0.118 −0.019 0.02 −0.019 0.066
3 0.29 0.056 0.048 0.056 0.126 0.04 0.048 0.04 0.18
4 0.057 0.01 0.015 0.01 0.0356 7.2E-4 0.015 7.2E-4 0.0275
5 0.4 0.11 0.14 0.11 0.13 0.032 0.14 0.032 0.11
6 0.16 0.041 0.057 0.041 0.073 6.8E-3 0.057 6.8E-3 0.052
7 0.08 0.023 0.029 0.023 0.027 6.5E-3 0.029 6.5E-3 0.023

considering that general stratigraphic structures possess non-
magnetic properties, the permeability µ̄ in the following calcu-
lations is thus assumed to be a unit tensor. On the other hand,
given that the working frequency in geo-electromagnetism is
generally below 10 kHz and as it is conventional to neglect the
effect of displacement current [4], the permittivity tensor ε̄ is
therefore assumed to be a zero tensor in the following calcula-
tions. Based on the aforementioned considerations, the domi-
nant medium parameter in Maxwell’s equations (2) is the con-
ductivity within the complex permittivity expression, which is
assumed to take a fully anisotropic form as shown in Table 1
(the unit of conductivity is S/m in the table). Additionally, let
the source be located at (x′, y′, z′) = (0, 0, 20m), the trans-
verse coordinate of the receiver be x = y = 5m, and the work-
ing frequency be 10 kHz.
The DGFs for electric and magnetic fields are calculated

from −10m to 60m along z-axis using the method in this pa-
per, the direct numerical integration [30], and the finite vol-
ume method (FVM) in [31], as shown in (a)–(f) of Figures 5–6.
Here, the solid line, circle, and dash represent the results cal-
culated by the method proposed in this paper, direct numerical
integration, and FVM, respectively. It can be seen that the cal-
culation results of the three methods are in good agreement for
all components of DGFs. From the perspective of computation
time, all the curves in the figure contain 75 points. When they
are tested on the same computer (Intel Core i7-13700H CPU@
2.40GHz, 32GB RAM), the computation times are 7.5, 152.1,
and 289.3 seconds, respectively. It can be observed that while
maintaining computational accuracy, the proposed method ex-
hibits higher computational efficiency than the other two meth-
ods.
In addition, several numerical experiments were conducted

to ensure the correctness and accuracy of the proposed method.
Owing to space limitations, no specific numerical verification
results are presented here.

4. CONCLUSIONS
In this study, a semi-analytical method is proposed for the cal-
culation of EM fields in HMLM with full anisotropy. The gov-
erning equation was obtained by plane wave decomposition of
Maxwell’s equations, and the EM fields in the WDwere solved
by introducing eigen systems. A more intuitive derivation of
the propagation matrix method based on existing literature was
used to obtain the EM fields in the HMLM. EM fields in the

SD were obtained using a 2-D inverse Fourier transform, and
the fast sine(cosine) transforms based on digital filters were in-
troduced to accelerate the numerical evaluation of the EM fields
in the SD. Numerical comparisons with the existing algorithm
demonstrate that the proposed method can be effectively used
to calculate the EM fields in the HMLM with full anisotropy.
This method can be applied to the simulation and analysis of

EM characteristics in anisotropic inhomogeneous media, and
can also provide the necessary 1-D background field computa-
tion method for MOM simulations of EM scattering from 3-D
targets buried in anisotropic media.
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