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ABSTRACT: Photonic crystals (PhCs) play a crucial role in describing the quantized collective behavior of wave functions. However, the
existing investigations into their eigenstates primarily rely on classical computational methods. Variational quantum algorithm (VQA)
represents a promising quantum computing technology that can be implemented on noisy intermediate-scale quantum (NISQ) devices,
potentially surpassing the classical computational capabilities. Here, we propose a method to analyze the band and eigenstate properties
of PhCs based on variational quantum eigensolver (VQE). We firstly reformulate the Maxwell’s equations into a Hermitian generalized
eigenvalue problem. By appropriately selecting a loss function and employing the proposed quantum eigenvalue solver, we successfully
obtain the generalized eigenvalues using a quantum gradient descent algorithm. To validate our approach, we perform simulations on two
prototypical PhCs in square and hexagonal lattices. The results demonstrate that a complex Ansatz can effectively capture the optimal
solution, successfully yielding the generalized eigenvalues, but a simpler Ansatz exhibits significant limitations. Our findings provide
new insights into the application of VQAs in PhCs and other quantum topological systems.

1. INTRODUCTION

With the discovery of quantum Hall effect [1–4] and re-
cent advancements in the study of topological insula-

tors [5–9], the topological phases of matter have garnered sig-
nificant attention within the realm of condensed matter physics.
In 2008, Haldane and Raghu [10] successfully transferred the
key features of the quantum Hall effect from electronic sys-
tems to classical electromagnetism, a groundbreaking theoret-
ical framework that was subsequently verified through exten-
sive numerical simulations and experimental studies based on
magneto-optical photonic crystals (PhCs) [11, 12]. Following
this pivotal work, topological PhCs [13, 14] have become a fo-
cal point of research due to their unique properties, particu-
larly the transport phenomena of topologically protected edge
states (i.e., electromagnetic wave modes that propagate unidi-
rectionally at the material boundaries and are immune to dis-
order scattering) [15–17]. This phenomenon can be elucidated
using topological invariants, such as the Chern number — an
integer quantum number that characterizes the overall topologi-
cal properties of the band structure, analogous to quantized Hall
conductivity. These invariants are used to describe the bulk
properties of materials [20–22]. Specifically, a non-zero Chern
number indicates that the bulk states exhibit topological non-
triviality, and according to the bulk-boundary correspondence
principle, the system’s boundaries must host gapless topolog-
ical edge states. The role of these edge states is analogous
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to the classification of topological invariants in mathematics,
highlighting their significance in understanding the behavior of
complex systems.
Given the growing interest in the computational investiga-

tion of PhCs, it has become essential to explore methods that
allow for efficient characterization of their properties. How-
ever, current research predominantly relies on classical com-
putational techniques [23], and attempts to leverage the power
of quantum computing remain largely unexplored. Variational
quantum algorithms (VQAs) [18–28], which utilize parameter-
ized quantum circuits in conjunction with classical optimizers,
present a promising avenue for addressing these challenges,
especially in the context of noisy intermediate-scale quantum
(NISQ) devices [29–31]. A central mission of quantum com-
puting is to design learning protocols that can outperform their
classical counterparts [32, 33]. VQAs aim to tackle complex
problems by integrating classical computation with NISQ de-
vices — applications include determining energy spectra [34–
37], simulating the Schrödinger equation [38–40], and advanc-
ing quantum machine learning techniques [18, 41, 42]. In this
hybrid quantum-classical framework, classical computers op-
timize specific loss functions to identify optimal parameters,
while the values and gradient information of these loss func-
tions are obtained through measurements conducted on NISQ
devices. This approach can significantly reduce the demand for
quantum resources compared to ideal quantum computers [43].
In the fields of quantum chemistry [44] andmany-body quan-

tum systems [45], solutions to the Schrödinger equation are typ-
ically derived from standard large-scale eigenvalue problems,
leading to the development of various methodologies aimed at
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tackling these challenges. Specifically, given the Hamiltonian
of a quantum system, one can perform a classical optimization
process on the loss function, where the minimum corresponds
to the energy, and the associated state is interpreted as the ap-
proximate ground state. However, unlike standard eigenvalue
problems [25, 34, 46–48], the challenge of employing quantum
computing to address generalized eigenvalue problems [49–51]
—which are pertinent to the band structure and eigenstate prop-
erties of photonic crystals — remains unresolved.
In this article, we propose a novel method for solving

photonic crystal problems based on variational quantum algo-
rithms, as illustrated in Fig. 1. We first derive the necessary
generalized eigenvalue problem from Maxwell’s equa-
tions using the finite-difference frequency-domain (FDFD)
method [52–55]. Building upon this foundation, we construct a
variational quantum generalized eigenvalue solver designed to
compute the expected generalized eigenvalues efficiently. By
devising an appropriate loss function and employing a quan-
tum gradient descent algorithm, we successfully identify the
minimum generalized eigenvalue. To validate our approach,
we select two distinct photonic crystal structures situated in
square and hexagonal lattices. The results demonstrate that a
well-designed complex Ansatz yields quantum computational
outcomes that closely align with classical numerical solutions,
whereas a simpler Ansatz fails to provide accurate results,
primarily due to the expressibility of fully parameterized
quantum circuits being contingent on the complexity of
the Ansatz. Utilizing ten qubits, we successfully achieve
convergent solutions for the photonic crystals. Finally, we
perform numerical simulations of our algorithm on a quantum

(a)

(b)

FIGURE 1. VQAs for PhCs. (a) Schematics of PhCs and their band
structures. (b) N input qubits are processed through a quantum cir-
cuit, and the measured results are used to compute the loss function.
A classical computer utilizes the gradient information obtained from
the measurements to optimize and update the parameter set. This it-
erative process continues until the minimum is found, signaling the
completion of the energy evaluation. Finally, the system outputs the
desired eigenvalues.

cloud platform, yielding promising results that underscore the
potential of our proposed method. Presently, VQAs exhibit
considerable promise in various domains, including chemi-
cal simulation [56], molecular simulation [57], differential
equation solving [58], computational fluid dynamics [59], and
financial applications [60]. We are confident that this work
will further propel the application value of such algorithms
across a broader array of fields.

2. GENERALIZED EIGENVALUE PROBLEM FOR PHCS
To derive the generalized eigenvalue equation for PhCs, we be-
gin with Maxwell’s equations. In a generalized coordinate sys-
tem, the curl equations in free space can be expressed as:{

∇q × Ĥ = ιk0ϵ̂ (r) Ê
∇q × Ê = −ık0µ̂ (r) Ĥ

(1)

where ∇q is the differential operator in the generalized co-
ordinate system, which is defined using three-unit vectors
ûq(x, y, z)(q = 1, 2, 3). The use of generalized coordinate sys-
tem aims to unify the treatment of different lattice symmetries:
for a square lattice, the (x, y) coordinates are orthogonal; for
a hexagonal lattice, it can be mapped to an oblique coordinate
system (x′, y′) while maintaining the invariance of the equa-
tion’s form. Specifically, the square lattice employs a standard
orthogonal basis, while the hexagonal lattice is transformed into
Cartesian space through a linear transformation of the general-
ized coordinates. Regardless of the geometric configuration of
the lattice, the physical fields are defined in an experimentally
measurable Cartesian coordinate system, with the generalized
coordinates serving only as a mathematical tool for theoretical
derivation. Ê and Ĥ denote the normalized electric and mag-
netic field vectors; k0 is the wave number in free space; ϵ̂ and
µ̂ represent relative permittivity and permeability, expressed in
the form of 3× 3 tensors.
In two-dimensional (2D) PhCs, because of the translational

symmetry, the modes can be represented in Bloch form as:{
E(n,kz,k∥) (r) = e−ik∥·ρe−ikzzue(n,kz,k∥) (ρ1)

H(n,kz,k∥) (r) = e−ik∥·ρe−ikzzuh(n,kz,k∥) (ρ1)
(2)

where n is the band index, and ρ1 indicates the mapping of
the vector r onto the plane defined by (u1, u2). The periodic
functions uh(ρ1) and ue(ρ1) satisfy the conditions uh(ρ1) =
uh(ρ1+R) and ue(ρ1) = ue(ρ1+R), whereR denotes a lattice
vector.
In 2D PhCs, we focus on in-plane propagating modes (kz =

0). Thus, the modes can be rewritten as:{
E (ρ1) = e−ik∥·ρ1ue (ρ1)
H (ρ1) = e−ik∥·ρ1uh (ρ1)

(3)

Consequently, Bloch’s theorem can be expressed as{
E (ρ1+R) = e−ik∥·RE (ρ1)
H (ρ1+R) = e−ik∥·RH (ρ1)

(4)
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Based on theMaxwell’s curl Equation (1), we derive the gov-
erning equations for the PhCs modes:{

∇× µ̂−1 (r)∇× E (r) = ω2ϵ̂ (r)E (r)
∇× ϵ̂−1 (r)∇×H (r) = ω2µ̂ (r)H (r) (5)

In 2D PhCs, the modes can be categorized into two polariza-
tions: transverse magnetic (TM) modes and transverse electric
(TE) modes. Here, we focus specifically on a periodic structure
of air-silicon pillars in two dimensions, which satisfies two key
assumptions: first, that the photonic crystal is invariant in the
z direction, and second, that the dielectric tensor is diagonal.
Based on these assumptions, the generalized eigenvalue matrix
equations for TM and TE modes in 2D PhCs can be discretized
as:

{
U1

(
µ−1
21 V2−µ

−1
22 V1

)
−U2

(
µ−1
11 V2−µ

−1
12 V1

)}
Êz

= ε33k
2
0Êz{

V1
(
ε−1
21 U2−ε−1

22 U1

)
−V2

(
ε−1
11 U2−ε−1

12 U1

) }
Ĥz

= µ33k
2
0Ĥz

(6)

The computational domain is discretized into n × n points
Ai,j (ij = 1 . . . n).{

U1 = ∂xAx,y → (Ai+1,j −Ai,j)/dx
U2 = ∂yAx,y → (Ai,j+1 −Ai,j)/dy

(7)

Here, we note that forU1, it can be regarded as a composition
of n blocks B (n × n), in which Bi,i = −1, Bi,i+1 = 1 and
Bn,1 = ux in each individual block B, while for U2, there exist
U2
i,i = −1, U2

i,i+n = 1, and U2
n(n−1)+i,i = uy .{

V1 = ∂xAx,y → (Ai,j −Ai−1,j)/dx
V2 = ∂yAx,y → (Ai,j −Ai,j−1)/dy

(8)

Similarly, V1 can be regarded as a composition of n blocks
B, where Bi,i = 1, Bi+1,i = −1, and B1,n = vx in each
block B, while for U2, there exist V 2

i,i = 1, U2
i+n,i = −1, and

U2
i,i+n(n−1) = vy .
The grid points on the boundaries are treated by the Bloch’s

theorem, expressed as:{
ux = exp (ik · a1û1) , νx = −exp(−ik · a1û1)
uy = exp (ik · a2û2) , νy = −exp(−ik · a2û2)

(9)

where a1 and a2 are the lengths of the unit cell in the respective
directions. Based on this framework, we establish the general-
ized eigenvalue problem for PhCs.

3. VARIATIONAL QUANTUM GENERALIZED EIGEN-
SOLVER
Based on (6), we obtain a standard generalized eigenvalue
equation, with mathematical expression of the form:

A|ψ⟩ = λB|ψ⟩ (10)

where A is a Hermitian matrix, and B is a positive definite
Hermitian matrix. For the TM mode, A and B are defined as

follows: A = U1(µ
−1
21 V2 − µ−1

22 V1) − U2(µ
−1
11 V2 − µ−1

12 V1),
B = ε33k

2
0 . For the TE mode, A and B are defined as follows:

A = V1(ε
−1
21 U2 − ε−1

22 U1)−V2(ε
−1
11 U2 − ε−1

12 U1), B = µ33k
2
0 .

The eigenvector |ψ⟩ corresponds to a generalized eigenvalue
λ. The assumption here is that A and B can be decomposed as
follows:

A =

M−1∑
m=0

αmAm, B =

N−1∑
n=0

βnBn (11)

where Am and Bn are unitary matrices. We also assume that
the quantitiesM andN are polynomially related to the number
of qubits, with p distinct generalized eigenvalues arranged in
the increasing order.
It is noteworthy that the aforementioned decomposition is

executed through Pauli decomposition. Specifically, we em-
ploy the SparsePauliOp tool provided by Qiskit to express A
and B as linear combinations of Pauli operators, such that
Am, Bn ∈ {I,X, Y, Z}⊗L.
In order to estimate the minimum and maximum generalized

eigenvalues, we select the following loss function, which can
be interpreted as representing the first energy level of the PhCs,
and perform a classical optimization process:

F (θ) =
Tr[AU(θ)ρU †(θ)]

Tr[BU(θ)ρU†(θ)]
(12)

where ρ = |ψin⟩⟨ψin| is an arbitrary initial state of N qubits.
The quantity F (θ) is viewed as the Rayleigh quotient corre-
sponding to any state |ψ(θ)⟩, which is prepared by applying
a parameterized quantum circuit U(θ) on the initial state |ψin⟩
with adjustable gate parameters θ. For any state, we have

λ1 = min
θ
F (θ) , λp = max

θ
F (θ) (13)

where λ1 and λp are associated with two optimal parameters θ∗
1

and θ∗
p , respectively.

When the matrixB is positive definite, the eigenvectors cor-
responding to different generalized eigenvalues are expressed
as:

⟨ψi|B|ψj⟩ = δij , A|ψj⟩ = λjB|ψj⟩ (14)
where δij is the Kronecker delta function. Therefore, to ob-
tain the other generalized eigenvalues and their corresponding
eigenvectors, which are considered as the second and higher
energy levels in the PhCs, we define a new loss function as fol-
lows:

Fj(θ) = F (θ) +

j−1∑
i=1

γiTr[BU(θ)ρU†(θ∗
i )]

2 (15)

where |ψ(θ∗
i )⟩ is the eigenvector that was previously deter-

mined, and γi is used in this work for subsequent optimization
to obtain the corresponding minimum eigenvalue, ensuring that
the minimum of the loss function corresponds to the j-th eigen-
value. It is important to note that this value only needs to be
greater than the eigenvalue. In practice, we set it to a value
significantly larger than the eigenvalue, as an excessively large
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value does not prevent us from obtaining the optimization re-
sults. We consider that the loss function F (θ) is minimized un-
der the constraint (i.e., Tr[BU(θ)ρU†(θ∗

i )]
2 = 0). In this case,

the j-th generalized eigenvalue and its associated eigenvector
are given by {

λj = min
θ
Fj(θ)

|ψr(θ
∗
j )⟩ = U(θ∗

j )|ψin⟩
(16)

Thus, the last term of (15) represents the sum of inner prod-
ucts:

Tr[BU(θ)ρU†(θ∗
i )]

2 = |⟨ψ(θ)|B|ψ(θ∗
i )⟩|2 (17)

It is noteworthy that we do not employ block encoding during
measurement. Instead, we directly utilize the built-in functions
of Qiskit, adhering to the standard process of the VQE, thereby
avoiding the complexities associated with block encoding.
If we start with the initial state |0⟩ = |0⊗logN ⟩, (17) can be

further represented as:∣∣∣∣∣
N−1∑
n=0

βl⟨0|U †(θ)BnU(θ∗
i )|0⟩

∣∣∣∣∣
2

(18)

The equation above represents the physical default state of a
NISQ device (requiring no additional preparation gates). How-
ever, this does not hinder our theoretical derivation. In our ac-
tual simulations, we also utilize arbitrary random initial states
as inputs, and there is no fundamental contradiction between
the two approaches.

4. ANSATZ

4.1. Parameterized Quantum Circuits
The selection of an appropriate Ansatz is a crucial step. Gener-
ally, a fully parameterized quantum circuit structure offers sig-
nificant flexibility, allowing for arbitrary quantum gate opera-
tions at each position. This structure primarily consists of var-
ious configurations of single-qubit and two-qubit gates. Here,
we explore a range of Ansatz options and ultimately select two
representative structures, as illustrated in Fig. 2: one is the sim-
plest configuration, while the other is more complex. The for-
mer has been utilized in previous studies as a parameterized
quantum circuit for training the tree tensor networks (TTN) and
is composed of single-qubit rotation gatesRy(θ) = exp(− iθY

2 )
and controlled NOT gates, enabling linear entanglement. The
latter can represent a parameterization of arbitrary SU(4) gate,
composed of multiple rotation gates Ry(θ), Rz(θ), controlled
NOT gates, and U3(θ, ϕ, λ) gates. Because of its extensive pa-
rameter space and complex structure, thisAnsatz possesses sub-
stantial computational power, making it suitable for nearly all
problems, which is widely applied in quantum machine learn-
ing. A quantitative comparison of these two circuits can be
found in Table 1.
It is important to note that while Circuit 2 yields superior re-

sults compared to Circuit 1, it significantly escalates the num-
ber of parameters that require optimization, thereby compli-
cating the derivation of iterative gradient information from the

TABLE 1. Quantitative comparison of the two circuits under the con-
dition (10 qubits).

Type Parameters Depth Gates Expressibility
Simple 72 4 36 Low
Complex 270 2 54 High

(a)

(b)

FIGURE 2. Parameterized quantum circuits. The Ansatz consists of
m layers acting on an n-qubit register initialized in the computational
basis. The rotation operation Ri(θ) represents a rotation by an angle
θ around the i-axis of the Bloch sphere, while U3(θ, ϕ, λ) = Rz(ϕ) ·
Rx(−π/2) ·Rz(θ) ·Rx(π/2) ·Rz(λ) is a universal single-qubit gate
(a) Structure of the simple Circuit 1. (b) Design of the more complex
Circuit 2.

loss function F (θ). This complexity represents one of the cen-
tral challenges currently confronting the realm of variational
quantum algorithms. While intricate parameterized structures
(ansatz) can enhance expressive capacity, an excessive num-
ber of parameters often precipitates the phenomenon known as
“Barren Plateaus,” coupled with a substantial increase in the
cost of classical optimization.
To address this issue, future research endeavors could focus

on achieving a reduction in parameter scale through methods
such as structural compression and parameter pruning. Specif-
ically, we may adopt an adaptive approach to construct the
ansatz, dynamically filtering for critical parameters instead of
relying on a fixed structure of complex ansatz. Furthermore,
by employing techniques for parameter importance assessment,
we can eliminate superfluous parameters. These methodolo-
gies hold promise for significantly diminishing the number of
parameters while ensuring the fidelity of the model, thus en-
hancing optimization efficiency and the practical applicability
of the algorithm.

4.2. Implementation of the Proposed Algorithm
Here, we present our proposed algorithm for solving the gener-
alized eigenvalue problem in PhCs. To effectively obtain dif-
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FIGURE 3. Flowchart describing our proposed algorithm. We carry out
the above procedure in sequence.

ferent modes, we have devised a systematic algorithm. The de-
tailed algorithmic workflow is illustrated in Fig. 3, which high-
lights the critical operations at each step. Through these steps,
we are able to obtain photonic modes at various frequencies,
allowing for an in-depth analysis of the optical properties and
behaviors of PhCs.
Based on these two typical Ansatz options, the execution pro-

cedure of our algorithm is as illustrated in Algorithm 1.

5. NUMERICAL SIMULATIONS
We consider a 2D PhC composed of silicon (ϵ = 12ϵ0) rods
arranged in square and hexagonal lattices, with the rod radius
of 0.11a, where a is the lattice constant. We perform numeri-
cal simulations using VQAs to investigate the eigenproperties
of PhC, including the band structure and corresponding eigen-
mode profile. In simulations, each point in the band structure
requires a quantum variational iteration to be carried out. Dur-
ing the minimization process, we will update the circuit param-
eters θ in the iterative steps using a quantum gradient algorithm,
with the resulting minimum energy representing a mode in the
band structure.
For the first three bands of the hexagonal lattice, we exe-

cute the quantum variational algorithm 135 times, while for the
square lattice, we perform it 96 times. Fig. 4 presents the com-
putational results for a four-qubit circuit, in which each mode
is obtained from the average of multiple runs. Compared to the
classical solutions, the simulation results from Circuit 2 signifi-
cantly outperform those from Circuit 1, primarily due to the en-
hanced expressibility of the Ansatz— specifically, the ability to
explore the state space improves with the increase in the num-
ber of parameters. The electric field distribution further corrob-
orates this observation. Here, we have selected two states for
illustration; in fact, similar results are obtained for each state.
It should be noted that in our circuit selection, we do not en-
counter the barren plateau problem. As shown in Fig. 5, we
demonstrate that, for six different initial values, the eigenvalue

(a) (b)

(c) (d)

FIGURE 4. Numerical simulation results with four qubits. (a) Compar-
ison of band structures for the hexagonal lattice and (b) the square lat-
tice under two different Ansatz configurations. Comparison of electric
field distributions for (c) the hexagonal lattice and (d) the square lattice
using a representative mode. Note that Diff =

∑
|Ec − EA|/Ec|

whereEc andEA represent the electric field amplitudes obtained from
the FDTD and VQA methods, respectively. A smaller value of Diff
indicates that the results obtained from our VQA method are closer to
those from the classical FDTD calculations, signifying lower error and
higher accuracy.

of the first energy level at the K point of the hexagonal lattice
converges rapidly, remaining consistent with the FDTD results.
We conduct extensive testing for various eigenvalues, each time
achieving rapid convergence to the corresponding eigenvalue,
which further underscores the strong convergence properties of
our method.

Algorithm 1 Proposed algorithm for solving the generalized
eigenvalue problem in PhCs
θ ← Random vector ∈ [0, 2π)
opt← Adam optimizer with η = 0.01
Precompute previous eigenstate parameters {θ∗i }
for t = 1 to Tmax do:

E← ⟨ψ(θ)|Ĥ|ψ(θ)⟩
P←

∑
i γi|⟨ψ(θ)|B|ψ(θ

∗
i )⟩|2

L← E + P
∇L← Compute gradient via parameter shift
ηt ← Learning rate schedule
θ ← opt.update (∇L, ηt)
if |Lt − Lt−1| < ε and t > 200 then break

end for
return λj = Lt, θ∗j = θ

It is important to clarify that while the periodicity a does
not affect the final band distribution (as our vertical coordi-
nate represents relative values), in our actual simulations, the
lattice constants of the two different lattices are both set to
a = 0.5µm. The background medium is air, the rod radius is
0.11a, and the grid resolution is set to 60× 60. In both lattices,
the selection of k paths must strictly match the lattice symme-
try. The path for the square lattice is Γ−X−M −Γ, while the
path for the hexagonal lattice is Γ−K−M−Γ, both following
their respective Brillouin zones.
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FIGURE 5. Convergence to the ground state energy (first band energy
atK point of hexagonal lattice) under different initial values.

Specifically, in the square lattice, the first Brillouin zone is
square-shaped. The coordinates of key high-symmetry points
(with the lattice constant a) are as follows: Γ point (center of the
Brillouin zone) Γ = (0, 0),X point (center of the square edge)
X = (πa , 0), andM point (vertex of the square)M = (πa ,

π
a ).

The sampling points along the three segments of the closed path
are 11, 12, and 11, respectively. In the hexagonal lattice, the
first Brillouin zone is a regular hexagon. The coordinates of
the key high-symmetry points are as follows: Γ point (cen-
ter of the Brillouin zone) Γ = (0, 0), K point (vertex of the
hexagon) K = ( 4π3a , 0), and M point (center of the hexago-
nal edge)M = (πa ,

π√
3a
). The sampling points along the three

segments of the closed path are 16, 15, and 16, respectively.
Figure 6 illustrates the relative differences δ =

∑ ∥λV QA−λFDTD∥
∥λFDTD∥

N between the results of VQAs and classical
solutions for different numbers of qubits n, demonstrating a
logarithmic convergence rate, where N represents the number
of modes used for error calculation. The results indicate that as
the number of qubits n increases from four to ten, the relative
difference δ decreases by nearly two orders of magnitude,
suggesting that increasing the number of qubits n will improve
sampling efficiency and capture the mode variations more
accurately. Furthermore, we conducted multiple independent
initialization tests for different states, with the results showing

(a)

(c)

(b)

FIGURE 6. Effect of the number of qubits on the VQA results. Com-
parison of the obtained band structures for (a) the hexagonal and (b)
square lattices at different numbers of qubits. (c) Variation of the rel-
ative difference between the results of VQAs and the classical results
as the number of qubits increases.

that the 95% confidence interval for each state fluctuates ap-
proximately around 2× 10−6. The overall confidence interval
also aligns with this range. This improvement is primarily due
to the fact that n qubits can be mapped to a real-space grid
of size 2n, with a physical resolution of 2n

2 × 2
n
2 . A denser

grid division yields more precise results, consistent with the
principles governing classical computations such as FDTD
methods. It is noteworthy that we do not present results beyond
10 qubits. This is primarily because, in this study, regardless
of the lattice structure employed, only 10 qubits are required
for grid discretization to achieve results commensurate with
classical solutions, thus obviating the necessity for additional
qubits. Nonetheless, this limitation does not detract from the
robustness of our findings, which convincingly validate the
efficacy of the proposed methodology.
Furthermore, we provide a comparative analysis in Table 2

that details the results corresponding to different grid discretiza-
tions for varying numbers of qubits, focusing on the outcome of
a characteristic value optimization process. It can be observed
that when the number of qubits reaches 10 or more, the accu-
racy aligns closely with the results from FDTD numerical sim-
ulations, and we assume that this level of accuracy is satisfac-
tory. Regarding computation time, it ranges from a few seconds
to several hours as memory requirements also increase. How-
ever, regardless of the number of qubits used in the grid dis-
cretization, the results converge to the FDTD numerical results
corresponding to the respective grid discretizations, rather than
converging to the precise numerical solution of a very fine grid.
Considering these factors, we ultimately chose to set the num-
ber of qubits to 10 to adequately meet the requirements. The
interaction between discretization error and mesh partitioning
constraints (i.e., the number of qubits) can be found in [61].

TABLE 2. Comparison results for different numbers of qubits.

Qubit
number

Time(s)
Memory
(MB)

Convergence Accuracy

2 1.25 6028 ✓ 8

4 6.23 6069 ✓ 8

6 22.9 6079 ✓ 8

8 91.5 6130 ✓ 8

10 337.2 6324 ✓ ✓
12 1361.2 6692 ✓ ✓
14 5621.6 7116 ✓ ✓

To further validate the effectiveness of our approach, we
present the electric field distributions of 96 distinct eigenmodes
corresponding to the first three energy levels of square lattice
PhCs, as illustrated in Figs. 7 to 10. These detailed visualiza-
tions provide a comprehensive overview of the behavior of the
eigenmodes within the PhC structure. In this case study, we
utilized a 10-qubit system for the computation, which allowed
us to explore the complex interactions and patterns within the
PhC lattice.
The results demonstrate a remarkable degree of consistency

between our VQA and the numerical FDFD solutions under the
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FIGURE 7. Comparison of the VQAmethod with the numerical FDFD solution for square lattices of the first three energy levels in the range of k = 1
to 8 at 10-qubits solution.

FIGURE 8. Comparison of the VQAmethod with the numerical FDFD solution for square lattices of the first three energy levels in the range of k = 9
to 16 at 10-qubits solution.

same grid discretization conditions. This high level of agree-
ment not only proves the accuracy of our method in solving
the eigenvalue problem of photonic crystals but also highlights
its potential for addressing complex electromagnetic problems
with high precision.
Moreover, we conducted a detailed analysis of the 19th mode

of the second energy level to investigate the impact of the num-
ber of qubits on the accuracy of the solution. This analysis is
presented in Fig. 11, which provides a comparative visualiza-
tion of the results obtained with varying numbers of qubits un-
der the same discretization conditions against the correspond-
ing numerical FDFD solutions. At lower qubit counts, we ob-
served significant discrepancies between the computed results

and the correct electric field distributions. These differences are
primarily attributed to the inherent inaccuracies in the grid dis-
cretization process, which can introduce errors when the com-
putational resources (i.e., qubits) are limited. However, these
discrepancies do not reflect any fundamental limitations of our
proposed method but rather highlight the importance of suffi-
cient computational resources for accurate simulations.
It is important to note that we do not directly encode spatial

field values; instead, we treat the field distribution as an implicit
property of the quantum state, extracting eigenvalues by mea-
suring the expectation value of the Hamiltonian. The parame-
ters of the rotation gates serve as classical variational parame-
ters, and their optimization process is equivalent to searching
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FIGURE 9. Comparison of the VQA method with the numerical FDFD solution for square lattices of the first three energy levels in the range of
k = 17 to 24 at 10-qubits solution.

FIGURE 10. Comparison of the VQA method with the numerical FDFD solution for square lattices of the first three energy levels in the range of
k = 25 to 32 at 10-qubits solution.

for a quantum state in Hilbert space that satisfies Maxwell’s
equations for the field distribution. This strategy effectively
avoids the exponential resource consumption associated with
continuous field encoding and represents an efficient solution
to the eigenvalue problem.
Further observations reveal that as the number of qubits in-

creases, the convergence of the algorithm is significantly en-
hanced. The computed results become increasingly close to the
numerical FDFD solutions, demonstrating the scalability and
robustness of our approach. This finding underscores the cru-
cial relationship between the number of qubits and the accuracy
of the algorithmic solutions. It suggests that with a sufficient
number of qubits, our VQA can achieve highly accurate re-
sults that closely match the numerical FDFD solutions, even for

more complex systems. It should be noted that our simulations
utilized Qiskit version 1.1.0, which supports GPU acceleration.
We employed the statevector simulator to avoid sampling noise,
allowing for expectation values to be computed through pre-
cise matrix operations. We also omitted transpilation, directly
mapping gate operations to unitary matrices while disregard-
ing hardware topology constraints, and we did not implement
error mitigation, simulating an ideal zero-noise environment.
This work focuses on the design of quantum algorithms and
their verification through classical simulations, hence we uti-
lized Qiskit for ideal noise-free simulations. In the future, when
quantum computers become practically viable, we can extend
our approach to hardware for faster computations.
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FIGURE 11. Comparison of VQA and numerical FDFD solutions for second energy level k = 19 mode with different qubit numbers.

Nevertheless, it is imperative to note that as the problem
transitions from two-dimensional frameworks to more com-
plex scenarios, such as three-dimensional photonic crystals,
systemic challenges arise due to the proliferation of degrees of
freedom, constraints posed by quantum hardware, and the com-
plexity of algorithmic transitions. For instance, the demand for
quantum bits will escalate, the complexity of Hamiltonian con-
struction intensifies, the expressiveness of the ansatz encoun-
ters bottlenecks, and contradictions between parameter redun-
dancy and insufficiency emerge, culminating in a rapidly in-
crease in the iteration costs of the VQE, which includes height-
ened evaluation times for expectation values and increased bur-
dens on optimizers. Additionally, issues related to the handling
of boundary conditions, complexity of mode fields, and numer-
ical stability necessitate further exploration. Consequently, fu-
ture research should aim to incorporate advanced methodolo-
gies such as Quantum Natural Gradient (QNG) and Quantum
Phase Estimation (QPE) to enhance the existing algorithmic
framework.

6. CONCLUSION
In summary, this work successfully extends the application of
VQAs to the investigation of PhCs by formulating a gener-
alized eigenvalue problem grounded in Maxwell’s equations.
Through a comparative analysis of two distinct Ansatz quan-
tum circuits, we conducted a comprehensive exploration of the
band structure and eigenmode properties of the PhCs, which
are critical for understanding their optical characteristics and
potential applications in photonic devices. The complexity of
the Ansatz was pivotal in enabling high-precision solutions for
both square and hexagonal PhCs. Our findings illustrate that
a well-structured Ansatz not only enhances the expressibility
of quantum circuits but also improves the accuracy of the re-
sults. Moreover, we investigated the impact of qubit number
on the accuracy of the solutions, thereby solidifying the valida-
tion of our method’s precision and convergence. Importantly,
the proposed algorithm is designed to be compatible with ex-
isting hardware, allowing for practical implementations in cur-
rent quantum computing environments. Additionally, it can

be integrated with quantum error mitigation techniques, which
are crucial for enhancing the reliability of quantum computa-
tions in the presence of noise. Looking ahead, this methodol-
ogy is poised for extension to problems such as the nonlinear
Schrödinger equation [62], quantum phase transitions [63], and
topological photonics, including topological phases protected
by Floquet symmetry [64], associated topological states [65],
as well as the precise ground states of Su-Schrieffer-Heeger
open chains and Kitaev open chains [66]. This broadens the ap-
plication prospects of VQA in both photonics and other fields,
such as three-dimensional photonic crystals [67, 68] and pho-
tonic quantum devices [69, 70]. In particular, within the frame-
work of nonlinear Maxwell’s equations (such as Kerr media
and second-harmonic generation), this algorithm can be ex-
panded to address bistability and nonlinear mode coupling in
photonic crystals through the variational encoding of nonlin-
ear polarization operators. This provides a new computational
paradigm for exploring soliton topology protection and fre-
quency comb quantum dynamics, thereby broadening the appli-
cation prospects of quantum computing in photonics and other
fields.
Although this method demonstrates exceptional precision in

ideal simulations, its practical deployment on NISQ hardware
faces fundamental challenges that require systematic solutions.
Firstly, gate fidelity errors constitute a major accuracy bottle-
neck, as the accumulation of errors in entangling gates can sig-
nificantly distort the output state. Secondly, the strict budget on
decoherence times imposes limitations on circuit depth, result-
ing in a significant gap from the optimal depth. Lastly, mea-
surement errors can have a particularly detrimental impact on
orthogonality penalty terms, potentially rendering the penalty
mechanism ineffective. To address these challenges, we may
need to adopt the following strategies in the future: (1) imple-
menting dynamic decoupling sequences to extend the effective
coherence time without disrupting the variational structure of
the circuit; (2) combining zero-noise extrapolation (ZNE) with
parameter shift rules; and (3) mitigating measurement errors by
executing calibration circuits to obtain confusion matrices and
applying Bayesian deconvolution to the orthogonality penalty
terms.
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APPENDIX A. OPTIMIZATION OF THE LOSS FUNC-
TION
To identify the optimal parameters {θ∗

i }, we employ a gradient-
based optimization algorithm for random objective functions in
variational quantum circuits. Additionally, gradient-free meth-
ods can also be applied for optimization. Starting from a ran-
domly initialized parameter θ(1), the iterative update of param-
eters is given by:

|θ(s+1) = θ(s) − δ∇F (θ(s)) (A1)

where δ is the learning rate, and ∇F (θ(s)) represents the gra-
dient of the function F (θ) with respect to the parameter θ(s).
Upon convergence, the optimal quantum circuit generates an
approximate eigenstate |ψ(θ∗)⟩ = U(θ∗)|ψin⟩, and the method
discussed herein effectively avoids local minima.
To estimate the gradient of F (θ), we propose a universally

applicable variational quantum circuit U(θ) constructed from
single-qubit rotations and two-qubit entangling gates. Since the
number of parameters scales linearly with the number of qubits
and the circuit depth, a polynomial number of measurements is
sufficient. The gradient of the loss function can be computed
by rotating the parameter θt = (θt1, . . . , θ

t
n)

†, t = 1, . . . ,M
by π, which can be readily implemented on current quantum
computers.
The gradients of the loss functions F (θ) and Fj(θ) can be

estimated on recent quantum devices, provided that the opera-
tors ∂U(θ)

∂θt
i

and ∂U†(θ)
∂θt

i
can be effectively implemented on con-

temporary quantum computers. Specifically, the derivatives of
U(θ) and U†(θ) with respect to a given angle θti can be ob-
tained using the following formula

∂U(θ)

∂θti
=

1

2
U(θ+) (A2)

∂U †(θ)

∂θti
=

1

2
U †(θ+) (A3)

where θ = (θ11, . . . , θ
t
i , . . .)

† and θ+ = (θ11, . . . , π + θti , . . .)
†.

This work also addresses the selection of the effective param-
eter γi in the loss function Fj(θ). Let |ψ(θ)⟩ :=

∑r
i=1ai|ψi⟩

be the the trial state, and |ψi⟩ is the i-th generalized eigenvec-
tor. We can choose γi = λp − λ1 > λj − λi, where λp and λ1
can be estimated by optimizing the loss function F (θ). It can
be easily verified that:

Fj(θ) =

∑p
i=1|ai|2λi∑p
i=1|ai|2

+

j−1∑
i=1

γi|ai|2

=

p∑
i=j

∣∣∣∣∣ai|2λi +
j−1∑
i=1

(γi + λi)

∣∣∣∣∣ ai|2
≥ λj

∑
i=1

|ai|2 = λj (A4)

and if
∑p

i=1|ai|2 = 1 and ⟨ψi|B|ψj⟩ = δij , the first inequality
yields:

γi + λi > λj (A5)

Next, we provide further proof discussion. The unitary cir-
cuit U(θ) parameterized by θ takes the following form:

U(θ) = Π1
t=MUent

(
⊗n

i=1Ry(θ
t
i)
)

(A6)

In this equation, Ry(θ
t
i) = e

i
2 θ

t
iY and θ = (θ11, . . . ,

θM1 , . . . , θ1n, . . . , θ
M
n )†. Thus, the derivative of U(θ) with re-

spect to the parameter θti can be expressed as:

∂U (θ)

∂θti
= Π1

t=MUe ⊗n
i=1

∂Ry (θ
t
i)

∂θti

= Π1
t=MUe ⊗n

i=1

−iY
2
Ry

(
θti
)
=

1

2
U(θ+) (A7)

It is important to note that the above Equation (A7) provides
the derivative of the quantum gate operator itself, describing
the differential properties of the parameterized unitary opera-
tor. While this property is useful for theoretical derivations
and operator computations, it is not aimed for gradient cal-
culations in variational quantum algorithms. In actual imple-
mentations, the gradient of the expectation value follows the
rule ∂

∂θ ⟨O⟩θ = 1
2

(
⟨O⟩θ+π/2 − ⟨O⟩θ−π/2

)
. This represents

the parameter shift rule used in variational quantum algorithms
to compute the gradient of the objective function (expectation
value) with respect to the parameters.
Additionally, we need to clarify that we are not shifting pa-

rameters for all gates; rather, we only need to shift the target
gate because the angle being differentiated exists solely within
a single gate, while the other gates remain unchanged. More-
over, the insertion position of the derivative term is strictly
fixed; if the order is altered, it will completely change the phys-
ical meaning of the circuit. In this study, we utilize a ready-
made automatic differentiation tool, which eliminates the need
to consider gate order and operator insertion positions, effec-
tively managing all product rules, gate sequences, and parame-
ter identification issues.
The entangling gate is given byUe with a sequence of CNOT

gate applied on the qubit pair. The validity of the last equality
is due to:

Ry(±π) = e∓
i
2πY = cos

π

2
I ∓ isin

π

2
Y = ∓iY (A8)

θ+ = (θ11, . . . , π + θti , . . .)
† (A9)

Similarly, we can obtain expressions related to the first loss
function:

∂U †(θ)

∂θti
=

(
∂U(θ)

∂θti

)†

=
1

2
U †(θ+) (A10)

F (θ)=
⟨ψ(θ)|A|ψ(θ)⟩
⟨ψ(θ)|B|ψ(θ)⟩

=
⟨A⟩
⟨B⟩

(A11)

∂F (θ)

∂θti
=

∂

∂θti

⟨A⟩
⟨B⟩

=
1

⟨B⟩2

(
∂⟨A⟩
∂θti

⟨B⟩−⟨A⟩∂⟨B⟩
∂θti

)
(A12)

It is evident that the inner product terms ⟨A⟩ and ⟨B⟩ can
be computed using the Qiskit simulator Furthermore, the two
additional terms, that is, ∂⟨A⟩

∂θt
i
and ∂⟨B⟩

∂θt
i
can be transformed into
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a computationally favorable form. Specifically,

∂ ⟨A⟩
∂θti

=Tr
[
AU (θ) ρ

∂U † (θ)

∂θti

]
+Tr

[
A
∂U(θ)

∂θti
ρU †(θ)

]
(A13)

Substituting (A7) and (A10) into (A13), we obtain:

∂⟨A⟩
∂θti

=
1

2

(
Tr

[
AU (θ) ρU† (θ+)

]
+Tr[AU(θ+)ρU

†(θ)]

)
(A14)

∂⟨B⟩
∂θti

=
1

2

(
Tr

[
BU (θ) ρU † (θ+)

]
+Tr[BU(θ+)ρU

†(θ)]

)
(A15)

To compute the derivative of the loss function Fj(θ), we in-
vestigate the derivative of the additional term

j−1∑
i=1

γiTr[BU(θ)ρU†(θ∗
i )]

2 (A16)

∂

∂θti

j−1∑
i=1

γiTr[BU(θ)ρU †(θ∗
i )]

2

=2

j−1∑
i=1

γiTr
[
BU (θ) ρU† (θ∗

i )
]
Tr

[
B
∂U (θ)

∂θti
ρU (θ∗

i )

]

=

j−1∑
i=1

γiTr[BU(θ)ρU†(θ∗
i )]Tr[BU(θ+)ρU(θ∗

i )] (A17)

Consequently, the gradient of the loss functionFj(θ) is given
by:

∂Fj (θ)

∂θti
=
∂F (θ)

∂θti
+

∂

∂θti

j−1∑
i=1

γiTr[BU(θ)ρU†(θ∗
i )]

2 (A18)

Another method for estimating the gradient is to use differ-
ential approximations, expressed as:

∂F (θ)

∂θti
=
F (θ +∆θ)− F (θ −∆θ)

2∆θ
(A19)

where ∆θ represents a small perturbation in the parameter θ.
Generally, we hold ∆θ fixed at a sufficiently small value. Fi-
nally, the gradients of the functions F (θ) and Fj(θ) have been
computed on Qiskit simulator.
Finally, we would like to clarify that we employed a single

optimizer strategy by directly utilizing the built-in Adam op-
timizer within the framework. This approach helps to avoid
the uncertainties associated with custom implementations. To
address the geometric characteristics of different energy level
loss surfaces, we implemented a dynamic learning rate schedule
(initialized at 0.01) to balance convergence and computational
speed. For the ground state, we applied exponential annealing
for rapid decay to prevent overshooting in convex optimization
problems. For the excited states, we adopted a cyclic cosine
annealing strategy with periodic restarts to facilitate traversal
across saddle points and local minima. This strategy main-
tains the consistency of the optimizer while adaptively man-
aging the complexity of the loss surfaces at different energy
levels, achieving a balance between implementation simplicity
and algorithm performance.
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