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ABSTRACT: Coarse discretization introduces significant errors in the solution of scattering problems, in part due to discretization errors
in the contrast operator. We present a procedure for the automatic construction of a modified contrast operator for electromagnetic
scattering problems by using trainable neural networks to represent a modified contrast operator. We achieve a higher accuracy on a
coarse discretization while still keeping computation time down compared to a fine discretization. By using synthetic data from a full-
wave Maxwell solver to train the network for one-dimensional slab scatterers and two-dimensional polygonal scatterers, we are able to
use the techniques found in deep learning to improve accuracy in coarse-grid forward scattering problems.

1. INTRODUCTION

The modeling of electromagnetic (EM) scattering by dielec-
tric objects is relevant to many applications. When the scat-

tering object is compact and purely dielectric, the governing
equations can be cast into a domain integral equation that in-
volves an integral over a Green function and the scatterer. Fur-
thermore, when the background medium is homogeneous, this
integral becomes a simple convolution integral. There are sev-
eral ways to solve such an integral equation, a prime example
being the method of moments (MoM) [1]. Generally, any nu-
merical method will start with a discretization step that turns
the continuous (linear) problem into a discrete linear system.
Solving this linear system will result in a discretized solution
to the original scattering problems. For domain integral equa-
tions, these systems are generally dense and large. This makes
an iterative solver, such as BICGStab [2] or GMRES [3], the
best approach to solve the system.
The computational costs of solving these linear systems may

be prohibitively high, even when using iterative linear solvers.
However, there are a few strategies to mitigate this. The first
of these strategies is to reduce the computational complexity
of the matrix vector product used in the iterative solver. In
the conjugate-gradient fast Fourier transform (CGFFT) [4], the
spatial convolution integral is replaced by a discrete convo-
lution which is then computed using fast Fourier transforms.
This principle is extended in the spatial-spectral method [5–8]
where simultaneous spatial and spectral discretizations in com-
bination with efficient semi-analytical Fourier transformations
are used to completely represent the convolution integral in the
spectral domain. This results in a method that is both computa-
tionally efficient and flexible in its formulation. Other methods
improve the matrix-vector product by making use of problem-
specific information. Approaches such as the multi-level fast
multipole algorithm [9] or the fast inhomogeneous plane wave
* Corresponding author: Daan van den Hof (d.van.den.hof@tue.nl).

algorithm [10, 11], are examples of this. The effects of local
variations in the field vanish at large distances. These meth-
ods use this fact to construct low-rank representations of large-
distance interactions, reducing the computational cost of the
matrix-vector product.
A second approach to reduce the computation time is by sim-

ply reducing the number of samples taken in the discretization
process. This will lead to a lower accuracy in the final result,
but might lead to significant speedups. One way to mitigate
the loss in accuracy is by using a non-equidistant sampling to
make more efficient use of the number of unknowns. As an ex-
ample, in [12] local discretization refinements around the scat-
terer geometry are used so that a higher accuracy is achieved
compared to a uniform discretization with the same number of
unknowns. One limitation of this approach is the requirement
to find a suitable discretization mesh for any given scattering
geometry. This procedure requires problem-specific formula-
tions that might be infeasible to construct in practice. For this
reason, we seek to automate this process through the use of neu-
ral networks.
Neural networks, and by extension deep learning, have

reached wide use in many different fields over the past decade.
Although most prominent in applications such as image pro-
cessing [13–15], speech recognition [16] and, more recently,
large language models [17], they have also made waves in the
research areas of computational physics and computational
EM. In [18], the idea of the physics informed neural network
(PINN) was formalized. These networks seek to solve differ-
ential equations by embedding boundary conditions, initial
conditions, or other physical constraints directly into their cost
function. By mixing these physics-based losses with the losses
from data, network training generalizes better outside of the
training data. More specifically for EM in [19, 20], the finite-
difference time-domain (FDTD) [21] method was formulated
in terms of convolutional neural networks (CNNs) [22] and
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recurrent neural networks (RNNs) [23, 24]. In [25], a fully
connected network was used to train perfectly matched layers
to terminate an FDTD domain with a single cell boundary.
Using deep learning to reduce the number of unknowns in
computational EM problems was explored in [26] for the
finite element method [27] and in [28] for MoM. In [29], an
iterative neural network structure was employed to enhance the
conjugate-gradient algorithm in a forward scattering problem,
this forward solver was then used in [30] to solve inverse
scattering problems. Finally, one-step field predictions using
neural networks have been employed in [31, 32].
We seek to reduce the discretization error for coarser dis-

cretizations while maintaining a lower computational cost com-
pared to that of a finer discretization. We do this by replac-
ing the coarse-discretization dielectric contrast operator with
a modified, trainable, contrast operator. The structure of this
operator is found with a deep learning approach using neural
networks. We seek the same general approach for one- and
two-dimensional (1D and 2D) scattering problems. The trained
operator plays a role similar to the local refinement methods
mentioned above, with the difference being that it acts on both
the electric field and the contrast function. Furthermore, this
learned approach provides a more general framework for ac-
complishing this and does not require manual analysis of spe-
cific geometries. We use the spatial-spectral method as the ba-
sis for our formulation, since it gives us access to a fast matrix-
vector product. Furthermore, we use the discretization library
described in [33] to implement themethod in a convenient high-
level interface that allows for fast and flexible experimentation.
The paper is organized as follows. In Section 2, we intro-

duce the scattering problem and the errors due to coarse dis-
cretization. We discuss the proposed method of using a train-
able linear operator with which we solve the coarse system. In
Section 3, we go into the structure of the network that produces
this operator. In Section 4, we discuss the implementation de-
tails, specifically how the introduced method is integrated with
the discretization library and TensorFlow [34]. We discuss net-
work training in Section 5. The results using trained networks
for the 1D and 2D cases are shown in Section 6. Finally, in
Section 7, we draw conclusions.

2. PROBLEM FORMULATION

2.1. The Scattering Integral Equations
We are interested in EM scattering by a-periodic dielectric scat-
terers embedded in a homogeneous translation-invariant back-
ground. This means that the complete scattering setup can be
characterized by an incident electric field and a function de-
scribing the scatterer. The problem is then to find the total
field resulting from this wave-material interaction. Here, we
will limit ourselves to scalar-valued problems in a homoge-
neous background medium. For EM, this leaves 1D and 2D
E-polarized scattering problems. We use an eiωt time conven-
tion, where ω is the angular frequency. With this convention,
the scattering problem can be cast into the integral equation.

Ei(x) = E(x)−
√
2π

−ν
∫
D

J(x′)G(x− x′)dx′, (1)

where ν = {1, 2} is the number of spatial dimensions; ε0 is
the permittivity of free space; E, Ei are the total and incident
electric field, respectively; D is the domain of the object(s) on
which the permittivity is different from that of the background;
and G(x) is the spatial Green function. The contrast current
density is given by

J(x) = iωε0χ(x)E(x), (2)

where χ(x) = εr(x) − 1 is the contrast function. We use the
following ν-dimensional Fourier transformation pairs

f̂(k) = F (f(x)) = 1
√
2π

ν

∫
Rν

f(x)eik·xdx,

f(x) = F−1
(
f̂(k)

)
=

1
√
2π

ν

∫
Rν

f̂(k)e−ik·xdk.
(3)

Here we introduce the convention that spectral-domain quanti-
ties are denoted with a hat (̂ ). The (·) used in the exponent is
the standard ν-dimensional Euclidean scalar product. Through-
out this work, we will use plane waves for the incident fields,
these take the form

Ei(x) = eiki·x, (4)

with |ki| =
√
k2i = k0 where k0 = ω

√
ε0µ0 is the free-space

wavenumber where µ0 is the permeability of free space. In the
spatial spectral method [5–8], (1) is transformed to the spectral
domain using Fourier transformations, which yields

Êi(k) = Ê(k)− Ĝ(k)F
[
χ(x)F−1

[
Ê(k)

]]
. (5)

In this formulation, the spatial convolution integral is replaced
by a spectral multiplication with the Green function. In the
spectral domain, the Green function takes the form

Ĝ(k) = 1

k2 − k20
. (6)

To solve (5) for Ê, we set up a discretized version of the prob-
lem and construct a linear system. We then use an iterative
solver such as GMRES or BiCGstab [2, 3] to solve the linear
system. For the discretization process, we make use of the dis-
cretization library described in [33]. This gives us access to the
required Fourier transformations, as well as a built-in method to
move data between different discretization methods. Through-
out this work, we use the windowed Fourier-series based dis-
cretization method described in [35].

2.2. Discretization Error Due to Coarse Sampling of the Con-
trast Operator
Discretization of the integral equation introduces errors in the
final result. The magnitude of these errors will depend on the
coarseness of the discretization; in general, a denser sampling
leads to a more accurate result. In contrast, coarser discretiza-
tions will require fewer computational resources. Our goal is to
compare the results obtained using a fine discretization to those
obtained using a coarse discretization and modify the contrast
operator to minimize this difference. Discrete quantities and
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(a) (b)

FIGURE 1. The contrast current density for a 1D scattering problem
with a slab scatterer for both (a) spatial and (b) spectral domain. The
parameters for the setup are shown in Table 1.

(a) (b)

FIGURE 2. Differences in the contrast current density between a fine (f )
and a coarse (c) discretization, we show results for both (a) spatial and
(b) spectral domain. The discretization parameters are found in Table 1.

TABLE 1. Simulation and discretization parameters for the fine and
coarse discretization methods. The discretization method and its pa-
rameters are described in [35].

Simulation parameters

Scatterer location [−5, 5]

εr 1.5

ki −1

Discretization parameters (fine, coarse)

N (1001, 51)
∆x (0.040, 0.78)
ex/k (0.5, 0.5)
tx/k 4

operators that are used on both discretizations will be denoted
using the subscripts f , c for the fine and coarse discretizations,
respectively. As an example, we introduce the discretization
operators Dc(g), Df (g), which construct a discrete representa-
tion of the continuous function g using discretizations c and f .
Similarly to the continuous case, we will use a ˆ to indicate a
spectral discretization.
In many cases, we are interested in the far-field information

for a given scattering problem. This far-field information is
completely contained in the contrast current density. For this
reason, finding an accurate solution for Ĵ = FχF−1Ê will
be our primary goal. Here, FχF−1 is the unmodified contrast
operator. We define

δĉ = Dĉ(Ĵ)−FcχcF−1
ĉ Eĉ = Dĉ(Ĵ)− Ĵĉ, (7)

as the object that represents the difference between the approx-
imate and the “true” solutions of the problem. Imposing a norm
on this object then provides a metric for the discretization error.
It is important to note that when we write implied multiplica-
tions between discretized objects, such as χc(F−1

ĉ Eĉ), we are
denoting element-wise multiplication [35]. We would like to
emphasize that in these contexts quantities like χc should be
thought of as operators rather than as vector-like objects.

In practice, we do not have access to Ĵ , since for a generic
scattering setup there is no analytical solution. However, in
general, we may assume that a finer discretization will result in
a smaller discretization error at the cost of an increase in compu-
tation time. We let the fine discretization be the discretization
that is “close enough” to the true solution for these purposes.
Using this definition, we can let f stand in for the continuous
case and define the discretization error as∥∥∥δf̂ ,ĉ∥∥∥ =

∥∥∥Rf̂ ,ĉδf̂ − δĉ

∥∥∥ =
∥∥∥Rf̂ ,ĉĴf̂ − Ĵĉ

∥∥∥ . (8)

Here, ∥ · ∥ refers to some norm over the input vector, indicating
a notion of distance between the coarse and fine discretizations.
We have also introduced the resampling operator Rf̂ ,ĉ, that is
used to bring quantities from the fine to the coarse discretiza-
tion.
If ∥δf∥ is sufficiently small, we may then say δf,c ≈ δc. In

Fig. 1, we show the contrast current density for a simple 1D
scattering problem with a slab scatterer in the center, in both
spatial and spectral domains, calculated for the fine discretiza-
tion. In Fig. 2, we show the difference between a fine and coarse
discretization in the same scattering problem. The pertaining
simulation parameters are given in Table 1. For a computa-
tional domain with size −20 ≤ rx ≤ 20 for both dimensions,
these parameters correspond to roughly 8 and 160 samples per
wavelength for the coarse and fine discretization, respectively.
From Fig. 2, we see that the coarse discretization leads to an er-
ror over the entire spatial support of the scatterer. This error is
largely due to an imperfect discretization of the contrast opera-
tor. Since χ is compact in the spatial domain, it has an infinite
extent in the spectral domain. Since the spatial spectral dis-
cretization method necessarily truncates both spatial and spec-
tral domain, this infinite spectral support gets truncated, which
leads to errors throughout the spatial support.

2.3. The Modified Contrast Operator
In solving the scattering problem we want to keep computation
times short. However, as demonstrated, taking a coarser dis-
cretization comes at the cost of a reduced accuracy in the final
result. In the spatial spectral method, we have a (near) exact
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representation of Ĝ; therefore, we can say that the error must
come from the contrast operator FcχcF−1

ĉ . A natural question
that arises from this observation is whether this operator is the
best choice when representing the problem on a coarse grid or
if we can find a better alternative. We seek to answer this ques-
tion by introducing a modified contrast operator, A. With this
operator we have

J̃ = AẼ, (9)
where J̃ is the modified contrast current density, and Ẽ is the
corresponding electric field. For compactness, we omit sub-
scripts for these quantities since they are only defined on the
coarse discretization. The goal is to find the A operator such
that the discretization error∥∥∥δf̂ ,A∥∥∥ =

∥∥∥Rf̂ ,ĉFfχfF−1

f̂
Ef̂ −AẼ

∥∥∥
=

∥∥∥Rf̂ ,ĉJf̂ − J̃
∥∥∥ , (10)

is minimized. This new operator yields the corresponding lin-
ear system

(Iĉ −GĉA) Ẽ = Ei
ĉ. (11)

We still want to solve this system using an iterative solver,
which means that AẼ has to be linear in Ẽ. The use of an
iterative solver also implies that we want to keep the execution
time of the matrix-vector product AẼ low, since it occurs at
every iteration. Importantly, even though A is a linear operator
in E, it does not need to be linear with respect to χc.
The original coarse system already approximates the fine

system and therefore serves as a good starting point for finding
A. We will assume that we can write A as the original contrast
operator with a correction term that depends on χc, that is,

A(χc) = Fc (χc +A1(χc))F−1
ĉ , (12)

where FcχcF−1
ĉ will be the dominant contribution.

Identifying a suitable candidate for the operator A explicitly
is a challenge, especially if we want to do this for a broad class
of scattering problems. For this reason, wewill look at a learned
approach by representing A with a neural network and training
it using synthetically generated data.

3. OPERATOR NETWORK
By construction, the operator A acts as a modified contrast op-
erator. The errors in Jĉ, although significant, are still small
compared to the field magnitude. This implies that the origi-
nal contrast operator can serve as an adequate starting point for
determining A. This would also be true for different classes of
scattering problems (e.g., 3D, vector-valued functions, or peri-
odic problems), which leads to a generally applicable procedure
for constructing A. We decided to implement the trainable part
of A, namely A1, as two separate networks

A1(χc)F−1Ẽ =

N∑
n=1

(Aχ(χc))n

(
AEF−1Ẽ

)
n
, (13)

where Aχ produces N contrast functions, and AE produces

NÊ fields. These learned mappings are multiplied to obtainN

FIGURE 3. The contrast operator is a sum between the standard contrast
multiplication with a number of additional trainable mappings of Ẽ
and χ being multiplied and added.

contrast current contributions J̃n (n ∈ {1, 2, ..., N}). Note that
if AE is linear, then the entire operator is linear in Ẽ. The re-
sulting contrast current contributions are summed and added to
the term J̃0 = χcF−1

ĉ Ẽ, to arrive at the final modified contrast
current density. The entire network representing A is shown in
Fig. 3.

3.1. Network Considerations
TheAE network acts directly on theE field and therefore must
be linear. When solving (11) using an iterative solver, we will
have to reapply AE every iteration, as this input field changes
every iteration. This means that a quick execution time of this
operator is of particular importance, since it may be incurred
hundreds of times for a given system. For this reason, we chose
to use a simple CNN [22] consisting of just one 1D convolution
layer per dimension.
UnlikeAE ,Aχ does not act on the input field Ê. In the train-

ing of the network this makes no difference, but in the inference
step, when the operator is called as part of the iterative solver,
it means that we can precompute all the χn terms, since χ it-
self does not change. This fact, combined with the absence of a
linearity requirement, allows great freedom for the structure of
Aχ. We would like this operator to be generally applicable, and
it should be somewhat independent of the location and shape of
the scatterer. This means that the operator should preferably
be a spatially local transformation. For these reasons we again
choose a CNN. However, unlike for the AE network, we are
free to use a large number of layers as well as nonlinear activa-
tion functions.
Both AE and Aχ produceN outputs that are then multiplied

element-wise. This requires these outputs to have a consistent
size, which is accomplished by zero padding after the convo-
lution operation. This zero padding may lead to artifacts at the
edges of the domain, and to ensure that this does not affect the
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end result, we multiply by a window function that smoothly de-
cays to 0 at the edge of the spatial domain.
We have limited ourselves to fully convolutional networks

without any pooling or normalization layers. For nonlinear ac-
tivations, we have used the tanh function. The only excep-
tion to this is the activation function corresponding to the chan-
nels in the last CNN layer that represent the imaginary part of
Aχ. For this layer, we chose the swish [36] function to pre-
vent unbounded negative growth, since this would correspond
to a medium with passive gain, which is not physical and, more
importantly, could potentially result in unstable behavior.
We note that our choice of the fully convolutional network

may not be the optimal solution, especially for training effi-
ciency. However, in experimenting with more elaborate net-
works, we have not observed improvements in the performance
as compared to the CNN, for a similar number of parameters.

4. IMPLEMENTATION
The programming for this work was performed in Python 3.12,
where we used numpy [37] for data processing and mat-
plotlib [38] for creating plots. We use TensorFlow (ver-
sion 2.16.1) [34] to implement neural networks.

4.1. Complex Layers and Functions
The scattering problems discussed here are complex-valued.
Although TensorFlow has some support for complex numbers,
at the time of writing the current version has not added this sup-
port to all relevant functions, e.g., convolutions.
The operator A consists of the standard contrast operator

FcχcF−1
ĉ and a trained operator A1, which functions as a set

of modified contrast operators. This trained part consists of an
“E network” (AE) and a “χ network” (Aχ), both of which have
several sequential TensorFlow layers. In general, we treat the
real and imaginary parts of a discretized object as separate chan-
nels in a TensorFlow tensor. For example, in a 2D problem,
where we have batch size B, we would have real-valued ten-
sors of shape B × Nx × Ny × 2 instead of complex-valued
tensors of shape B ×Nx ×Ny × 1. Consequently, we need to
define custom layers and functions that can handle this format.
We attempted to keep these layers as general as possible, with
the dimension on which we store the complex/real channels be-
ing user configurable. The list of functions that we added can
be seen in Table 2. In particular, this formulation implies that
the output channels ofAE andAχ are evenly split into real and
imaginary components.

TABLE 2. Implemented functions for use with TensorFlow.

Function Description
SplitComplex Get Ta, Tb for T = Ta + iTb.

CombineComplex Get T given Ta, Tb.
MultComplex Multiply complex T1, T2.

ConvComplex1D 1D complex convolution.
ConvComplex2D 2D complex convolution.

RMSComplex Return RMS of complex T .

4.2. Interaction with the Discretization Library
Discretizing the prescribed quantities, as well as solving the
pertaining linear system, is performed by the discretization li-
brary [33]. Within this library, data is represented in a data
object in an abstract manner, while the underlying discretiza-
tion method is defined by an associated discretization object.
To combine this“classical” part of the solver with the “neural
network” part, we need to define smooth conversions between
TensorFlow and the discretization library.
Both of these pieces of software provide direct Python in-

terfaces that call computationally efficient binaries. Within
the discretization library, the specifics of how data is repre-
sented depends on the discretization method used. However,
every discretization method implements the get_samples,
from_samples and get_nodesmethods. The former two give
a generic way to convert between data objects and Numpy ar-
rays, while the latter method provides the corresponding grid
coordinates. Using these methods, we define functions that
convert between complex-valued data objects and TensorFlow
tensor objects that contain channels for the real and imaginary
parts of the number. Therefore, there is always a mapping be-
tween library objects and a 2D grid with uniform spacing, re-
gardless of the underlying discretization method.

4.3. Fourier Transformations
The operator A partly acts on spatial-domain quantities. Since
Ẽ and J̃ are spectral quantities, we require forward and inverse
Fourier transformations in the operator. SinceA is trained using
backpropagation, we also need to include the Fourier transfor-
mations in the gradient graph. For consistency within the EM
solver, we also want these transformations to be the same as the
one used in the discretization library. For this reason, we imple-
ment the forward and inverse transformations as a TensorFlow
layer.
TensorFlow provides the definition of layers with a custom

gradient function. We build these layers around the Fourier
transformations of the discretization library. Although the
specifics of these transformations depend on the underlying dis-
cretization method, we can treat them as a black-box for our
purposes. The transformations are linear operators acting on
finite-dimensional objects, which means we can conceptually
represent them by matrices. This means that we can write

∂

∂xc
(Fcxc) = Fc,

∂

∂kĉ
(F−1

ĉ kĉ) = F−1
ĉ .

(14)

In the TensorFlow backpropagation, the up-stream gradient, gu
is left-multiplied to obtain the down-stream gradient gd. This
means that for the forward transformation we can write

gd = guFc =
(
FH

c gHu
)H

, (15)

whereH is the Hermitian transpose. Generally, for a matrix we
have

⟨Ax, y⟩d =
〈
x, AHy

〉
d
, (16)
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where ⟨, ⟩d denotes an inner product on ℓ2. For continuous
Fourier transformations we have〈

F(f(x)), ĥ(k)
〉
C
=

〈
f(x),F−1

(
ĥ(k)

)〉
C
, (17)

where ⟨, ⟩C is an L2 inner product on a complex vector space.
We will assume that the following approximation holds for the
discrete Fourier operators

∆x ⟨Fc[fc], hĉ⟩d ≈
〈
F(f(x)), ĥ(k)

〉
C

∆k

〈
fc,F−1

ĉ [hĉ]
〉
d
≈

〈
f(x),F−1(ĥ(k))

〉
C

(18)

with fc = Dc(f(x)), hĉ = Dĉ(ĥ(k)) and ∆x, ∆k spatial
and spectral sampling distances, respectively. This assumption,
combined with (17) suggests

FH
c ≈

(
∆x

∆k

)ν

F−1
ĉ . (19)

So we can write the gradient function for the forward or in-
verse Fourier transformations in terms of the inverse or forward
transformations. The complete procedure for implementing the
Fourier operators as layers in TensorFlow is visualized in Fig. 4.
The procedure for the inverse Fourier transformation is similar.

FIGURE 4. High level depiction of the discretization libraries Fourier
transformation implemented as TensorFlow layer. In this process the
incoming data is stored inside the spatial/spectral data objects ox/ok,
from the discretization library, which are then used to perform the
Fourier transformation. The statement ox · fourier(−1) is part of
the discretization and means that the contents of ox are Fourier trans-
formed over all dimensions (−1).

5. TRAINING THE NETWORK
We train the network through supervised learning using back-
propagation. That is, we generate synthetic inputs and compare
the output to the solutions obtained on the fine grid.

5.1. Loss Function
By design, the operator A has two input arguments: an elec-
tric field Ê and contrast function χ. The output of the network
should be the modified contrast current density J̃ . The final
goal is to minimize the error in (10), for which we need to de-
fine a loss function that, for the purposes of gradient descent,
should be continuously differentiable. We also have to take into
account both the real and imaginary components. For these rea-
sons, we decided to use a complex root mean square (RMS)
function for the loss. This cost function is a vector norm, mean-
ing L(x, y) = ∥x−y∥, and minimizing L(δf,c, 0) is equivalent
to minimizing ∥δf,c∥. It is given by

L(x, y) =

√∑
i

(xi − yi)(xi − yi)∗

Ns
, (20)

where ∗ represents the complex conjugation, andNs is the total
number of elements in x and y. An important property that we
will exploit later is that this loss function satisfies L(x, y) =
L(x− y, 0).

5.2. Data Generation
Training the network requires both input and output data. The
inputs to the network are the field Ê in a given iteration and
the contrast function χ, while the output will be a contrast cur-
rent density J̃ . The target contrast current density is calculated
on the fine grid using the spatial spectral method without any
learned operators. Then it is down-sampled to the coarse grid
using the Rf̂ ,ĉ operator. We consider simple slab scatterers for
the 1D case and (a subclass of) convex polygonal scatterers for
the 2D case [39], as well as a concave hourglass-shaped scat-
terers. For the incident waves, we use unit-amplitude plane
waves. Thus, every scattering problem can be characterized
by a set of scattering parameters and the angle of incidence of
the wave. We randomly generated these parameters within a
specified range before running the simulations.

5.3. Training Target
Our goal is to minimize the error in (10). To do this, we can
calculate the loss using L(Rf̂ ,ĉJf̂ , J̃) and update the network
using backpropagation. Although we have access to the refer-
ence dataRf̂ ,ĉJf̂ , we do not have J̃ = AẼ in (9), for which we
would first need to solve the linear system in (11). Doing this
for every training step would be prohibitively time consuming.
Instead, we move to approximations of J̃ .
Assume that we have a perfectly trained network that pro-

duces the linear operator A′ such that ∥δf,A∥ = 0. Then by
definition

A′Ẽ′ = Rf̂ ,ĉJf̂ , (21)

where Ẽ′ solves the system containing A′. Furthermore,

Ẽ′ = Ei
ĉ +GĉA

′Ẽ′ = Ei
ĉ +GĉRf̂ ,ĉJf̂ , (22)

where the right-hand side is known before training. If we now
use Ẽ′ as the input to the network, we can use it to define a
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zeroth-order training error

∥δ0∥ =
∥∥∥Rf̂ ,ĉJf̂ −AẼ′

∥∥∥ =
∥∥∥(A′ −A)Ẽ′

∥∥∥ . (23)

Minimizing ∥δ0∥ would be sufficient to minimize (10) since
it implies A = A′. However, in practice, perfect training is
not possible and any remaining error in A would propagate
throughout the iterative solver. Instead, we write

δf̂ ,A − δ0 = A
(
E′ − Ẽ

)
= AGδf̂ ,A, (24)

which leads to
δf̂ ,A = (I −AG)−1δ0. (25)

Depending on A, this inverse may be approximated with a ge-
ometric series

(I −AG)−1 =

∞∑
n=0

(AG)n, (26)

which we recognize as a Born series and which diverges for
strong scatterers. If the series converges, we can approximate
δf̂ ,A by truncating the sum to the firstM terms

δf̂ ,A ≈ δ1 =

M−1∑
n=0

(AG)nδ0. (27)

In practice, we are restricted to a small value forM , since call-
ing A multiple times in the neural network training loop re-
quires a prohibitive amount of memory. By truncating the sum,
we only need to executeA a total ofM+1 times, including the
initial invocation required to calculate δ0.
When the Born series does not converge, this approach is

not guaranteed to work. In [40], the boundary between conver-
gence for 1D and 2D scalar EM scattering problems was quan-
tified, and the use of Padé approximants to replace the Born
series was proposed for strong scatters. In this work, we have
tested both the truncated Born series and first- and second-order
symmetric Padé approximants. For our use case, we noticed no
significant difference in result. For this reason, we proceedwith
the truncated Born series for its ease of implementation.
Finally, we are only interested in the propagating part of the

solution, i.e., solutions within the spectral domain |k| ≤ k0, so
we apply a window function before calculating the loss. We
define

ŵ(k) =

{
1, if ∥k∥ ≤ k0

exp
(
−5(∥k∥ − k0)

2
)
, otherwise.

(28)

We can now approximate the loss as

L
(
Rf̂ ,AJf̂ , J̃

)
≈ L (Dĉ(ŵ(k))δ1, 0) . (29)

Training the network to minimize this loss should yield more
accurate numerical results when solving the final linear system
than training on δ0 would.

6. RESULTS
We apply the method described above to a 1D and a 2D scalar
problem. We use the same general structure for both scenarios
with the only major difference being the number and dimension
of the convolution layers. BiCGstab [2] is used to solve linear
systems with an absolute tolerance of 10−10. In all tested cases,
the number of iterations required for convergence was nearly
identical between systems with modified and original contrast
operators, having at most a difference of 1 iteration in favor of
either one. For all simulations we take ε0 = µ0 = k0 = ω = 1.

6.1. 1D Slab Scatterers
For the 1D case, we test the network on simple slab scatterers.
These can be defined by three parameters, a, b and εr where
a, b denote the beginning and end coordinates of the slab, re-
spectively, and εr is the relative permittivity. We created the
training data by uniformly sampling the simulation parameters
according to Table 3. The discretization parameters are identi-
cal to those used in Table 1.

TABLE 3. Simulation parameters for the 1D simulations. Parameters
are randomly sampled from a uniform distribution between Min and
Max.

Parameter Min Max
a −7 −3

b 2 5

εr 2 2

We choose to keep εr constant for a given training set. We do
this because the final accuracy will be highly dominated by this
value and using mixed permittivities will make it difficult to
compare different samples. Both the AE and the Aχ networks
consist of convolutional layers. Their structure is presented in
Table 4. The parameterNc is the number of output channels for
a given layer, Nk the kernel size, and N the number of mod-
ified contrast current terms as defined in (13), for the case we
present here we choose N = 4. Note that we always end in a
layer with kernel size 1 and a linear activation function. This
is done so the output mappings are never constrained in their
range by the activation functions (again, the imaginary chan-
nels of Aχ are an exception and instead use the swish activa-
tion function). The standard convolutional layers implemented

TABLE 4. Structure of the network. Only convolutional layers are used.
Each layer uses zero-padding and has a stride of 1. The network layers
are ordered from top to bottom. The final layer of theAχ network uses
a swish activation function for the imaginary channels only.

AE Nc Nk Activation
ConvComplex1D (1x) 64 50 linear
ConvComplex1D (1x) N 1 linear

Aχ Nc Nk Activation
Conv1D (15x) 32 3 tanh

ConvComplex1D (1x) N 1 linear/swish
Number of parameters 45476
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FIGURE 5. The δ1 training loss for the 1D slab scatterer over 5000
epochs, forM = 0, 1, 2.

by TensorFlow are not linear in the complex numbers, since
element-wise multiplication is used on the real and imaginary
channels. For this reason, we implemented a Conv1DComplex
layer that uses complex multiplication.
In Fig. 5, we show the training loss using the δ1 approxima-

tion with M = 1 (27). Training was carried out in batches of
50 using an Adam optimizer [41] with a learning rate of 10−4.
It is clear that there are severely diminishing returns on training
after a certain number of epochs.
After training, the network is tested in a validation step. We

generate 50 additional scattering configurations from the same
parameter space and solve (11) using the trained operator. As
a reference, we also perform the system solve using the orig-
inal coarse-system contrast operator. The resulting errors can
be seen in Fig. 6. We observe a significant reduction in the dis-
cretization error (about a factor of 90). However, this increase
in accuracy comes at the cost of computation time. The orig-
inal, coarse, linear system without the modified contrast func-
tion required on average 0.042 s to solve, while the modified
linear system took 0.22 s on average.
We performed the same simulation that we used to construct

Fig. 2 to calculate the spectral errors for both contrast opera-
tors, see Fig. 7. We see that the trained operator counteracts the
discretization error within the propagating region.

FIGURE 6. The validation losses for the 1D slab problem. Each point
represents a simulation constructed from randomly sampled parame-
ters and calculated on the coarse system for both the original (blue)
and the modified (orange) contrast operators.

6.2. 2D Polygonal Scatterers
Weperformed the same training procedure for a 2D setup, using
the same discretization parameters as in the 1D case, Table 1,
but for both dimensions. For the scatterer geometry, we use
convex polygonal scatterers, constructed as discussed in [39].
The polygonal scatterers are fully determined by a set of Nv

vertices and the relative permittivity εr. To randomly gener-
ate a set of scatterers, we space the Nv vertices on a unit circle
with equal angles between them. We then randomly change the
radius r per vertex to create some variation and remove symme-
tries. For the incident field, we use a plane wave with incident
angle ϕi and unit amplitude. The parameters we used are given
in Table 5.

TABLE 5. Simulation parameters for the 2D simulations. Parameters
are randomly sampled from a uniform distribution between Min and
Max. The number of vertices Nv is always an integer. The radius r
is sampled per vertex.

Parameter Min Max
x −3 3
y −3 3
εr 3 3
ϕi 0 2π
Nv 4 15
r 4 6

The network for the 2D case is identical in structure to the
1D case, with the exception of using 2D convolutions in the
χ network. The network structure is given in Table 6, where
for this 2D case we have used N = 32. We trained this net-
work for over 2000 epochs using a second-order truncation in
the training error term in (27), i.e. M = 2, since this produced
better validation results than using M = 1 did. The resulting
δ1 training loss can be seen in Fig. 8.

TABLE 6. Structure of the 2D network. Only convolutional layers are
used. Like in the 1D case, each layer uses zero-padding and has a stride
of 1. We also again use the swish activation function for the imaginary
output channels of χ.

AE Nc Nk Activation
ConvComplex1D (1x) 64 50× 1 linear
ConvComplex1D (1x) 64 1× 50 linear
ConvComplex2D (1x) N 1 linear

Aχ Nc Nk Activation
Conv2D (15x) 32 3× 3 tanh

ConvComplex2D (1x) N 1× 1 linear/swish
Number of parameters 268928

We again generated 50 new simulations for validation. We
performed a full system solve on each of these and the resulting
losses are shown in Fig. 9. Compared to the 1D case, we do not
see the same improvement over the original coarse system. In-
stead, the discretization error only reduces by a factor of 5. The
average computation time per simulation are 1.8 s and 4.9 s, for
the original and the modified system, respectively. Unlike the
1D case, this difference in time cost is small enough to make
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(a) (b)

FIGURE 7. Spectral contrast current density errors for (a) the coarse and (b) the modified contrast operator.

FIGURE 8. The δ1 training loss for the 2D polyonal scatterers using
M = 0, 1, 2.

FIGURE 9. The validation losses for the 2D polygonal scattering prob-
lem. Each point on the horizontal axis represents a unique simulation
that was solved using both the original and the modified contrast func-
tion.

this approach worthwhile since even a twofold increase in the
discretization density of the original would surpass the modi-
fied system in computation time.
This network has 32modifiedχmaps that all have some sim-

ilarity. As an illustration, we show 4 of them in Fig. 10. From
these samples, it can be seen that the mappings are trained into a
structure with similar features to the Gibbs-phenomena around
the scatterer boundaries, with different strengths in different di-

FIGURE 10. Examples of χn maps produced by the Aχ(χc) operation
for a random scattering 2D setup in the validation set. Visually, all
maps look similar.

rections. These can be interpreted as direction-dependent filters
that, combined with the E field mappings, act to reduce the ef-
fects of the spectral truncation.

6.3. Extrapolation outside the Training Set
Themodified contrast operator is trained on a constrained train-
ing set and might not function as expected for simulations out-
side these sets. To get an idea of the limits of the operator, we
ran the validation step for several scenarios outside the param-
eter range of the training step. For this we used the network
trained on the lossless convex polygonal scatterers. The cases
we tested are:

1. Bigger radius and more vertices: 7 ≤ r ≤ 9, 15 ≤ Nv ≤
25.

2. Two scatterers with −7 ≤ x ≤ −5 for the first and 5 ≤
x ≤ 7 for the second. Both scatterers have 4 ≤ r ≤ 5 to
avoid overlap.

3. Cylindrical scatterer, centered at (xc, yc) and radius r,
with −3 ≤ xc ≤ 3, −3 ≤ yc ≤ 3 , 4 ≤ r ≤ 6.

4. Higher contrast scatterer 1: εr = 3.5.
5. Higher contrast scatterer 2: εr = 4.

Parameters that are not mentioned are identical to those in the
training set. We briefly list all the results in Table 7. From these
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TABLE 7. Validation errors for several 2D scattering setups with pa-
rameters outside the training set. For every scenario 50 simulations
with randomly sampled parameters were performed and their loss was
averaged. All these scenarios consist of 50 simulations with the error
values being averaged.

Case |δf̂ ,ĉ| |δf̂ ,A|
1 1.3× 10−2 4.8× 10−3

2 2.2× 10−2 1.2× 10−2

3 1.4× 10−2 5.1× 10−3

4 2.2× 10−2 8.4× 10−3

5 5.0× 10−2 3.1× 10−2

results, we see that the trained operator still results in improved
accuracy for all scenarios. Although none of the results are as
good as the results achieved on setups sampled from the train-
ing distributions, they are at least stable. This leaves us with
the conclusion that, as long as we use similar scatters, we can
use the trained operator with a reasonable expectation of proper
behavior.

6.4. Use of Modified Contrast Operator on a Larger Computa-
tional Domain
The network was trained on a computational domain with 51
samples in each direction and a sample distance of∆x = 0.78,
see Table 3. Due to the simple CNN structure of the network
we expect the trained operator to be spatially local. This means
that we should be able to use the trained network on larger com-
putational domains as well. To test this, we consider a new
validation case. We use the same discretization, but this time
with N = 101 samples in both x and y directions. We use the
trained network trained in the previous subsection to solve the
scattering problem on this new domain. We use the simulation
parameters from Table 8 where compared to the previous case,
we allow the scatterers a larger x and y translation.

TABLE 8. Simulation parameters for the validation set of the larger
computational domain, using the network trained on convex polygons.

Parameter Min Max
x −15 15

y −15 15

εr 3 3

ϕi 0 2π

Nv 4 15
r 4 6

We show the results in Fig. 11. The results for these sim-
ulations are nearly as good as those for the original scattering
problem in terms of achieved accuracy, demonstrating the gen-
eralizability of this operator to larger grid sizes.

6.5. Lossy Dielectrics
Thus far we have considered only dielectric scatterers without
any losses. These scattering problems are generally more dif-

FIGURE 11. The validation losses for the original trained network,
tested on a bigger computational domain. Each point on the horizon-
tal axis represents a unique simulation that was solved using both the
original and the modified contrast function.

ficult than problems with lossy scatters. To verify that this
also holds for the modified contrast-operator approach, we
will compare networks trained on lossy and lossless materials.
Therefore, we compare three different models

1. Model 1 is trained on lossless polygonal scatterers with
εr = 3.

2. Model 2 is trained on lossy polygonal scatterers with a
constant permittivity of εr = 3 + 0.5i.

3. Model 3 is trained on lossy polygonal scatters with vari-
able losses where Re(εr) = 3 and 0 ≤ Im(εr) ≤ 1.5.

Apart from the permittivity, all parameters are taken from Ta-
ble 5. The models are trained with 1000 training samples, using
the truncated Born series withM = 2 for 2000 epochs.
We compare the models on three corresponding validation

sets. The first set contains lossless scatterers. The second set
has scatterers with a constant complex permittivity of εr = 3+
0.5i. The final set has a randomly sampled permittivity with
Re(εr) = 3 and 0 ≤ Im(εr) ≤ 1.5. We show the results in
Fig. 12.
As expected, the models perform best on the validation sets

closest to their training data. However, all threemodels perform
better than the reference on all three validation sets. There are
also no notable differences in macroscopic behavior between
the lossy and lossless networks. From this we conclude that the
addition of losses adds no additional challenges to themodified-
contrast operator approach.

6.6. 2D Hourglass Scatterers
In addition to the 2D convex polygons, we also train the net-
work on concave hourglass-shaped scatterers. In Fig. 13, we
show a depiction of such a scatterer. We trained the same net-
work including these scatterers, this time using 500 polygonal
scatterers from the same parameter space used previously and
500 (concave) scatterers from the hourglass distribution given
in Table 9.
We compare the results for both the model trained on convex

polygons and the model trained on this mixed set. We test both
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(a) (b)

(c)

FIGURE 12. Validation losses for the three models for three different validation sets. (a) The first containing scatteres without losses, (b) the second
containing scatteres with constant losses and (c) the third containing scatterers with variable losses.

models on both a convex polygonal validation set and an hour-
glass validation set, both with 50 samples. We show the results
in Fig. 14. We see that both networks perform well for both
validation sets. However, the network trained on the hourglass
scatterers performs significantly better on the hourglass vali-
dation set, while having a nearly identical performance on the
convex polygon validation set.

FIGURE 13. Schematic depiction of an hourglass scatterer. TheW and
H parameters refer to widths and heights, while S is the slant, or the
offset, as compared to the center.

TABLE 9. Simulation parameters for the 2D hourglass simulations. Pa-
rameters are randomly sampled from a uniform distribution between
Min and Max. TheW parameters concern the different widths, theH
parameters the height, and the S parameters the slant of the top and
bottom.

Parameter Min Max
x −3 3

y −3 3

εr 3 3

ϕi 0 2π

Wmid 3 4

Wtop 4 5

Wbot 5 7

Stop −1 1

Sbot −1 1

Htop 4 5

Hbot 4 5
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(a) (b)

FIGURE 14. Results for both the network trained on hourglass scatterers (Model 1) and convex polygonal scatterers (Model 2) for (a) 50 hourglass
scattering problems and (b) 50 convex polygon scattering problems.

7. CONCLUSION

We introduced a trainable operator that acts as a modified di-
electric contrast operator on a coarse grid discretization of a
domain integral equation. This operator reduces the discretiza-
tion error for small wavenumbers, which means that the far-
field accuracy is increased. It does this while still incurring
a lower computational cost than the unmodified operator on a
fine discretization grid. The operator is constructed as a com-
bination of two convolutional neural networks, one acting lin-
early on the electric fieldwhile the other acts non-linearly on the
contrast function. The network has the same general structure
for the one-dimensional and two-dimensional case, thus provid-
ing a uniform interface regardless of the problem’s dimension.
Solving the altered system results in a significant reduction in
the discretization error compared to the standard operator on a
coarse grid. The operator is trained using standard backpropa-
gation provided by TensorFlow.
The approach is flexible, being nearly identical in one and

two dimensions without change in formulation and independent
of the specifics of the scatterer’s geometry. This provides a
general, hands-off procedure to reduce the number of unknowns
in forward-scattering problems.
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