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ABSTRACT: To mitigate unbalanced vibration caused by rotor eccentricity in composite cage rotor bearingless induction motors (CCR-
BIM), this paper proposes an enhanced hybrid control strategy integrating a rotor-speed adaptive second-order generalized integrator (RA-
SOGI) harmonic observer with dual-channel compensation. A variable step-size adaptive LMS (VSS-ALMS) algorithm is introduced to
optimize RA-SOGI, enabling real-time extraction of fundamental vibration components with reduced computational burden and improved
convergence. In the feedback channel, an adaptive PID controller with variable learning rates and residual feedforward correction is
designed, achieving a superior balance between transient response and steady-state precision. Lyapunov-based analysis establishes the
global asymptotic stability of the proposed scheme under practical step-size constraints. Experimental validations demonstrate that the
proposed method significantly outperforms conventional PID and feedforward control, achieving faster convergence, higher vibration
attenuation, and enhanced trajectory stability in high-speed CCR-BIM operation.

1. INTRODUCTION

Bearingless induction motor (BIM) is a novel type of mo-
tor that utilizes controllable suspension force to suspend

the rotor within the stator without physical contact. BIM of-
fers advantages such as operation without mechanical friction,
no wear, no need for lubrication, high speed, high precision,
and long lifespan [1–4]. Currently, BIM demonstrates broad
application prospects in fields such as energy storage systems,
chemical processing, and high-speed rotating machinery [5, 6].
As one extended type of BIM, composite cage rotor bear-

ingless induction motor (CCR-BIM) combines the features of
BIM and composite rotor induction motors. It exhibits excel-
lent starting performance and suspension performance [7–9].
In CCR-BIM, real-time monitoring of the composite cage ro-
tor’s displacement is essential. However, due to factors such as
machining errors and magnetic asymmetry, the rotor’s center
of mass inevitably deviates from its geometric center, result-
ing in unbalanced vibrations during operation [10–12]. Conse-
quently, the displacement sensor signals transmitted to the con-
troller inherently contain these unbalanced vibration compo-
nents. To mitigate the adverse effects of such vibrations on sys-
tem stability, vibration compensation control technology must
be employed to extract unbalanced vibration signals and gener-
ate counteracting compensation forces [13, 14].
With the advancement of control technologies, traditional

induction motor regulation strategies have been further opti-
mized, and various vibration compensation control methods
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have been proposed to mitigate rotor imbalance vibrations. For
example, sliding mode control (SMC) combined with space
vector PWM (SVPWM) modulation has been employed to en-
hance the dynamic speed response of induction motors under
varying load conditions [15]. Meanwhile, various vibration
compensation control methods have been proposed to mitigate
rotor imbalance vibrations. Ref. [16] proposed a vibration com-
pensation control method based on a fuzzy coefficient adap-
tive linear neuron (FCALN) algorithm, which decomposes dis-
placement signals to extract vibration-related harmonic com-
ponents. This FCALN-based approach was comparatively an-
alyzed against conventional proportional integral differential
(PID) vibration compensation methods. Ref. [17] proposed an
unbalanced vibration compensation control approach based on
an extended Kalman filter (EKF). Ref. [18] proposed a hybrid
vibration compensation strategy combining feedforward com-
pensation with current compensation. Ref. [19] proposed an
unbalanced vibration suppression control strategy based on an
improved total least squares (TLS) algorithm, where modifi-
cations to the cost function of the TLS adaptive filtering al-
gorithm enhanced its anti-disturbance performance. Ref. [20]
proposed an adaptive least mean square (LMS)-based unbal-
anced displacement extraction method that enables rapid dis-
placement detection and improves the magnetic levitation con-
trol performance of bearingless induction motors. Ref. [21]
proposed a model-compensated linear active disturbance rejec-
tion control method that effectively reduces rotor displacement
and torque ripple. Ref. [22] proposed a feed-forward com-
pensation control strategy based on a parameter-free variable
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FIGURE 1. Topology of CCR-BIM.

step-size LMS (VSS-LMS) adaptive filter. By replacing vari-
able parameters in the step-size function with error signal accu-
mulation, this strategy resolves the inherent trade-off between
convergence speed and steady-state error in conventional LMS
algorithms, while simultaneously addressing the excessive it-
eration steps issue in VSS-LMS implementations. Although
the above-mentioned vibration compensation strategy can ef-
fectively suppress rotor vibration, the extraction of harmonics
is rather complicated, which often leads to a huge amount of
computation and thus poor real-time performance. Moreover,
the traditional PID control has deficiencies in signal regulation
capability.
To overcome these challenges, this paper proposes an en-

hanced hybrid vibration compensation framework combining a
rotor-speed adaptive second-order generalized integrator (RA-
SOGI) harmonic observer with advanced dual-channel com-
pensation. The main contributions are summarized as follows:

(1) A VSS-ALMS-enhanced RA-SOGI harmonic observer
that achieves real-time extraction of fundamental vibra-
tion components while reducing computational complex-
ity and improving convergence robustness.

(2) An adaptive PID controller with variable learning rates
and residual feedforward correction, which dynamically
adjusts amplitude and phase while leveraging residual in-
formation to anticipate unmodeled disturbances, thereby
balancing transient response and steady-state accuracy.

(3) A Lyapunov-based stability analysis that theoretically
proves global asymptotic stability of the proposed com-
pensation scheme under practical step-size constraints.

The remainder of this paper is organized as follows. Sec-
tion 2 describes the vibration mechanism and mathematical
modeling of the CCR-BIM. Section 3 details the design of the
RA-SOGI harmonic observer and the dual-channel adaptive
compensation strategy. Section 4 reports the experimental re-
sults and performance evaluation, and Section 5 summarizes
the conclusions and outlines future work.

2. MODELING OF THE CCR-BIM VIBRATION MECHA-
NISM

2.1. Structure and Suspension Mechanism
CCR-BIM utilizes the structural similarity between magnetic
bearings and induction motor stators by incorporating a set

FIGURE 2. Structure of the composite cage rotor.

of three-phase suspension winding with torque winding. The
CCR-BIM primarily consists of a stator, a composite cage rotor,
and auxiliary components such as a rotating shaft. The overall
topology of the CCR-BIM is illustrated in Fig. 1.
The composite cage rotor comprises an inner rotor and an

outer rotor. The inner rotor is composed of a rotor core, a cage
rotor, and end rings. The cage structure of the inner rotor is spe-
cially designed to shield the suspension force winding while
only inducing torque winding [23]. The outer rotor is a solid
layer with high magnetic permeability. Owing to the skin ef-
fect, the induced current density is concentrated near the sur-
face of the silicon steel layer, which facilitates the generation
of higher starting torque. This helps the motor overcome sig-
nificant resistance during startup, achieving rapid acceleration
and enhancing the starting performance of the CCR-BIM. The
structure is depicted in Fig. 2.
The stator of the CCR-BIM consists of a stator core and

windings, as shown in Fig. 3(a). The stator slots accommo-
date two sets of windings: torque winding and suspension force
winding. Torque winding provides driving torque to the com-
posite cage rotor, while suspension force winding generates ra-
dial levitation force to maintain stable self-suspension of the
rotor. In the CCR-BIM stator, both windings adopt a single-
layer concentric distribution. The torque winding and suspen-

(a)

(b)

FIGURE 3. Stator structure and winding distribution. (a) Stator struc-
ture. (b) Winding distribution.
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sion force winding are powered by two separate inverter power
supplies, respectively. The stator has 24 slots. The dashed
lines represent the torque winding distribution, with terminals
labeled as a1 and a2, b1 and b2, c1 and c2. Based on the winding
configuration, pole pairs of the torque winding (p1) are deter-
mined to be 1. The solid lines represent the suspension force
winding distribution, with terminals labeled as A1 and A2, B1
and B2, C1 and C2, and its pole pairs (p2) are determined to be
2. The torque winding is placed at the bottom of the stator slots,
while the suspension force winding is located at the top. The
stator winding distribution is illustrated in Fig. 3(b).
Electromagnetic torque and radial suspension forces are gen-

erated through the interaction between the magnetic fields of
these two sets of windings. When the two windings satisfy the
conditions p1 = p2±1 andω1 = ω2, the CCR-BIM can produce
controllable suspension forces, where p1, ω1 and p2, ω2 denote
the number of pole pairs and angular frequency of the torque
winding and suspension winding, respectively. As shown in
Fig. 4, currents I1 and I2 are applied to the torque winding and
suspension winding, respectively, generating magnetic fluxes
ψ1 and ψ2. The magnetic flux is enhanced in the positive y-axis
directionwhile beingweakened in the negative y-axis direction.
Consequently, the resultant magnetic flux vector points along
the positive y-axis, leading to a net suspension force also di-
rected along the positive y-axis. By reversing the current direc-
tion in the windings, a controllable suspension force along the
negative y-axis can be obtained, thereby achieving controlled
suspension along the horizontal degree of freedom of the CCR-
BIM rotor. A similar analysis is applied to the generation of
controllable suspension forces along the x-axis [24–27].

FIGURE 4. Suspension force generation in CCR-BIM.

2.2. Mathematical Model
The expressions for the suspension forces in the x-direction and
y-direction are [16]:[

Fcx

Fcy

]
= Fm

[
i2d i2q
i2q −i2d

] [
ψ1d

ψ1q

]
, (1)

where i2d and i2q are the d-axis and q-axis components of the
stator current in the suspension force winding, respectively; ψ1d
and ψ1q represent the d-axis and q-axis rotor flux components
of the torque winding, respectively; Fm is the amplitude of the
suspension force.

The torque equation of the CCR-BIM is expressed as:

Te = i1qψ1d − i1dψ1q, (2)

where i1d and i1q are the d-axis and q-axis current components
of the torque winding, respectively; ψ1d and ψ1q represent the
d-axis and q-axis flux linkages of the torque winding, respec-
tively.

2.3. Rotor Unbalance Vibration Mechanism
During the operation of the CCR-BIM, manufacturing toler-
ances cause a deviation between the rotor’s center of mass and
its geometric center (denoted as ∆r = |O − O′|), leading to a
mass imbalance phenomenon. The dynamic characteristics of
the unbalanced force Fc can be quantitatively characterized by
the centrifugal force equation [19]:

Fc = mω2
m∆r, (3)

where m is the rotor mass, and ωm is the mechanical angu-
lar velocity of the rotor. It can be observed that Fc increases
quadratically with ωm, implying that even a minor eccentricity
∆r can lead to significant periodic excitation at high speeds.
The dynamic coordinate system established to characterize

the physical mechanism of rotor eccentricity is illustrated in
Fig. 5. In this figure, point O represents the geometric cen-
ter of the CCR-BIM, while point O′ denotes the rotor’s center
of mass. Due to manufacturing tolerances, these two points do
not coincide. The stationary reference frame is defined by the
horizontal axis x and vertical axis y, whereas the rotating ref-
erence frame is represented by the d-axis and q-axis. Within
the fixed (x, y) coordinate system, the deviation between the
geometric center O and the center of mass O′ forms a rotating
vector∆r, whose phase angle η varies at the electrical angular
velocity ωe of the rotating d-q frame.

FIGURE 5. Rotor eccentricity coordinate system.

The unbalanced vibrational force Fc can be decomposed into
orthogonal components along the fixed coordinate axes, de-
noted as Fcx and Fcy , and expressed as:{

Fcx = Fc cos(ωet+ η)
Fcy = Fc sin(ωet+ η)

, (4)

where η is the angle between the line connecting the geometric
center to the center of mass and the d-axis, and ωe is the elec-
trical angular velocity, given by ωe = p1ωm. Since p1 = 1,
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ωe = ωm, and thus the mechanical angular velocity will sub-
stitute for the electrical angular velocity in subsequent discus-
sions.
Let the unbalanced vibration displacement components

along the x-axis and y-axis be denoted as xc and yc, respec-
tively. The vibration displacements along the x-axis and y-axis
induced by the unbalanced force Fc can be expressed as:{

xc = A cos (ωmt+ η − γ)
yc = A sin (ωmt+ η − γ)

, (5)

whereA is the vibration amplitude, and γ is the phase lag angle
between the unbalanced vibration displacement and unbalanced
force.
In summary, from Eqs. (3)–(5), unbalanced force Fc is pro-

portional to rotor massm, rotor eccentricity∆r, and the square
of the mechanical angular velocity ωm. Periodic unbalanced
forces and corresponding displacement components exist along
both the x-axis and y-axis, with a frequency of ωm. Therefore,
the unbalanced force Fc increases with rotational speed, and
without compensation, the system will become unstable.

3. DESIGN OF RA-SOGI-BASED ADAPTIVE COMPEN-
SATION STRATEGY
As analyzed in the previous section, the primary source of ro-
tor unbalanced force is the periodic unbalanced force Fc that
occurs at the same frequency as the electrical angular veloc-
ity ωe. Consequently, the core objective of vibration compen-
sation control is to achieve dynamic compensatory force gen-
eration through real-time extraction of fundamental frequency
components, thereby canceling out the disturbances caused by
Fc. To address the limitations of conventional methods, this
section presents a hybrid control strategy combining an im-
proved rotor-speed adaptive second order generalized integra-
tor (RA-SOGI)-based harmonic observer with a dual-channel
adaptive PID controller. The RA-SOGI harmonic observer di-
rectly locks onto the fundamental frequency component corre-
sponding to ωe, while the dual-channel adaptive PID dynami-
cally optimizes both the amplitude and phase of the compen-
satory force, achieving real-time suppression of rotor vibra-
tions [28, 29].

3.1. Harmonic Observer Design and Principle

3.1.1. SOGI-Based Harmonic Observer Implementation

Accurate real-time harmonic extraction is a critical component
of vibration compensation control. The conventional second
order generalized integrator (SOGI) can isolate the fundamen-
tal frequency component synchronized with the mechanical an-
gular velocity ωm from noise-contaminated displacement sig-
nals through quadrature signal generation and frequency adap-
tation mechanisms. However, its fixed damping ratio and gain
design lead to insufficient dynamic performance under sudden
speed variations or load disturbances. To address this limi-
tation, this study proposes an improved RA-SOGI harmonic
observer, which introduces a nonlinear damping adjustment

mechanism and a dynamic frequency tracking algorithm to en-
hance real-time performance and robustness in harmonic ex-
traction.
The raw displacement signal v(k) contains high-frequency

noise and sensor interference, and therefore requires prepro-
cessing with a second order butterworth low-pass filter (LPF).
The cutoff frequency of the LPF is set to 1.2ωm, thereby effec-
tively suppressing high-frequency noise while preserving the
integrity of the fundamental frequency component at ωm.
The standard transfer function of a second order Butterworth

low-pass filter is given as:

H(s) =
ω2
c

s2 +
√
2ωcs+ ω2

c

, (6)

where ωc is the cutoff angular frequency, and ωc = 1.2ωm.
Equation (6) can be rewritten as:

HLPF(s) =
(1.2ωm)2

s2 +
√
2 · 1.2ωm · s+ (1.2ωm)2

. (7)

The transfer function in Eq. (7) is discretized into a time-
domain difference equation using a discretization method,
where s = 2

T · z−1
z+1 , and T denotes the sampling period. The

final discretized difference equation is expressed as:

vf (k) = a1vf (k − 1) + a2vf (k − 2)

+b0v(k) + b1v(k − 1) + b2v(k − 2). (8)

The filter coefficients a1, a2, b0, b1, b2 are dynamically up-
dated based on ωm, calculated using the following expressions:

K = tan
(
1.2ωmT

2

)
b0 = b2 = K2

1+
√
2K+K2

b1 = 2b0

a1 = 2(K2−1)

1+
√
2K+K2

a2 = 1−
√
2K+K2

1+
√
2K+K2

, (9)

3.1.2. RA-SOGI Harmonic Observer with Nonlinear Gain Regulation

To further reduce computational complexity and facilitate digi-
tal implementation, this study introduces an equivalent realiza-
tion of the RA-SOGI based on quadrature demodulation, which
preserves its observation capability while alleviating the com-
putational burden without compromising performance.
The filtered signal vf (k) serves as the input to the SOGI

block. The conventional SOGI’s transfer functions are given
by: {

Hα(s) =
vα(s)
vf (s)

= ξωms
s2+ξωms+ω2

m

Hβ(s) =
vβ(s)
vf (s)

=
ξω2

m

s2+ξωms+ω2
m

, (10)

where ξ is the damping coefficient, s the Laplace operator,
vf (s) the input displacement signal, vα(s) the in-phase out-
put corresponding to the fundamental displacement component,
and vβ(s) the quadrature output corresponding to the same
component.
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With a fixed damping ratio ξ and constant gain, this struc-
ture relies solely on ωm. In order to enhance the robustness
and adaptability of the harmonic observer under varying ro-
tor speeds and disturbances, an improved rotor-speed adaptive
second order generalized integrator (RA-SOGI) with nonlinear
gain regulation is designed. We replace the fixed damping ra-
tio ξ with an adaptive damping function ξ(t), and the dynamic
equations are formulated as:

ξ(t) = ξ0 +∆ξ · sat
(
|vf (t)− vα(t)|

ϵ

)
, (11)

where ξ0 represents the baseline damping, with a value of 0.8;
∆ξ represents the maximum damping variation, with a value
of 0.4; ϵ represents the error threshold, with a value of 0.2µm;
sat(·) represents the saturation function used to limit ξ(t) ∈
[ξ0, ξ0 +∆ξ]. Parameters ξ0, ∆ξ, ϵ were empirically tuned to
achieve a balance between convergence speed and steady-state
accuracy in the harmonic extraction.
The corresponding state-space implementation becomes:{

v̇α = −ξ(t)ωmvβ + ξ(t)ωm(vf − vα)
v̇β = ξ(t)ωm(vf − vα)

, (12)

To implement real-time digital filtering, the transfer function
is discretized into a time-domain difference equation. The time-
domain representation of the SOGI is given by:

vα(k) =
2−ξTωm

2+ξTωm
vα(k − 1)

+ ξTωm

2+ξTωm
[vf (k) + vf (k − 1)]

vβ(k) =
2−ξTωm

2+ξTωm
vβ(k − 1)

+
ξTω2

m

2+ξTωm
[vf (k) + vf (k − 1)]

, (13)

This discretization method approximates the integral terms
using trapezoidal summation, avoiding numerical oscillations
commonly seen in traditional Euler methods, thereby enhanc-
ing algorithm stability.

3.1.3. Frequency Adaptive Adjustment Mechanism

When the rotor speed varies, the center frequency ωm of the
RA-SOGI must also be dynamically updated to maintain har-
monic locking. The update formula is given by:{

ωm = 2πn
60

fm = n
60

, (14)

where n denotes the rotor speed.
The raw displacement signal v(k), collected from the rotor

displacement sensor, contains both the fundamental vibration
component and noise. To simplify computation, quadrature
modulation is employed to directly decompose the fundamental
component, replacing the filtered output of the standard SOGI.
The prefiltered signal vf (k) is fed into the RA-SOGI to gen-

erate the in-phase signal να(k) and quadrature signal νβ(k) of
the fundamental component. Their discrete-time expressions
are: {

vα(k) = vf (k) cos(ωmkT )
vβ(k) = vf (k) sin(ωmkT )

. (15)

It is worth noting that the proposed RA-SOGI observer
replaces the conventional SOGI structure with a simplified
quadrature demodulation method to extract the in-phase (vα)
and quadrature (vβ) components.
(2) Harmonic Reconstruction
The quadrature components are then combined to recon-

struct the complete fundamental harmonic component vh(k),
expressed as:

vh(k) =
√
v2α(k) + v2β(k) · cos (ωmkT + ϕ) , (16)

where ϕ = arctan( vβ(k)vα(k) ) is the instantaneous phase angle.
By updating ωm in real time using the frequency adaptation

mechanism in Eq. (12), the harmonic component’s amplitude√
v2α(k) + v2β(k) and phase ϕ remain synchronized with the ro-

tor speed, enabling dynamic tracking of the vibration excitation
source.
The displacement error signal e(k) is obtained by subtract-

ing the fundamental harmonic component from the original dis-
placement signal:

e(k) = vref (k)− vh(k), (17)

where vref is the desired displacement reference, typically set
to zero.
The resulting error signal e(k) serves as the input to the adap-

tive PID controller, which dynamically corrects residual vibra-
tions through the feedback channel.
The overall flowchart of the harmonic component extrac-

tion and displacement error generation process is illustrated in
Fig. 6.

FIGURE 6. Flowchart of harmonic component extraction and displace-
ment error signal generation.

3.2. Variable Step-Size Adaptive LMS-Based Compensation
Design
The periodic exciting force caused by rotor unbalance vibration
needs to be dynamically counteracted by a compensation force.
However, due to variations in rotational speed, load changes,
and noise interference, the amplitude and phase of the com-
pensation force must be adjusted in real time. The adaptive
compensation design presented in this section is achieved by
dynamically adjusting the amplitude and phase of the compen-
sation force using a VSS-ALMS algorithm, thereby canceling
out the rotor vibration and ensuring the stability of the CCR-
BIM suspension system [30, 31].
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3.2.1. Variable Step-Size Adaptive LMS Algorithm

The conventional Least Mean Square (LMS) algorithm mini-
mizes the mean square value of displacement error by adjusting
a multidimensional weight vector. Its update rule is expressed
as:

w(k + 1) = w(k) + µe(k)x(k), (18)
wherew denotes the weight vector, µ the step size, and x(k) the
input vector.
However, the traditional LMS algorithm requires the adjust-

ment of a high-dimensional weight vector, leading to high com-
putational complexity and making real-time control challeng-
ing in CCR-BIM applications.
In this study, dimensionality reduction is applied to retain

only two key weight parameters related to the fundamental
harmonic component: amplitude weight kp and phase weight
ki. Specifically, kp adjusts the magnitude of the compensation
force, while ki controls its phase to counteract vibration lag.
The step sizes µp and µi are pre-optimized using an offline gra-
dient descent method, avoiding online computation.
More specifically, the input signal v(k) is projected onto the

orthogonal components of the fundamental harmonic, given by:

v(k) = vα(k) + jvβ(k). (19)

This allows the cost function to be simplified as:

minkp,kiE
[
(vref (k)− (kpvα(k) + kivβ(k)))

2
]
. (20)

Here, the estimation error is defined as the difference be-
tween the reference displacement vref (k) and the estimated
compensation output kpvα(k) + kivβ(k). This formulation al-
lows the LMS algorithm to adaptively minimize the vibration
deviation.
With the objective of minimizing the mean square displace-

ment error, formulated as:

J(kp, ki) = E
[
(e(k)− kpvα(k)− kivβ(k))

2
]
. (21)

The adaptive weights kp and ki are updated online using the
gradient descent method:{

kp(k + 1) = kp(k) + µpe(k)vh(k)

ki(k + 1) = ki(k) + µie(k)
dvh(k)

dt

, (22)

where µp and µi serve as step-size factors. To ensure both rapid
convergence and steady-state accuracy, µp and µi are first pre-
optimized offline to obtain baseline values (µp0, µi0). During
online operation, they are further adjusted adaptively according
to the instantaneous error magnitude e(k):{

µp(k) =
µp0

1+β|e(k)|
µi(k) =

µi0

1+β|e(k)|
, (23)

where β is a tuning factor. This mechanism enables fast con-
vergence under large errors and improved steady-state preci-
sion when the error is small. To guarantee stability, the instan-
taneous step sizes must also satisfy the following convergence

condition: {
0 < µp <

2
λmax(Rp)

0 < µi <
2

λmax(Ri)

, (24)

where Rp = E[vh(k)v
T
h (k)] and Ri = E[v̇h(k)v̇

T
h (k)] denote

the autocorrelation matrices of the input signals, and λmax rep-
resents the maximum eigenvalue. By constraining the step size
with λmax, parameter divergence is avoided.
The convergence behavior of the adaptive weights kp(k) and

ki(k) under VSS-ALMS algorithm is shown in Fig. 7. As can
be observed, both parameters gradually approach their optimal
values through iterative updates, indicating effective amplitude
and phase adaptation. This online convergence ensures real-
time tracking of rotor vibration characteristics despite load dis-
turbances and speed fluctuations.

FIGURE 7. Adaptive convergence trajectories of LMS parameters
kp(k) and ki(k) during online compensation force adjustment.

The synergy between RA-SOGI and VSS-ALMS algorithm
enables real-time compensation without matrix operations,
which is critical for high-speed CCR-BIM with limited DSP
resources. This leads to the compensation force generation in
Eq. (25).

3.2.2. Compensation Force Generation and Parameter Update

The compensation force signal is generated from the funda-
mental harmonic component vh(k) and adaptive parameters,
expressed as:

Fcomp(k) = kp(k)vh(k) + ki(k)
dvh(k)

dt
, (25)

where kp acts as a proportional gain that dynamically adjusts
the amplitude of the compensation force in proportion to the
vibration amplitude; ki serves as an integral gain that adjusts
the phase of the compensation force to counteract the vibration
lag angle γ. This compensation force directly cancels the fun-
damental vibration component synchronized with ωm, with its
amplitude and phase adaptively tuned through kp and ki, effec-
tively suppressing lag effects caused by speed fluctuations.

3.2.3. Adaptive PID with Variable Learning Rates and Residual Feedfor-
ward

To further suppress residual errors after feedforward compen-
sation, a feedback channel employs an enhanced adaptive PID
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controller. Unlike conventional adaptive PID methods with
fixed update rates, the proposed scheme introduces variable
learning rates that adjust dynamically according to the instan-
taneous error magnitude, ensuring both rapid convergence un-
der large disturbances and high steady-state precision. In ad-
dition, a residual feedforward correction term derived from the
harmonic observer is incorporated, which allows the PID con-
troller to anticipate unmodeled dynamics and improve compen-
sation accuracy.
Using the sensitivity function approximation method, the up-

date laws forKp,Ki, andKd are defined as:


Kp(k + 1) = Kp(k) + αp(k)ePID(k)vh(k) + κpr̂(k)
Ki(k + 1) = Ki(k) + αi(k)ePID(k)

∑
vh(k) + κir̂(k)

Kd(k + 1) = Kd(k) + αd(k)ePID(k)
dvh(k)

dt + κdr̂(k)

,

(26)
where αp(k), αi(k), and αd(k) are variable learning rates de-
fined as:

αj(k) =
αj0

1 + γ|ePID(k)|
, j ∈ {p, i, d}, (27)

with αj0 denoting baseline values obtained offline and γ a tun-
ing factor. r̂(k) is the residual signal estimated from the har-
monic observer, used to provide an anticipatory correction. κp,
κi, and κd are small feedforward gains for residual injection.

The term dvh(k)
dt in Eq. (26) is approximated using a first-order

backward difference method as vh(k)−vh(k−1)
T , where T is the

sampling period. This allows for real-time implementation in a
discrete-time control system.
This mechanism allows fast adaptation when the error is

large while improving steady-state precision as the error de-
creases.
The enhanced PID control force is defined as:

FPID(k) = Kp(k)ePID(k) +Ki(k)

∫
ePID(k)dt

+Kd(k)
dePID(k)

dt
+Kf r̂(k). (28)

The input to the adaptive PID controller is the residual er-
ror ePID(k) after feedforward compensation. The output control
force FPID(k) is then combined with the feedforward compen-
sation force Fcomp(k) to generate the total control force, and the
total control force becomes:

Ftotal(k) = Fcomp(k) + FPID(k), (29)

Compared with conventional adaptive PID control, the pro-
posed design improves robustness by incorporating variable
learning rates to balance convergence speed and steady-state
accuracy, along with residual feedforward correction for antic-
ipatory compensation of unmodeled vibration components.

3.3. Lyapunov Stability Analysis
To analyze the stability of the proposed adaptive vibration com-
pensation scheme, we define the following Lyapunov energy
function:

V (k) =
1

2

[
k̃2p(k) + k̃2i (k) + e(k)2

]
, (30)

where k̃p(k) = kp(k) − k∗p , k̃i(k) = ki(k) − k∗i , and e(k) is
the vibration displacement error.
Substituting the adaptive update laws of (22) into the differ-

ence∆V (k) = V (k + 1)− V (k):{
kp(k + 1) = kp(k) + µp(k)e(k)vα(k)
ki(k + 1) = ki(k) + µi(k)e(k)vβ(k)

, (31)

Equation (32) is obtained:{
k̃p(k + 1) = k̃p(k) + µp(k)e(k)vα(k)

k̃i(k + 1) = k̃i(k) + µi(k)e(k)vβ(k)
, (32)

The Lyapunov difference is then given by:

∆V (k)=V (k + 1)− V (k)

=
1

2

[
k̃2p(k + 1)− k̃2p(k) + k̃2i (k + 1)

−k̃2i (k) + e2(k + 1)− e2(k)

]
, (33)

Assuming that the tracking error varies slowly near steady-
state, the difference term e(k + 1)2 − e(k)2 can be neglected,
yielding:

∆V (k) ≈ µp(k)k̃p(k)e(k)vα(k)

+µi(k)k̃i(k)e(k)vβ(k) +
1
2µ

2
p(k)e

2(k)v2α(k)

+ 1
2µ

2
i (k)e

2(k)v2β(k), (34)

By choosing sufficiently small variable step sizes µp and
µi, the higher-order terms can be suppressed, and the negative
terms dominate, leading to

∆V (k) < 0 for all k ̸= k∗, (35)

Therefore, under the condition{
0 < µp(k) <

2
λmax(Rp)

0 < µi(k) <
2

λmax(Ri)

, (36)

the system is globally asymptotically stable in the sense of Lya-
punov. Here Rp = E[vh(k)v

T
h (k)] and Ri = E[v̇h(k)v̇

T
h (k)]

are the autocorrelation matrices, and λmax denotes their maxi-
mum eigenvalues. It is worth noting that the residual feedfor-
ward term introduced in Section 3.2.3 does not alter the stability
proof, as it can be regarded as an auxiliary bounded input that
only enhances the convergence rate.
Figure 8 illustrates the time evolution of Lyapunov energy

functionV (k) under different step-size settingsµ. As expected,
a smaller step size leads to slower convergence, whereas an ex-
cessively large step size results in oscillations and possible di-
vergence. These results confirm that, when the step sizes µp
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FIGURE 8. Evolution of Lyapunov function V (k) under different step
sizes µ.

and µi are properly selected within the Lyapunov stable region,
the system achieves global asymptotic stability. In this simula-
tion, µ denotes the adaptive step size (i.e., µp and µi in the con-
troller). The chosen practical values µ = 0.02 and µ = 0.01
fall well inside the stability boundary, while the observation
of non-convergent behavior at µ = 0.03 verifies the theoreti-
cal limit predicted by Equation (36). Moreover, since the pro-
posed scheme adopts variable step sizes, this stability guarantee
extends naturally to the adaptive case.
The adaptive compensation process is collaboratively ex-

ecuted across three stages: (1) Initialization Stage: Set ini-
tial values for compensation parameters (kp, ki), adaptive PID
gains (Kp,Ki,Kd), and load pre-trained step-size factors (µp,
µi). (2) Real-Time Update Stage: Extract harmonic signals
using the RA-SOGI observer and update parameters online
through the VSS-ALMS algorithm, thereby dynamically ad-
justing the amplitude and phase of the feedforward compensa-
tion force Fcomp. (3) Closed-Loop Feedback Stage: Use resid-
ual errors after feedforward cancellation as input to the adaptive
PID controller with residual feedforward correction, generating
refined control forces FPID. The final output force is synthe-
sized as Ftotal, ensuring effective vibration suppression. The
overall flow of the self-adaptive compensation process with pa-
rameter tuning and closed-loop feedback is illustrated in Fig. 9.
The proposed hybrid vibration compensation framework,

combining harmonic observation, adaptive feedforward cancel-
lation, and closed-loop PID refinement, effectively mitigates
rotor unbalance in real time with theoretical convergence guar-
antees, forming the control foundation of this study.

4. EXPERIMENTAL VALIDATION AND RESULTS
ANALYSIS
To validate the effectiveness of the proposed compensation
method, a series of comparative suspension vibration experi-
ments were conducted on both the simulation platform and ex-
perimental platform. To further validate the superiority of the
proposed approach, we benchmarked it against three strategies:
PID compensation method [16], feedforward compensation ap-
proach [18], and a baseline case without compensation. A com-
prehensive evaluation was then conducted, assessing perfor-
mance in terms of vibration suppression, dynamic response,
and robustness.

FIGURE 9. Collaborative adaptive compensation process for suspen-
sion force with parameter tuning and closed-loop feedback.

The overall block diagram of the vibration compensation
control system based on the proposed strategy is shown in
Fig. 10. The control system consists of two subsystems: one for
the proposed suspension force vibration compensation control
and the other for speed control. In the suspension force vibra-
tion compensation control scheme, the RA-SOGI module uti-
lizes its frequency adaptive capability to achieve real-time lock-
ing of the fundamental vibration component. The feedforward
channel accurately cancels out the fundamental vibration force,
while the feedback channel further suppresses residual errors
through a residual-feedforward adaptive PID controller. This
integrated approach enables high-precision vibration compen-
sation and stable suspension control of the CCR-BIM. Speed
control adopts a conventional air-gap flux orientation control
strategy [32]. The initial control parameters are provided in
Table 1.

TABLE 1. Initial control algorithm parameters.

Parameters Values Parameters Values

µp 0.02 Kp 0.5

µi 0.01 Ki 0.3

µp0 0.02 Kd 0.1

µi0 0.01 β 0.1

ξ0 0.8 δ 0.4

Note: µp and µi: step-size factors for amplitude and phase
adaptation; µp0 and µi0: baseline step sizes; β: tuning factor for
adaptive convergence; ξ0: baseline damping ratio; δ: maximum
damping variation;Kp,Ki, andKd: proportional, integral, and
derivative gains of the adaptive PID controller.
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FIGURE 10. Proposed control block diagram of RA-SOGI-based dual-channel PID

FIGURE 11. Simulated speed waveforms under sudden load distur-
bances.

FIGURE 12. Simulated x-axis vibration displacement waveforms under
four control strategies.

4.1. Simulation Verification

Figure 11 presents the simulated comparison waveforms of the
speed under four compensation control strategies: no compen-
sation control, PID compensation control, feedforward com-
pensation control, and the proposed compensation control. The
performance of these strategies was evaluated at two speeds,
3000 r/min and 6000 r/min, to analyze the effect of rotor vibra-
tion compensation under different speed conditions.
The motor started from 0 r/min and stabilized at 3000 r/min,

and then a 10Nm load was suddenly added at 200ms. The
results show that without compensation control, the speed
change was 107.4 r/min; with PID compensation control, it
was 98.9 r/min; with feedforward compensation control, it was
87.8 r/min; and with the proposed compensation control, it was
only 32.5 r/min. Compared with no compensation control, PID
compensation control, and feedforward compensation control,
the proposed method reduced vibration by 69.7%, 67.1%, and
63.0%, respectively. When operating at 6000 r/min, a 10Nm
load was suddenly added at 600ms. Without compensation

control, the speed change was 255.4 r/min; with PID compen-
sation control, it was 177.2 r/min; with feedforward compen-
sation control, it was 148.8 r/min; and with the proposed com-
pensation control, it was 107.6 r/min. Compared with no com-
pensation control, PID compensation control, and feedforward
compensation control, the proposed method reduced vibration
by 57.9%, 39.3%, and 27.7%, respectively.
Figure 12 presents the simulated comparison waveforms of

the x-axis vibration amplitudes under four compensation con-
trol strategies: no compensation control, PID compensation
control, feedforward compensation control, and the proposed
compensation control. At 3000 r/min, the x-axis displacement
vibration amplitudes for the four control methods are 4.9µm,
4.2µm, 2.5µm, and 1.4µm, respectively. Compared to no
compensation control, PID compensation control, and feedfor-
ward compensation control, the proposed compensation con-
trol reduces the x-axis vibration amplitude by 71.4%, 66.7%,
and 44.0%, respectively. When a sudden load of 10Nm is ap-
plied at 200ms, the x-axis displacement deviation amplitudes

220 www.jpier.org



Progress In Electromagnetics Research C, Vol. 161, 212–225, 2025

FIGURE 13. Simulated y-axis vibration displacement waveforms under four control strategies

(a) (b)

(c) (d)

FIGURE 14. Simulated rotor trajectory waveforms under four control strategies.

for the four control methods are 56.3µm, 35.7µm, 27.7µm,
and 15.9µm, respectively. The proposed compensation con-
trol reduces the deviation amplitude by 71.8%, 55.5%, and
42.6% compared to the other three methods. At 6000 r/min,
the x-axis vibration amplitudes for the four control methods
are 24.5µm, 15.4µm, 10.8µm, and 8.2µm, respectively. The
proposed compensation control achieves reductions of 66.5%,
46.8%, and 24.1% compared to the other methods. When a
sudden load of 10Nm is applied at 600ms, the x-axis displace-
ment deviation amplitudes are 202.4µm, 135.5µm, 100.6µm,
and 67.7µm, respectively. The proposed compensation control
reduces the x-axis vibration amplitude by 66.6%, 50.0%, and
32.7% compared to the other three methods.
Figure 13 presents the simulated comparison waveforms of

the y-axis vibration amplitudes under four compensation con-
trol strategies: no compensation control, PID compensation

control, feedforward compensation control, and the proposed
compensation control. At 3000 r/min, the y-axis displacement
vibration amplitudes for the four control methods are 5.1µm,
4.4µm, 2.7µm, and 1.5µm, respectively. Compared to no
compensation control, PID compensation control, and feedfor-
ward compensation control, the proposed compensation con-
trol reduces the y-axis vibration amplitude by 70.6%, 65.9%,
and 44.4%, respectively. When a sudden load of 10Nm is ap-
plied at 200ms, the y-axis displacement deviation amplitudes
for the four control methods are 59.9µm, 37.9µm, 29.5µm,
and 16.9µm, respectively. The proposed compensation con-
trol reduces the deviation amplitude by 71.8%, 55.4%, and
42.7% compared to the other three methods. At 6000 r/min,
the y-axis vibration amplitudes for the four control methods
are 24.6µm, 15.6µm, 11.3µm, and 8.8µm, respectively. The
proposed compensation control achieves reductions of 64.2%,
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TABLE 2. Electrical and mechanical parameters of the proposed CCR-BIM.

Parameter items Value
Rotor massm/kg 2.97

Outer diameter of the stator/mm 128
Stator inner diameter/mm 65

Stack length/mm 83
Moment of inertia J /g ·m2 7.74
Rotor eccentricity∆r/µm 0.5
Sampling period T /s 0.0001

Parameter items
Parameters of
torque winding

Parameters of
suspension force winding

Pole pairs p 1 2
Rated power (P1/P2) 2 kW 0.5 kW
Rated frequency/Hz 50 50
Rotor resistance/Ω 11.64 0.082
Stator resistance/Ω 2.12 1.11

Mutual inductance/mH 158.73 9.51
Rotor leakage inductance/mH 9.34 5.53

Turn number (Z1/Z2) 60 30

FIGURE 15. Experimental test bench for CCR-BIM.

43.6%, and 22.1% compared to the other methods. When a
sudden load of 10Nm is applied at 600ms, the y-axis displace-
ment deviation amplitudes are 195.8µm, 145.2µm, 104.6µm,
and 67.4µm, respectively. The proposed compensation con-
trol reduces the y-axis vibration amplitude by 65.6%, 53.6%,
and 35.6% compared to the other three methods.
Figure 14 presents simulated rotor shaft-end trajectory

curves under four compensation control methods, demonstrat-
ing significant performance improvements at both 3000 r/min
and 6000 r/min operating speeds. The maximum trajectory
values were measured at 81.6µm and 238.6µm with no com-
pensation control, which reduced to 52.2µm and 192.4µm

with PID compensation control, and further decreased to
41.3µm and 115.3µm using feedforward compensation. Most
notably, the proposed compensation control achieved superior
results of just 18.7µm and 81.5µmmaximum trajectory values
at these respective speeds. Quantitative analysis reveals the
proposed method reduced maximum shaft-end trajectory by
77.1%, 64.2%, and 54.7% compared to no compensation, PID
compensation, and feedforward compensation at 3000 r/min,
with corresponding reductions of 65.8%, 57.6%, and 29.3%
observed at 6000 r/min. These substantial reductions in
trajectory amplitude confirm the method’s effectiveness in
optimizing rotor motion under high-speed conditions while
significantly mitigating mechanical wear risks.

4.2. Experimental Verification

To validate the effectiveness of the proposed algorithm, an ex-
perimental platformwas built as shown in Fig. 15. Its core com-
ponents include a TMS320F28335 DSP controller, a CCR-BIM
prototype, an optical encoder, eddy current sensors, a three-
phase full-bridge inverter drive module, and driver boards for
both the suspension force winding and torque winding. These
components together serve to verify the performance of the pro-
posed vibration compensation control strategy. The parame-
ters of the CCR-BIM prototype in the experimental platform
are shown in Table 2.
Figure 16 illustrates the comparison of speed dynamic re-

sponse characteristics among four compensation control strate-
gies: no compensation control, PID compensation control,
feedforward compensation control, and the proposed compen-
sation control. The motor undergoes a startup process from
standstill to 3000 r/min, followed by further acceleration to
6000 r/min. The performance of rotor vibration suppression is
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(a) (b)

(c) (d)

FIGURE 16. Experimental speed waveforms under sudden load disturbances. (a) The proposed compensation control, (b) Feedforward compensation
control, (c) PID compensation control, (d) No compensation control.

(a) (b)

FIGURE 17. Experimental waveforms of x-axis and y-axis vibration displacement under four control strategies. (a) x-axis, (b) y-axis.

evaluated and compared across these speed ranges. Under a
step load disturbance of 10Nm applied during operation, the
proposed compensation control demonstrates a significant re-
duction in speed variation compared to all benchmark methods.
This improvement is consistently observed at both 3000 r/min
and 6000 r/min, confirming the robustness and superior dy-
namic performance of the proposed approach across different
operating speeds.
Figures 17(a) and 17(b) present a comprehensive experimen-

tal comparison of vibration displacement along both the x- and
y-axis under sudden loading and variable speed conditions for
four control strategies: no compensation control, PID com-
pensation control, feedforward compensation control, and the
proposed compensation control. The proposed control strat-
egy demonstrates consistent superiority in vibration suppres-
sion performance across all tested conditions. It significantly
reduces both vibration amplitude and peak-to-peak deviation
compared to benchmark methods during sudden load distur-
bances and speed variations. The method exhibits the most
stable dynamic response and lowest vibration levels, confirm-
ing its effectiveness in enhancing operational precision and dis-
turbance rejection capability throughout the entire operating
range.

FIGURE 18. Experimental rotor trajectory waveforms under four con-
trol strategies.

Figure 18 compares the experimental rotor shaft end tra-
jectories under four compensation control methods at both
3000 r/min and 6000 r/min speed. The proposed compensation
control consistently achieves the most confined and stable tra-
jectory among all methods at both speed conditions. It demon-
strates a substantial reduction in trajectory amplitude com-
pared to uncompensated, PID-compensated, and feedforward-
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compensated systems, with particularly notable improvement
at higher rotational speed. These results confirm the method’s
effectiveness in optimizing rotor motion precision and reducing
mechanical wear risk across medium and high-speed operating
conditions.
The experimental results demonstrate that the proposed com-

posite control method, which integrates an SOGI harmonic
observer with adaptive PID, effectively attenuates speed fluc-
tuations induced by sudden load disturbances. The method
achieves significant suppression of vibration amplitudes along
both the x- and y-axis compared to conventional feedforward
compensation and uncompensated control, indicating robust
multi-directional vibration rejection and improved system sta-
bility. Furthermore, a notable reduction in peak trajectory de-
viation is consistently observed across operating conditions.
In summary, the proposed approach exhibits superior perfor-

mance in vibration suppression, dynamic response, and trajec-
tory stability, particularly under high-speed operation and tran-
sient load scenarios. These results conclusively validate the ef-
fectiveness of the proposed hybrid control strategy in enhanc-
ing the dynamic performance, vibrational integrity, and oper-
ational stability of CCR-BIM systems. The method demon-
strates strong potential for applications requiring high precision
and robustness under demanding operational conditions.

5. CONCLUSIONS
In this paper, an enhanced vibration compensation strategy
for composite cage rotor bearingless induction motors (CCR-
BIM) was proposed. The method integrates an RA-SOGI
with VSS-ALMS optimization for real-time harmonic extrac-
tion and a residual-feedforward adaptive PID controller with
variable learning rates for dual-channel compensation. This hy-
brid design not only preserves the observation capability of the
RA-SOGI but also reduces computational complexity through
quadrature-demodulation-based realization, while the adaptive
PID achieves superior balance between dynamic responsive-
ness and steady-state accuracy. The major findings are sum-
marized as follows:

(1) RA-SOGI with nonlinear damping and frequency tracking
enables fast and accurate locking of the fundamental vibra-
tion component without complex parameter tuning, signif-
icantly improving robustness against rotor speed fluctua-
tions and external disturbances.

(2) VSS-ALMS optimization dynamically adjusts the am-
plitude and phase of the compensation force with re-
duced computational burden, ensuring real-time conver-
gence even under high-speed operation.

(3) Residual-feedforward adaptive PID feedback achieves a
superior balance between transient response and steady-
state accuracy, while the Lyapunov-based stability analy-
sis provides rigorous proof of global asymptotic stability
under practical step-size conditions.

Experimental results demonstrate its superior performance in
suppressing vibrations under dynamic disturbances.

Future work will extend this framework toward multi-
harmonic vibration suppression, explore robustness under
parameter uncertainties and external disturbances, and investi-
gate hardware-oriented optimization for real-time DSP/FPGA
implementation to facilitate broader industrial applications.
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