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ABSTRACT: This paper presents the design, modeling, and experimental validation of multilayer waveguide bandpass filters employ-
ing two subwavelength resonator topologies: complementary split-ring resonators (CSRRs) and 2-type cells. A hybrid methodology is
adopted, combining equivalent circuit models, polarizability extraction from scattering parameters, and full-wave simulations. Mirror-
symmetric configurations are introduced to suppress frequency splitting and improve band uniformity. For both CSRR and €2 arrays,
equivalent LC' parameters are derived and incorporated into a transmission-matrix framework, enabling accurate prediction of resonant
behavior in cascaded layers. Numerical simulations in WR340 waveguides demonstrate that CSRR arrays achieve narrowband responses
with high selectivity, while (2-cells provide wider passbands and improved tolerance to interlayer spacing. Prototypes fabricated on
high-purity aluminum sheets were measured using a vector network analyzer, confirming the theoretical and simulation results. The
experimental data show close agreement with the proposed model, validating the scalability of the approach to multilayer designs. Quan-
titatively, the mirror-symmetric CSRR filter exhibits a center frequency of 2.49 GHz, a fractional bandwidth of 1.8%, and an insertion loss
of 1.26 dB, whereas the (2-based configuration achieves a 2.41 GHz center frequency, 5.6% fractional bandwidth, and 0.27 dB insertion
loss. These results show that the €2 topology attains a wider fractional bandwidth and the consequently lower insertion loss predicted by
fractional-bandwidth theory, rather than a reduction of intrinsic resonator loss. The proposed framework thus provides a systematic and
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efficient route for metamaterial filter synthesis, bridging analytical models, numerical simulations, and experimental validation.

1. INTRODUCTION

ince the introduction of Split Ring Resonators (SRR) by

Pendry et al. [1], the design of subwavelength resonant
structures has evolved towards compact and highly selective
solutions for microwave applications. The complementary ver-
sion, Complementary Split Ring Resonators (CSRR), proposed
by Falcone et al. [2] and further developed for microstrip tech-
nology by Bonache et al. [3], has proven particularly effective
in the implementation of miniaturized, high-() bandpass filters.
This concept builds upon earlier work on the modeling of reso-
nant particles for metamaterials and filter design [4], as well as
on the proposal of equivalent LC elements for compact filter
designs [5]. These developments have established CSRRs as
key functional building blocks in the realization of frequency
selective surfaces and waveguide-based devices.

In parallel to CSRR-based designs, other subwavelength res-
onators have been proposed to enhance the control of elec-
tromagnetic wave propagation. Among them, Omega-shaped
resonator stands out due to its intrinsic magnetoelectric cou-
pling, enabling the simultaneous control of electric and mag-
netic responses. This property has been exploited to design
components with improved rejection characteristics, dual-band
operation, and sharper filter skirts. When being integrated
into waveguide and planar technologies, (2-type inclusions pro-
vide an additional degree of freedom in tailoring the disper-
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sion and coupling characteristics of frequency-selective de-
vices. Related approaches in planar technologies include the
use of CSRR-loaded substrate integrated waveguides (SIW5s)
for miniaturized filter design [6]. Motivated by these capa-
bilities, this work explores the combined use of CSRR and €2-
structures in bandpass filter design, aiming to achieve compact
devices with high selectivity, low insertion loss, and enhanced
control over transmission zeros.

Early implementations of CSRR-loaded waveguides already
demonstrated their potential for compact bandpass filter de-
sign [7]. More recently, Aparicio et al. [8, 9] reported the de-
sign of evanescent-mode rectangular waveguide bandpass fil-
ters with transmission zeros using SRR inclusions, demonstrat-
ing improved selectivity and compactness through controlled
coupling and resonant triplet configurations. Complementary
approaches have also focused on improving the stopband and
transmission-zero performance of CSRR-loaded filters through
geometric asymmetry, as demonstrated by Bage and Das [10].
Aparicio et al. [8] later presented a methodology for designing
rectangular waveguide bandpass filters with transmission ze-
ros using high-@QQ CSRRs combined with irises. This approach
achieves enhanced selectivity and compactness by exploiting
the high-Q) properties of CSRRs and carefully engineered cou-
pling structures, setting a benchmark for state-of-the-art CSRR-
based waveguide filter design.
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In parallel, metasurface-based waveguide filters have
emerged as a promising alternative for integrating sub-
wavelength resonators into metallic waveguide platforms. The
authors in [11] introduced a waveguide filter topology based on
metasurfaces made of subwavelength slot resonators, demon-
strating the feasibility of tailoring passband characteristics and
beam control within a compact footprint. These developments
highlight the versatility of CSRR and Omega-based metasur-
faces in both planar and waveguide configurations, opening
opportunities for advanced filter architectures.

While numerous studies have addressed the individual im-
plementation of either CSRR or )-resonators, comparative
analyses of both topologies within a common design method-
ology are still limited. In this work, each resonator type is em-
ployed in independent filter configurations, both designed un-
der a unified hybrid modeling strategy that links equivalent cir-
cuit parameters with full-wave simulations. This approach en-
ables the extraction of surface polarizabilities and their direct
use in filter synthesis, providing accurate prediction of reso-
nant behavior and coupling effects, as well as a straightforward
pathway for iterative optimization without excessive computa-
tional cost. The proposed methodology is validated through the
design and experimental characterization of mirror-symmetric
waveguide bandpass filters, demonstrating how both CSRR-
and (2-based metasurfaces can achieve tailored frequency re-
sponses in compact and efficient devices.

The main objective of this work is to develop and vali-
date a unified analytical-numerical methodology for the mod-
eling and design of multilayer metamaterial filters integrated in
waveguide technology. The proposed approach combines the
surface-current formulation and transfer-matrix framework to
describe the electromagnetic coupling between subwavelength
resonant sheets. Two canonical topologies, complementary
split ring resonator (CSRR) and )-shaped resonator, are an-
alyzed to demonstrate the versatility of the method for band-
width control and filter synthesis. The analytical predictions
are validated through full-wave simulations and experimental
measurements in WR340 waveguide configuration. Compared
to previous works, this study provides (i) an explicit link be-
tween polarizability-based circuit parameters and measurable
S-parameters, (ii) a parametric analysis of the dependence of
the resonant frequency on the geometric parameters of the unit
cell, and (iii) an experimental verification of the model under
realistic loss conditions.

2. MODELING OF SUBWAVELENGTH WAVEGUIDE
FILTERS

When a metamaterial is used as an electromagnetic filter, the
polarizability of its constituent elements plays a decisive role
in determining the frequencies that the filter can block, trans-
mit, or reflect. Both electric and magnetic polarizabilities can
be tailored to control the filter’s frequency response, affecting
the amplitude and phase of scattered fields. At resonance, high
polarizability produces strong selective absorption, reflection,
or transmission, while off-resonance behavior results in weak
interaction with the incident wave, allowing other frequencies
to pass almost unaltered.
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From a filtering perspective, the real part of the polarizability
governs phase shifts, while its imaginary part introduces atten-
uation and loss. This makes polarizability a key parameter not
only for amplitude control but also for dispersion engineering
in devices such as phase filters.

In practice, resonant inclusions such as split-ring resonators
(SRRs), complementary SRRs (CSRRs), and 2-shaped parti-
cles can be represented by an equivalent LC' circuit, where
the resonance frequency depends on the geometry and the sur-
rounding dielectric environment. The inductance L accounts
for the magnetic energy stored in the current loops, whereas
the capacitance C' represents the electric energy accumulated
across the slots or gaps between metallic regions. Analytical
models based on conformal mapping [12, 13] and later extended
to thick resonators [14] express this dependence as

fo = 1
0 2mvVLC'

(M
where f denotes the fundamental resonance frequency of the
metamaterial element. The geometrical parameters — ring
width ¢, inter-ring spacing d, and outer radius 7.y — directly
determine the values of L and C, and consequently shift fj.
This analytical relation enables predicting how fabrication tol-
erances or design variations affect the operating frequency
without requiring extensive numerical optimization.

The equivalent parameters L and C' of the CSRR can be de-
rived from the quasi-static analysis of slotline structures us-
ing microstrip line theory combined with the Babinet duality
principle [13,15-17]. In this framework, the per-unit-length
capacitance Cyy is obtained from the effective permittivity of
the equivalent microstrip section, expressed through the com-
plete elliptic integrals of the first kind K (k) and K'(k), where
k and k7 depend on the ring width ¢, separation d, and sub-
strate thickness h. The total capacitance results from integrat-
ing the slot admittance along the ring circumference, yielding
an expression that includes Struve and Bessel functions to cap-
ture fringing and substrate effects [18]. The inductance, on the
other hand, is derived from the magnetic energy stored in the
circulating currents around the apertures, giving:

L= "R F(k), )
and
C’ngo/ml[bli(kb) B(kay)]
- 202 o k2 S S aS aS
1 + tanh(kh)e,
1+— .
[ 1+ tanh(kh)/sr} d )

where F(k) = K(k)/K'(k),as = ro—¢/2,bs = rg+c/2, and
B(z) = So(z)Ji(x) — Si(x)Jo(x), with S,, and J,, denoting
the Struve and Bessel functions of order n, respectively. These
parameters depend directly on the geometric dimensions and
substrate properties, providing a physical link between the unit-
cell geometry and the resonance condition given by Eq. (1). The
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FIGURE 1. Subwavelength resonant inclusions and their equivalent circuits. (a) Complementary split-ring resonator (CSRR) unit cell, where Lcsrr
and Ccsrr represent the inductive and capacitive coupling between the concentric apertures. (b) €2-shaped inclusion, whose external radius 7ext
defines the magnetic inductance Lq, while the lower gap provides the capacitive coupling Cq. In both cases, the gray regions correspond to metallic
areas and the white regions to etched apertures. Both topologies exhibit equivalent LC' resonant behavior and can be modeled within the same

analytical framework.

same analytical framework extends naturally to the Q-type in-
clusion, which exhibits an analogous LC' behavior under trans-
verse electric excitation. Figure 1 illustrates both resonator ge-
ometries and their equivalent circuit representations.

As expressed in Eq. (3), the metallic thickness h in-
fluences the coupling capacitance through the factor
(1 + tanh(kh)e,)/(1 + tanh(kh)/e,), which accounts for
the confinement of fringing electric fields in the slot region.
Variations in h slightly modify C. and, consequently, the
resonance frequency fp in Eq. (1). In this work, h was fixed
to 1 mm, a value sufficiently small to preserve the validity
of the Babinet principle and to ensure that thickness-related
dispersion effects remain negligible in accordance with
Pulido-Mancera etal. (2013).

Finally, substituting the calculated values of L and C' into (1)
yields the resonance frequency fy, explicitly relating the geom-
etry and substrate parameters to the electromagnetic response
of the resonant cell. Table 1 summarizes the calculated induc-
tance, capacitance, and resulting fy values for different outer
radii 7y, demonstrating that small geometric variations lead to
predictable shifts in the resonance frequency. This confirms
that the analytical model inherently captures the sensitivity of
the resonant response to dimensional tolerances without the
need for iterative full-wave optimization.

TABLE 1. Calculated inductance L, capacitance C, and resonance fre-
quency fo for a CSRR as a function of the outer radius 7., obtained
from the analytical model (1).

rex [mm] | L[nH] | C[pF] | fo [GHz] | Afo/fo [%]
8.82 5.78 0.83 2.28 +2.88
8.91 586 | 0.85 2.25 +1.42
9.00 5.93 0.86 2.21 0
9.09 6.00 | 0.88 2.18 —1.39
9.18 6.08 0.89 2.15 —2.74

A parametric full-wave analysis was carried out to verify the
sensitivity of the resonant frequency to dimensional variations
predicted by the analytical model. The outer radius 7.y Was var-
ied while keeping h, [, and the remaining geometrical parame-
ters constant. The simulated S7; responses exhibit a monotonic
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frequency shift of fy, in full agreement with the proportional
dependence established by Eq. (1). This confirms that the ana-
lytical formulation inherently captures the geometric sensitivity
of the resonance without requiring iterative full-wave optimiza-
tion. The influence of the metallic thickness % on the capaci-
tance term, already demonstrated in previous works ([13, 19]),
was kept constant at ~ = 1 mm in this study to ensure the thin-
sheet regime and preserve the validity of the Babinet principle
for both CSRR and (2 configurations.

2.1. Surface Electric and Magnetic Current Theory

The electromagnetic response of a metasurface can be modeled
in terms of induced surface currents, which arise when an inci-
dent wave interacts with its periodic resonant inclusions. De-
pending on the nature of the inclusion, the dominant interaction
can be associated with electric surface currents J, or magnetic
surface currents K. These currents represent equivalent dis-
tributed sources that reproduce the scattering produced by the
physical structure.

The interaction of a plane wave with the metasurface can be
described in terms of incident and reflected fields on each side
of the structure. Figure 2 illustrates the adopted convention:
on the left side, E{" and Hf denote the incident fields, while
E] and Hj correspond to the reflected fields. On the right
side, only the transmitted field components E; and H; are de-
picted, since the analysis considers a wave propagating from
left to right. Due to the symmetry of the structure, the oppo-
site case (right-to-left propagation) can be obtained by analogy.
This field decomposition provides the basis for defining the sur-
face electric and magnetic currents, J; and K, employed in the
theoretical formulation.

From a microscopic point of view, each resonator can be
modeled as an induced dipole (electric or magnetic) whose
strength is proportional to the local field and whose propor-
tionality factor is the polarizability (c. or ;). The presence
of nearby dipoles modifies the local field through mutual cou-
pling, quantified by a feedback coefficient C', leading to an ef-
fective polarizability:

T 1-Ca.’

1-Cayy,

Qe

QAm

4)
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FIGURE 2. Plane-wave decomposition at the metasurface interface
showing incident (E;, H}) and reflected (E; , H; ) fields on the left,
and transmitted fields (E; , H; ) on the right. The surface electric cur-
rent Js and magnetic current K, represent the induced response of
the metasurface. The sign convention for (+) follows the formulation
used in [20], where the superscript indicates the propagation direction
with respect to the interface normal.

This effective polarizability incorporates both the intrinsic
dipole response and the collective effect of the array, which is
particularly relevant in subwavelength periodic arrangements
where coupling is strong [20-22].

2.1.1. Electric Surface Currents

For electrically resonant inclusions, the electric dipole moment

is expressed as:

®)
As illustrated in Figure 2, the discontinuity of the tangential

magnetic field across the metasurface defines the induced elec-

tric surface current density. Following the formulation in [20],

it can be expressed as:

P= EooAéeEi,—.

Js = iy X (Hy —Hi) =iy x (H; —H{ —H7), (6)
€0 _ + _

JSZf(—EQ +E —E]), ™
Ho

where fi5 is the unit normal vector directed from region 1 to
region 2, and H; and H; denote the total magnetic fields imme-
diately on each side of the interface. This boundary condition
establishes the physical basis linking the macroscopic electro-
magnetic fields with the equivalent circuit representation of the
metasurface.

By expressing the total magnetic fields in terms of the inci-
dent and reflected plane-wave components, Eq. (6) leads to the
equivalent form:

‘ . G [e _ _
Js = jwPy = ]weoﬁE;" = ,u,i(; (—E2 + E'l" —E] ) , (8)

where a? denotes the area of the unit cell. This normalization
ensures that the extracted polarizability represents the average
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response per unit surface area, consistent with the homogeniza-
tion approach of metasurfaces.

From this relation, the electric polarizability can be directly
obtained from the S-parameters as:

2

. a
e =Jk*0 (So1 +S11—1). )

2.1.2. Magnetic Surface Currents

For magnetically resonant inclusions, the magnetic dipole mo-
ment is given by
m = 4, Hf . (10)
In analogy with the electric case, the discontinuity of the tan-
gential electric field across the metasurface defines the induced
magnetic surface current density. According to the boundary
condition formulation described in [20], it can be written as:

K; = —ni2 x (E2 — Eq), (11)

where ny» is the unit normal vector directed from region 1 to re-
gion 2, and E; and E, are the total electric fields at each side of
the interface. This relation establishes the dual boundary condi-
tion associated with the magnetic response of the metasurface.

By expressing the total fields in terms of the forward and
backward plane-wave components (see Figure 2), Eq. (11) be-
comes:

. am A — —
K = JWOGTHT =-n;p x (E; —Ef —E7). (12

The term HY in Eq. (12) is directly related to the inci-
dent electric field through the transverse field relation Hf =
1/nony2 x EF, where 79 = +/ 0/ €o is the intrinsic impedance
of free space. Substituting this expression into Eq. (12) yields
the equivalent representation in terms of the electric field com-
ponents, consistent with the wave decomposition shown in Fig-
ure 2. This step establishes the electromagnetic duality be-
tween the electric and magnetic surface responses, allowing
both G, and &, to be expressed as functions of the measurable
S-parameters.

The magnetic polarizability in terms of the S-parameters is
then obtained as:

2

~ .a
OszkaO(Sm—Su—l). (13)

This formulation underscores the physical link between the
induced dipole moments and measurable scattering parameters,
bridging microscopic electromagnetic interactions with macro-
scopic filter behavior. By applying these relations, both elec-
tric and magnetic polarizabilities can be extracted directly from
simulation or measurement data, enabling the construction of
accurate equivalent circuit models and the comparative analy-
sis of different resonator topologies (such as CSRR and {2 in-
clusions) under a unified parameter framework.
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FIGURE 3. CSRR model with a metallic sheet thickness of h = 1 mm. (a) Cell dimensions. (b) Simulated S-parameters.
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FIGURE 4. Configuration of a six-cell CSRR array in the waveguide cross section. (a) Array without mirror-symmetry. (b) Simulated scattering

parameters S11 and So;.
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FIGURE 5. Extracted electric and magnetic polarizabilities of the six-
cell CSRR array, showing both real and imaginary components around
the resonance.

2.2. Waveguide Filter Model for a Single Layer

Previous studies on waveguide filters based on CSRR-type
metamaterials have demonstrated highly selective passband be-
havior [23]. In this work, we propose integrating a set of
uniformly distributed CSRR cells into a single metallic plate,
leveraging their electrically small size to preserve the passband
response while avoiding significant additional losses.

Figure 3 presents the first simulation of a CSRR etched on an
aluminum sheet, considering the material’s conductive losses
and a plate thickness of h = 1 mm. The resulting scattering pa-
rameters (S-parameters) reveal the resonance behavior of the
structure, where the transmission (S21) and reflection (S71) re-
sponses clearly exhibit its frequency-selective characteristics.

Because CSRRs are subwavelength resonators, multiple
units can be arranged within the cross-section of a single-mode
waveguide, allowing optimization of both bandwidth and
peak transmission at the resonant frequency. Compared with
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conventional cavity resonators, these implementations are
more compact and flexible.

For an array of six cells without mirror-symmetry (See Fig-
ure 4), the surface current distribution induces a frequency split-
ting effect, clearly visible in both the S-parameters and in the
electric polarizability a..

The electromagnetic characterization of CSRR arrays is not
limited to the inspection of S-parameters. A deeper understand-
ing of their behavior requires analyzing the response in terms
of surface electric and magnetic polarizabilities. In this sense,
the surface current density formalism (presented in the previous
section) enables the direct extraction of &y and &, from the
S-parameters, establishing an explicit link between full-wave
simulation results and equivalent circuit models.

For electrically resonant inclusions, the electric surface cur-
rent density J is related to the electric polarizability (Egs. (8)
and (9)), while for magnetically resonant inclusions, the mag-
netic surface current density K is associated with the mag-
netic polarizability (Egs. (12) and (13)). Figure 5 illustrates
the behavior of a, and a,,, showing that these structures ex-
hibit a stronger electric polarizability at the global resonance
frequency of the array. In addition, a double polarizability re-
sponse is observed, related to the frequency splitting shown in
Figure 4.

To suppress this splitting effect, a horizontal mirror-
symmetry plane is introduced at the midpoint of the metallic
sheet. This modification changes the current distribution
between the upper and lower arrays. The new configuration is
presented in Figure 6.

In this case, the polarizability is dominated by a single maxi-
mum around the resonant frequency, while the magnetic polar-
izability remains negligible across the entire frequency range.
This occurs because the CSRR geometry generates a current

WWwWw.jpier.org
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FIGURE 6. Six-cell CSRR array under mirror-symmetric configuration. (a) Geometrical layout. (b) Simulated scattering parameters S11 and So;.
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FIGURE 7. Q-cell implemented on a metallic sheet with thickness A = 1 mm. (a) Geometry of the unit cell. (b) Scattering parameters S11 and S2;.
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FIGURE 8. Array of Q2 resonators implemented on a metallic sheet. (a) Uniform layout of the unit cells. (b) Simulated Scattering parameters S11 and
S. 21.
distribution that weakly couples to magnetic fields. By adjust- Lo
ing the size or shape of the slots, the balance between electric 05
and magnetic polarizability can be tuned. Moreover, in CSRR
arrays, interactions between neighboring cells can also affect 00
the effective polarizability of the system. However, in the pro- éj_oj
posed mirror-symmetric configuration, such interactions sup- s
press frequency splitting. o

As an additional proposal, the Omega-shaped cell is intro- -15
duced, named after its resemblance to the Greek letter 2. This 0
geometry behaves as a resonator over a broader frequency range ’

_ 200 225 250 275 3.00 325
compared with the CSRR. Its geometry and resonant response Frequency (GHz)

are shown in Figure 7.

The 2-cell also acts as a subwavelength resonator with meta-
material properties, responding primarily to the incident elec-
tric field and inducing a strong electric polarizability at its
resonant frequency. Compared with the CSRR, it provides a
wider bandwidth and improved performance when arranged in
a transverse metallic sheet. Because of its subwavelength na-
ture, multiple Q-cells can be grouped within a compact area.
Figure 8 shows an array of six uniformly distributed {2-cells on
a metallic plate.

FIGURE 9. Real and imaginary parts of the extracted electric (c.) and
magnetic (o, ) polarizabilities for the Q-cell array.

Figure 8(b) presents the scattering parameters of this con-
figuration, where two clearly defined resonant bands appear.
This splitting directly impacts the constitutive parameters of
the structure, as evidenced by significant variations in mag-
netic polarizability (see Figure 9). Such variations confirm the
strongly dispersive and anisotropic nature of Omega-type in-
clusions, suggesting their potential for selective filtering and
phase-control applications.
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FIGURE 10. Mirror-symmetric configuration of a six-cell €2 array. (a) Unit-cell distribution showing the horizontal symmetry plane. (b) Simulated
scattering parameters S11 and S21, illustrating the passband broadening and improved transmission uniformity due to the symmetric field distribution.

(2) ©— — -0
TSII ZTEIO ZTEIO SZZ?
V1=V1+V1 Lcsﬁ_ CCSRR V2=I2+V2
._ -

_.

¢ S2

V,=Vi+V,

-

FIGURE 11. Equivalent circuit model for a single CSRR array layer: (a) Circuital representation with L and C. (b) Equivalent impedance represen-

tation.

Similar to the CSRR case, mirror-symmetry is proposed to
achieve a uniform current distribution between the upper and
lower parts of the array and thus eliminate frequency splitting.

Incorporating mirror-symmetry in €2-cell arrays not only sup-
presses frequency splitting but also modifies the balance be-
tween polarizabilities. With symmetry enforced, the electric
polarizability a, remains dominant. This condition is ideal
for bandpass filter design, as it allows closer spacing between
cells without introducing undesired magnetic couplings. As
a result, the structure becomes more compact and produces a
well-defined transmission band. The passband widening ob-
served in this configuration is primarily attributed to the mod-
ified current distribution that enhances coupling between adja-
cent cells. Although a small capacitive interaction exists be-
tween the parallel metallic traces of the two rows, its contribu-
tion to the bandwidth is secondary compared with the dominant
effect of the symmetric field distribution, which effectively re-
duces frequency splitting and improves transmission unifor-
mity. Figure 10 illustrates the mirror-symmetric configuration
and its simulated scattering parameters, highlighting the broad-
ened passband obtained under symmetric excitation. Compact
wideband responses of similar nature have also been reported
using complementary-loaded SRRs (CL-SRRs) in waveguide
configurations, further confirming the versatility of resonator-
based approaches for broadband filter synthesis [24].

2.3. Equivalent Circuit Model

CSRR and €2 cell arrays exhibit the characteristic behavior of
bandpass filters. One approach to broaden the bandwidth of
these devices is by implementing multiple metallic sheets ar-
ranged in cascade along the propagation direction. These sheets
will be referred to as layers, and each of them can be mod-
eled as an equivalent RLC circuit, where resistance is negligible
(R=0).
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In the literature, circuit modeling of metamaterial cells has
been addressed through their effective electromagnetic proper-
ties (permittivity, permeability, and polarizability), using pas-
sive circuit representations composed of inductances (L), ca-
pacitances (C), and, in some cases, resistances (RR) to account
for losses [1]. This approach enables the construction of analyt-
ical models that capture the resonant behavior of the structure
in electrical terms, facilitating the interpretation of phenomena
such as resonance, dispersion, and absorption through circuit
elements.

In particular, it has been demonstrated that there is a for-
mal equivalence between polarizability-based models and cir-
cuit models, especially for waveguide-fed structures [25]. This
equivalence validates the use of circuit models to represent
electromagnetic coupling between layers and allows explicit
relationships to be established between circuit parameters and
properties extracted from simulations or measurements. To de-
termine the values of L and C in each layer, the characterization
of the scattering parameters S1; and S obtained from numer-
ical simulations of each sheet is employed. Figure 11 illustrates
the equivalent circuit model for a single layer, based on a rep-
resentation of its surface impedance, which is directly related
to the induced electric and magnetic currents [26]. The induc-
tance and capacitance values can be calculated using Eqgs. (16)
and (17), derived from the spectral behavior of the system. The
resonant behavior of a CSRR or (2 cell then follows the classi-
cal LC relation given in Eq. (1), where f; is obtained from the
extracted L and C for each topology.

To obtain the effective inductance and capacitance values,
the characteristic impedance of the waveguide in the dominant
TE1¢ mode is taken as a starting point, given by:

o
ZTE10 = b

(14
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where 7) is the wave impedance in free space, and f. is the
cutoff frequency of the waveguide in mode (m, n) [27,28]. The
equivalent circuit can also be characterized by its quality factor
@1, which is related to the 3-dB bandwidth BW and the center
(resonant) frequency fj of the passband as:

_ fo
BW3 s

QL (15)

Here, fj denotes the resonant (center) frequency correspond-
ing to the peak transmission of the filter, and (), represents the
loaded quality factor, obtained directly from the simulated or
measured S-parameter responses [23]. This definition inher-
ently accounts for both the intrinsic losses of the resonant cells
and the external coupling between layers and ports, thereby
characterizing the overall performance of the multilayer filter.
In this work, @1, is employed as an effective parameter to de-
termine the equivalent inductance and capacitance of each res-
onant sheet, providing an accurate estimation of the bandwidth
and coupling effects without explicitly introducing a loss resis-
tance. Since the objective is to predict the passband behavior
of single- and multilayer configurations rather than to extract
intrinsic dissipation, the unloaded quality factor Qg is not ex-
plicitly used in the circuit model.

Knowing ()1, and Zrg,,, the capacitance C and inductance
L of the cell model can be calculated as:

Qr
C = ———, 16
27Tf0ZTE10 ( )
ZTE
L = —2% . 17
21 foQr a7

2.4. Scattering and Transfer-Matrix Framework for Multilayer
Modeling

In the previous sections, the electromagnetic formulation was
expressed in terms of tangential field components (E;, H;) to
describe the induced surface currents and polarizabilities. For
the network representation, it is more convenient to employ
the power-wave formalism, in which the incident and reflected
quantities are normalized with respect to the wave impedance
of the dominant mode (Zrg,,) [27]. Accordingly, the quanti-
ties V™ and V'~ used in the scattering-matrix formulation rep-
resent voltage amplitudes proportional to the normalized power
waves,

vt Vo

=—t, b=——. 18
\/ZTE10 \/ZTEM) ( )

This convention ensures energy consistency between the
field-based formulation and the circuit-based model, allowing
the direct transformation between [S]- and [T']-parameters un-
der the same physical normalization.

Based on the equivalent circuit representation shown in Fig-
ure 11, the response of the system can be conveniently de-
scribed using the scattering matrix formalism. In this represen-
tation, the incident and reflected wave amplitudes at each port
are expressed in terms of power-normalized quantities, which

a;

are proportional to the voltage waves normalized by the char-
acteristic impedance of the dominant mode Ztg,, [28]. The
general two-port relation between these amplitudes is given by:

V'l+
‘/'2+

Vi

Ve : (19)

:{511 512]
So1 - Sao

where V,© and V™ represent the forward (incident) and back-
ward (reflected) voltage waves at port 4, respectively. This
formulation provides a direct link between the electromag-
netic model of the metasurface and its equivalent two-port net-
work representation, facilitating the subsequent derivation of
the transfer matrix [T] for multilayer configurations [27].

For metasurface-type structures, under linear conditions and
in the absence of nonreciprocal materials, the reciprocity cri-
terion holds, implying a symmetric scattering matrix. In this
framework, each port is characterized by its forward and back-
ward power-normalized waves, and for a two-port network the
S-parameters are defined as:

Vi Vy

Su o= & , Si= 2 , (20)
V1+ V;h=0 V1+ Vyh=0
Vy Vi

Spy = 2 , Si2= €2y
vy! V=0 vyF ViF=0

This representation is fundamental for multilayer analysis,
as it enables cascading of subsystems. Subsequently, the scat-
tering matrix can be converted into a transfer matrix 7", which
facilitates the analysis of forward/backward propagation. For
a single transverse sheet represented by an equivalent shunt
impedance Zcsgr (the effective sheet impedance), we start
from:

Vit -V
i=vit+vy, L =-1_—--1. (22)
Zo
The voltage-current relation across the shunt sheet is:
ZcsrrZ0
Vi=L————. 23
P Zesrr + Zo @3
which yields
Vb = (2SR ) vy 4
! ! Zcsrr + Zo ! !
Hence,
Vi —Zy
Spp=—t-=_——"_ 25
TV T 2Zesre + Zo (@)
For S5, with excitation at port 1 and V; =0:
- ZCSRR _ vy
Iy =—"0, I, =-—= 26
2T Zesse+ 20 2T Zo (26)
so that
Vy Z Vit -V
Yo CSRR 1 1 (27)

Zy  Zesse+ 2o Zo
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and In transfer-matrix form:
_ ZcsrRR ¥
Vo = ———V(1 - 511). 28 + -l +
9 Zessr + Zo 1 ( 11) (28) E| _ e v 0 E; (35)
ET 0 €' |Ey
Therefore, R ,
TQ
VvV, Z,
Sgl :%:&(1_511)- (29) : . :
Vi ZcsrR + Zo In the lossless case (¢ = 0), the propagation matrix T is

Collecting the above, the S-matrix for a symmetric shunt
impedance model reads:

— —Zo ZcsRR _ +
Vl _ [ 2Zcsrr+Z0 Zcsrr+Zo (1 SH) Vl
- Zcsrr _ —Zg +
‘/2 Zcsrr+Zo (1 Sll) 2Zcsrr+Z0o ‘/2
(30)

To enhance the filter response, a second metallic sheet (a sec-
ond CSRR array) can be cascaded, as shown in Figure 12.

* T=[T, ] -
Tslj Zm1o Lcser Lcsrr SZZT +ZTE 10
V,=Vi+V, Col™ CCS;_ Vz:llz +V,
[ 4 -

FIGURE 12. Circuit model for two cascaded CSRR-array sheets. The
waveguide section between sheets is represented by a transmission ma-
trix [T7].

The transfer (or chain) matrix [T'] describes the propagation
of power waves through a two-port network. Using the power-

wave definition, one has:
|:a1] B {Tn T12} {bz]
b1 To1 Toa] laz]”
In terms of the scattering matrix [S], the transfer matrix can be
written as:

[al} ! [ 1
by So1 [S11

For two metamaterial sheets separated by a waveguide seg-
ment, the propagation in that segment must be characterized.
Unlike transmission lines, where distributed parameters R, L,
G, and C' describe signal propagation, in waveguides a modal
description is required. The inter-sheet segment is therefore
modeled by its transfer matrix 7, representing the propagation
of the dominant TE;y mode over a length [. Along the longi-

tudinal coordinate z, the field can be written as a superposition
of forward and backward waves:

E(z) = Ete " + E-¢",

31

—Sa2

2
. 32
512591 — 511522:| [‘12:| G2

(33)

where v = a + j is the complex propagation constant (with
« the attenuation constant and § the phase constant). For a
segment of length [, defining the input plane at z = 0 and the
output plane at z = {:

E(0)=FE} +E;, E(l)=Efe "' +E;e'. (34

28

reduced to a pure phase delay. The overall cascaded system
(comprising the metasurface sheet, the intermediate waveguide
section, and the second sheet) can therefore be expressed as:

rftotal = Tl . Tg : TQ; (36)

where 717 and 75 are the transfer matrices of the individual
sheets (CSRR or 2), previously modeled through their equiv-
alent resonant cells. The transformation between the scatter-
ing and transfer matrices follows the standard formulation de-
scribed in [28,29], ensuring consistency between the electro-
magnetic and circuit representations of the multilayer system.

Figure 13 shows the increase in the passband bandwidth
when two CSRR-based metamaterial layers are cascaded. This
behavior is consistent with coupled-resonator theory, where the
overall response results from the combined effect of each cell.
A key constraint to preserve the intended operation is the length
of the interposed waveguide section, which here is set to the
minimum feasible distance (I = 50 mm) to avoid direct elec-
tromagnetic coupling between metallic sheets. For both CSRR-
and {2-based filters, this distance corresponds to approximately
half the guided wavelength at their respective resonance fre-
quencies (I = 0.48, \,), ensuring that the intermediate guide
section behaves as a phase inverter and minimizes evanescent
coupling between layers. Maintaining the same spacing for
both configurations allows a consistent comparison while guar-
anteeing weak interlayer interaction. Similar design consid-
erations have been reported in the synthesis of cascaded sin-
glets for waveguide filters, where the inter-resonator separation
is adjusted to achieve the desired phase relation and compen-
sate for mismatch between analytical and physical implemen-
tations [8]. In Figure 13(b), the equivalent two-layer model is
shown, where the intermediate guide segment is represented by
T,.

Extending the analysis to two 2-cell layers yields a similar
trend to the CSRR structures, with an increase in bandwidth and
a broader passband transmission. Cascading the sheets with
a minimal separation to avoid parasitic coupling preserves the
resonant response without introducing extra modes. Figure 14
shows the scattering parameters for the two-layer configuration,
demonstrating an expanded transmission range compared with
a single sheet. This confirms that 2-cells, with dominant elec-
tric polarizability and a broader frequency response, are well
suited for wide-coverage bandpass filter designs in multilayer
structures.

3. SIMULATION RESULTS FOR MULTILAYER CON-
FIGURATIONS

The theoretical framework presented in Section 2 establishes
the analytical and network foundations required to predict the
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FIGURE 13. Model of the two-layer CSRR metamaterial filter. (a) Transformation of the overall transfer matrix Tio into S-parameters. (b) Equivalent
circuit representation, where the interlayer section is described by T}, of length [ = 50 mm.
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FIGURE 14. Model of the two-layer {2 metamaterial filter. (a) Transformation of the overall transfer matrix Tior into S-parameters. (b) Equivalent
circuit representation, where the interlayer section is described by T}, of length [ = 50 mm.
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FIGURE 15. Simulation of a two-layer CSRR-based filter. (a) Three-dimensional model within a WR340 waveguide with an intelayer spacing I. (b)
Simulated scattering parameters S11 and S21. The reference planes of both waveguide ports were shifted to coincide with the metallic surfaces of

the resonant sheets.

resonant behavior of multilayer metasurface filters. The com-
bination of the equivalent circuit model, power-wave formu-
lation, and transfer-matrix representation enables direct com-
putation of the expected resonance frequencies and bandwidth
variations prior to full-wave simulation. This integration en-
sures that the numerical analysis performed in this section is
not a repetition of standard theory but a validation of the pre-
dictive capability of the developed model for both CSRR and
Q-type inclusions.

The final geometrical parameters of the filters were ob-
tained directly from the analytical relations derived in Section 2,
which link the resonance frequency f to the equivalent induc-
tance and capacitance through the outer radius r.y and the slot
spacing d (see Eq. (1)). Consequently, no numerical optimiza-
tion procedure was required, as the analytical model accurately
predicts the resonant behavior of each topology. Only a minor
parametric verification of the interlayer separation [ was con-
ducted to confirm the absence of undesired mutual coupling be-
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tween plates, with negligible computational effort. The design
process was therefore driven by theoretical modeling rather
than iterative numerical tuning.

The following analysis extends the study to the multilayer
case, focusing on the two-layer configuration, which demon-
strates the bandwidth enhancement predicted by the transfer-
matrix model. The proposed model was validated through full-
wave simulations using a WR340 waveguide configuration, as
shown in Figure 15. An increase in the passband bandwidth is
observed, in agreement with the theoretical predictions. How-
ever, a slight discrepancy in the transmission coefficient mag-
nitude arises due to material losses included in the simulation,
specifically the finite conductivity of aluminum, which leads to
energy dissipation not considered in the ideal (lossless) model.
These results highlight the importance of accounting for ohmic
and radiation losses in practical analyses of metamaterial filters,
particularly at frequencies where conductor properties signifi-
cantly affect performance.
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FIGURE 16. Simulation of a two-layer 2-cell filter. (a) Three-dimensional model in a WR340 waveguide with an interlayer spacing I. (b) Simulated
scattering parameters S11 and S21. In this configuration, the reference planes of the input and output ports were aligned with the metallic surfaces

containing the € arrays.

o

FIGURE 17. Laboratory elements for waveguide measurements. (a) Measurement accessories: (1) coaxial-to-waveguide adapters (340WCAN), (2)
short-circuit plane, (3) aluminum spacers (two of 20 mm and one of 10 mm), and (4) reference line section of 57 mm. (b) Fabricated metallic sheets

of thickness h = 1 mm: (1) 2 array and (2) CSRR array.

FIGURE 18. Experimental setup for the measurement of the CSRR and
Q-based filters in WR340 waveguide. The system includes the Ro-
hde & Schwarz FSH8 vector network analyzer, coaxial-to-waveguide
adapters, and WR340 extension sections.

Analogously to the CSRR case, a numerical simulation was
performed to evaluate a filter composed of two layers of Q-type
cells. Figure 16(a) shows the three-dimensional model imple-
mented in a WR340 waveguide, where the metallic sheets are
separated by [ = 50 mm to avoid undesired interlayer coupling.
Aluminum was used as the conducting material to assess the
impact of conductor losses on the filter response. The simu-
lated scattering parameters in Figure 16(b) exhibit a bandpass
behavior that agrees more closely with the theoretical model
in Figure 14(a) than in the CSRR case. This improved agree-
ment is attributed, on the one hand, to lower conduction losses
for the 2 cells in the operating band and, on the other hand,
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to the broader bandwidth observed in simulation, which better
matches the prediction of the transmission-matrix-based model.
These results underscore the advantage of (2-type structures for
implementing wideband metamaterial filters with reduced sen-
sitivity to conductor losses.

In all full-wave simulations, the reference planes of the
waveguide ports were shifted to coincide exactly with the
metallic surfaces containing the resonant arrays, as illustrated
in Figures 15 and 16. This adjustment ensures that the S-
parameters are computed directly at the physical boundaries of
the filter, eliminating the contribution of the empty waveguide
sections and providing a one-to-one correspondence with the
experimental configuration. The same reference-plane align-
ment was applied to both input and output ports, enabling ac-
curate comparison with the reference-plane aligned measure-
ments.

All simulations were performed in the frequency domain us-
ing a finite-element-based full-wave solver. Waveguide ports
and boundary conditions were configured to avoid unnecessary
mesh refinement and to maintain numerical stability, ensuring
accurate results with moderate computational cost. Each fre-
quency sweep required less than one minute of computation on
a workstation equipped with an AMD Ryzen 9 5900X proces-
sor (12 cores, 3.7 GHz), 8 GB of RAM, and a 512 GB NVMe
solid-state drive.

The circuit- and full-wave simulations predict the expected
passband widening when two mirror-symmetric sheets are
combined. Further quantitative comparison with measured
data and quality-factor analysis is presented in Section 4.
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FIGURE 19. Measured and simulated S11 and S21 responses for a single mirror-symmetric layer: (a) CSRR array, (b) 2-cell array. A good agreement
is observed between simulation and measurement in both amplitude and resonance frequency. Small frequency shifts are consistent with the dimen-
sional sensitivity discussed in Section 2, while minor ripples, present in both simulated and measured traces, originate from the intrinsic resonant
behavior of the inclusions rather than from residual reflections at the transitions.

4. EXPERIMENTAL VALIDATION

For the experimental validation, mirror-symmetric arrays of
CSRR and (2 cells were fabricated on AI1100 aluminum sheets
(high-purity alloy) with a thickness of 1 mm. These metallic
plates were designed to integrate with WR340 waveguide-to-
coax adapters for direct characterization. Figure 17 shows the
laboratory elements used in the measurements, including the
adapters, short-circuit plane, precision spacers, and the fabri-
cated metamaterial sheets for both resonator types. The metal-
lic components were manufactured by high-precision waterjet
cutting, a cold process capable of machining aluminum plates
up to 300 mm thick with an accuracy of £0.1 mm, ensuring di-
mensional consistency and preventing thermal distortion of the
resonant apertures.

The experimental setup is shown in Figure 18. Measure-
ments were performed using a Rohde & Schwarz FSH8 vec-
tor network analyzer (VNA) in the 1.9 GHz-3 GHz range, to-
gether with WR340 waveguide extensions. A standard SOLT
calibration was first applied at the coaxial ports using the FSH-
728 calibration kit, which is the manufacturer-supplied cali-
bration kit for the FSH8 VNA. Afterwards, a reference-plane
alignment equivalent to a thru-reflect-line (TRL) adjustment,
following the procedure described by Pozar [28], was car-
ried out in the waveguide section to de-embed the adapters
and the transition lengths. The “thru” corresponded to a di-
rect WR340 connection, the “reflect” to a metallic short, and
the “line” to a precision WR340 section of 57mm. This
combined SOLT+TRL workflow minimized fixture-dependent
phase errors and improved measurement repeatability, yield-
ing responses that closely matched the simulated behavior and
confirming the accuracy of the multilayer model. It should be
noted that this procedure does not replace a full TRL calibra-
tion executed within the VNA; rather, it provides an equivalent
reference-plane correction in the waveguide domain, sufficient
to de-embed the fixture lengths and enable meaningful compar-
ison with the simulations.

Figure 19 shows the measured and simulated S7; and Sa; re-
sponses for a single mirror-symmetric layer of each resonator
type. To minimize reflections and suppress higher-order mode
excitation, additional WR340 waveguide sections of different
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lengths were inserted, and the ports were positioned asymmet-
rically with respect to the DUT. This is a standard technique to
break standing-wave periodicity. The measured curves show
a good agreement with the simulations in both amplitude and
resonance frequency. Small frequency shifts are attributed to
the sensitivity of the resonant inclusions to dimensional toler-
ances, as discussed in Section 2 and summarized in Table 1.
Likewise, minor ripples appear in both simulated and measured
responses, indicating that they originate from the intrinsic be-
havior of the resonators rather than from residual reflections at
the transitions. Overall, these observations confirm the consis-
tency between the experimental and simulated responses and
support the validity of the proposed analytical model.

After validating the single-layer structures, a two-layer
mirror-symmetric configuration was fabricated to experi-
mentally evaluate the bandwidth enhancement predicted by
the circuit and transfer-matrix models. The metallic sheets
were separated by a total distance of 50 mm (two 20 mm and
one 10 mm aluminum spacers), ensuring minimal capacitive
coupling between layers. Figure 20 compares the measured
and simulated results, demonstrating a clear widening of
the passband in both cases. The (2-based filter exhibits a
broader transmission band and the correspondingly lower
insertion loss associated with its stronger interlayer coupling
coefficients, consistent with the bandwidth-loss relationship of
resonator-based filters.

Following the approach of Ortiz et al. [23], an effective un-
loaded quality factor (Q,,) was included to compare the loss be-
haviour of both multilayer filters under identical coupling con-
ditions. It is important to emphasize that this Q,, is not the in-
trinsic quality factor of a single resonator as defined in classical
narrow-band filter theory [29]; rather, it is a practical figure of
merit obtained from the measured or simulated ), and inser-
tion loss of the complete two-layer structure. This effective @,
therefore characterizes the overall loss performance of each im-
plementation and enables a consistent and physically meaning-
ful comparison between the CSRR and 2 configurations. The
extracted values reported in Table 2 quantify the relative dis-
sipation and external coupling of both topologies and provide
a consistent basis for interpreting the bandwidth-loss trade-offs
exhibited by the multilayer implementations.
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FIGURE 20. Measured and simulated S11 and S21 responses for two-layer mirror-symmetric filters: (a) CSRR-based configuration and (b) Q2-based
configuration. A good agreement is observed between the simulated and measured responses, both in amplitude and resonant frequency. The
results verify the expected bandwidth broadening produced by multilayer coupling. Minor deviations in frequency and amplitude are consistent with
manufacturing tolerances and alignment sensitivity inherent to subwavelength resonant structures.

TABLE 2. Comparison among theoretical, simulated, and measured parameters for two-layer CSRR and €2 filters.

Topology Method fo [GHz] | BW [MHz] | FBW [%] QL IL [dB] | Q.
CSRR Model 2.47 98.9 4.00 25.0 - -
CSRR Simulation 2.49 459 1.81 55.3 1.26 410
CSRR Measurement 2.48 51.5 2.07 48.15 1.92 243

Q Model 2.36 218.3 9.27 10.8 - -
Q Simulation 2.41 136.5 5.65 17.7 0.27 578
Q Measurement 2.43 151.0 6.20 16.0 0.63 229

TABLE 3. Performance comparison of waveguide metamaterial bandpass filters.

Reference Topology fo (GHz) | FBW (%) | IL (dB) Q.
[23] CSRR 1 — Layer 3.0 0.73 5.27 619.16
[10] CSRR 3 — Layers 9.92 18.18 1 90.3
[24] CL-SRR 3 — Layers 10.03 18.74 0.49 97.3
[9] SRR 3 — Layers 10.01 5.69 0.38 350
[8] CSRR+iris 4 — Layers 6.0 2 0.46 1850

This work | CSRR 2 Layers — 6 cells 2.48 2.07 1.92 243

This work Q 2 Layers — 6 cells 2.43 6.2 0.63 229

Note: Reported @, values reflect the definitions used in each reference. In this work, ), corresponds to
an effective unloaded quality factor of the complete multilayer filter, not to the intrinsic resonator (.

Table 3 summarizes representative CSRR-based waveg-
uide filters reported in the literature, including single-layer
designs [23], high-@Q iris-coupled configurations [8], and
complementary-loaded SRR (CL-SRR) structures [24]. The
table also lists the present CSRR and (2 arrays composed of six
unit cells and two metallic layers, allowing direct comparison
in terms of fractional bandwidth, insertion loss, and (Q,,. The
proposed €2 filter achieves a fractional bandwidth of 5.6%
with lower insertion loss (0.27 dB), representing a substantial
improvement over the CSRR implementation while preserving
compactness and manufacturability. These results confirm
that the developed modeling and synthesis framework effec-
tively predicts and tailors the bandwidth behavior of different
resonator topologies within a unified multilayer approach.
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5. CONCLUSIONS

This work has presented the design, modeling, and experimen-
tal validation of metamaterial-based waveguide filters using
CSRR and -type resonant inclusions. A unified analytical-
numerical framework combining equivalent circuit models,
surface polarizability extraction, and full-wave simulations was
developed to predict and optimize the frequency response of
multilayer configurations in WR340 waveguide.

The comparison between CSRR and 2 inclusions under
mirror-symmetric configurations showed that both topologies
exhibit dominant electric polarizability and negligible magnetic
response, but with distinct behaviors in bandwidth and toler-
ance to interlayer spacing. CSRR cells provide narrowband
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responses with high spectral selectivity, whereas {2 inclusions
enable broader passbands and enhanced robustness to fabrica-
tion and alignment tolerances. The quantitative evaluation of
the effective unloaded quality factor (Q),,) confirmed that both
topologies exhibit comparable loss performance under iden-
tical coupling conditions, while the 2 configuration achieves
lower simulated losses and improved bandwidth control due to
stronger interlayer coupling.

Experimental measurements, performed with verified cali-
bration and improved waveguide terminations, exhibited close
agreement with simulations in terms of resonant frequency,
bandwidth, and insertion loss, validating the predictive capa-
bility of the proposed transmission-matrix model.

These findings position 2-based inclusions as an effective
alternative for the realization of wideband waveguide filters,
complementing the well-established use of CSRRs in narrow-
band selective applications. The presented methodology is
scalable to multilayer configurations, providing a systematic
route to bandwidth enhancement through controlled interlayer
coupling. Moreover, it remains compatible with ongoing de-
velopments in high-Q) CSRR-based waveguide filters [8], SIW
implementations [6], and compact or wideband CSRR vari-
ants [7,24].

In summary, the proposed framework bridges analytical
modeling and experimental realization, offering a versatile and
physically consistent approach for the synthesis of advanced
metamaterial filters in the microwave and millimeter-wave
regimes.
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