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ABSTRACT: To enable accurate online observation of permanent-magnet (PM) flux linkage in permanent-magnet synchronous motors
(PMSMs), this paper proposes an improved adaptive higher-order square-root cubature Kalman filter (IAHSRCKF) flux-linkage observer.
Firstly, a nonlinear PMSM model is established to capture complex operating conditions. Secondly, fifth-order cubature integration and
an adaptive estimator are embedded into a square-root cubature Kalman framework, yielding an adaptive fifth-order SRCKF observer
that tracks PM flux-linkage variations under parameter drift and disturbances. Then, experimental scenarios are created by perturbing
key electromagnetic and mechanical parameters and injecting external time-varying disturbances. Finally, simulation and hardware
tests benchmark the proposed IAHSRCKF against UKF, CKF, and SRCKF. Results demonstrate that IAHSRCKF achieves the highest
flux-estimation accuracy, exhibits low sensitivity to parameter uncertainties, and maintains strong robustness across complex operating
conditions, thereby enabling reliable online monitoring of PM flux linkage.

1. INTRODUCTION

Permanent-magnet synchronous motors (PMSMs) are widely
used in industrial drives, electric vehicles, and railway trans-

portation owing to their excellent dynamic performance [1, 2].
However, during operation, the permanent-magnet material in
a PMSM may undergo demagnetization due to factors such
as temperature rise, mechanical vibration, and armature reac-
tion [3, 4]. Demagnetization of the magnets or fluctuations in
the magnetic field can directly cause abnormal heating and de-
graded torque performance; in severe cases, the motor may
fail, which greatly limits the application of PMmachines [5, 6].
To reduce the economic losses caused by PM demagnetization
faults, it is therefore necessary to implement online monitoring
of the motor’s permanent magnets so as to lower maintenance
costs [7, 8].
Regarding flux-linkage observation for PMSM, many schol-

ars have conducted extensive research. In [9], a dual-adaptive
unscented Kalman filter (UKF)-based observer was proposed
to estimate the flux linkage, but the algorithm requires long it-
erative computation time, and its estimation accuracy is lim-
ited. Ref. [10] decouples the flux linkage from resistance by
injecting a triangular-wave signal into the rotor position, and
then constructs a flux observer for interior PMSM (IPMSM)
using an extended Kalman filter (EKF); however, it does not
address estimation accuracy under complex operating condi-
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tions. In [11], a predictive fault-tolerant control method based
on online flux detection with an adaptive observer is presented,
which computes state-current estimates by monitoring the real-
time PM flux loss and feeds them back to the controller, but it
cannot effectively handle the delay inherent to predictive con-
trol. Ref. [12] designs a nonsingular terminal sliding-mode ob-
server to detect demagnetization; compared with conventional
sliding-mode observers, it improves torque accuracy, yet rely-
ing on the observer alone cannot effectively cope with PMSM
demagnetization faults. Ref. [13] developed an online perma-
nent magnet flux monitoring method based on the EKF, which
achieved satisfactory performance. However, the EKF intro-
duces linearization errors due to the nonlinear nature of the
PMSM model, potentially leading to filter instability. More-
over, it requires the computation of Jacobian matrices, which
is computationally intensive and consumes significant micro-
processor resources. Building on the work in [13], the authors
of [14] integrated the Recursive Least Squares (RLS) algorithm
with EKF to achieve step-by-step identification of motor pa-
rameters. This approach avoids the underdetermination of the
identification model caused by parameter coupling. Addition-
ally, the incorporation of the multi-innovation theory during the
distributed identification process enhances data utilization.
In this paper, considering the variations in PMSM parame-

ters and the coupling between external disturbances and flux
linkage, we address the limitations of traditional Kalman Filter
(KF) in terms of estimation accuracy under complex operat-
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ing conditions. The proposed approach aims to reduce inher-
ent system delay while further mitigating linearization errors
and computational burden, thereby enhancing the stability of
the filter. This paper proposes an Improved Adaptive Higher-
Order Square-Root Cubature Kalman Filter (IAHSRCKF) flux-
linkage observation algorithm for PMSM. Firstly, a nonlinear
mathematical model of the PMSM is established. Then, fifth-
order cubature integration and an adaptive estimator are com-
bined within a square-root cubature Kalman filter framework to
construct an IAHSRCKF flux observer for real-time estimation
of the PM flux linkage. By designing operating conditions with
parameter perturbations and time-varying disturbances, simula-
tions verify the algorithm’s high flux-estimation accuracy and
strong robustness, and experimental results further confirm the
feasibility and effectiveness of the proposed method.

2. MATHEMATICAL MODEL OF PMSM
Neglecting all losses, the d-q-axis stator voltage equation of the
PMSM is [15]:

{
ud = Rsid + Ld

did
dt − ωeLqiq

uq = Rsiq + Lq
diq
dt + ωe (Ldid + ψf )

(1)

where id represents the stator d-axis current, iq the stator q-axis
current, ud the stator d-axis voltage, uq the stator q-axis voltage,
ψf the permanent-magnet flux linkage,ωe the electrical angular
velocity, Ld the stator winding d-axis inductance, Lq the stator
winding q-axis inductance, and Rs the stator resistance.
The electromagnetic torque equation of the PMSM is:

Te =
3

2
np [ψf + (Ld − Lq) id] iq (2)

where Te represents the electromagnetic torque, and np repre-
sents the number of pole pairs.
The mechanical motion equation of the PMSM is:

dωe
dt

=
np
J

(Te − TL −Bωm) (3)

where J represents themoment of inertia, TL the load torque,B
the viscous friction coefficient, and ωm the mechanical angular
velocity.
In practical engineering applications, due to factors such as

temperature, mechanical stress, and other influences, the elec-
tromagnetic parameters of PMSM (such as resistance, induc-
tance, and flux linkage) as well as mechanical parameters (such
as moment of inertia and damping coefficient) undergo nonlin-
ear time-varying perturbations. Moreover, PMSM is also sub-
jected to external time-varying disturbances and other factors
in the actual operating environment. These uncertainties and
“disturbances” significantly affect the motor’s performance, in-
fluencing its dynamic behavior and stability. Therefore, the pa-
rameter variation equation of the PMSM under actual operating

conditions is given by:



R̃s = Rs +∆Rs

L̃d = Ld +∆Ld

L̃q = Lq +∆Lq

ψ̃f = ψf +∆ψf

B̃ = B +∆B

T̃L = TL +∆TL

J̃ = J +∆J

(4)

where R̃s, L̃d, L̃q , and ψ̃f represent the actual values of
the electromagnetic parameters of the IPMSM under parame-
ter perturbations and external time-varying disturbances; ∆Rs
represents the stator phase resistance perturbation; ∆Ld repre-
sents the stator winding d-axis inductance perturbation; ∆Lq
represents the stator winding q-axis inductance perturbation;
∆ψf represents the rotor flux linkage perturbation; B̃ and J̃
represent the actual values of the mechanical parameters of the
PMSM under parameter perturbations; T̃L represents the actual
load of the PMSM under time-varying operating conditions;
∆B represents the viscous friction coefficient perturbation;∆J
represents the moment of inertia perturbation; ∆TL represents
the variation of the load torque.
Considering the parameter composite perturbations and ex-

ternal time-varying disturbance conditions, based on Eq. (1) to
Eq. (4), the nonlinear mathematical equations of the PMSM can
be rewritten as:



ud = R̃sid +
dψ̃d

dt − ωeψ̃q

uq = R̃siq +
dψ̃q

dt + ωeψ̃d

Te =
3
2np

[
ψ̃f + (L̃d − L̃q)id

]
iq

dωe

dt =
np

J̃

(
Te − T̃L − B̃ωm

) (5)

Eq. (5) is rewritten as:



did
dt = 1

L̃d

(
ud + npωmL̃qiq − R̃sid

)
diq
dt = 1

L̃q

(
uq − npωmL̃did − npωmψ̃f − R̃siq

)
dωm

dt = 1
J̃

(
Te − T̃L − B̃ωm

)
dψ̃f

dt = ∆ψ̇f

(6)

Selecting the state variables: x∗ = [ id iq ωm ψ̃f ]
T ,

y = [ id iq]
T , u = [ ud uq Te T̃L]

T . Establishing
the nonlinear mathematical model of the PMSM [16]:

{
ẋ∗(t) = Ax(t) +Bu(t) + w

y(t) = Cx(t) + v
(7)
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where A =


− R̃s

L̃d

L̃qnpωm

L̃d
0 0

− L̃dnpωm

L̃q
− R̃s

L̃q
−npψ̃f

L̃q
0

0 0 − B̃
J̃

0

0 0 0 0

; C =

[
1 0 0 0
0 1 0 0

]
; B =


1
L̃d

0 0 0

0 1
L̃q

0 0

0 0 1
J̃

− 1
J̃

0 0 0 0

.
Discretizing the state equations and letting T be the sampling

period:{
ẋ∗ (k) = Gx (k − 1) +Hu (k − 1) +Wk−1

Y (k − 1) = Cx (k − 1) + vk−1

(8)

where G =


1− R̃sT

L̃d

L̃qnpωmT

L̃d
0 0

− L̃dnpωmT

L̃q
1− R̃sT

L̃q
−npψ̃fT

L̃q
0

0 0 1− B̃T
J̃

0

0 0 0 1

; C =

[
1 0 0 0
0 1 0 0

]
; H =


T
L̃d

0 0 0

0 T
L̃q

0 0

0 0 T
J̃

−T
J̃

0 0 0 0

.

3. DESIGN OF IAHSRCKF FLUX-LINKAGE OBSERVER
Selecting the fifth-order cubature integration formula [16]:

ξi=



[0, · · · , 0]T i = 0
√
n+ 2× ε+i i = 1, · · · , n(n−1)

2

−
√
n+ 2× ε+

i−n(n−1)
2

i = n(n−1)
2

+ 1, · · · , n(n− 1)

√
n+ 2× ε−i−n(n−1) i = n(n− 1) + 1, · · · , 3n(n−1)

2

−
√
n+ 2× ε−

i− 3n(n−1)
2

i = 3n(n−1)
2

+ 1, · · · , 2n(n− 1)

√
n+ 2× ei−2n(n−1) i = 2n(n−1)+1, · · · , n(2n−1)

−
√
n+ 2× ei−n(2n−1) i = n(2n− 1) + 1, · · · , 2n2

(9)
where ei is the n-dimensional unit vector, with its ith element
equal to 1. The point sets

{
ε+j

}
and

{
ε−j

}
are: ε+j ≜

√
1
2 × (ek + el) : k < l k, l = 1, · · · , n

ε−j ≜
√

1
2 × (ek − el) : k < l k, l = 1, · · · , n

(10)

The corresponding weight coefficient ωi is:

ωi=


2/(n+ 2) i = 0

1/(n+ 2)2 i = 1, · · · , 2n(n− 1)

(4− n)/2(n+ 2)2 i = 2n(n− 1), · · · , 2n2
(11)

Based on the Sage-Husa recursive estimation method [17],
design a time-varying noise statistical estimator to estimate the
variance R̂k of v(k) online.

R̂k=(1−dk−1) R̂k−1+dk−1

(
z̃kz̃

T −Hk,k−1Pk|k−1H
T
k,k−1

)
(12)

where dk = (1−c)/(1−ck+1), c is the forgetting factor, 0.95 <
c < 0.99; z̃k = zk−h(x̂k|k−1) is the measurement innovation;
and Hk,k−1 is the linearized observation matrix.
Designing Eq. (13) based on the EKF equations:

Pxz,k|k−1 = Pk|k−1H
T
k,k−1 (13)

Substituting Pk|k−1 = Sk|k−1S
T
k|k−1 into Eq. (13):

Hk,k−1 = P T
xz,k|k−1/

(
ST
k|k−1Sk|k−1

)
(14)

Substituting Eq. (13) and Eq. (14) into Eq. (12):

R̂k = (1− dk−1) R̂k−1 + dk−1(
z̃kz̃

T − P T
xz,k|k−1

(
ST
k|k−1Sk|k−1

)−1

Pxz,k|k−1

)
(15)

The specific steps of the IAHSRCKF algorithm are repre-
sented as:
i) System initialization [17]:

x̂0 = E (x0)

S0 = chol (p0)
R̂0 = R0

(16)

where chol(∗) represents the Cholesky decomposition.
ii) Prediction process
(a) Calculating the higher-order cubature points

(i = 0, 1, ..., 2n2):

xi,k−1|k−1 = Sk−1|k−1ξi + x̂k−1|k−1 (17)

where Sk−1|k−1 = chol(Pk−1|k−1).
(b) Calculating the propagated cubature points:

x∗i,k|k−1 = f
(
xi,k|k−1

)
(18)

(c) Estimating the state prediction:

x̂k|k−1 =

2n2∑
i=0

ωix
∗
i,k|k−1 (19)

(d) Calculating the square-root of the predicted error covari-
ance matrix:

Sk|k−1=qr

 √
ω0

(
x∗0,k|k−1 − x̂k|k−1

)
· · ·

√
ω2n2

(
x∗2n2,k|k−1 − x̂k|k−1

)√
Qk−1

 (20)

where qr(∗) represents the Q-R decomposition.
iii) Update process
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FIGURE 1. The flowchart of IAHSRCKF algorithm.

FIGURE 2. The control system diagram of PMSM.

(a) Calculating the higher-order cubature points
(i = 0, 1, ..., 2n2):

xi,k|k−1 = Sk|k−1ξi + x̂k|k−1 (21)

(b) Calculating the propagated cubature points:

zi,k|k−1 = h
(
xi,k|k−1

)
(22)

(c) Measurement prediction:

ẑk|k−1 =

2n2∑
i=0

ωizi,k|k−1 (23)

(d) Calculating the square root of the innovation covariance
matrix:

Szz,k|k−1 = qr

[ [√
ω0

(
z0,k|k−1 − ẑk|k−1

)
· · ·

√
ω2n2

(
z2n2,k|k−1 − ẑk|k−1

)√
R̂k

]
(24)

where
√
R̂k is the Cholesky decomposition factor of matrix

R̂k.
(e) Calculating the cross-covariance matrix and the gain ma-

trix: Pxz,k|k−1 =
2n2∑
i=0

ωi

[
xi,k|k−1 − x̂k|k−1

]
×

[
zi,k|k−1 − ẑk|k−1

]T
Kk =

[
Pxz,k|k−1/S

T
zz,k|k−1

]
/Szz,k|k−1

(25)

(f) Estimating the state and the square-root of its covariance
matrix:{

x̂k|k = x̂k|k−1 +Kk

[
zk − ẑk|k−1

]
Sk|k = chol∗

[
Sk|k−1,KkSzz,k|k−1,−1

] (26)

where chol∗ represents the Cholesky update.
After correcting the predicted value to obtain the optimal es-

timate of the system state variable x̂k|k at time step k and the
square root of its covariance matrix Sk|k, return to Eq. (17) for
the next state cycle. Fig. 1 shows the flowchart of IAHSRCKF
algorithm.

4. ANALYSIS OF SIMULATION RESULTS
To verify the effectiveness of the proposed algorithm, simu-
lation experiments were conducted using MATLAB. Table 1
shows the PMSM parameters, and Fig. 2 presents the diagram
of motor magnetic flux observation system. The specific ex-
perimental conditions are shown in Table 2.
Figures 3(a) and 3(b) show the comparison curves of flux

linkage identification results for UKF, CKF, SRCKF, and IAH-
SRCKF. From Fig. 3, it can be observed that in the speed reg-
ulation conditions at 0 s and 2 s, the flux linkage values moni-
tored by traditional UKF, CKF, and SRCKF exhibit significant
overshoot. However, CKF and SRCKF converge faster than
UKF, which requires some time to accurately track the changes
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(a) (b)

FIGURE 3. The comparison of flux identification results for UKF/CKF/SRCKF/IAHSRCKF. (a) Observation value of ψ̂f . (b) Observation error of
ψ̂f .

TABLE 1. The nominal parameters of PMSM.

Motor parameters Unit Value
Rated voltage/udc V 600
Rated speed/nN r/min 1900

Stator resistance/Rs Ω 2.75
Number of pole pairs/np pairs 2
d-axis inductance/Ld H 0.004
q-axis inductance/Lq H 0.009

Permanent-magnet flux linkage/ψf Wb 0.12
Moment of inertia/J kg·m2 0.029

in flux linkage. In contrast, the IAHSRCKF not only avoids
significant overshoot and oscillation but also provides high ac-
curacy in tracking the flux linkage changes. When the PMSM’s
resistance, inductance, moment of inertia, and damping un-
dergo perturbations, the flux linkage observed by UKF, CKF,
and SRCKF exhibits considerable errors, and the tracking accu-
racy is poor. In comparison, IAHSRCKF accurately tracks the
flux linkage with minimal error. At 1 s, when the PMSM flux
linkage experiences a numerical perturbation, only IAHSRCKF
demonstrates high-precision tracking performance, converging
stably to 0.009. When time-varying disturbances are introduced
at 4.5 s, the flux linkage observed by UKF, CKF, and SRCKF
fluctuates significantly, and the error does not meet the high-
accuracy observation requirements of the observer. In contrast,
the IAHSRCKF algorithm accurately estimates the flux linkage
changes, with minimal amplitude variation and greater stabil-
ity.
In summary, compared with the other three Kalman algo-

rithms, the IAHSRCKF algorithm, which combines fifth-order
cubature integration with the square root and incorporates a
time-varying noise statistical estimator, demonstrates stronger
adaptability, and effectively overcomes filtering divergence.
Therefore, it can accurately observe flux linkage during param-
eter perturbations. When external time-varying disturbances
occur, the estimated curve exhibits minimal fluctuation, with
excellent estimation accuracy and stronger adaptability.

5. ANALYSIS OF RT-LAB EXPERIMENTAL RESULTS
To further verify the effectiveness of this method, hardware-
in-the-loop simulation (HILS) experiments of the PMSM drive

TABLE 2. The experimental conditions.

Time/s Perturbation range
0 n/r/min 0→1000
1.0 ψf /Wb 0.12 → 0.09

1.5 Rs/Ω 2.75 → 3.85

2.0 n/r/min 1000 → 2000

2.5 Lq/H 0.009 → 0.006

3.0 Ld/H 0.004 → 0.003

3.5 J /kg·m2 0.029 → 0.04

4.0 B/N·m·s/rad 0.001 → 0.004

4.5 TL/N·m 15 → 15 + 2 sin 300t
5.0 TL/N·m 15 + 2 sin 300t→ 15

5.5 TL/N·m 15 → 20

system are implemented using RT-Lab. Fig. 4 shows the RT-
Lab experimental platform, and Fig. 5 illustrates the RT-Lab
experimental setup for UKF/ CKF /SRCKF/IAHSRCKF. The
experimental operating conditions for the PMSM are identical
to those used in the simulation, as detailed in Table 2. The sim-
ulation parameters are consistent with the experimental param-
eters.
A comparison between Fig. 3 and Fig. 5 shows that the results

of the hardware-in-the-loop experiment are consistent with the
simulation results. While the experimental results obtained
from the RT-Lab platform exhibit lower precision than simu-
lations, both the overall variation trends and numerical values

FIGURE 4. The experimental platform of RT-LAB.
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(a) (b)

FIGURE 5. The experimental diagram of RT Lab. (a) The overall experimental results. (b) The amplification experiment results of 4.5 s–5 s.

of the curves remain consistent, effectively validating the oper-
ational performance under realistic motor conditions.
When comparing the four algorithms, the IAHSRCKF

demonstrates accurate flux linkage tracking, stronger adapt-
ability, and effectively overcomes filtering divergence. It
calculates the permanent magnet flux linkage accurately, is
less affected by motor parameters and external disturbances,
and exhibits strong robustness.

6. CONCLUSION
In this paper, an online monitoring method for the permanent-
magnet flux linkage in PMSM is proposed, based on an
improved adaptive higher-order square-root cubature Kalman
flux-linkage observer. The proposed method integrates
fifth-order cubature integration and an adaptive estimator with
the square-root cubature Kalman filter, enabling real-time
monitoring of the PMSM’s permanent-magnet flux linkage.
Both simulated and experimental results demonstrate that
the proposed method features a simple structure, accurately
calculates the permanent-magnet flux linkage, and exhibits
minimal susceptibility to motor parameter variations and
external disturbances. Moreover, the method showcases strong
robustness, making it a promising solution for accurate flux
linkage estimation in practical applications.
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