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ABSTRACT: Sparse arrays have been extensively investigated for their capability to enhance degrees of freedom (DOFs). However, a
conventional nested array configuration is susceptible to strong mutual coupling (MC), while its achievable uniform DOFs (uDOFs)
remains limited. To address these challenges, this paper proposes two optimized hierarchical nested arrays, designated as OHNA-I and
OHNA-II. OHNA-I reconstructs the spatial arrangement of subarrays through a hierarchical shifting operation, effectively extending the
continuous segment of the difference co-array (DCA). Building on this, OHNA-II further optimizes the subarray geometry via sensor
displacement, achieving a better balance between uDOF enhancement and MC suppression, thereby maintaining higher uDOFs while
reducing inter-sensor coupling interference. Numerical simulation results demonstrate that, under the same number of physical sensors,
the proposed structures—particularly OHNA-II— achieve a greater number of uDOFs than existing classical sparse arrays. Furthermore,
in scenarios with strong MC, the proposed structure exhibits superior robustness and lower root mean square error (RMSE) in DOA
estimation.

1. INTRODUCTION

Array signal processing is utilized across multiple fields,
such as navigation [1], wireless networks [2], and radar [3].

Recent advances in sparse array design offer high-resolution
direction of arrival (DOA) estimation with reduced hardware
complexity. Early foundational designs include minimum re-
dundancy arrays (MRAs) [4], nested arrays (NAs) [5], and
coprime arrays (CAs) [6] which leverage difference co-array
(DCA) to enhance uDOFs, improving source resolution capa-
bility.
A compression factor is utilized in a coprime array with dis-

placed subarrays (CADiS) [7] to increase sensor spacing. In [8],
a thinned coprime array (TCA) achieves sensor redundancy re-
duction while maintaining uDOFs comparable to conventional
CA. In [9], the extended padded coprime array (ePCA) incor-
porate hole-filled subarrays to extend continuous co-array seg-
ments, enhancing uDOFs and mitigating MC.
The DOA estimation accuracy in coprime arrays is limited

by co-array holes and restricted uDOFs. To address this, re-
searchers combined NA and CADiS features to develop NA-
CADiS [7], maintaining high uDOFs while minimizing vir-
tual array holes via sparse optimization. In [10], the aug-
mented nested arrays (ANAs) improve uDOFs and reduce re-
dundancy through subarray optimization (ANAI-1) and MC
suppression (ANAI-2), though both demand precise sensor
placement. In [11], dilated nested arrays (DNAs) further en-
hance uDOFs while reducing coupling. In [12], a nested array
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with three sub-ULAs (NA-TS) reconfigures NA geometry to
moderately improve both uDOFs and coupling. In [13], gen-
eralized augmented multi-subarray nested arrays (GAMSNAs)
are proposed, which enhance uDOFs through uniform subar-
ray reconfiguration, and the latter mitigates coupling better but
offers limited uDOF gain.
Therefore, this paper focuses on enhancing DOA estimation

performance by maximizing uDOFs and mitigating MC. The
key contributions are outlined below:

• OHNA configurations are proposed based on a shifting
operation. Extensive simulation experiments demonstrate
that these configurations significantly enhance uDOFs,
with OHNA-II effectively mitigating MC.

• By reconfiguring the positional relationship between
dense and sparse subarrays in the nested array, OHNA-I
increases the uDOFs of the virtual difference co-array
while maintaining a simple and implementable structure.

• OHNA-II improves overall performance by optimizing
both the geometry and sensor placement, thereby extend-
ing uDOFs and reducing MC.

Following the introduction, Section 2 revisits signal model
and array configuration. Section 3 outlines research motiva-
tion and introduces the proposed OHNA configurations. Sec-
tion 4 presents numerical simulations for performance evalua-
tion. Section 5 provides the concluding remarks of this work
and outlines potential directions.

Notations In this paper, uppercase bold letters and lower-
case bold letters represent matrices and vectors, respectively.
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The superscripts (·)∗, (·)H , and (·)T denote complex conjugate,
Hermitian transpose, and transpose, respectively. E(·) is the
statistical expectation operator. vec(A) represents the vector-
ization of matrixA. The symbol⊗ denotes the Kronecker prod-
uct, and the symbol ◦ denotes the Khatri-Rao product. ⟨a, b⟩
denotes integer set {x ∈ Z|a ≤ x ≤ b}. ∥ · ∥F represents the
Frobenius norm of a matrix. card {·} denotes the cardinality,
and diag(·) denotes a diagonal matrix.

2. PRELIMINARIES

2.1. Signal Model
Consider Q narrowband signals with directions of arrival Θ =
[θ1, θ2..., θQ]. These signals are received by a sparse array con-
sisting of N sensors, whose positions are given by

S = {bld|bl ∈ Z, b ∈ ⟨0, N − 1⟩} (1)

where the inter-sensor spacing d is λ/2.
Without considering MC, the received signal at moment t is

expressed as
x(t) = As(t) + n(t) (2)

where s(t) = [s1(t), s2(t), ..., sQ(t)]
T is the signal vector;

A = [a(θ1), a(θ2), ..., a(θQ)] is the manifold matrix with
a(θq) =

[
1, e−j2πb1d sin(θq)/λ, ..., e−j2πbN−1d sin(θq)/λ

]T , and
noise vector n(t) ∼ CN (0, σ2

nIN ). The covariance matrix is
expressed as

R̂x = E
[
x(t)xH(t)

]
= ARSAH + σ2

nIN (3)

where RS = diag([σ2
1 , · · · , σ2

q , · · · , σ2
Q]) is the source covari-

ance matrix, and σ2
q is the signal power.

Definition 1: The DCA D is formulated as

D = {bi − bj |bi, bj ∈ S} (4)

Definition 2: Let P denote the longest continuous segment
in DCA, and the number of uDOFs is given by the cardinality
of P, i.e., U = uDOFs(S) = card {P}.

2.2. Mutual Coupling
When the MC between adjacent sensors is taken into account,
the signal model is formulated as [14, 15]

x(t) = CAs(t) + n(t) (5)

For linear arrays, the mutual coupling matrix is commonly
approximated by a B-banded symmetric Toeplitz matrix, ex-
pressed as

[C]bi,bj =

{
m|bi−bj |, |bi − bj | ≤ B

0, otherwise
(6)

where the coupling coefficient isma = m1e
−j(ρ−1)π/8/ρ (2 ≤

ρ ≤ B) [16]. B is the scope of coupling, which satisfies the
condition 1 = m0 > |m1| > · · · > |mB | > 0. Although
MC generally decays with increasing sensor spacing in practi-
cal scenarios, we set the effective bandwidth to B = 100. This
parameter is chosen to simulate an extreme mutual coupling
environment where coupling effects remain significant across

the entire array aperture. The purpose of this stringent setting
is to thoroughly validate the robustness of the proposed array
configuration under strong interference through rigorous stress
testing, thereby clearly demonstrating its performance advan-
tage [17, 18].
Definition 3: The weight function for a virtual array quan-

tifies the distribution of sensor pairs across time delays in the
DCA, that is,

w(γ) =
{
(ηi, ηj) ∈ S2|ηi − ηj = γ, γ ∈ D

}
(7)

where S2 represents the set of all possible pairs of sensor posi-
tions, and ηi and ηj are both selected from the set S.
The weight function w(γ) for a linear array consisting of N

sensors possesses the following properties [19]

w (0) = N,
∑
γ∈D

w (γ) = N2, w (γ) = w (−γ) (8)

The first three weight functions,w(1), w(2), andw(3), exert
the most significant mutual coupling effects on the array [17].
Hence, achieving smaller values for w(1), w(2), and w(3) is a
key objective for sparse arrays.
Definition 4: For a sparse array with a fixed array aperture,

the MC effect is quantified as [20]

L(R) =
∥C− diag{C}∥F

∥C∥F
(9)

2.3. Nested Array (NA)
The NA with a total of N = M1 + M2 physical sensors can
reach 2M2(M1 + 1) − 1 DOFs, and the sensor positions are
arranged as follows

S = {0, d, ...,M1d, (M1 + 1)d, ...,M2(M1 + 1)d} (10)

Table 1 presents the optimal element allocation for the NA
subarray. Consider a two-level NA with 7 sensors and an ad-
jacent sensor spacing of d = 1. As illustrated in Figure 1, the
DCA is generated from the cross-differences between the first

TABLE 1. Optimal element allocation for NA subarrays.

OptimumM1 OptimumM2

odd (N − 1)/2 (N + 1)/2

even N/2 N/2

(a)

(b)

FIGURE 1. A 7-sensor nested array. (a) Sensor positions. (b) Nonneg-
ative difference co-array of NA.
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(a)

(b)

FIGURE 2. OHNA-I configuration comprising 18 sensors. (a) Sensor positions. (b) Nonnegative difference co-array of OHNA-I.

and second subarrays, introducing three virtual sensors at posi-
tions {4, 5, 6}. They can be viewed as virtual sensors formed
by shifting subarray 1 to the right by 4d, thereby filling the gaps
between sensor 3 and sensor 7 in subarray 2. As a result, all re-
maining gaps are filled, forming a uniform linear array (ULA).

3. OPTIMIZED HIERARCHICAL NESTED ARRAY CON-
FIGURATION

3.1. Motivation
Optimizing array configuration is pivotal for enhancing DOA
estimation performance. Building upon the concept of virtual
shifting in NA, this work introduces two improved hierarchical
configurations, namely OHNA-I and OHNA-II. OHNA-I re-
configures sensor locations within the subarray to significantly
increase the uDOF while maintaining a large array aperture.
However, this configuration may introduce severe MC, poten-
tially compromising DOA estimation accuracy, and OHNA-II
addresses this limitation by optimizing the geometric configu-
ration and sensor arrangement of OHNA-I. This design effec-
tively mitigates MC while preserving high uDOF, thereby en-
hancing the robustness and accuracy of DOA estimation.

3.2. OHNA-I
Proposition 2. (OHNA-I Configuration): Let M1 and M2 be
integers, while M1 ≥ 8, M2 ≥ 8. The proposed OHNA-I
structure is defined by the sensor set

ROHNA-I = R1 ∪ R2 ∪ R3 ∪ R4 ∪ R5 (11)

R1 = {0, 1, 3}
R2 = {ℓ1(M1 + 1)− 1|1 ≤ ℓ1 ≤ M2}
R3 = {M2(M1 + 1) + 3 + ℓ2|0 ≤ ℓ2 ≤ M1 − 8}
R4 = M1M2 +M1 +M2 − 3

R5 = {M1M2 +M1 +M2 + 1 + ℓ3|0 ≤ ℓ3 ≤ 2}

(12)

The sensor positions in sets R1, R2, R3, R4, and R5 ex-
hibit nonuniform spacing, which satisfies the requirement for
array sparsity. Figure 2 illustrates the OHNA-I configuration
with N = 18 sensors. Since the virtual DCA corresponding
to OHNA-I contains no holes, its non-negative continuous seg-
ment spans from 0 to 102, providing OHNA-I with a total of
205 uDOFs.
Proposition 3. OHNA-I is categorized as a restricted type of

array furthermore, (a) its difference co-array is continuous over

the interval ⟨−v − 2, v + 2⟩, where v = (M1 + 1)(M2 + 1),
and (b) the overall count of unique DOFs can reach 2v + 5.

Proof: (a) As the DCA of OHNA-I is symmetric, its non-
negative part is the mirror of the negative part. Hence, to sim-
plify the proof, it is sufficient to establish that the nonneg-
ative part of D in definition 1 ensures continuity form 0 to
(M1 + 1)(M2 + 1) + 2.
The self-difference set of R1 is ⟨0, 3⟩. The cross-difference

sets between R5 and R3, and between R5 and R4, are ⟨6,M1⟩
and ⟨4, 6⟩, respectively. Combining these results, we can derive
a continuous set: ⟨0,M1⟩.
The cross-difference sets betweenR2 andR1,R3,R4,R5 are

given as follows

D+
1,2 = {λ1 (M1 + 1)− 4, λ1 (M1 + 1)− 2,

λ1 (M1 + 1)− 1|1 ≤ λ1 ≤ M2}
D+

3,2 = {λ4 (M1 + 1) + 4, λ4 (M1 + 1) +M1 − 4
|1 ≤ λ4 ≤ M2 − 1}

D+
4,2 = {λ1 (M1 + 1)− 3|1 ≤ λ1 ≤ M2}

D+
5,2 = {λ1 (M1 + 1) + 1, λ1 (M1 + 1) + 2,

λ1 (M1 + 1) + 3|1 ≤ λ1 ≤ M2}

(13)

The self-difference set of R2 is expressed as

D+
2 = {λ4 (M1 + 1) |1 ≤ λ4 ≤ M2 − 1} (14)

For λ1 = λ4 = 1, D+
2 contains (M1 + 1); D+

3,2 con-
tains {M1 + 5, 2M1 − 3}; and D+

5,2 covers the range
⟨M1 + 2,M1 + 4⟩. For λ1 = λ4 = 2, D+

1,2 covers
{2M1 − 2, 2M1, 2M1 + 1}; D+

4,2 covers 2M1 − 1; and
D+

2 contains 2(M1 + 1). Therefore, a continuous segment
from (M1 + 1) to 2(M1 + 1) is formed. Extending this logic,
we can derive the range from (M1 + 1) toM2(M1 + 1)− 1.
The cross-difference sets among R3, R4, R5 and R1 can be

obtained as follows:
D+

3,1={M2 (M1 + 1) + λ2|0 ≤ λ2 ≤ M1 − 5}
D+

4,1={(M2 + 1) (M1 + 1)− 7, (M2 + 1)
(M1 + 1)− 5, (M2 + 1) (M1 + 1)− 4}

D+
5,1={(M2 + 1) (M1 + 1) + λ2| − 3 ≤ λ2 ≤ 2}

(15)

According to (15), D+
3,1 covers the range

⟨M2 (M1 + 1) ,M2 (M1 + 1) +M1 − 5⟩; D+
4,1 contains

{(M1 + 1) (M2 + 1)− 5, (M1 + 1) (M2 + 1)− 4}; D+
5,1

covers the range ⟨(M2 + 1) (M1 + 1)− 3, (M2 + 1) (M1 + 1)
+2⟩, and this proof is finalized.
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(a)

(b)

FIGURE 3. OHNA-II configuration with 18 sensors. (a) Sensor positions. (b) Nonnegative difference co-array of OHNA-I.

(b) This property is verified by utilizing the cross-correlation
characteristics between self-sensor pairs and cross-sensor pairs
within the subarrays of OHNA-I.
According to (a), the virtual DCA of OHNA-

I is hole-free, and continuous within the range
⟨− (M1 + 1) (M2 + 1)− 2, (M1 + 1) (M2 + 1) + 2⟩, namely
⟨−v − 2, v + 2⟩. Therefore, the unique uDOFs is
2 (M1 + 1) (M2 + 1) + 5, namely 2v + 5.
Proposition 4. For OHNA-I configuration with P sensors,

the weight function w(γ) (γ = 1, 2, 3) is

w(1) = M1 − 5, M1 ≥ 8

w(2) =

{
3, M1 = 8

M1 − 6, M1 ≥ 9

w(3) =


1, M1 = 8

2, M1 = 9

M1 − 8, M1 ≥ 10

(16)

Proof: The values w(γ)(γ = 1, 2, 3) represent the occur-
rence counts associated with key values 1, 2, and 3 in the DCA,
respectively.
According to the proof of Proposition 3, for M1 = 8, D+

1

contains the lags {1, 2, 3}, while D+
5 contributes {1, 2}, and

D+
4,3 includes lag 2. Thus, w(1) = 3, w(2) = 3, and w(3) = 1.

When M1 = 9, D+
1 and D+

4,3 contain the lags {1, 2, 3}, re-
spectively, and D+

5 contains the lags {1, 2}. Additionally, D+
3

includes the key value 1. Hence, w(1) = 4, w(2) = 3, and
w(3) = 2. When M1 = 10, γ = 3 is contributed by D+

1 and
D+

4,3 and w(3) = 2. Moreover, D+
3 provides additional lags

{1, 2}, leading to w(1) = 5 and w(2) = 4. For M1 > 10, D+
3

increases the counts of lags {1, 2, 3}. From the above analysis,
this proof is finalized.
Compared with NA, OHNA-I exhibits lower initial weight

function values, indicating reduced mutual coupling. However,
as shown in (16), these values increase with the number of sen-
sors exacerbating coupling and potentially reducing the accu-
racy of DOA estimation. To mitigate this effect and increase
the continuous uDOF, OHNA-II is introduced.

3.3. OHNA-II
Proposition 5. (OHNA-II Configuration): Assuming that the
total number of sensors isN ≥ 14, the OHNA-II configuration

is represented by set ROHNA-II, as follows

ROHNA-II = R
′

1 ∪ R
′

2 ∪ R
′

3 ∪ R
′

4 (17)

R′

1 = {0, 3, 4}

R′

2 =
{
ℓ
′

1(M1 + 1) + 1|1 ≤ ℓ
′

1 ≤ M2

}
R′

3 = {(M1 + 1) (M2 + 1) + 5

+ℓ
′

2|0 ≤ ℓ
′

2 ≤ M1 − 7
}

R′

4 = {M1 − 1, (M1 + 1)M2 + 3,
(M1 + 1) (M2 + 1)}

(18)

To illustrate the development process of the OHNA-II, we
present an example comprising 18 sensors, as shown in Fig-
ure 3. It is evident that OHNA-II generates consecutive seg-
ments ranging from −107 to 107, achieving 215 uDOFs.
Proposition 6. For OHNA-II with position set ROHNA-II, (a)

the contiguous segment of DCA spans the symmetric interval
⟨−v −M1 + 2, v +M1 − 2⟩, where v = (M1 + 1)(M2 + 1).
(b) It achieves a total of 2(M1 + 1)(M2 + 1)+2M1−3 uDOFs.

Proof: (a) Similar to the proof of Proposition 3, Proposition 6
is verified by performing self-difference and cross-difference
operations. The self-difference sets forR′

2 andR
′

3 are given as:{
D+

1 = {0, 1, 3, 4}

D+

3 = ⟨0, 2⟩
(19)

The cross-difference set of R′

1 and R
′

2 is given by

D+

2,1 = {µ1 (M1 + 1)− 3, µ1 (M1 + 1)− 2, µ1 (M1 + 1)

+1|1 ≤ µ1 ≤ M2} (20)

The cross-difference sets between R′

4 and R′

2, and between
R′

4 and R
′

3 are defined as
D+

4,2 = {2, µ1 (M1 + 1)− 1, µ3 (M1 + 1)
+2|1 ≤ µ1 ≤ M2, 1 ≤ µ3 ≤ M2 − 1}

D−
4,3 = {3 + µ4, (M1 + 1)+µ4, (M1+ 1)(M2+1)

−M1 + 4 + µ4|2 ≤ µ4 ≤ M1 − 5}

(21)

Combining (19) and (21), we derive the continuous range:
⟨0,M1⟩.
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TABLE 2. Relationship between the number of sensors and uDOFs for different sparse arrays.

The self-difference set of R′

2 is given by

D+

2 = {µ3 (M1 + 1) |1 ≤ µ3 ≤ M2 − 1} (22)

The cross-difference sets D+

3,2 and D
−
4,2 are given by

D+

3,2 = {µ1 (M1 + 1) + 4, µ1 (M1 + 1) + 5,
µ1 (M1 + 1)− 3 +M1|1 ≤ µ1 ≤ M2}

D−
4,2 = {µ1 (M1 + 1) + 2−M1|1 ≤ µ1 ≤ M2}

(23)

Then, the range ⟨(M1 + 1),M2(M1 + 1)− 1⟩ is obtained.
For R′

1 and R′

4, the cross-difference set D+

4,1 and self-
difference set D+

4 are given as follows



D+

4,1 = {M1 − 5,M1 − 4,M1 + 1,M2 (M1 + 1)
−1,M2 (M1 + 1) ,M2 (M1 + 1) + 3}∪
{(M1 + 1) (M2 + 1)− 4, (M1 + 1)
(M2 + 1)− 3, (M1 + 1) (M2 + 1)}

D+

4 = {0,M1 − 2,M2 (M1 + 1) + 4−M1,
(M1 + 1) (M2 + 1) + 1−M1}

(24)

For R′

1 and R
′

3, the cross-difference set yields

D+

3,1 = {µ2 + (M1 + 1) (M2 + 1) |1 ≤ µ2 ≤ M1 − 2} (25)

According to (24) and (25), D+

4,1 contains M2(M1 + 1),
M2(M1 + 1) + 3 and (M1 + 1)(M2 + 1); D+

4 con-
tains (M1 + 1)(M2 + 1) − M1 + 1; D+

3,1 contains
⟨(M1 + 1)(M2 + 1) + 1, (M1 + 1)(M2 + 1) +M1 − 2⟩.
Additionally, D+

2,1 containsM2(M1 + 1) + 1; D+

3,2 contains
⟨M2(M1 + 1) + 4,M2(M1 + 1) + M1 − 3⟩; D−

4,3 contains
⟨(M1 + 1)(M2 + 1)−M1+6, (M1 + 1)(M2 + 1)−1⟩. Thus,
this proof is finalized.
(b) According to (20)–(25), the DCA of OHNA-II is free

of holes. Taking into account the contributions of all subar-
rays within the negative portion of D, the unique uDOFs is
2(M1 + 1)(M2 + 1) + 2M1 − 3.
Proposition 7. Given a particular P , the weight functions

w(γ) (γ = 1, 2, 3) can be expressed



w(1) = M1 − 6, M1 ≥ 7

w(2) =

{
2, M1 = 7

M1 − 7, M1 > 7

w(3) =

{
3, M1 = 7, 8

M1 − 7, M1 ≥ 9

(26)

Following from (16), the proof of Proposition 7 is omitted. A
comparison between (16) and (26) shows that OHNA-II has a
lower MC level than OHNA-I, which leads to its superior over-
all performance. Compared with OHNA-I, OHNA-II exhibits
superior MC suppression performance. As sensors’ count in-
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FIGURE 4. MUSIC spectrum of three nested arrays for 21 signals. FIGURE 5. MUSIC spectrum of three nested arrays for 31 signals.

TABLE 3. Comparison of uDOFs across different array configurations
under a fixed sensor count.

Array
Sensor Count

20 40 60 80 100
OHNA-II 259 919 1979 3439 5299
OHNA-I 247 887 1927 3367 5207

GAMSNA-I 225 845 1865 3285 5105
GAMSNA-II 225 845 1865 3285 5105
ANAI-1 231 861 1891 3321 5151
ANAI-2 235 875 1915 3355 5195

NA-CADiS 221 841 1861 3281 5101
NA 219 839 1859 3279 5099

NA-TS 223 843 1863 3283 5103
ePCA 197 711 1487 2621 3977

creases, the performance gap between these configurations be-
comes increasingly pronounced.
Table 2 presents a comparative summary of the uDOF ex-

pressions and sensor distributions under different sparse array
frameworks, whereNl represents the number of subarrays. Ta-
ble 3 provides a comparative assessment of the attainable uDOF
across ten sparse array topologies as the number of physical
sensors increases from 20 to 100 in steps of 20. Among the
compared structures, OHNA-II achieves the most substantial
growth in uDOF with increasing sensor count, which system-
atically fills vacant positions in the difference co-array, thereby
enhancing the effective utilization of the available spatial DOF.

4. NUMERICAL SIMULATIONS
The performance of the proposedOHNAconfigurations is eval-
uated by comparing them to other well-known array architec-
tures. DOA estimation for all arrays is performed using spatial
smoothing-based subspace algorithms, with performance quan-
tified by the root mean square error (RMSE).

Definition 6. (Spatial efficiency): Spatial efficiency quanti-
fies the capability of a sparse array to generate uDOFs, defined
as

α =
N2

card {uDOFs}
(27)

A smaller α corresponds to a larger number of uDOFs.

4.1. Comparison of DOA Spectrum
Firstly, we compare the DOA spectrum estimation performance
of three nested array configurations under a relatively large sen-
sor scale. The total number of sensors is set to 32, with a signal-
to-noise ratio (SNR) of 0 dB. An extended covariance matrix
is estimated using 300 snapshots. The Multiple Signal Clas-
sification (MUSIC) algorithm scans from −90◦ to 90◦ with a
step size of 0.1◦. Figures 4–6 display the MUSIC spectra for
the three arrays when 21, 31, and 41 signals are uniformly dis-
tributed between−60◦ and 60◦. FromFigure 4, it is evident that
all three arrays can successfully resolve 21 signals. However,
as observed in Figures 5 and 6, a portion of spectral peaks over-
lap in the conventional NA, whereas both proposed OHNA-I
and OHNA-II maintain clear discrimination of all 31 signals.
Secondly, we incorporate the effect of mutual coupling

among array elements under the aforementioned conditions.
Figure 7 shows the MUSIC spectra for the three arrays in the
presence of 31 signals. The results indicate that the proposed
OHNA-I structure is affected by mutual coupling, leading
to noticeable spectral leakage in its MUSIC spectrum. In
contrast, OHNA-II retains a high-resolution capability without
significant peak overlap or leakage.

4.2. Sensitivity Analysis of MC and Comparative Evaluation
Table 4 presents the performance comparison results of ten ar-
ray configurations in the presence of MC. We employed the
MC model provided in Section 2.2, with a coupling coeffi-
cient of m1 = 0.3ejπ/3. The other coefficients are set to
ma = m1e

−j(ρ−1)π/8/ρ (2 ≤ ρ ≤ 100) with B = 100.
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FIGURE 6. MUSIC spectrum of three nested arrays for 41 signals. FIGURE 7. MUSIC spectrum of three nested arrays for 31 signals in the
presence MC.

TABLE 4. Comparison of weight function and mutual coupling in sparse arrays with 18 sensors, where the MC model is provided in Section 4.2.

In the first case, we form each array with 18 sensors. Then,
weight functions of the arrays are displayed in the second row;
the MCmatrices for each array are in the third row; and the MC
leakage is in the last row. As noted in Section 2.2, MC leakage
ranges from 0 to 1, with lower values being ideal, and the first
three weight values play a significant role in determining the
MC leakage of an array. To present the comparison results more

intuitively, we employ a gradient color map to represent theMC
matrix, where lighter colors indicate stronger mutual coupling.
From Table 4, it can be seen that all arrays exhibit the weak-

est performance due to the highest MC leakage values. ePCA
demonstrates optimal MC suppression with the lowest leak-
age. The OHNAs configuration perform intermediately, with
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FIGURE 8. Performance comparison histogram of ten sparse array configurations.

FIGURE 9. Three-dimensional representation of the relationship between sensor count, uDOFs, and MC leakage for different array architectures.

OHNA-II exhibiting superior MC suppression compared to
OHNA-I.
Then, to clearly evaluate the robustness of the proposed

OHNAs configuration and validate the rationale behind the
evolution from OHNA-I to OHNA-II, Figure 8 visually illus-
trates the performance differences among these sparse arrays
as the number of sensors increases from 18 to 32. Histogram 1
shows the mean uDOFs for each array, histogram 2 the mean
MC leakage for each array, and histogram 3 the mean spatial ef-
ficiency for each array. From Figure 8, OHNA-II outperforms
OHNA-I across all metrics, validating the rationale behind its
evolution. Compared to OHNA-I, OHNA-II significantly re-
duces MC leakage through structural optimization while main-
taining high uDOFs and spatial efficiency across all arrays,
demonstrating its robust advantages in practical applications.
Figure 9 clearly illustrates the three-dimensional relationship

among sensor count, uDOFs, and MC leakage across different
array configurations. While most arrays cluster in regions fa-
voring either high uDOFs or lowmutual coupling, the proposed

OHNA variants consistently achieve both. Notably, OHNA-
II strikes an optimal balance between maximizing uDOFs and
minimizing MC, outperforming other arrays.

4.3. Estimation Accuracy
The RMSE is defined as

RMSE =

√√√√ 1

JK

J∑
j=1

K∑
k=1

(
⌢

θk(j)− θk)2 (28)

where J is the number of Monte Carlo trails, set to 300 in
this section, and

⌢

θk(j) is the estimated angle for jth (j =
1, 2, ..., 300) trail.
For the RMSE analysis, all arrays are configured with 18

sensors. The spatially smoothed MUSIC algorithm [21] is em-
ployed to estimate the arrival directions of signal sources. We
analyze RMSE under two scenarios: one disregarding the MC
between sensors, and the other accounting for mutual coupling.
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FIGURE 10. RMSE against SNR for ten arrays without MC. FIGURE 11. RMSE against snapshots for ten arrays without MC.

FIGURE 12. RMSE against SNR for ten arrays considering MC. FIGURE 13. RMSE against snapshots for ten arrays considering MC.

The simulation considered 31 signal sources uniformly dis-
tributed within the range from −60◦ to 60◦.
Without considering MC, we respectively examine the

RMSE performance of each array under different SNRs and
varying snapshots. Figure 10 plots the RMSE versus SNR
with K = 500. It can be seen that all arrays show rapid
RMSE reduction with increasing SNR, stabilizing above 5 dB.
Notably, OHNA-II maintains the lowest RMSE from 10 to
25 dB, benefiting from its superior uDOFs. Figure 11 plots
the RMSE versus snapshots with SNR = 0 dB. The results
indicate a steady improvement in estimation accuracy as
more snapshots are collected, with the RMSE progressively
decreasing. Arrays with more uDOFs exhibit greater stability
and outperform those with fewer uDOFs, especially at higher
snapshot numbers.
When considering mutual coupling, we assume the

MC coefficient m1 = 0.3ejπ/3, B = 100, and
ma = m1e

−j(ρ−1)π/8/ρ (2 ≤ ρ ≤ 100). Figure 12 de-
picts the RMSE versus SNR withK = 500. It can be observed
that GAMSNA-I and OHNA-I exhibit significant increases in
RMSE, indicating pronounced degradation in DOA estimation

performance. In contrast, OHNA-II demonstrates superior
robustness, with only minimal accuracy loss, owing to its
extended continuous segments. Figure 13 plots the RMSE
versus snapshots with SNR = 0 dB. It can be observed that the
mutual coupling effects degrade the RMSM performance of
OHNA-I. Among the compared arrays, the NA suffers most
from mutual coupling, while OHNA-II performs relatively bet-
ter. This advantage is primarily attributed to its larger number
of uDOFs, which supports more stable DOA estimation as the
number of sensors increases. Figure 14 compares the trends
of RMSE with respect to the mutual coupling coefficient. The
proposed OHNA configurations achieve the lowest RMSE
when |m1| = 0, and as the coupling strength increases,
OHNA-II maintains a favorable trade-off between uDOFs and
mutual coupling effects.
Subsequently, to further analyze the array performance, we

compared the RMSE under different numbers of sources with
K = 500 and SNR = 0 dB. As shown in Figure 15, the RMSE
of all arrays increases with the number of sources. Among
them, ePCA consistently exhibits the highest RMSE; OHNA-
II maintains the lowest RMSE; and OHNA-I lies between the
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FIGURE 14. RMSE against MC coefficient for ten arrays. FIGURE 15. RMSE against sources for ten arrays without MC.

FIGURE 16. RMSE against sources for ten arrays considering MC.

two. As shown in Figure 16, when mutual coupling is present,
ANAI-I is affected most, and OHNA-I also experiences perfor-
mance degradation. However, OHNA-II remains at the lowest
RMSE level consistently, indicating that the proposed OHNA-
II configuration demonstrates superior robustness to mutual
coupling compared with the other arrays.

5. CONCLUSION
This paper revisits the signal model of sparse arrays and pro-
poses an OHNA-I configuration that is capable of generating a
substantial number of uDOFs. Analytical expressions for the
sensor positions, uDOFs, and weight functions are derived. To
further expand the effective aperture, increase uDOFs, and mit-
igate mutual coupling, a new OHNA-II configuration is intro-
duced through subarray translation. Extensive simulations vali-
date that the proposed arrays significantly enhance uDOFs, mu-
tual coupling suppression, and DOA estimation accuracy. Sub-
sequent research focuses on refining the array configuration to
further minimize coupling effects and improve the robustness
and precision of DOA estimation.
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