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Microwave Wire Media: Theory and Main Physical Effects

Denis 1. Sakhno!, Constantin R. Simovski?, and Pavel A. Belov">"

1School of Physics and Engineering, ITMO University, Kronverksky Pr. 49, St. Petersburg 197101, Russia
2 Department of Electronics and Nanoengineering, Aalto University, P.O. Box 15500, Espoo, Finland
3School of Engineering, New Uzbekistan University, Movarounnahr str. 1, Tashkent 100000, Uzbekistan

ABSTRACT: We present a review of homogenization models of microwave wire media with different geometries. We begin with a
simple (uniaxial) wire medium and then consider more complex types of wire media — double, triple, and interlaced wire media —
which remain underexplored. We discuss boundary problems with wire media and the most important physical effects revealed using the

reviewed homogenization models.

1. INTRODUCTION

ire media (WM) are electromagnetically dense arrays of
thin metal wires. Most of wire media are regular lattices,
which were earlier reviewed in [1]; however, there are also ta-
pered WM operating in microwave, THz, and visible ranges [2—
6]. There are also irregular wire media, sometimes called metal
brushes [7-10]. For regular WM, the electromagnetic density
means that the lattice period a is small compared to the wave-
length A in free space. For irregular WM, the concept is simi-
lar, with a being the mean distance between two adjacent wires.
The electromagnetic density of the array allows homogenizing
WM, i.e., describing their electromagnetic properties in terms
of macroscopic (mean) fields and material parameters. Within
the framework of the homogenization model, WM are effec-
tively continuous and, therefore, can be called materials. At
higher frequencies, where a approaches A and exceeds it, reg-
ular lattices of wires are called metallic photonic crystals.
Artificial effectively continuous media (composite materi-
als) with unusual and useful properties not observable in natural
materials are called metamaterials. This definition can be found
in [11-16] and in numerous reviews on metamaterials. Nowa-
days, the terminology is commonly adopted. All known types
of WM are metamaterials, and below we will explain why.
Wire metamaterials have found numerous applications in the
ultrabroad spectrum from radio-frequencies (see, e.g., [17, 18])
to the near-infrared and visible light ranges (see, e.g., [19-24]).
Different types of WM manifest different electromagnetic be-
havior, and even the same type of WM can possess different
properties in different frequency ranges. At radio frequencies
and microwaves, low-loss metals, such as copper, silver, alu-
minum, and brass, are good conductors, which enable the ap-
proximation of perfect electrical conductors (PEC). In the vis-
ible range, low-loss metals such as gold and silver are plas-
monic, which makes the wires (nanowires) of optical WM self-
resonant. The area of WM is too broad to be covered in a sin-
gle review. Here, we concentrate on the analytical modeling of
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microwave WM and briefly discuss their main physical effects
without going into corresponding applications.

Most metamaterials exhibit unusual properties due to reso-
nances of their structural elements. This is not the case for mi-
crowave WM: their unique properties originate from their in-
herent strong spatial dispersion. This dispersion is manifested
in the resonant dependence of the effective permittivity of WM
on the wave vector. Sometimes, this property is explained by
the infinite length of the wires adopted by the homogenization
model (see Chapter 3 of [15]) as follows. If the structural ele-
ment of a lattice (in this case, a wire) is not small compared to \,
a conventional quasi-static homogenization (see, e.g., in [25])
cannot be applied. It is replaced by a formal homogenization
similar to that applied to photonic crystals. This formal ho-
mogenization relates the Bloch harmonics of the medium po-
larization to the Bloch harmonics of a wave with a given wave
vector q. Consequently, the effective permittivity of a photonic
crystal depends on q. However, the applicability of this permit-
tivity for solving boundary problems is questionable. In [26], a
honeycomb photonic crystal with a dielectric host and air holes
shows different material parameters for different locations of
interfaces. Such material parameters are called mesoscopic.

Another example of mesoscopic material parameters is a pair
of effective permittivity and effective permeability of a periodic
bilayer structure with electromagnetically thin bilayers of two
different dielectrics (see, e.g., in [27]). These parameters are
retrieved from the reflection and transmission coefficients of
the structure excited by a plane wave with a given angle of inci-
dence and polarization. However, this pair of parameters has no
physical meaning, because it comprises a non-trivial effective
permittivity even for structures without magnetic polarization.
In fact, mesoscopic material parameters are useless, since they
provide a simple analytical solution to only one boundary prob-
lem — the very problem whose numerical solution was used
to retrieve these parameters (see in Chapter 11 of [14]). They
are not suitable for different boundary problems (even with the
same interfaces, but different excitation).
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FIGURE 1. Unit cells of different WM and their general views, respectively. (a), (b) Simple WM. (c), (d) Double WM. (e), (f) Triple non-connected

wire medium. (g), (h) Triple connected WM. (i), (j) Double interlaced WM.

Homogenization models of WM are not formal, because the
effective permittivity calculated for an infinite unbounded WM
is not mesoscopic. It properly describes the properties of finite
samples, such as WM endoscopes and layers. Moreover, mod-
els developed for infinite wires work for electromagnetically
short wires. A well-known example is the so-called mushroom
metasurfaces, in which the wire length may be of the order of
A/100. Mushroom metasurfaces, also called high-impedance
surfaces and artificial magnetic walls, are electromagnetically
dense arrays of coplanar metal patches located at a distance
h < X from a metal plane [28]. Each patch was connected to
a metal plane with a metal pin of length h. Ref. [29] assumed
that an array of these short wires can be treated as a very thin
layer of WM sandwiched between the metal ground plane and
metal patches. This assumption was confirmed by further stud-
ies ([30-33], etc.), showing that the spatially dispersive permit-
tivity of WM offers a highly accurate description of the electro-
magnetic properties of mushroom metasurfaces.

The spatial dispersion of WM effective permittivity results
from the electromagnetic interaction between the wires. This
interaction may be strong even for very short wires, if they
have specific terminations. We will discuss this further, in the
context of the so-called additional boundary conditions. Spa-
tial dispersion is an essential physical phenomenon in WM, and
we pay special attention to it in this review. Most physical ef-
fects in WM discussed in this review arise due to spatial disper-
sion. The only exception is epsilon-near-zero materials; how-
ever, they should also be considered in the context of spatially
dispersive permittivity. We also discuss the impact of finite
losses in the wires, energy density and power flux in WM, WM
boundary problems, and key physical effects observed in WM.

Practically important regular microwave WM can be classi-
fied into the following groups:

+ Simple WM: an array of wires oriented along a particular
direction. This type of WM can comprise unloaded or pe-
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riodically loaded wires and can also be nested (formed by
wires of different radii);

* Double WM: an array of wires oriented along two differ-
ent (usually orthogonal) directions. Wires directed along
different directions may either touch or not; thus, the dou-
ble WM can be connected or disconnected;

 Triple WM: an array of wires oriented along three differ-
ent (usually orthogonal) directions. Similarly to double
WM, wires directed along different directions may either
touch or not, and the triple WM can be connected or dis-
connected;

+ Interlaced WM: a structure formed by triple connected
WM embedded one into another without connection.

These types of WM are illustrated by Fig. 1. We start our re-
view from a simple WM, which has quite a long history and
numerous applications, and it is better investigated than other
types of WM.

A few comments about notations. We did our best to main-
tain uniform notations throughout the paper. For this purpose,
we changed the original notations where necessary. In these
cases, we indicate that the notations have been changed. The
WM plasma frequency is denoted as w,, the plasma wavenum-
ber k, = wp/c = 2m/\,, where c is the vacuum speed of
light, and A, is the plasma wavelength. The wavenumber of
free space is denoted as k = w/c, and the wave vector inside
a WM q. If a WM consists of wires with the same radius, it is
denoted as ry. The imaginary unit is j.

2. SIMPLE WIRE MEDIA

2.1. Brief History

The pioneering work by Von Ignatowsky [34] on a regular pla-
nar array of thin, parallel, perfectly conducting wires illumi-
nated by a plane wave was continued by the analysis of the
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transmissive and reflective properties of this array in [35]. In
this paper, a planar grid of thin PEC wires was considered as
a flat semitransparent surface; a wave with electric field par-
allel to the wires was shown to be fully reflected at low fre-
quencies and almost fully transmitted at high frequencies (see
also [36,37], where wires with a finite impedance per unit
length were considered). These early studies were the prehis-
tory of WM.

The history of WM started from a microwave lens of wires
suggested and experimentally studied by Kock in [38,39]. A
dipole-type antenna operating at 6 GHz created radiation with
transverse magnetic polarization, with the magnetic field vector
and the wave vector lying in the xy plane, and the electric field
directed along the z axis (see Fig. 1(a)). To shape the radiated
beam, a material was needed with the axial component ¢, of
the permittivity tensor spatially varying in the zy plane. The
manufacturing technologies of dielectric composites existing
at that time could not achieve the required permittivity gradi-
ent. Therefore, Kock suggested an artificial uniaxial dielectric
formed by thin metal wires oriented along z with a spatially
varying interwire distance. This hypothesis used the knowl-
edge that in a planar grid of wires oriented along z, quite no-
ticeable currents can be induced by z-polarized electric field,
even at high frequencies, where the grid is transparent [35].
Kock assumed that these currents induced in an electromag-
netically dense set of such grids should result in a delay of the
transmitted wave, and an entire array of wires should act as a
dielectric. Refs. [38, 39] experimentally confirmed this hypoth-
esis, and the spatially varying effective refractive index of the
artificial dielectric was retrieved.

The first analytical model of an unbounded array of thin par-
allel wires rigorously explaining the operation of the Kock lens
was developed by Brown in [40] for in-plane (xy) propaga-
tion of waves with transverse magnetic (TM) polarization with
respect to the wires. In that work, the effective axial permit-
tivity €, of the lattice was introduced for frequencies higher
than the plasma frequency. In further works by Brown and
Rotman [41,42], the effective-medium model was extended to
lower frequencies. The dispersion equation was derived for
waves propagating across a simple WM, and the low-frequency
cutoff w,, was found for TM-polarized waves. Both these works
showed that below this frequency, the axial component of the
permittivity tensor becomes negative, and its dispersion is sim-
ilar to that of a natural plasma. At frequencies slightly higher
than wy,, natural plasmas are super-refractive: Re(gpiasma) < 1,
and the same holds for €, , for an electromagnetically dense lat-
tice of wires parallel to the z axis. Thus, since early 1960s, it
has been known that an electromagnetically dense lattice of par-
allel wires not only is an artificial dielectric for TM-polarized
waves propagating across the wires, but also becomes effective
microwave plasma near the characteristic frequency w,,.

These lattices deserved a specific terminology. In [43] (by
the group of Brown), they were called rodded media. An al-
ternative term thin-wire structures was suggested in [44, 45] by
Pendry et al. (these papers repeated the main results obtained by
Brown and Rotman). Finally, in works by Belov et al. [46—48],
the term wire medium was introduced. The terms simple, dou-
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ble, and triple WM appeared in 20042006 in [49-51]. Since
that time, this terminology has been commonly adopted (see,
e.g., in [1]).

Two main types of simple wire media are lattices with (1)
a rectangular unit cell [46,48,52-54] and (2) a triangular
one [55-57]. Their electromagnetic properties differ above the
plasma frequency. In this range, TM waves can propagate in
a WM, and two corresponding dispersion curves intersect for a
triangular lattice [57] and converge at a point X of the Brillouin
zone for a square lattice. Below the plasma frequency, only the
waves with electric field orthogonal to the wires may propa-
gate in a lossless simple WM (see Subsection 2.2). At these
frequencies, there is no qualitative difference between the elec-
tromagnetic properties of triangular and square WM.

In this paper, we do not review triangular wire lattices, con-
centrating on a more popular simple WM with rectangular unit
cells, as in Figs. 1(a)—(b). This WM is a double-periodic a x b
array of infinite wires oriented along the z axis. The array is
located in an isotropic dielectric host, e.g., free space. By defi-
nition, the term WM implies that its periods are electromagnet-
ically small, i.e., a < A/2 and b < \/2. As discussed above,
at higher frequencies, a WM is not a material, but a photonic
crystal. Further, we will show that the condition of electro-
magnetically small periods allows operation frequencies signif-
icantly higher than w,,. The condition of thin wires (ry < a and
ro < b) is also conceptually important for WM.

Simple WM of parallel copper strips of strongly subwave-
length width w < A fabricated on dielectric sheets were stud-
ied at frequencies notably higher than w), in [58,59]. Since at
these frequencies, €., > 1, the main effect was refraction, and
these simple WM were called strip-type artificial dielectrics.
We mention these works, because they have shown that the wire
cross-section shape barely matters for a simple WM if w < a.
A metal strip is equivalent to a circular metal wire with radius
ro =w/4.

In 1960-1970s, the dielectric composite technologies be-
came more advanced, and the practical need in WM ceased,
which demotivated the researchers from exploration of this
area. The topic of simple WM revived in the late XX and
early XXI centuries due to the development of metamaterials by
Pendry. In [44], Pendry et al. showed that a lattice of parallel
thin wires has a negative effective permittivity at frequencies
below its effective plasma frequency w, for waves propagat-
ing in the xy-plane with a z-polarized electric field. Therefore,
this lattice can serve as a negative-epsilon host for a compos-
ite with a negative permeability. As the negative-mu compos-
ite, an electromagnetically dense lattice of resonant magnetic
scatterers (called split-ring resonators) was chosen. Split-ring
resonators (SRRs) suggested by Pendry were concentric dou-
ble rings of copper strips with narrow splits playing the role
of capacitive loads. SRRs provided negative permeability at
frequencies slightly higher than their Lorentzian resonance fre-
quency. In this narrow frequency band, a combined lattice of
both parallel wires and SRRs was predicted to be a material with
a negative refractive index (for TM-polarized waves propagat-
ing in the zy-plane).

WWwWw.jpier.org



PIER

Sakhno, Simovski, and Belov

The concept of negative-index media, also called left-handed
media, was introduced in 1968 by Veselago in [60]. Veselago
showed that a hypothetic medium with both negative permit-
tivity and permeability has negative (anti-Snell’s) refraction,
which may be useful for some applications. As an example,
a layer of medium with relative permittivity and permeabil-
ity both equal to —1 was predicted to act as an aberration-free
pseudo-lens [60]. In 2000, in [61], Pendry hypothesized that
the Veselago pseudo-lens should be a perfect lens — i.e., create
a point image of a point source in the far zone of the source.
This work attracted a lot of attention to Veselago’s left-handed
media.

Next, researchers needed to prove that these metamaterials
are feasible. Their uniaxial version based on WM and SRRs
was simulated and built by the group of Smith [62]. SRRs lying
in the xz and yz planes formed a cubic lattice and were centered
exactly in the middle between two adjacent wires of a simple
WM. Negative real part of the complex refractive index and
smallness of its imaginary part were shown theoretically in [62]
and experimentally in [63]. Isotropic (with a negative scalar re-
fractive index) left-handed metamaterials have been designed
and experimentally studied in several works since 2004, when
Refs. [64, 65] were published. Works in this area are not dis-
cussed in the present paper, because WM were not utilized in
them.

Electromagnetic waves whose wave vector forms an arbi-
trary angle with the wires of a simple WM were studied in 2003
in pioneering work [48]. Later, the homogenization model of
WM was numerically and experimentally validated in many
works. This model is reviewed in the next subsection.

2.2. Nonlocal Permittivity of Simple Wire Media of Perfect Elec-
trical Conductors

An effective medium model of a simple WM was suggested
in [48] based on the approximation of PEC wires (|emetal| — 00)
and rp < a, b < A. The PEC approximation is adequate for
microwave WM formed by any metal if the condition of mini-
mal possible wire radius 7 is satisfied [66]. Namely, the wire
radius must be at least an order of magnitude larger than the
skin depth of the metal forming the wires. For copper (Cu) at
1-10 GHz, this condition yields 7y > 20 um, because the cop-
per skin depth in this band is within (0.7-2) um. Therefore,
for copper wires, ro = [0.02, 3] mm satisfies both the minimal
possible wire radius condition (which allows the PEC approx-
imation) and the condition of thin wires (which means that the
lattice is a simple WM). The theory of WM with finite losses,
which allows checking whether the PEC approximation is suit-
able for a certain wire radius, will be explored in Subsection 2.3.
We will also discuss particular problems in which losses must
be accounted for even for wires with a suitable radius.

For a simple WM of PEC wires in a dielectric host of
isotropic permittivity oy, as well as for any uniaxial material,
the permittivity tensor has the following form:

(1)
Here, u,, are unit vectors, and U, 1, are unit dyads, where o =
(2,9, 2).

Esimple = Ehost (uwu:c + uyuy) + &0 U,

20

In [48], the axial permittivity covering all possible eigen-
modes of a simple WM was derived:

k2 )
— 5 | 2
Ehost (%)2 - qz

where k, = w,/c is the plasma wave number. This result was
obtained using the local field approach, earlier applied to eigen-
waves propagating in-plane in [46]. In the model of [48], an
eigenwave with the wave vector q = (¢, gy, q.)" and elec-
tric field amplitude E propagates obliquely to the axis z, being
supported by the line currents I, ,,(z) flowing along z. The
vector q determines the phase shifts between the wires, and the
local field acting on a reference wire (m = n = 0) is created
by currents of all other wires. Since the complex amplitudes
of all currents differ only by the phases, this local field is pro-
portional to Iy o. The current response of a PEC wire of finite
radius rg to this local field can be expressed in terms of cylindri-
cal functions, as well as the local field. This approach allows
relating the currents Iy o with the amplitude E referred to the
axis of the reference wire. Currents in the wires form the mean
(macroscopic) current density J(x, y, z), obtained by extending
the line currents over the unit cell cross section of area ab. The
mean medium polarization P = P27 is related with J by conti-
nuity equation, which in the present one-component case takes
the form J = jwP. Thus, the axial component of the electric
displacement D, = ¢oFE, + P can be expressed via the ax-
ial component F, of the eigenwave amplitude to find the axial
permittivity defined by the standard relation D, = €pe, . F.,.

To obtain the axial permittivity in a simple closed form (2),
the series of cylindrical functions were converted into exponen-
tially convergent ones, which allowed truncating the infinite se-
ries. Some asymptotics of cylindrical functions were also used.
In this, the model followed the previous work [46]. In [46],
the following formula was derived for the plasma wave num-
ber (valid for the case r9/a < 0.1 and epog = 1):

Ezz(w7 q,z) = Ehost <1 -

27 /ab

k2(a,b,70) = (ﬂf )
VAN @ )
c In Y2 + F(a/b)
where
1 a > coth (ﬂn%) -1 Ta
Flafb) = 5 Iny + > ——te @

n=1

This formula proved to be more accurate than the previously de-
rived plasma frequency from [45] and earlier works. Later stud-
ies [53,69-71] produced multiple approximate formulas for &,
corresponding to different values of the ratios ro/a, ro/b, re-
stricted only by the evident requirement ro/a, ro/b < 0.5.
These formulas are presented in Table 1 and discussed in de-
tail in [70-72].

Figure 2 presents the numerically simulated dispersion dia-
gram of a square lattice of thin PEC wires in free space in a
broad frequency range, covering the range of normalized fre-
quencies ka > 27 (that of a metal photonic crystal, see above).
To explain the bottom part of the dispersion diagram, which

WWwWw.jpier.org



Progress In Electromagnetics Research, Vol. 185, 17-48, 2026

PIER

TABLE 1. Analytical formulae for the plasma wavenumber &, of a wire medium, including references to the works in which they were derived.

Formulae correspond to a wire medium with a square lattice (a = b).

Authors ‘ Ref. H Formulae for Ici
o 2m/a®
J.B. Pendry et al. [44, 45] k, = @
g
2
AK. Sarychevetal. | [67] o 2l
InZ-+i—2
o2 /a? 21 /a?
P.A. Belov et al. [46, 48] k2 = m/ 4 ~ aﬂ/fo 5
a ™ coth(mn)—1 g .
s +s n; = 2o
2
G.B. Shvets et al. [68] k2= ISL
n 2\/57‘0
. 27 /a?
A.V. Tyukhtin et al. 53 kE= 22T
yuim et a [53] » 7 In & 10487
2 2
S.I. Maslovski etal. | [52, 69] k2 = L‘i
In =~
ro(a—rp)
A. Kumar et al [70] EREE LS B L PSS S
) ’ Pag?2) 7 T 2a ' 4rg (\/Qa — 7‘0)
-1
_ \/a27'r(2) ro a
e arctan 7\/5\/@ + arctan a27rg

1.6

141

081

0.6

04

Normalized frequency, ka/(27)

0.2r

0

M r

X

M

FIGURE 2. Dispersion diagram of a simple wire medium with a square
unit cell (@ = b, see Fig. 1). Filling ratio 7r2/a” is equal to 107,
Coordinates of the high symmetry points in the reciprocal space are
I' = (0,0,0)",X = (7/a,0,0)",M = (r/a, 7/a,0)". Reproduced
from [49] with the permission of publishers.

corresponds to a simple WM, we need to derive the dispersion
equation. It follows from the general dispersion equation of an
arbitrary anisotropic medium characterized by a dyadic permit-
tivity (see, e.g., [25]):

det (qq — @I+ k? ?) =0, %)

where I = > o Ui, is the identity dyadic; qq is the dyadic of
the wave vector; and k = w/c is the free space wave number.

21

Substituting Egs. (1) and (2) into Eq. (5) and dividing by
ki = k?ehost (the wave number in the host medium) yields

(klgost - q2) (kkzlost - k; - q2) (kgost - qg) = O» (6)

where k, = k,(a,b, 7o) can be found from (3). This relation
defines three main modes of a simple WM.

2.2.1. TE-Modes

The modes propagating obliquely to the wires or perpendic-
ular/parallel to them, with an electric field orthogonal to the
wires, do not interact with wires. They are called ordinary
modes, and their dispersion is described by the equation cor-
responding to the first bracket of relation (6):

q2 = qg + qg + qg = k}%ost' (7

These modes are shown by thin lines in Fig. 2.

2.2.2. TM-Modes

The extraordinary modes are TM-polarized (their magnetic
field is orthogonal to z), and their dispersion equation corre-
sponds to the second bracket of relation (6):

q2 = kl?ost - ]CZ (8)

These modes are shown by thick lines in Fig. 2. They may
propagate obliquely to z axis or perpendicular/parallel to it at
frequencies above the plasma frequency. At lower frequencies,
such TM-modes decay in one or more directions, since ¢q is
imaginary. For clarity, in this review, we will call the prop-
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FIGURE 3. Wire medium composed of periodically loaded or lossy wires. Images are taken from: (a) [47], (b) [69], both with the permission of
publishers. In (b), the integration contour ! of the microscopic field E is shown.

agating modes eigenwaves and the attenuating modes polari-
tons. Let us explain the last term. In the theory of lossless pho-
tonic crystals, attenuating modes are called decaying or (more
often) localized modes. Polaritons are a special case of local-
ized modes — they are eigenmodes that propagate along an axis
or in a plane and attenuate with distance away from this axis
or from this plane (see, e.g., [73]). From (8), it follows that
G +aq+q = =&, where & = k2 — ko > 0. If ¢, is

host
real, the transverse wave number 4 /¢2 + qg is imaginary, i.e.,
the eigenmode amplitude decays with distance away from the
z axis. This polariton may be excited by an internal source lo-
cated on the z axis. Its field weakly interacts with distant wires,
screened by wires nearest to the z axis. If g, is imaginary, the

eigenmode field is localized in the xy plane, and the mode prop-

agates in this plane, because , /¢2 + qg is real. Such a polariton

can be excited by a plane wave incident on the interface of a
semi-infinite WM or by a source located near this interface.

In the case —q? — £ > k?, we have ,/¢2 +¢2 > k. This
polariton may be a proper surface wave that propagates along
the WM interface xy and decays away from it in both WM and
free space. Below, we will discuss the role of polaritons arising
in important boundary problems with simple WM.

2.2.3. TEM-Modes

The mode corresponding to the last brackets in Eq. (6) is de-
scribed by the dispersion equation

@ = Fiost- ©9)

At low frequencies w < w, probably, the most interesting
mode of a simple WM is observed: a transverse electromag-
netic (TEM) wave that can propagate only along the wires.
This mode has planar isofrequency surfaces, since g, does not
depend on ¢, and ¢,. In other words, transverse wave num-
bers may be arbitrary, whereas ¢, is equal to fkpe. For this
eigenwave, our simple WM represents a multi-wire transmis-
sion line. The mean current density J supporting this mode
equals to zero only in the trivial case ¢, = g, = 0, when the
mode degenerates into a uniform plane wave. In this case, the

22

TEM wave is ordinary, and it does not induce currents in the
wires. If ¢, # 0 or ¢, # 0, the TEM mode is extraordinary.

The most important result of formula (2) is the insight into
strong spatial dispersion achieved via the analysis of this low-
frequency mode. The resonant singularity of the axial permit-
tivity at g, = knost, Which allows arbitrary g, and ¢, has a
clear physical meaning. If g, # 0 or ¢, # 0, the WM is an
unbounded transmission line, whose field is not uniform in the
transverse (zy) plane. As discussed above, the mean current
density supporting such an eigenwave is nonzero. Therefore,
P, # 0and D, # 0 despite E, = 0, which means that the
permittivity e,, = D, /E,eo must be infinite.

Note that the phase non-uniformity of the mode field in the
plane zy does not imply phase transfer along x or y. The phase
velocity of this mode is well directed along z, as well as the
group velocity and the power flux. This regime cannot hold in
plasmas, even magnetized and spatially dispersive ones (see,
e.g., in [74]). It is the most unusual property of a simple mi-
crowave WM, which allows categorizing it as a metamaterial.

Additionally, [48] has shown that the effective axial permit-
tivity (2) satisfies the causality principle and gives physical so-
lutions for a hollow metal waveguide filled with WM. These
studies gave the first arguments confirming that the spatially
dispersive homogenization model should be valid for realistic
finite-size WM samples.

2.3. Simple Wire Medium of Realistic Wires

Ref. [47] suggested engineering the frequency dispersion prop-
erties of a simple WM using periodically loaded wires instead
of simple metal ones. Identical lumped impedances Z(w)
can be inserted along each wire with period D, as shown in
Fig. 3(a). In this case, the plasma frequency expression (3) be-
comes

27 /ab
kQ(a7b7r07Z) = : ) (10)
r In 2 4 F(a/b) — 20 Z(w)

where 77 = \/0/€0 is the free-space impedance, and Z(w) =
Z(w)/D is the wire impedance per unit length. The effective
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permittivity tensor and dispersion are modified accordingly. In-
ductive loads red-shift the plasma frequency, which can be in-
terpreted as an effective reduction of the wire radius (then, a
radius smaller than the skin depth can be realized while keep-
ing the PEC approximation suitable for realistic wires). Capac-
itive loads, in contrast, provide a low-frequency pass-band for
TM-polarized waves propagating obliquely and perpendicular
to the z axis. Note that the spatial dispersion in a C-loaded sim-
ple WM is preserved if Cip,q # 0. However, in this case, the
spatial dispersion is not as strong as that in the unloaded WM.
Even in the lossless approximation, ¢, is no longer singular
for real ¢, if Z(w) = 1/jwDCloaq is nonzero.

The concept of the impedance per unit length Z(w) was later
used in the theory of simple WM of realistic wires — i.e.,
with finite conductivity. This theory was developed in [69].
The impedance per unit length of a wire with complex per-
mittivity e, = &, — jeu,, where ¢!/ = 0, /cow and oy, is
the conductivity of the wire material, is as follows: Z,, =
[jwmrdeo (e, —1)] L. The individual impedance Z,, is in some
sense equivalent to Z(w), but implies the impact of the finite
conductivity and not of the load. If |e,,] is finite, the wires
are lossy, and the local field approach of [48] is not applica-
ble. Indeed, due to losses in the wires, the eigenwave of our
WM attenuates in space. Therefore, the current I, ,, in the
(m, n)-numbered wire differs from the current Iy o in the ref-
erence wire in both phase and amplitude. Since the wave vec-
tor q is complex, the amplitudes of all currents also vary along
z. Since the eigenmode problem cannot be analytically solved
using the local field approach, in the pioneering work [69], the
effective axial permittivity was obtained from specially derived
telegrapher’s equations of a lattice of lossy wires.

Work [69] starts from a true (microscopic) field E and the
true current I, flowing in the reference wire — the left one
in Fig. 3(b). The electric field and the current are related by
Maxwell’s equation for the magnetic field flux

7{E -dl = —jw®, = —jwLI,Az. (11)

A contour [ shown in Fig. 3(b) has the length Az (it may be
arbitrary) and width equal to the WM half-period a/2. In (11),
®., is the magnetic flux through the area of this contour, and L
is the collective inductance of a WM per unit length, taking into
account the interaction of the reference wire with all the others.
This parameter is assumed to be the same as L previously cal-
culated fora PEC WM in [52], where the formula L = po/ abkg
was derived. This assumption is justified, because the absolute
value of Z,, is small. Namely, we may apply the relation (10)
fora WM of realistic wires, treating Z,, as Z(w) and see that for
copper, silver, aluminum and brass wires, the correction term
in the right-hand side of this equation is negligibly small. The
plasma frequency for realistic wires is the same as that for PEC
wires. Therefore, the collective inductance also remains the
same.

The integration in the left-hand side of Eq. (11) can be per-
formed using the near-field approximation for the true field
E, =~ —V, where ¢ is the electric potential created by all
wires in the gap between the wires. The asymptotic integration
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in (11) for the infinitesimal interval Az = dz allows rewriting
it in the form

(B4 PEFA) =) oy

Zwl, —
dz

(12)

Here (E.) is the averaged value of E, in the interval x =
[ro,a/2] which is the same as the axial electric field aver-
aged over the whole interval x = [rg,a — ro] between the
wires. The electric potential on the line (x = a/2,y = 0)
— the dashed line in Fig. 3(b) — is denoted as ¢(z). The
mean (macroscopic) electric field (E,) in (12) arises not as an
eigenwave amplitude, but as the result of the averaging of the
microscopic axial field £, over the interval between the ad-
jacent wires. In Eq. (11), the microscopic field F. (a/2,0, z)
integrated over the interval Az is used. On this line, E, is
adopted to be twice larger than the averaged field (F.). In-
deed, on the surfaces of both wires shown in Fig. 3(b), the ax-
ial component of the true electric field is almost equal to zero
and increases with distance from the wire, so that its maximum
E.(a/2,0,z) is in the middle between these wires. The spa-
tial variation of this field within the electromagnetically small
interval x = [rg,a/2 — ro| can be approximated as a linear
one, which results in (E,) = E,(a/2,0, z)/2. The definition
of the mean field via this arithmetic averaging of the true field
differs from the classical one, which implies bulk integration of
the true field over the unit cell volume. The last concept was
adopted in the classical theory of natural media (see, e.g., [25]).
The classical averaging for mean fields was used in the theory
of bulk metamaterials composed of electromagnetically small
particles (see [14]). This classical model considers only the
near-field interaction between the elements. A homogenization
model for an array of infinite realistic wires cannot be similar
and uses another concept of the mean field — averaged over
the interval between the adjacent wires.

Both the potential ¢ and current I, introduced above result
from the interaction of the reference wire with all other wires,
where the far-field interaction is not neglected. The quasi-static
formula for the true electric field £, ~ —V expresses only
the electromagnetic smallness of the period a.

The potential ¢ defined in the middle between two adjacent
wires can be expressed via the microscopic linear charge den-
sity p distributed along the reference wire and the collective
capacitance C' of the WM per unit length. This capacitance is
defined by the equation C'p(z) = p(0,0, 2). The relation for
C was derived in [52], which also showed that for the wires
located in free space, LC = g .

Since p is related with I, by the continuity equation

ol

ij(Z) = 0z :quIZ(Z)7 (13)

the axial wavenumber ¢, arises in our derivations. From (12)
and (13), a pair of telegrapher-like equations relating ¢(z) with
(E.)(z) and I,(z) was obtained in [69]. Removing ¢ from this
system, one obtains

(14)
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This is the relation for the collective impedance of a homoge-
nized simple WM. It differs from its PEC analogue by the term
Z., and the formula for the effective permittivity of a simple
WM (generalizing the result (2) to the lossy case) follows from
it. Thus, the complex amplitude of the averaged field (E.) in-
troduced in the lossy WM model is physically the same as the
eigenmode complex amplitude used in the lossless model. The
axial wave number ¢, and collective parameters L and C'in (14)
include the impact of electromagnetic interaction of the refer-
ence wire with all other wires of the WM.

To derive the effective permittivity from Eq. (14), the current
1., defined for the reference wire and the potential ¢ defined in
the middle between the reference wire and its neighbor should
be interpolated to replace the current density J,(0,0,2) =
I, /ab and the potential p(a/2,0, z) with continuous functions
defined in the entire space. Since the reference wire is chosen
arbitrarily, any wire can be called the reference one. The func-
tion I,(z) defined on the discrete lines (x = ma, y = nb)
and the function ¢(z) defined on the discrete lines (z = ma +
a/2, y = nb) are extended, resulting in continuous functions
I(z,y,2z) = abJ(x,y,z) (where J is now the mean current
density) and ¢, (z,y, z). The extended potential ., (x,y, z)
was called the additional potential of a WM in [69]. The ad-
ditional potential ., (x, y, 2) is not included in (14) and there-
fore does not affect the effective permittivity; we will discuss
its role below in the context of the power flux. To obtain ¢,
we only need to substitute the line current I, in Eq. (14) by
the mean current I(x,y, z). Then, we may introduce the axial
electric displacement D, = ¢o(E,) + P, where P(x,y,2) =
I(x,y,2))/jwab is the axial polarization (density) of the ho-
mogenized medium. Combining the relation

1
jwab

D =¢epe,. (E.) =eo(E.) +

with Eq. (14), in which I, is replaced by I, and taking into
account that L = pg/ abkﬁ, we obtain the effective axial per-
mittivity in the form:

k‘2
€zz(W,qz) =1— L .
) = = kO ¢

Relation (15) reduces to formula (2) in the special case Z,, = 0,
i.e., for PEC wires. The transverse permittivity remains equal
to €.

If the wire radius r( is much larger than the skin depth, then
for highly conducting wires (copper, silver, aluminum, brass),
the dispersion equation (5) yields virtually the same dispersion
diagram as that calculated for PEC wires. At 1-10 GHz for
copper wires of radius 7o = (0.2-0.5)mm and WM period
a = 2-5mm, the absolute value of the dimensionless param-
eter Z,,/wL has the order of 1073, The imaginary part of q.
at frequencies lower than the plasma one is proportional to .
Therefore, the decay factor Im(g,) becomes smaller than the
real part of ¢, (which practically equals to k) by 3 orders of
magnitude. The same applies to the ratio (E,)/(E;), where
(Ey) is the amplitude of the mean transverse electric field. For
the transverse magnetic field, the model results in (H,) = 0.

(15)
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Such eigenwaves are called quasi-TEM waves. These waves
substitute the non-uniform TEM waves propagating in a perfect
WM at frequencies below w;, and represent the special case of
TM waves.

Note that in full-wave simulations, the low-frequency waves
propagating along z are quasi-TEM ones even for WM of PEC
wires. The reason is the impact of the transverse polarization of
the wires by the electric field of the eigenmode. This polariza-
tion distorts the electric field distribution between the wires and
results in (E,) # 0, although the microscopic field E, nullifies
on the surface of every wire.

However, in the framework of the homogenization model,
we treat these quasi-TEM modes as TEM ones, because in the
homogenization model, the electromagnetic interaction of the
wires is considered as that of linear currents. The approxi-
mation of TEM modes is justified for low-frequency eigen-
waves propagating along the PEC wires, because the longitudi-
nal component is negligible compared to the transverse compo-
nent. Meanwhile, mode decay, even comparably smaller than
the wave number, cannot be neglected. Microwave WM en-
doscopes (see Subsection 4.5) have lengths of several A, and
neglecting the decay of quasi-TEM waves in them may result
in noticeable errors. The same is true for WM resonators.

The result (15) can be generalized to the case when wires
are both imperfectly conducting and periodically loaded with
a small period D. In this case, the axial permittivity takes the
form:

k,2
Ezz(waQZ) =1- r
k2 = jk[Zy + ZW)\/ T — FE ¢

Here, the plasma wavenumber should be modified in accor-
dance with (10), and, since formula k:f7 = po/abL remains
valid, L should be modified accordingly. Formula (16) can be
easily generalized for wires hosted by a dielectric by replacing
€0 by €pcnost 1n this relation and in the expressions for L, C,
and Z,,.

. (16)

=lQ

2.4. Epsilon-Negative Wires

In 2002, the experimental results by Smith’s group [63] prov-
ing the existence of left-handed metamaterials were disputed
by Pokrovsky and Efros in [75]. They have shown that the
near-field interaction of a wire lattice with an SRR lattice does
not allow the effective permeability of the metamaterial to be
negative. Therefore, these authors proposed to reconsider the
full-wave numerical simulations and the measurements of the
wave refraction beyond the concept of left-handed metamateri-
als. Ref. [75] was immediately criticized by many opponents.
Ref. [76] explained that the near-field interaction for SRRs lo-
cated in the middle between the wires is much weaker than the
far-field interaction, which was neglected in the quasi-static ho-
mogenization model of [75]. Next, in 2003, a dynamic homog-
enization model of the Pendry-Smith left-handed metamaterial
(which confirmed its negative permeability and negative refrac-
tive index) was presented in [77]. Motivated by this discussion,
Pokrovsky and Efros suggested an alternative analytical model
of a WM made of non-PEC wires accounting for these far-field
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FIGURE 4. Nested WM geometries. Figures are taken from: (a) [81], (b) [82], both with the permission of publishers.

interactions [78,79]. Their results significantly differed from
those of [48] due to two reasons.

First, they used a different physical model of a metal wire.
In [78,79], in the complex permittivity of the wire material
ew = &), — je, the authors neglected the imaginary part
and assumed that £, = 1 — Q2 /w?, where Q,, was the Drude
electron plasma frequency of a metal. In [78,79], such loss-
less wires supported self-resonant collective oscillations of the
charge density propagating along the z axis (the so-called Lang-
muir waves). In the model adopted in [78, 79], these collective
plasma oscillations occur well below (2,,. In fact, these oscilla-
tions are impossible in any realistic microwave WM, because
the factor neglected in these works is not negligible; moreover,
it is dominating, because ¢/, > ¢/ for all metals in the mi-
crowave range.

The second issue of these two works was an approximation
for the far-field interaction of wires disputed in [51]. An alter-
native model of a simple WM of thin cylinders with arbitrary
permittivity €.,1 was developed in this work similarly to that
of [48]. It resulted in the following axial component of the per-
mittivity tensor:

Ezz (w, 4z, Ecyl)

€host

-1
_ 1+ <( ab . Ehost (%)2 _Q§> )

Ecyl + 1)7‘(7"0 k2

)
Unlike the expressions obtained in [78, 79], this relation yields
formula (2) in the limiting case |ecy| — 00.

2.5. Insulated Wires

In [80], a simple WM of bilayer wires is considered. The PEC
wires of radius R; are enclosed in cylindrical tubes of outer
radius Ry, whose permittivity is 1. In general, this permittiv-
ity may be complex, and the special case Im(e;) = 0 corre-
sponds to insulated wires. The host medium permittivity (de-
noted above as ey,5t) Was denoted as 2. The approximation of
thin wires Ry < 0.1la was used, and the lattice was assumed
to be square (a = b). In this model, the transverse permittiv-
ity €1 = €42,4y cannot be approximated as €2, except for the
case of very thin wires R < 0.1la. The formula for £, is as
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follows:

(61 +e2)RE + (e1 — e2) R2 1 -t

(61 +e2)R? + (g1 —e2)R3

€1 =€+ 2¢e9 f‘;l

where fiy = mR%/a? is the volume fraction of insulated wires.
When Ry < 0.la, the transverse permittivity approaches eo
and achieves it when fi — 0.

The formula for the axial permittivity in our notations takes
the form:

e e abk? In? (R /Ry)

# 7 27 21 e1In(Ry/Ry) + (61 — e2)k2R2/2
B
€2k‘12) ’

where k1o = /k%c12—¢2 and k = w/c is the free space
wave number, as above. In the limiting case R; = Ro, this
formula transforms into (2). The formula for the plasma wave
number £, if b = a is:

12 21 /a?
? " g4 + 0527

i.e., it corresponds to the substitution b = @ and ryp = Rs into
formula (3).

2.6. Nested Wire Media

Simple WM with a unit cell a x b hosting two wires with differ-
ent radii 79; and roq shifted by a vector A with respect to each
other are called nested WM, see Figs. 4(a) and 4(b). Nested
WM of PEC wires were studied in [81], where this terminol-
ogy was introduced. The nonlocal effective permittivity tensor
was derived in this paper, and the strong coupling between two
parallel wire arrays was demonstrated. The macroscopic spa-
tially dispersive response of the nested WM can be interpreted
using an equivalent drift-diffusion model, where two different
species of effective charge carriers contribute to the total cur-
rent density (or medium polarization). For a given transverse
component of the wave number q, three eigenmodes exist in
such a nested WM of PEC wires: two TEM modes and one
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TM mode. A more general nested array composed of N par-
allel wire lattices can support N different TEM modes (in the
lossy case — quasi-TEM modes). The plasma frequency for
TM modes of nested WM can be tuned by varying the vector of
shift A [82], which can be used for the creation of mechanically
tunable resonators for axion detection — see Subsection 5.4 for
more details.

2.7. Power Flux and Energy Density in Simple Wire Media

The usual form of electromagnetic power flux density (the
Poynting vector S), which is S = E x H in the time domain
and S = Re(E x H*)/2) in terms of complex amplitudes, is no
longer valid for media with spatial dispersion [83]. The same
is true for the well-known expression for the electromagnetic
energy density in a non-dispersive dielectric, which in the time
domain is as follows:

For complex amplitudes, the denominator 2 is replaced by 4.

In the classical course of theoretical physics by Landau and
Lifshits [25], this relation was generalized only for the case
of temporal (frequency) dispersion. The case of spatial (wave
vector) dispersion was not considered. Up to now, there is no
general theory for the vector S and scalar W in materials with
strong spatial dispersion; this problem has been studied only
for materials with weak spatial dispersion. The expressions
for the Poynting vector and the energy density derived in the
lossless approximation for the so-called excitonic semiconduc-
tors illuminated by near-infrared or visible light can be found
in [73, 83]. Other manifestations of weak spatial dispersion are
the chirality of natural media, bianisotropy of composite media
(metamaterials), and artificial magnetism. These effects arise
in materials formed by small complex-shape particles. Bian-
isotropy is the local dependence of the electric polarization on
the magnetic field and vice versa, the magnetic polarization on
the electric field. Chirality is a special case of bianisotropy
when both electric and magnetic polarizations of a medium are
parallel. In cases of artificial magnetism and/or bianisotropy,
the impact of the spatial dispersion of the effective permittivity
on the Poynting vector and energy density reduces to the im-
pact of the temporal dispersion of three material parameters —
the so-called reduced permittivity tensor (in it, the dependence
of the effective permittivity on the wave vector q is removed),
the permeability tensor, and the tensor of magneto-electric cou-
pling, which is called chirality in chiral media. The last two
parameters originate from the spatially dispersive permittivity
and do not depend on q. This theory is presented in Chapter 1
of [14].

As for the impact of strong spatial dispersion on the power
flux and energy density, to our knowledge, the only work on
WM, where these parameters were found, is [84], dedicated to
a simple WM. To derive the expressions for S and W, two aux-
iliary problems of radiation of elementary sources were consid-
ered. In the first problem, the radiation is created by an axially
polarized elementary source — a point electric dipole oriented
along z, located in the middle between two adjacent wires. In
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the second problem, which is mathematically simpler, one of
the wires of the WM is excited by an inserted lumped voltage
source, whereas all other wires remain passive. In both cases,
all currents flow along z, which allows the radiated field to be
expressed via one scalar function, denoted in this work as ®.
This function is the same as vector potential, because in both
problems, the vector potential has only a z-component. For
both problems, the Fourier spectrum ®(q) of this function was
found in the closed form. Since it was not clear whether a ho-
mogenization model can be applied for WM excited by inter-
nal sources, ®(q) was calculated beyond the homogenization
model. The only approximation was the line current model for
wires. The problem was solved via 3D Fourier expansion of an
auxiliary source — J-function of external current in one prob-
lem and ¢-function of external electric field in the other prob-
lem. The result obtained for the function ®(q) is not very im-
portant, and we do not reproduce it here. What is important
is the coincidence of the solutions obtained for two radiation
problems. The same result for ® allowed the authors of [84]
to claim that an electromagnetically dense lattice of thin wires
is an effectively continuous material even in the problem of in-
ternal source radiation. Then the general approach of [69] was
applied, and the power flux and energy density were expressed
through macroscopic electric E and magnetic H fields, the ex-
tended current I (x, y, z) = abJ(x,y, z), and the additional po-
tential o, (x, y, z) [84]. The result for the energy density in the
frequency domain is as follows:
2 2 2 2
W =¢q LOZE + Lo HT + C’% + Ltot&.

Here, FE and H are the absolute values of the complex ampli-
tudes of the mean electric and magnetic fields. Note that in
the homogenization model, we used brackets for the mean ax-
ial electric field to stress its difference from the true one. Here
we do not discuss the true fields, and we do not need brackets.
In (18), Lyt = L + Lyin is the sum of the effective inductance
per unit length of the WM and the kinetic inductance per unit
length of an individual metal wire. Lyj, becomes important in
the THz range, whereas at microwaves, Ly, < L. Finally, ¢,
and I are the complex amplitudes of the additional potential
and mean current. The mean current can be expressed through
the effective permittivity, because I(x,y, z) = abJ(x,y, z) =
jwabP(z,y, z), where P = P, = gg(e,, — 1)E, is the com-
plex amplitude of the WM bulk polarization. However, the
value of ¢,, cannot be found via effective permittivity for real-
istic wires. To find ¢,,, we should solve the system of telegra-
pher’s equations obtained in [69].

The result for the Poynting vector also comprises this param-
eter. In the frequency domain, we have:

(18)

1 I
szzRe(ExH*+‘p’”i>. (19)

ab
We may avoid solving the telegrapher’s equations only in one
special case. For a simple WM of PEC wires located in free
space, one of telegrapher’s equations from [69] becomes very
simple:
_ 1 9l q.P
Pw = —ma =a c
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Combining this equation with Maxwell’s equations and the ma-
terial equation D, = ege,, F ., the authors of [84] derived the
relation

oul*  eqwE? Oc..
2ab 4 Oq.

With the substitution of (20), the Poynting vector given by (19)
is expressed solely via the mean fields and effective permittiv-
ity. The energy density in the case of PEC wires in free space
can also be presented without ¢, [84]. For low frequencies
w < wp, the corresponding formula for W is especially simple:

(20)

E2 2 + 2
_ 2 14+ &)
2 K2

In this formula, the magnetic eigenmode amplitude is expressed
via the electric one, using the impedance of a TEM wave 1 =

E/H = \/Mo/Eo.

3. COMPLEX WIRE MEDIA

w

3.1. Double Non-Connected Wire Medium

A double non-connected WM was first proposed in 1998 in [45]
as a possible realization of biaxial negative epsilon in a solid
metamaterial. Propagation orthogonal to both mutually perpen-
dicular arrays of parallel wires was considered, and the non-
locality of the electromagnetic response was not revealed. In
2004, a more general analytical study [49] considered two rect-
angular arrays of parallel PEC wires with the same periodicity
(a x b), oriented along the x- and y-axes and offset by a/2 in
the z-direction. This structure corresponds to Fig. 1(c) when
d="0.

The key features of this wire array were unveiled using the
local field approach to find an eigenwave with wave vector (.
The derivations are similar to those of [48] (but slightly more
difficult). According to [49], the tensor of spatially dispersive
effective permittivity has the form:

@n

where €, and €., can be calculated using formula (2), with
plasma frequencies ky (b, d, r;) and k,(a, d, r,) (see Fig. 1(c))
calculated using (3), respectively. This seeming absence of
mutual interaction between the constituent simple WM results
from structural symmetry — the wires of the second simple
WM are located exactly in the middle between the wires of the
first one.

The dispersion equation of this double WM (5), after substi-
tuting Eq. (21), dividing by k2 ,,, and multiplying by (k2. —
42) (ks — q2), yields:

I () [kg (Y’ - qz}

me{z,y}

_ (kz(;z)k;gy)q-’ﬂqy)

Edouble = ExzlgUy + EyylUyly + EhostUz Uz,

2

=0, (22)

where kS = k,(b,d,r,) and k) = k,(a,d,r,), according
to Fig. 1(c).
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In general case, two arrays separated by a half-period gap
may have different periodicity (b x d and a x d). They may
also be composed of wires with different radii (v, and ), as
illustrated in Figs. 1(c)—(d). However, the most studied con-
figuration of a double wire medium (see [86—90]) is that with
a = b = d and identical wires in both arrays (r, = r, = 7o,
ic., k" = k¥ = k). This unit cell is shown in Fig. 5(a). In
this case, Eq. (22) reduces to:

(klgost - qg) (kl%ost - q;) [klgost - kg - q2]2 = k;ngg (23)
Using this model, the dispersion of a double wire medium can
be examined graphically by plotting isofrequency surfaces and
contours.

Below the plasma frequency, two modes propagating in the
zy plane (parallel to the wires) exist. Typical isofrequency sur-
faces of these modes are shown for k/k, = 0.5 inFig. 5(b). The
mode with a hyperboloid isofrequency surface is TM-polarized.
The projections of the electric field on the = or y axis are sub-
stantial for some propagation directions. Such eigenmodes can-
not exist in a simple WM. In a double WM that is not a multi-
wire transmission line even below the plasma frequency, they
can exist. The projection of the true (microscopic) electric field
on the axes of wires vanishes on their surfaces, but the same
projection averaged over the medium unit cell is nonzero. In the
=z, Gy plane, the isofrequency of this mode is hyperbolic with
asymptotes ¢, = *+k and q, = £k, as seen in Figs. 5(e)—(f).
This hyperbolic mode is present across a wide frequency band
and exists even above the plasma frequency. Ref. [91] showed
that these modes arise as a peculiarity of the spatial dispersion
in double WM, which is not the same as in the other hyperbolic
metamaterials.

The second extraordinary mode, which is closer to the I'-
point in Fig. 5(b), is TE-polarized. For the in-plane propaga-
tion, its magnetic vector lies in the xy plane, and the electric
field is along z. Its isofrequency surface in the ¢,q, plane for
q. = 0 is close to that of the host medium (see Fig. 5(e)).
However, in the diagonal plane, isofrequency contours for this
mode are not circles, but super-quadric contours (solid curve in
Fig. 5(g)). Therefore, this mode is not a TEM wave. An or-
dinary TEM wave with electric field along z, which does not
“see” the wires, is not shown in our figure. Extraordinary low-
frequency modes were thoroughly studied (analytically, numer-
ically, and experimentally) in [90, 93].

At frequencies close to the plasma frequency and above it,
additional modes appear, whose isofrequencies are centered at
the I'-point. They have ellipsoidal isofrequencies, typical for
uniaxial dielectrics, as shown in Figs. 5(c)—(d). However, in
a usual uniaxial dielectric, all ellipsoids corresponding to dif-
ferent frequencies are conformal. In a double WM, there are
two types of isofrequency ellipsoids, and at every frequency,
two ellipsoids intersect. Respectively, in the plane ¢, = 0,
the isofrequency contours are two crossing ellipses (dashed red
lines at low wave numbers ¢, /k, < 1 in Fig. 5(¢)). Even in
the diagonal plane g, = ¢, these modes (see n Fig. 5(g)) do
not degenerate into those of a usual uniaxial dielectric. The po-
larization of these modes (most probably, hybrid ones), to our
knowledge, has not been studied yet.
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FIGURE 5. (a) Cubic unit cell of the most studied configuration of a double (non-connected) wire medium. Isofrequency surfaces are plotted from
the effective medium model (22) in the first quadrant for (b) k/k, = 0.5 and (c) k/k, = 1.1. The enlarged surface near I" point, which appears
above kp, is shown in (d). Isofrequency contours in ¢. = 0 plane are shown in (e). (f) demonstrates isofrequency contours in different ¢, g, planes
for k/k, = 0.5. Isofrequency contours in diagonal plane (¢g. = g¢,) are shown in (g). Subfigure (a) was taken from [85] with the permission of

publishers. All plots were simulated by the authors of this review.

To conclude this section, we should make two notes about a
double WM. First, the two arrays composing a double WM are
not necessary offset by exactly a half-period in the z-direction,
as in Fig. 1(c). In [86], even a special parameter describing the
general offset of two parallel arrays forming a double WM was
introduced. Unfortunately, the impact of its variation was not
analyzed, and related physical effects have not need revealed.
Second, the two arrays are not obliged to be perpendicular to
one another. They may form an arbitrary angle, and the effects
related to the variation of this angle may be interesting. For
example, for the so-called moiré hyperbolic metasurfaces, with
crossing grids of golden strips [94] or graphene strips [95], and
stacks of twisted optical metasurfaces [96], new optical effects
were revealed in the infrared and visible ranges [97]. The cor-
responding aspects of double WM remain underexplored (not
only at microwaves), though they have a significant potential
for future research.

3.2. Triple Disconnected Wire Medium

The addition of a third, non-intersecting array of parallel wires
to a double non-connected WM creates a triple disconnected
wire medium. To the best of our knowledge, this metamaterial
was first proposed in [45]. However, in that work, its elec-
tromagnetic response was not studied, and this WM was only
expected to have the electromagnetic properties of isotropic
plasma in the microwave range.
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The most studied arrangement of triple non-connected WM
(see, e.g.,in[45, 50,92, 98]) consists of three mutually orthogo-
nal and identical arrays of parallel wires, each comprising wires
of the same radius ry forming a square lattice with period a.
This structure has a cubic unit cell, shown in Fig. 6(a). In
this case, the distance between adjacent mutually perpendicular
wires is equal to a/2. A more general and less studied version,
with different periods in all directions, is illustrated in Fig. 1(e).
Similar to double disconnected WM (for which, after [49], all
studies concentrated on mutually orthogonal lattices of parallel
wires), the case of non-perpendicular triple WM remains unex-
plored.

Ref. [49] showed that in a triple non-connected WM, the ef-
fective permittivity tensor takes the form

24

where all three components of the effective permittivity tensor
are spatially dispersive. It was assumed that ¢,,,,, (m = z, ¥, 2)
can be calculated using Eq. (2) after substituting the lattice pe-
riods and wire radius for the corresponding array. For the most
studied arrangement (a cubic unit cell, e, = €,y = €;.), this
assumption was proven in [50].

Substituting the general tensor (24) into Eq. (5), multiplying
by (koo — ¢*) I1,, (ki — ¢2), and dividing by k2, results
in [49]:

gtlriple = Egzlg Uy + EyylUyUy + €z2UzUy,

I1

mée{z,y,z}

2
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FIGURE 6. (a) Cubic unit cell of the most studied configuration of a triple (non-connected) wire medium. Isofrequency surfaces are plotted from
the effective medium model (25) in the first quadrant for normalized frequencies (b) k/k, = 0.5 and (¢) k/kp, = 1.1. The enlarged surface near I'
point, which appears above kp, is shown in (d). Isofrequency contours in ¢, = 0 plane corresponding to two normalized frequencies are shown in
(e). (f) shows isofrequency contours in different planes of the wave vector for k/k, = 0.5. Isofrequency contours in the diagonal plane (¢ = gy)
are shown in (g). (a) was taken from [92] with the permission of publishers. Other plots were simulated for this overview.
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For a cubic unit cell (see Fig. 6(a)), when k\™ = k, for all
m = x, v, z, this equation is simplified [92]:

1
(kl%ost - kﬁ - q2)3 (kfllost + 5 <q4 - %: q;}n>>
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This dispersion equation is simple enough to analyze the disper-
sion properties of the triple non-connected WM analytically, as
it was done in [50, 92], and to plot isofrequency surfaces in re-
ciprocal space. These surfaces are shown in Figs. 6(b)—(d).
Work [92] rigorously proved that below the plasma fre-
quency, a triple non-connected wire medium possesses four

+ 2k (42qyq-)* = 0. (25)
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characteristic directions, in which the phase velocities of all
eigenwaves are equivalent. Even for a the slightest devi-
ation from these directions, noticeable birefringence occurs.
These directions are the optic axes of the WM. They are ori-
ented along the four main diagonals of the cubic unit cell (see
Figs. 6(b) and (g)). For all of them, the so-called conical refrac-
tion [99, 100], with a triangular cross section of the refraction
cone, was observed in numerical simulations in [92].

This metamaterial also exhibits hyperbolic isofrequency con-
tours in the ¢,qy, gyq., and g.q. planes below the plasma
frequency, shown in Figs. 6(e)—(f). The hyperbolic shape of
isofrequencies, whose features can be engineered by varying
mutual locations of the parallel arrays and their periods, can
become the basis for many potential physical effects, such as
those discussed above for double WM.

Above the plasma frequency, the metamaterial supports five
modes, depicted in Fig. 6(c). A short analytical treatment of
these modes can be found in [50]. However, publications focus-
ing on the high-frequency eigenmodes of triple non-connected
WM remain scarce. In general, electromagnetic properties of a
triple WM remain underexplored.

3.3. Connected Triple Wire Medium

Connected topology of a triple WM, illustrated in Figs. 1(g)—
(h), was first introduced by Rotman in 1962 in [42], but the
discussions and the analysis of this structure started only three
decades later. A similar structure (originally referred to as the
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scaffold structure) composed of thin dielectric rods was investi-
gated in [101] as a material providing broad photonic bandgaps.
In late 1990s, a connected structure of metal wires attracted
the attention of researchers [44, 102, 103] as an analogue of
isotropic plasma possessing a 3D low-frequency bandgap.

Two pioneering studies [44, 103] independently investigated
triple WM with a connected topology. In [103], Sievenpiper
and co-authors studied a wire-mesh photonic crystal with a
diamond-like geometry and numerically calculated and experi-
mentally verified its dispersion diagram. Pendry et al. [44] ana-
lyzed a WM introduced in [42], whose cubic unit cell is shown
in Fig. 1(g).

In the present work, we focus on the latter configuration, be-
cause the theoretical studies of the diamond geometry are insuf-
ficient (in [103], the polarization of eigenmodes was not stud-
ied, and no further studies in this area are available). Mean-
while, the cubic configuration of triple connected WM is well
investigated in the literature.

The plasma model of this metamaterial, in which the plasma
frequency was defined as the low-frequency cutoff, was pro-
posed in [44]. In accordance with this work, the permittivity
Eeff = E€zx = Eyy = €2 15 as follows:

2
“p

I
-

geff(w) ) (26)

w |w +jgfr°Tg (wpa)Q}

2 c?

2
wy(a,mo) = ¥ In(a/rg)’
where o is the conductivity of the metal (with wires in free
space). This result was derived neglecting the far-field interac-
tion of the wires (no spatial dispersion) and using the concept
of plasmons in WM; very thin wires are required for the model
to be valid [45]. Thus, the wire radius was rg ~ 1 um, which
is not relevant for microwave WM of any realistic metal.

A non-contradictory homogenization of such a connected
WM for arbitrary propagation direction of an eigenwave was
developed in [50]. The following effective permittivity tensor
for PEC wires in free space was derived:

qq

(- =85).

Here, the dyadic form qq corresponds to the wave vector q, and
lo = 3k%/(k* + 2k2) is a factor characterizing the connected
topology. The parameter x was defined in [50] as:

= (5) 2

n#0

2
ky
2

gconnected =1-
k

@7

(28)
n

[J0(2ﬂ'm’0 /a) } 2 |

where Jj is a Bessel function. Eq. (27) uses an approximate
relation for the plasma frequency derived in [48].

Unlike the previously considered WM, for a connected WM,
the effective permittivity tensor is not diagonal. We can rewrite
it in a form with separated tangential and longitudinal compo-
nents, standard for optically isotropic but spatially dispersive
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materials with a center of symmetry [25, 73, 104]:

e (- W) rawoll o)
q q

where ¢; and ¢; are the transverse and longitudinal permittivi-

ties, respectively. For PEC wires (|e;ods| — 00), they take the

form:

k2
er(w) = 1- kf’;, (30)
lok?
aw,q) = 1+ mv (3D

where the transverse plane and longitudinal direction are deter-
mined by the direction of propagation and not by the optical
axis of the material.

Equation (5) allows identifying the degenerate TEM
mode [50, 105]:

=k +q (32)
as well as the longitudinal mode with dispersion:
2 K%+ 2k2
R S M - A 33
pt e TRt e ¢ (33)

These modes are shown in Fig. 7, where they correspond
to frequencies (normalized to ¢/a) in the range 0.4-0.6. The
lowest branch corresponds to a longitudinally polarized mode.
In [106], the authors demonstrated that these analytical predic-
tions closely match numerical simulations near the plasma fre-
quency for a connected wire medium with thin wires (a/rg =
100). In that case, the assumption ~ > k,, simplifies the longi-
tudinal mode dispersion to k* = k2 + ¢*/3.

0.8
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0.6 |
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FIGURE 7. Dispersion diagram for a connected wire medium. Co-
ordinates of the high symmetry points in the reciprocal space are
r = (0,0,0)7, X = (7/a,0,00", M = (n/a,n/a,0)", R =
(r/a,7/a,7/a)",L = (n/a,0,7/a)", A = (0,0,7/a)", where a is
aperiod of a cubic geometry. Adopted from [107] with the permission
of publishers.

To conclude this section, let us once again make two remarks.
First, connected double WM (a parallel set of rectangular wire
meshes with subwavelength cells) have not been studied at all.
However, this type of WM hardly deserves attention. The mi-
crowave response of square wire meshes, and their transmissive
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and reflective properties are well known (see, e.g., [29]). At
frequencies where the cell size is smaller than A\/2, this mesh
is almost fully reflecting; therefore, such a WM is opaque and
does not support extraordinary eigenwaves. Only at higher fre-
quencies, where a double connected WM becomes a metallic
photonic crystal, nontrivial effects arise, including backward
wave phenomenon and negative refraction [108—115]. These
effects are beyond the scope of the present paper.

The second remark concerns connected triple WM and dis-
connected double and triple WM, which are rich in physical ef-
fects, already revealed and potentially expected ones. Here, the
unexplored area is much broader than the explored one. For ex-
ample, none of the available works on these metamaterials raise
the fundamental question of electromagnetic energy and power
flux in them. Thus, the existing theory of double and triple WM
is very insufficient. The same can be said about the interlaced
WM reviewed below.

3.4. Interlaced Wire Medium

The idea of nested WM generalized to connected triple WM is
called interlaced wire media. 1t consists of two (see Fig. 8(a))
or more (see Fig. 8(c)) connected triple WM, inserted into one
another without crossing (no electrical contact between triple
WM). This structure was proposed in [116], which also com-
prised a model representing it as an effective network of cir-
cuits. Unfortunately, this model was heuristic, not scientifically
grounded, and the derived equations proved to be incompatible
with Maxwell’s equations. This point was noticed by the au-
thors and even reflected in the paper title (where the suggested

@ () 05
0.4

0.3

0.2

Frequency (2nc/a)
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FIGURE 8. Examples of interlaced WM. (a) A single cubic unit cell of
a two-network structure. (b) The band diagram for the two-network
example. (c) A five-network cubic structure example. Each network
has metal wires along the x, y, and z directions. For the i"™ network,
these wires meet at (dx;, £2;, £;)" in the cubic unit cell, where
x;’s chosen to be 0, a/12, 3a/16, a/3, and a/2. (d) The band dia-
gram for the five-network example. Coordinates of the high symmetry
points in the reciprocal space are T' = (0,0,0)", X = (n/a,0,0)",
M = (n/a,m/a,0)T,R = (n/a,n/a,n/a)T, where a is a period of
cubic geometries. Figures are taken from [116] with the permission of
publishers.
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metamaterial was called non-Maxwellian). However, the au-
thors claimed that this contradiction compromises Maxwell’s
equations rather than their model. Fortunately, in later works
on this subject such as [117-120], where the terminology of in-
terlaced WM was introduced, there is no controversy, and all
results are physical. These works investigated only interlaced
WM consisting of two connected triple WM (see Fig. 8(a)).

As[119] noted, all intertwining regular arrays of wires whose
constituent lattices are not electrically connected can be called
interlaced WM. However, interlaced WM more complex than
the double ones (see Figs. 8(c)—(d)) have not been studied yet, to
our knowledge. Therefore, in this section, we discuss only the
double interlaced WM depicted in Figs. 1(i), (j) and Fig. 8(a).

An analytical model of the effective permittivity tensor of a
double interlaced WM was suggested for the first time in [121].
This homogenization model utilized the results obtained for a
triple connected WM in [50, 104]. Only the symmetric case was
considered, where the distance between adjacent wires of two
lattices was a/2 (with the shift vector s = (0.5,0.5,0.5)% a, as
shown in Fig. 9). This restriction was applied to minimize the
coupling between two constituent WM, similarly to [49], where
the electromagnetic response of a double WM with symmetric
arrangement of two parallel arrays was found to be equal to the
combination of the responses of two simple WM. For an inter-
laced WM, the two responses of triple connected WM given
by (30) and (31) can be additively combined. Unlike [49], in
the present case, the permittivity tensor components are defined
not with respect to the coordinate axes, but with respect to the
propagation direction [121]:

_ kpi
Et(W) =1- D) (34)
i=A,B k
lOz
a(w,q) = 1+ > Z 45’; [ (39)
i=A,B

where k,; is the effective plasma wavenumber for the ith
lattice (¢ = A, B), and ly; is a dimensionless slow wave
factor that determines the strength of the nonlocal response
(see, e.g., [50, 104]). This connected topology factor arises in
Eq. (27) and was introduced in [50].

In [117], a layer of this WM illuminated by a plane wave
was studied. The effect of resonant extraordinary transmission
was found (with both analytical model and full-wave simula-
tions) at a specific, quite large incidence angle and interpreted
as angularly selective tunneling. The polarization-insensitive
resonances of the transmittance are periodically repeated over
the frequency axis, i.e., can be referred to as the Fabry-Perot
ones. However, they can be observed only within a very nar-
row angular range.

In [119], low-frequency eigenmode dispersion was studied,
and longitudinal mode polarization was revealed. This polar-
ization makes this low-frequency eigenwave an analogue of a
bulk plasmon (a longitudinal eigenwave that exists in isotropic
plasma and in metals in the ultraviolet range [74]). Ref. [122]
proposed to control this plasmon dispersion by an affine defor-
mation of the structure. In [120], bound states in the continuum
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FIGURE 9. Unit cell of a generalized double interlaced wire medium.
Two cubic lattices have the same periodicity a, but different wire radii
(r1 and 72). The shift vector s is formed by three vectors s, Sy, and
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FIGURE 10. Dispersion along I'X — theory versus numerical results.
The host dielectric is free space, and the wire radii are 71 = 0.001a
for mesh A and r2 = 0.05a for mesh B. Figure is taken from [117],
reproduced with the permission of publishers.
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FIGURE 11. (a) Wave dispersion along the wave vector path THMTI" for a body-centered cubic configuration of a double interlaced WM. (b) Isofre-
quency contours in the ¢, g, plane. Figures are taken from [119] with the permission of publishers.

(BIC) were found. In all the mentioned works, the analytical
model of the symmetric interlaced WM was validated by nu-
merical simulations.

Even for a double interlaced wire medium composed of two
simple cubic lattices of the same periodicity, studied in the
works mentioned above, there are some parameters whose vari-
ation may offer new physical effects. As Fig. 9 shows, these pa-
rameters may be (1) distance between two lattices given by the
vector s, (2) wire radii in both lattices r; (¢ = 1, 2), and (3) wire
materials and cross-section shapes in two lattices. The point (3)
has not been investigated at all. In all the available works, in-
terlaced WM of PEC wires were considered. Meanwhile, the
impact of parameters s (point (1)), and r; (point (2)) was stud-
ied.

The dispersion of the longitudinal modes of a double inter-
laced wire medium follows from the dispersion equation of an
effective plasma £;(w,q) = 0 [119]. For different wire radii
in lattices (r1 # 72), this equation reduces to a quadratic equa-
tion in ¢, resulting in two longitudinal modes, see Fig. 10. The
transverse mode, which is also plotted in the figure, is obtained
by solving equation ¢? = (w/c)?e;(w). Mode polarization was
verified in [117] numerically.

For identical lattices (r; = 72) and maximal distance be-
tween the lattices (i.e., the offset vector s components equal
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to a/2), the structure unit cell becomes a body-centered cu-
bic one [119]. This symmetric metamaterial configuration is
a special case when longitudinal eigenwaves with small effec-
tive wavelength are excited at low frequencies. The point at
which the lowest longitudinal mode arises moves to the corner
of the Brillouin zone, corresponding to the primitive unit cell
of the WM lattice (see Figs. 9(b) and 11).

Periodicity in the low-frequency limit (w — 0) means that
isofrequency surfaces emerge from a set of points in the recip-
rocal space, noticeably shifted with respect to the I point [107].

Isofrequency contours for this body-centered configuration
calculated in the k£, plane are shown in Fig. 11(b). Ref. [123]
discusses the opportunities of control of this long-wavelength
eigenwave, not considered [122].

When the body-centered cubic symmetry is disrupted —
by displacing the sub-lattices from their symmetric configu-
ration, or by employing sub-lattices composed of wires with
different radii, or, finally, through a combination of both, the
low-frequency point shifts back to the center of the Brillouin
zone [107] (see Fig. 8(b)). For such asymmetric configurations
with a diagonal relative offset of lattices (s = (1,1,1)%d) and
different wire radii (r; # 72), a special analytical model for the
slope coefficient of the lowest longitudinal mode was proposed
in [120]. This model is equivalent to a hydrodynamic model of
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a two-fluid ideal warm plasma, see, e.g., in [124]. This plasma
model gives a linear approximation of the lowest mode — elec-
tron acoustic waves:

2 2
T jngmj/fl) 1 (36)

Here, m = w;(,z) / w;(,l), qa 1s the wave vector of the acoustic
wave in the metamaterial, and x; (: = 1, 2) are dimensionless
thermal pressure parameters (x,; have nothing in common with
k in Eq. (28)), mainly determined by the connectivity of the
wires.

The wire-mesh pressure parameter was found to be in the
range [2/3,3/4] for r/a € [1072,0.2] and k — 1/+/3 in the
limit of small radii. For identical lattices composed of thin
wires (r/a < 1072), the dispersion of fundamental electron
acoustic waves mode can be approximated as k, ~ qq/v/3.
The authors of [120] claimed that this theory is valid for a large
variety of configurations and concluded that the electron acous-
tic waves in a double interlaced WM have quasi-longitudinal
polarization. The dispersion equation derived in that work gen-
eralizes that of the symmetric model and weakly depends on
particular geometrical parameters of WM.

4. BOUNDARY PROBLEMS FOR WIRE MEDIA

In real applications, WM cannot be infinite — they are
bounded. Their theory would be useless if it was not appli-
cable for boundary problems with WM. All homogenization
models of WM reviewed above have been obtained from
first principles of electrodynamics. Therefore, they result in
non-mesoscopic formulas for the effective medium permit-
tivity — 1i.e., they remain valid for spatially bounded WM.
However, spatial dispersion makes the effective permittivity
difficult to use in boundary problems. Indeed, consider a
plane wave incident on a WM interface from outside (e.g.,
free space). The tangential component of the wave vector q
of the wave refracted into WM is preserved (as follows from
Maxwell’s boundary conditions). The normal component of
the wave vector should be found from the dispersion equation
of the corresponding infinite WM. However, spatial dispersion
offers more than one real solution for q with given tangential
components of this vector at a given frequency. In this
situation, the medium polarization (or induced current density)
cannot be found only from Maxwell’s boundary conditions and
the dispersion equation. The effective permittivity included
in Maxwell’s boundary conditions via D relates the mean
electric field with the mean polarization vector only for one
eigenwave, not for their set. To find the relation between
the amplitudes of two or more excited eigenwaves, we need
additional boundary conditions (ABCs). This problem for
spatially dispersive media was understood long ago and solved
for excitonic semiconductors illuminated by visible or infrared
light in [83,125]. In this case, together with usual refracted
waves, an excifon wave arises and propagates very slowly
together with expansion of strongly coupled electron-hole
pairs (also called excitons in the theory of photoelectricity).
ABCs may be needed even when an only eigenmode is ex-
cited by the incident wave, because in some media (even with
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weak spatial dispersion), polaritons (see above) may be effi-
ciently excited on the surface. Recall that polaritons are imag-
inary (or even complex) solutions of a dispersion equation in
a medium. In natural media, polaritons excited on the inter-
face have negligibly small amplitudes. However, in most regu-
lar metamaterials, the maximal lattice period (though it is sub-
wavelength in the operation band) is comparable with A. It
may enable a significant amplitude of one or more dominant
polaritons, and neglecting it can yield a noticeable mistake in
the solution of boundary problems for metamaterials (see the
discussion in Chapter 10 of [14]).

For lattices of electromagnetically small inclusions with pe-
riods not larger than a ~ (0.1-0.2) A, the boundary problem can
be solved without ABCs — via introducing a transition layer on
the metamaterial interface (see Chapter 11 of [14]). Across this
layer, the material parameters (permittivity and permeability)
linearly vary from their bulk values to unity (free space val-
ues). Alternatively, one may introduce a transition metasurface,
which is a compressed version of a transition layer [126].

However, for WM, this approach is unsuitable, since in their
homogenization models, the constituents are infinitely long.
Therefore, for each type of WM, one should derive and use
ABCs.

4.1. Additional Boundary Conditions for Simple Wire Media

For a simple WM, the interface parallel to the 2z axis is not
a problem (see, e.g., Chapter 3 of [15]). One should prop-
erly locate this interface (half-period from the outer wires) and
apply the Maxwell boundary conditions. In this case, high-
amplitude polaritons and multiple eigenmodes are not excited
if ¢, is fixed. In the problem of internal reflection from this in-
terface, ABCs are also not needed. However, if the interface is
tilted or orthogonal to the wire axis (i.e., to the z axis), ABCs
are necessary.

For a lossless semi-infinite simple WM with an orthogonal
interface at z = 0, ABCs were introduced in [127]. In this
case, a TM-polarized polariton can be excited with an ampli-
tude comparable to that of the TEM mode. To relate the ampli-
tudes of two excited modes (an eigenwave and a polariton), we
need only one simple equation: at the ends of thin wires, their
currents are zero. This gives the boundary condition for the
mean current density J(z = 0) = 0, which may be expressed
as a combination of two eigenmodes — one TEM and one TM
(polariton). This simplest ABC allows solving the reflection
and refraction problems. This approach was generalized to a
half-space filled with tilted wires in [128].

In our opinion, the key work on ABCs for simple WM is [31],
analyzing two types of the orthogonal interface between WM
shown in Fig. 12. In Fig. 12(a), at the interface between two
WM with different wire radii (one radius ry is larger than the
other ), thin metal patches are introduced. If r; — 0, the left
WM vanishes, and we obtain a mushroom metasurface men-
tioned in Introduction. Since 1999, these metasurfaces have
been used as artificial magnetic walls. A conventional magnetic
wall is a plane in free space at a distance h = \/4 from a metal
plane. Mushroom metasurface with the thickness h = /40
allows reducing the magnetic reflector thickness by an order of

WWwWw.jpier.org



PIER

Sakhno, Simovski, and Belov

(b)

FIGURE 12. Two important types of a simple WM interface. (a) The case when i — 0 corresponds to mushroom metasurface. (b) The top and
bottom interfaces demand different ABCs. Figures are taken from [31] with the permission of publishers.

magnitude [28]. In Fig. 12(b), at the top interface, the wires
simply end, and at the bottom interface, they are connected to
the ground via lumped loads. This WM interface can be used
in intelligent surfaces — reconfigurable anomalous reflectors,
which consume very low power needed for an electronic con-
troller (which distributes the biasing voltages over the load ar-
ray). Nowadays, these metasurfaces are considered a promising
replacement for the relay stations for 5G and 6G telecommu-
nications. In numerous works (see, e.g., [129-132]), tunable
lumped loads — varactors or pin-diodes — connected to the
ground as shown in Fig. 12(b) are used to vary the wave deflec-
tion from the mushroom metasurface. In this case, one type of
ABCs is used for the top interface (the case shown in Fig. 12(a)
withr; = 0), and another type of ABCs for the bottom interface
(the case in Fig. 12(b)).

ABC s of both these types were derived in [31] using telegra-
pher’s equations from [69], known properties of the patch grid
(considered as a capacitive reflector for waves propagating in
the WM), and the quasi-static analysis of a single interface. For
the case in Fig. 12(a) (when r; — 0), we need only one ABC
for the current .J5 in wire medium 2:

0Js

Bt G2 =0, (37

where x = Cy,/C. Here, C is the collective capacitance per
unit length of the WM (see above), and Cy;, is the effective ca-
pacitance of the wire tip. For large patches and narrow gaps
between them (the patch size is close to a), Ciip = Chaen 18 the
effective capacitance of the patch grid, related with its grid (or
sheet) impedance as Z;, = 1/jwCpawn. In applied electrody-
namics, the grid impedance is defined as Z, = E; /Js — the
ratio of the tangential component E; of the mean electric field
in the plane of a planar grid of metal elements to the mean sur-
face current .J; induced in this grid (see, e.g., in [29]).

Without patches, Cl;p, is the effective collective capacitance
of the wire ends (tips). This value is not negligible, except for
the case when r, is negligibly small compared to a. Indeed,
the wires end with small, but not negligible metal patches of
area 7r3. In other words, the interface of a simple WM is a
capacitive grid even without patches. Only in the limiting case,
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when 75 /a is so small that Cy;,/C < 1, x = 0 and Eq. (37)
reduces to Jo = J = 0.

For the bottom interface at z = —h in Fig. 12(b), the follow-
ing ABCs were derived:

87‘] - jOJCleoadJ =0.

E.y=0,
Y Oz

Here, the first equation is a trivial result of the ground pres-
ence. The lumped impedance Z],, in the second equation takes
into account the known parasitic inductance L’ and capacitance
C’, which arise when a lumped, finite-size load with a proper
impedance Zjy,q is inserted between a wire and a metal plane.

In [31], the resulting impedance Z| ,, takes the form

Work [81] considered a slab of a nested WM (Fig. 4(a)) illu-
minated by a plane wave. One wire array was terminated on
both sides by patches, and another one (with a smaller wire
radius) had trivial terminations. It was assumed that ABCs
with different parameters x hold for these constitutive simple
WM separately, i.e., X = Cpaten/C for the first wire array, and
X = 0 for the second array. This assumption was confirmed by
full-wave simulations. Though their ABCs are decoupled for
large incident angles, the two arrays proved to be strongly elec-
tromagnetically coupled. This coupling enabled the interfer-
ence of a narrow-band quadrupole-type resonance of the over-
all slab polarization and a broadband dipole-type resonance,
which resulted in a Fano resonance of the transmission. This
effect is interesting due to practical importance of the Fano res-
onance in all areas of applied electrodynamics, including mi-
crowaves [133].

4.2. Additional Boundary Conditions for Other Wire Media

Additional boundary conditions for a double non-connected
WM, based on the vanishing of the current at the ends of very
thin wires in the form J(z = 0) = 0 (where, as above, J is the
mean current density along z, and z = 0 describes the interface
plane), were heuristically introduced in [86]. In this work, one
array of parallel wires was orthogonal to the interface, and the
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other one parallel to it. Two mutually orthogonal wire arrays
with wires at the angle 45° to the normal to the interface were
considered in [134]. In [135], this result was generalized for
the upper half-space having a complex isotropic permittivity
of general type (covering the cases of dielectrics, metals, and
non-excitonic semiconductors). Finally, in [136], ABCs were
theoretically derived (Eq. (13)) for an arbitrary angle between
the wires and the interface. We do not reproduce these long
equations here, but we should stress that in this general case,
one additional equation is not enough, because the frequency
and the tangential component of the wave number determines
two TE-polarized surface waves decaying into WM, but hav-
ing noticeable amplitudes on the interface. Two ABCs together
with the dispersion equation of a double WM allow finding all
three relevant amplitudes. When the interface-wire angle is suf-
ficiently close to 45°, the eigenmode has a very high refractive
index, i.e., the refracted wave is significantly shortened com-
pared to .

For a connected triple WM, ABCs were obtained in [104].
They were not derived; it was simply assumed that the product
enostE» (here E, = (E.) is the axial component of the mean
electric field) is continuous across the interface z = 0 when
one WM array is orthogonal to the interface and two others are
parallel to it. This assumption was validated by full-wave nu-
merical simulations of the transmission and reflection by a WM
layer. Note that for very thin wires, there is no need to derive
the mentioned ABC. Since D, = eoenestF> + J/jw, the con-
tinuity of epos £, across the plane z = 0 is nothing else but the
above-discussed condition J(z = 0) = 0.

In[121], the ABC in the form 0.J(z = —h))/dz = 0 was ob-
tained for a layer of triple connected WM of thickness h when
one constitutive simple WM is orthogonal to the PEC plane (lo-
cated at z = —h) and connected to it, and two other simple WM
are parallel to the interfaces. Moreover, [121] showed that the
ABC:s introduced for a triple connected WM should also hold
for an interlaced WM formed by two triple connected WM, at
least when two constituents are symmetrically located and the
interface is not tilted.

A tilted interface for triple connected WM was incorpo-
rated into the analytical model in [137], where ABCs were ob-
tained for an arbitrary angle between the wires and the interface.
These derivations used the approach suggested in [136]. This
theory was experimentally confirmed in [137] by measuring the
scattering of a plane wave by spherical samples of triple con-
nected WM. In calculations, a WM sphere was modeled as an
exotic sphere with many flat facets. ABCs were applied to all
of them.

ABCs obtained for triple connected WM and applicable to
double interlaced WM were used to study the low-frequency
tunneling through a double interlaced WM slab [117] dis-
cussed above. ABCs for the surface of a triple connected WM
modified by metallic antennas were heuristically introduced
in [123,138]. In a very recent paper [139], the authors de-
veloped a semi-analytical scattering theory that explained the
strong impact of the WM surface terminations and the internal
geometry on both resonance frequencies and quality factors of
an interlaced WM slab operating as a Fabry-Perot resonator.
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4.3. Surface Waves in Wire Media

Work [140] considers the reflection coefficient of a metal-
backed slab of a simple WM illuminated by a TM-polarized
plane wave. Their geometry corresponds to Fig. 12(b), where
Zioad = 0, the slab thickness is denoted as L instead of A, and
the host medium permittivity is €,. Above, we have already
discussed this problem: it demands ABC J = 0 at the slab in-
terface. At low frequencies w < wyp, this condition should be
added to Maxwell’s boundary conditions to find the ratio of the
TEM eigenmode amplitudes to the polariton mode excited on
the surface. Ref. [140] extends this theory to a complex wave
vector of the incident wave, namely, with a tangential compo-
nent k) larger than k£ and imaginary k.. In this case, the re-
flectance may turn to infinity, i.e., a wave decaying away from
the interface of a lossless WM slab may exist in it without an
incident wave. The condition of this reflection singularity can
be written as the dispersion equation of this surface wave. In
fact, Eq. (14) of [140] describes not only surface waves, but also
guided TM-modes of a WM slab, and this equation is valid at all
frequencies up to the photonic crystal band (in which w > w)).
At low frequencies (w < wp), the solution of this equation de-
scribes the polariton of an unbounded WM. In the present case,
it is called surface plasmon polariton (SPP), which is a proper
surface wave, because it propagates in the tangential plane zy,
and its field is localized on the WM slab surface. We briefly
discussed such a polariton in Subsection 3.2. Below, we will
discuss it in detail with an explicit example.

Maxwell’s boundary conditions impose g = k|, where k|
is a real number (larger than k). For SPP ¢ > kj, where
kn = k./ey is the wavenumber of the host dielectric (notice
that in [140], different notations are used). Therefore, ¢, is a
large imaginary number describing the amplitude decay into
the WM. Similarly, k., describes the decay of this wave into
free space. This WM polariton is a proper surface wave — its
energy is localized on the interface of the slab. As explained
in Subsection 3.1, TM-waves propagating along the wires of
a simple WM at low frequencies are called plasmons. Thus,
surface waves propagating along a WM slab below the plasma
frequency can be correctly referred to as SPP waves. In the op-
tical range, SPP waves are excited on smooth interfaces of gold
or silver. These two metals have inductive surface impedance
in a certain frequency band (in the visible range for interface
with a semiconductor, and in the near ultraviolet range for a di-
electric) [141]. This is true for all SPP waves — they exist only
on inductive surfaces. Ref. [140] showed that in the SPP fre-
quency band, the surface impedance of a microwave WM slab
is inductive.

In Fig. 13, a dispersion diagram of TM-polarized modes
guided along a WM slab is presented for three different ratios
L/a (a is the WM period). TE-modes are not shown, because
their field does not interact with the wires. These modes are
formed by pairs of ordinary eigenwaves of the WM and are TE-
modes of a metal-backed dielectric slab.

In Fig. 13, the horizontal axis corresponds to the normalized
frequency w, = L/4\o\/€;, (Ao = A in our notations). The
normalized wave number of the mode denoted as k||/3 corre-
sponds to the vertical axis; it can be called the wave shorten-
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FIGURE 13. Dispersion diagram of TM-waves guided along a simple
WM slab of thickness L with the host medium of permittivity €5, on a
PEC ground plate. Dispersion curves are calculated for three ratios of
the WM period a to the slab thickness L. The light line of free space is
indicated by the dashed line k| /3 = 1. The asymptotes of SPP waves
are vertical lines. Figure is taken from [140] with the permission of
publishers.

ing coefficient or slow-wave factor, because in our notations,
B = k. In this example, the plasma frequency is engineered so
that w,, ~ 8mc,/e;, /L, which means w,, ~ w/w,,.

The slab eigenmodes lie entirely above the free-space light
line, i.e., they cannot propagate without decay along z in free
space. The slab eigenmode in the range w,, < 1 is an SPP. It
decays along z in both directions away from the slab surface.

In the band w, < w < 2w, there are neither TM-polarized
nor TE-polarized guided modes, because in a grounded dielec-
tric slab, even TE-modes cannot exist. Therefore, the only TE-
mode that has no cut-off (TEy mode) cannot be excited. The
lowest guided mode is TE;, characterized by a low-frequency
cut-off, which in this case remains at w ~ 2w,. In other
words, Ref. [140] revealed that a grounded WM slab with a
properly chosen thickness has a broad complete bandgap sim-
ilar to a photonic crystal. Therefore, a WM slab may serve
as a medium for a defect waveguide (see, e.g., [142]). In the
range 2w, < w < 3wy, besides TE-modes, a high-frequency
SPP exists. The group velocity of both fundamental and high-
frequency SPPs (the value inverse to the dispersion curve slope)
tends to zero when w — w,, and w — 3w, respectively. These
important theoretical results were validated in [140, 143] not
only numerically, but also experimentally.

The dispersion of guided modes of WM slabs (see Appendix
in [144]) can be used for the development of metalenses [8, 9]
capable of imaging with subwavelength resolution from the far-
field; more details are available in Subsections 4.5 and 5.1.

Work [145] advanced the investigation of surface waves in
a simple WM slab. First, the authors compared the theoretical
predictions of the model [140], using spatially dispersive WM
permittivity and ABCs, with the simplistic model of [45], ne-
glecting the spatial dispersion and treating WM as an effective
plasma. Second, in [145], a mushroom structure (wires termi-
nated by patches on top) was considered and compared with
the structure without patches. Third, besides guided modes of
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a WM slab, which have real gy > k = f3, leaky modes of
the slab were considered: they have complex g, which allows
energy propagation into free space. Fourth, mushroom meta-
surfaces (mushroom structures with electromagnetically short
wires L < \) were compared with mushroom structures with
long wires (L ~ A). In [145], the simplistic model was shown
to fail in most interesting scenarios, including both types of
mushroom structure (L ~ A and L < A). ABCs were re-
vealed to be necessary for theoretical calculation of surface and
leaky waves. Next, WM slabs were shown to support proper
leaky waves that are backward (with oppositely directed phase
and group velocities) and improper leaky waves that are for-
ward (with co-directed phase and group velocities). These im-
proper leaky waves are excited when the wires are terminated
by patches, and the proper leaky waves are excited in the ab-
sence of patches. We will not discuss leaky waves in this sub-
section, because they are not equivalent to surface waves. Since
excitation of leaky waves is a physical effect unusual for flat in-
terfaces of effectively continuous media, leaky waves excited
in a WM slab are discussed below in Subsection 5.3 together
with other unusual effects theoretically revealed for WM.

4.4. Bound States in the Continuum

Bound states in the continuum (BICs) are non-radiating reso-
nances of open systems that coexist with the continuum of ra-
diative states at the same frequency, but are decoupled from
this continuum [146—148]. First proposed in quantum mechan-
ics, BICs arise from mechanisms such as symmetry protection
or destructive interference, which prevent energy leakage of the
modes despite their dispersion curves above the light line. Their
exceptionally high Q-factors and strong field confinement have
made BICs a powerful concept in various open systems, pro-
viding a rigorous framework for understanding and engineering
resonances with ultra-low radiation losses.

BICs in bounded WM are a relatively new research direc-
tion, and only a simple WM and a double interlaced WM have
been studied so far. Authors of [149] considered a plane wave
with TEM polarization (with magnetic field along y and electric
field having only x and z components — an oblique incidence)
scattered on a simple WM slab, unbounded along the x and y
axes and having a finite thickness in the z direction (see the
axes in Fig. 1(a)). The effective medium model for PEC wires
expressed by formula (1) was combined with ABCs [127] dis-
cussed above in Subsection 4.1. This slab supported two types
of BICs: (1) symmetry-protected BICs, resulting from the po-
larization mismatch between longitudinal TEM waves propa-
gating along the wires and ordinary TEM waves, which do not
interact with the wires; and (2) accidental BICs, which arise
due to the destructive interference between eigenwaves (TEM
modes) and polaritons (TM modes) excited in the slab. For both
types of BICs, analytical expressions for their spectral and an-
gular properties were derived and validated by numerical sim-
ulations.

As discussed in Subsection 3.4, a double interlaced WM sup-
ports a low-frequency longitudinal mode [117, 119], which is
difficult to excite directly from free space without modifying
the WM boundaries [118]. The hydrodynamic plasma model
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developed in [120] allowed the authors to approximate the fre-
quencies of the symmetry-protected BICs observed in numeri-
cal simulations of the WM slab by the standing wave solution
of electronic acoustic waves (36). BIC robustness against geo-
metrical perturbations and symmetry breaking was numerically
investigated. The authors of [120] claimed that BICs may exist
even in cubic WM samples smaller than A\, which needs ad-
ditional validations in addition to their simulation. The most
recent study [139] investigates how different boundary termi-
nations of interlaced WM affect the resonance frequencies and
the corresponding quality factors, with modeling supported by
experimental data.

4.5. Wire Media Resonators and Endoscopes

In the available literature, WM resonators are based on cylin-
drical samples of simple WM sandwiched between two metal
planes [152] or (more often) enclosed into a rectangular metal
box [82, 150, 153-155]. In both cases, we are interested in the
fundamental resonance of the WM sample in the transverse
(zy) plane. This resonance corresponds to the smallest elec-
tromagnetic size of the cavity cross-section. For a cubic box
shown in Fig. 14(a), it holds when d = A/2. Then, the electric
field for three equivalent modes (TM1g1, TMg11 and TM11g) of
the resonator becomes zero on every wall on which it is tangen-
tial. For both cubic and cylindrical resonators filled with WM,
the properties of the excited fundamental quasi-TEM mode
drastically change in case of mechanical deformations of the
wires or dielectric present in the cavity. Resonance frequency
shift and broadening of the resonance band enable efficient
sensing of permittivity [156] and mechanical stress [152]. A
more interesting physical effect is observed in WM resonators
with WM engineered for this cavity resonance to form at fre-
quencies slightly higher than wy,; this effect will be discussed
below in Subsection 5.4. Here, we discuss only the boundary

FIGURE 14. (a) Cubic cavity filled with WM. (b) A microwave WM
endoscope. Here, Tx is a transmitter illuminating a planar object of
small scatterers located in the left dielectric holder (not seen in this
picture). Rx is a receiver (scanning probe measuring the transverse
electric field amplitude). Figures are taken from: (a) [150], (b) [151],
both with the permission of publishers.
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problem for a sample of simple WM enclosed into a resonator.
If the wires are well-connected to the bottom and top wall, the
boundary problem becomes very simple for both open resonator
of two parallel plates [156] and cavity [152].

Since all wires of the WM sample shown in Fig. 14(a)) are
connected to two horizontal metal planes, we do not need ABCs
to build an analytical model of the WM resonator. Instead, we
may apply the mirror image principle, considering the metal
(copper, aluminum, brass) of the cavity walls as a PEC. Ac-
cording to mirror imaging, a WM sample of length d is equiva-
lent to a piece of an infinite WM endoscope of the same length.
Wires connected to the PEC planes respond to the electromag-
netic field as if they were infinitely long. The distance between
the outer wires of the WM sample and the lateral walls of the
closed cavity is either equal to a/2, as in Fig. 14(a), or larger,
as in [155]. Therefore, ABCs are not needed for lateral surface
of WM samples even for a closed cavity.

An example of a microwave WM endoscope is shown in
Fig. 14(b). Modeling of this WM sample with open termina-
tions seems to be impossible without ABCs. However, it is not
true. As shown in [157], proper functionality of a WM endo-
scope is achieved at frequencies for which the wire length is
equal to D = mA/2 (m = 1,2,3,...) — this is the condition
of the Fabry-Perot transmission resonance, discussed and im-
plemented in further works on WM endoscopes (see [18, 158—
160]). Under this condition, ABC of a simple WM (in the form
J = 0) holds at the endoscope ends z = (0, D), automati-
cally following from the effective medium model that implies
the current distribution J(z,y, z) = F(z,y) cos g, z.

Indeed, WM endoscopes can operate only in narrow bands
of Fabry-Perot resonances. Only one work [151] overcame this
restriction, achieving broadband operation. However, in this
case, ABCs were also not needed. Their structure included
transversely polarized point scatterers located exactly in the
middle between every four adjacent wires. In this case, and
only in this case, an endoscope of parallel wires with a small
period a < A operates not as a WM sample, but as an array of
effective cables formed by these wire groups.

Thus, based on all available works on WM resonators and en-
doscopes, we may conclude that ABCs are not needed for mod-
eling these structures, though they are necessary in many other
boundary problems with WM, including metalenses [8, 9].

5. MAIN PHYSICAL EFFECTS IN MICROWAVE WIRE
MEDIA

Above, we have reviewed the known theoretical models of mi-
crowave WM. This analytical modeling reveals the electromag-
netic properties of WM, which enable some unique and useful
physical effects, justifying the categorization of WM as meta-
materials. In this section, we briefly review the main physical
effects which make microwave WM very important metama-
terials. We do not consider potential devices based on them,
which deserve a separate review. We only mention some appli-
cations that evidently follow from these physical effects.
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5.1. Subwavelength Imaging of Distant Objects

In a simple WM, at frequencies below w,, eigenwaves are
nonuniform TEM waves for PEC wires and quasi-TEM waves
for realistic wires, both propagating along z. We already men-
tioned that this effect allows calling WM metamaterials, and
here, we discuss this point in more detail. The homogeniza-
tion model does not restrict the transverse wave numbers g,
and ¢, but it is no longer applicable when the granularity of the
medium (period a) exceeds the scale of the spatial oscillation.
This results in the restriction ¢ ~ 7 /a. However, a < A,
which means that the spatial spectrum of the packet of TEM
waves that can propagate in perfect WM may be very broad,
extending far beyond the spatial spectrum of waves propagat-
ing in free space.

Consider a planar object of complex shape located at a sub-
wavelength distance h < A from the interface z = 0 of a sim-
ple WM. When illuminated by microwave radiation, it creates
a scattered field in the far zone and a near field, whose inten-
sity repeats the subwavelength details of the object. This near
field is created by waves with large transverse wave numbers
k2 + k7 > k*. Since in free space, k2 + k2 + k7 = k2, these
waves are evanescent, i.e., they decay along z in free space.
In other words, the subwavelength image of the object is a
packet of evanescent waves. Since h < A, this wave packet
is still strong on the WM interface, where it is converted into a
packet of quasi-TEM modes having the same spatial spectrum
Gz,y = kzy. Therefore, the subwavelength image of the ob-
ject is encoded in the spatial spectrum of the WM eigenwaves.
Due to very low attenuation of quasi-TEM waves in WM, this
image is transferred without distortions to electromagnetically
large distances.

In [157,161], this effect was called the canalization of

subwavelength images. Numerous full-wave simulations and
many experiments confirmed this theory for WM endoscopes
operating in different frequency ranges. The corresponding
experiments with microwave WM endoscopes were reported
in [17,18,66,144,162-166]. Canalization of near-field
imaging in a simple WM is a resonant effect. As discussed
above, a Fabry-Perot resonance is necessary for the proper
operation of a WM endoscope. Though in [151], the broadband
subwavelength image of a microwave object was canalized,
this work was not devoted to canalization in WM. As explained
above, in that special case, the endoscope of parallel wires
operated as an array of cables.

We should note that not only endoscopes of parallel wires
may be used for subwavelength imaging. Ref. [134] revealed
negative refraction in a double non-connected WM. The next
work of the same group [167] theoretically explored a layer of
this WM concentrating the transmitted field and revealed that
unlike usual dielectrics, the double WM offers subwavelength
concentration of the power of a spherical wave incident on the
layer. Further, [168] theoretically and experimentally demon-
strated that this layer is actually a near-field pseudo-lens, capa-
ble of producing images of planar objects with subwavelength
resolution similar to a layer of left-handed metamaterial with
e~ pr—1.
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Another opportunity of subwavelength imaging at large dis-
tances from the source is provided by the so-called metal-
enses [8,9]. These open WM resonators provide dramati-
cally different scattering diagrams for multiple resonant modes
with complex near-field distributions and closely packed reso-
nant frequencies. These property allows reconstructing wide-
band near-field source profiles from the far-field measurements
around the metalens. In contrast to other subwavelength imag-
ing methods discussed in this subsection, this method does not
operate at a single frequency and requires a wide frequency
spectrum of the source.

5.2. Purcell Effect in Simple Wire Media

Historically, this effect was defined by Edward Purcell as the
enhancement of an emitter’s spontaneous emission decay rate
when the emitter is introduced into an open cavity. In 2015,
Ref. [169] generalized this effect as the enhancement of the
decay rate due to a resonant passive scatterer (not necessary
an open resonator) with which the emitter is coupled, and the
emitter is not necessary inside the scatterer. That work means
that the Purcell effect is not a quantum effect: it is the enhance-
ment of the instantaneous value of the radiated power calculated
or measured during the emission process. This enhancement
arises due to the near-field coupling between the emitter and a
passive scatterer with a resonant size. This insight into the Pur-
cell effect was suggested a few months prior to [169] in [170],
which noticed that the quantum emitter in the Purcell effect is
fully analogous to a small active (transmitting) antenna, and the
role of the enhancing cavity can be played by a resonant pas-
sive antenna (in the optical range, by a resonant silver or gold
nanoparticle). A microwave example of the Purcell effect is
the enhancement of the radiation of a short dipole antenna in a
Yagi-Uda array. Ref. [171], also published in 2015, maximally
generalized the Purcell effect as the enhancement of a radia-
tion source (a classical antenna or a quantum emitter) coupled
with any passive structure more favorable for radiation than free
space. Nowadays, the Purcell factor F'p of a general structure
is defined as the ratio of the power radiated by a given source
in presence of a structure to the power radiated in its absence
— when the source with the same dipole moment is located in
free space.

If we apply this concept of the Purcell effect to the radiation
of an axially polarized electric dipole located in a simple mi-
crowave WM, the Purcell effect becomes negative at w < wy,.
In this range, the power radiated by an axial dipole is lower than
that radiated in free space [84], i.e., Fp < 1. Physically, it hap-
pens because at low frequencies, the wires strongly screen the
radiation of an axial dipole in all directions, except for the do-
main between four wires surrounding the dipole. However, in
the middle of this domain, this radiation is absent, because the
dipole does not radiate along its own axis, and the dipole pat-
tern at very small angles is close to zero. However, as shown
in [172], if the radiating dipole is orthogonal to the wires, the
situation in the low-frequency range is the opposite.

Work [172] considered the radiation of an arbitrary oriented
electric dipole located inside an unbounded simple WM beyond
the homogenization model. The response of the lattice of paral-
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lel wires with finite radius o, made of a material with arbitrary
complex permittivity e, was studied using the Bloch expansion
of the total field and the 3D Fourier expansion of the exter-
nal excitation (dipole field in free space). For the special case
ro < a < Aand |e,| > 1, an asymptotic (low-frequency) so-

lution was obtained for the dyadic Green function G of the WM
(the dyadic Green function of a structure relates the electric
field of a point electric dipole oscillating at a given frequency
and interacting with the given structure to its dipole moment p).
At the location of the dipole (zq, yg, 2 = 0), the real part of the
Green function is infinite, but the imaginary part remains finite
for most structures. In general case, the Purcell factor Fp is

proportional to Im[G(zo, Yo, 0)] (see e.g., [171]). For a dipole
located exactly in the middle between four adjacent PEC wires
and having p, = p,, the following approximate relation (here,
presented in our notations) was derived:

4

+ k2a? > ’

At the frequency w ~ w, /2, this formula gives F'p ~ 100, and
atw ~ 0.1wp, Fp ~ 103. If the dipole shifts from the mid-
dle point towards one of the wires and is normally oriented to
it, Fp grows from about 10 to nearly 10*. The physics un-
derlying such a significant radiation growth is the excitation of
a group of four nearest wires surrounding the source. Unlike
the axial dipole, which does not radiate along z, this transverse
dipole exhibits the radiation pattern maximum along the z axis.
Moreover, the transverse dipole acts as an effective voltage ex-
citing the nearest wires. Therefore, the source near field is effi-
ciently converted into an eigenwave packet canalized along the
wires. This wave packet is concentrated between four adjacent
wires, forming an effective cable.

The same result was obtained in [172], also for transversely
oriented magnetic dipoles. For axial electric dipoles, Fp <
latw < wpand Fp ~ 1 atw > w,. These results agree
with those obtained in [84] for the radiated power. For axial
magnetic dipoles, the Purcell effect is absent (Fp ~ 1), because
the electric field of these dipoles is orthogonal to the wires.

For a transverse dipole, the highest values of the Purcell fac-
tor (for the source located in the middle between the wires,
Fp ~ 10% at w &~ w,/2) were obtained for very large, but
finite permittivity of the wires. This effect is related with the
transverse resonances of an individual wire, which arise when
70/ |€w| 1s of the order of A. This regime was further elabo-
rated for WM of polaritonic nanowires operating in the mid-
infrared range (see, e.g., [173, 174]).

High Purcell factor for transversely polarized microwave
scatterers forming an object enabled the high-intensity sub-
wavelength image of this object, transmitted to and detected
at a large distance from the object in [151].

3k§
Fp ~ 52 In(1

5.3. Epsilon Near Zero: Super-Refraction

Consider an isotropic medium with the refractive index n < 1.
If a wave passes from free space into this medium through
a flat interface, then, in accordance with Snell’s law, the an-
gle of refraction is larger than the angle of incidence. If the
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wave passes from the medium into free space, the refraction
angle is smaller than the incidence angle. If a radiation source
located inside this medium creates a beam of divergent rays,
all of them are refracted into free space with reduced angles
to the normal to the interface compared to the angles of inci-
dence. This phenomenon is known as super-refraction. In the
case n < 1, the super-refraction results in the formation of
a collimated (low-divergence) wave beam. Since for isotropic
media n? = e, this regime is called epsilon-near-zero (ENZ)
one. The only natural ENZ medium with low losses is fully
ionized low-density plasma at frequencies slightly higher than
wp [74]. However, this medium is unstable, and engineering
its resonance frequency to fall in the desired microwave range
is extremely difficult. Therefore, authors of [175, 176] sug-
gested using a simple WM instead of plasma. In accordance
with Eq. (8), for TM-waves excited in a WM sample above the

plasma frequency, the value n = q/ki = /1 — k2/kZ  can

closely approach zero. For refraction of a TM wave passing
from a WM into free space, n plays the role of the refractive
index.

If a single source creating TM-waves at a frequency satis-
fying w ~ wp and w > w), is located in a layer of simple
WM, this layer may operate as a very compact collimator, mak-
ing the radiation of a short dipole highly directive. The corre-
sponding structure is depicted in Fig. 15(a). A proper choice
of the layer thickness h and the height h, of the dipole source
above the metal (ground) plate allows reducing the internal re-
flections and creating a the beam with zenithal radiation, whose
directivity is strongly enhanced compared to that of a dipole
source in free space. Directivity enhancement was reported for
a frequency band where n < 1 (from 4 to 6 GHz, whereas the
plasma frequency is about 3.9 GHz). At 4.2 GHz, the interplay
of super-refraction and resonant transmission resulted in a con-
ical beam with an intensity maximum at § = 18°. For this
conical beam, the highest directivity of radiation was obtained.

Work [176] aimed to efficiently excite the so-called improper
leaky wave by a dipole source. In this case, the wires should
be orthogonal to the interface. A grounded WM layer with an
embedded dipole source is depicted in Fig. 15(b). The waves
produced by this dipole in a WM are TM-polarized with respect
to the wires, because the source dipole moment is vertical, and
the magnetic vectors of the source field are parallel to xy plane.

Leaky waves created by this dipole at frequencies nearly
equal to w,, propagate from it in all azimuthal directions, with
the phase velocity slightly lower than c. This is the so-called
proper leaky wave, which is basically evanescent: it slightly
decays with distance along the z axis. The real part of its tan-
gential complex wave number g = k) is slightly larger than
k.

On the contrary, leaky waves excited by a dipole at w > w,,
(but still at frequencies where the WM is effectively continu-
ous, i.e., A > 2a) propagate along the interface with the phase
velocity much higher than ¢, as a fundamental mode of a hol-
low metal waveguide. This wave originates due to the ENZ ef-
fect, since the refractive index of our WM in this range is small
(n < 1). As aresult, the real part of the complex wave number
in the azimuthal directions is smaller than the wavenumber k in
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FIGURE 15. Axial dipole radiating at w > w, in a metal-backed wire medium layer. (a) Wire medium with tangentially oriented wires. (b) Wire
medium with normally oriented wires. Figures are taken from [175, 176], both with the permission of publishers.

free space. The electromagnetic field amplitudes exponentially
grow with z, and the wave seems to be non-physical; however,
it is not so. This wave has conical wave fronts. The axis of
all these cones is parallel to z and coincides with the direction
of the source dipole moment. This conical wave propagates in
free space obliquely to z. Across the wave front (i.e., along the
wave vector), its amplitude does not grow and does not decay,
because the vertical growth is compensated by the azimuthal
decay. This azimuthal decay is the same inside the WM slab
Im(k)) = Im(q) ), from which the energy of the corresponding
slab mode leaks into free space.

In the case shown in Fig. 15(a), ABCs are not needed on the
WM interfaces, and in the analytical part of [175], the issue of
ABCs was not mentioned. In [176], ABCs play the key role
on the top interface. Without adding them into the analytical
model, the excitation of improper leaky waves could not be ex-
plained. Note that the concept of an improper leaky wave sup-
ported by a WM slab was introduced in [145], discussed above
in Subsection 4.3.

5.4. Epsilon Near Zero: Interaction with Axions

In the commonly adopted theory of dark matter by Wilczek,
dark-matter particles called axions interact (though very
weakly) with photons. Axions in the space-time may be
described by a curl-free scalar field a(r,t). Beyond quantum
electrodynamics, the interaction of this field with the elec-
tromagnetic one can be described via additional terms in two
Maxwell’s equations (see, e.g., [177, 178]):

V-D=—g,,Va-B. (38)

oD O
VxH:é%+gw(atB+VaxE>. (39)

Here, g.p is the coefficient of the axion-photon interaction.
Due to the smallness of this coefficient (10712 1/eV), the im-
pact of axion terms in (38), (39) was initially considered non-
measurable. The hope to detect axions was weak and asso-
ciated solely with quantum effects (see, e.g., [179, 180]). In
1983, in [181], Sikivie explained that axions can be measured
via the classical electromagnetic fields excited by them in clas-
sical resonators. In an ultra-high constant magnetic field By,
the time-varying term g, Bo0cr/ 0t is an effective displacement
current, which can excite a resonant electromagnetic oscillation
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in a cavity. To obtain its amplitude sufficient for electromag-
netic measurement, the axion and electromagnetic oscillation
should be synchronized, and the quality factor of the resonator
mode must be very high.

There are several directions in the search of axions based
on the Sikivie’s idea: superconducting radio-frequency cavi-
ties, microwave and THz cavities, optical cavities, and others.
The corresponding works prior to 2010 can be found in the re-
view [182]. Later works are cited in [183, 184]. Ref. [183]
showed that at room temperatures, the axion field « can oscil-
late in the range 16 4 1.5 GHz. More generally, the microwave
range is suitable for the detection of axions in laboratory even
without cryogenic cooling [150, 153, 154].

At frequencies above 10 GHz, the fundamental resonance
d = X/2 of an empty PEC cavity corresponds to its cross-
section size d < 1.5 cm. Then, the volume in which the axion
field interacts with the electromagnetic field is of the order of
3 cm? or smaller. Such a volume is not sufficient to produce a
reliably measured amount of microwave energy.

In a larger resonator (d > 1cm), the recommended fre-
quency band corresponds to higher-order modes, whose quality
factors are too low even in the case of precise fabrication and
fine polishing of copper walls. Therefore, Ref. [185] proposed
filling a copper cavity with a simple WM operating in the ENZ
regime (n = /., < 1). Then, the standing wave forming the
cavity mode will be elongated 1/n times, and the cross-section
of the cavity filled with the array of thin copper wires will be
enlarged as d x d = A/2n x A/2n. Such a resonator is illus-
trated in Fig. 14(a). In this case, d = 10 cm corresponds to the
11-fold increase of the cross-section.

An accurate analytical model of this resonator takes into ac-
count the spatial dispersion of WM filling the cavity and the
losses in the wires. Both these effects could critically modify
the resonance mode, reducing its quality factor and disabling
the idea of [185]. The resonator shown in Fig. 14(a) was stud-
ied theoretically, numerically, and experimentally in [150]. It
revealed that the unloaded quality factor (Q11¢ of the fundamen-
tal (TM110) mode for a cubic copper cavity with an edge length
of d = 10 cm is mainly determined by the losses in the copper
WM, and the losses in the walls are negligibly small. However,
Q110 attains the suitable value 3 - 103 for plasma frequencies of
15-20 GHz even at room temperatures. For lower plasma fre-
quencies, Q11 increases (at 5 GHz, Q119 ~ 6-10%). However,
the experimental value of loaded quality factor @; is signifi-
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FIGURE 16. Distribution of the electric field intensity (z-component in
the xy plane) in the WM cavity created for the axion search of con-
ventional (d = \,/2n) and enlarged (d = A\, /2n+ 2g) sizes. Figures
are taken from [155] with the permission of publishers.

cantly lower. For a well-prepared realistic probe, [150] theo-
retically predicted (QQ; ~ Q110/2, which is confirmed by their
measurement. In general, the experimental results of this work
are in good agreement with the theory (which, in turn, is in ex-
cellent agreement with full-wave simulations). Note that in the
experimental sample studied in [150], the WM had the plasma
frequency 11.45 GHz.

The next step in this direction was to create a WM-filled res-
onator with tunable plasma frequency. For this purpose, [82]
used a nested simple WM concept. By shifting one array of
parallel wires with respect to the other one by vector A, as
shown in Fig. 4(b), the authors found the plasma frequencies
for different values of A. The evident drawback of this tech-
nical solution was the necessity to build the resonators for all
experimental values of A. Ref. [186] achieved tunability with
a different solution — wires of oblong cross section, not sol-
dered to the top and bottom walls, but passing through them,
ended with usual screws.

The concept of thin wires allows the radii of the cross-section
to be equal to rp = 0.1a. If we replace such wires by strips
of width w = 4r( (see above), this width is w = 0.4a, i.c.,
comparable with the WM period. If these substantially wide
strips are oriented parallel to the x (or y) axis, the WM with
a square unit cell (a = b) becomes noticeably anisotropic in
the xy plane [186]. By rotating different sets of wires in dif-
ferent ways, we can restore the in-plane isotropy of our WM,
transforming it into a nested WM. However, metal strips (ob-
long rectangles) possess high electromagnetic losses due to the
edges. Therefore, if we employ usual copper strips as wires, the
needed Q-factor cannot be achieved even at the fundamental
resonance. To restore the high quality factor, in [186], the cor-
ners of the rectangular cross-section of a constitutive strip were
rounded, and the corresponding WM was called an obround
nested WM. By simply adjusting the screws, w,, tunability of
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about 30% was achieved without compromising the quality fac-
tor compared to usual wires studied by the same team in [150].
An even better tunability of w), (more than 50%) was achieved
in [187] using breathing mechanical deformations of a simple
WM (with a honeycomb lattice of usual wires). However, the
implementation of this technical solution is more difficult.

This structure (called the microwave plasma haloscope) was
further advanced in 155]. To enhance the effective volume in
which the axion field interacts with the electromagnetic one,
the cavity cross-section was enlarged so that the lateral cavity
walls were located at the distance g =~ A/4 from the WM sam-
ple. Since in the operation band A ~ A, this condition can be
written as g ~ A, /4. In a simplistic insight, when g = /4, the
WM sample is effectively bounded by magnetic walls. In the
gaps between these virtual walls and the real walls of the cav-
ity, the z-polarized electric field decreases in accordance to the
cosine law, but across the WM sample, theoretically, it should
be uniform. Replacing the cosine distribution of the electric
field by the uniform distribution effectively increases the mode
volume. Therefore, the electromagnetic energy generated by
axions should be enhanced. Numerical and experimental stud-
ies confirmed the field uniformity across the WM sample for
the enlarged cavity. In Fig. 16, the numerically simulated (top
panel) and measured (bottom panel) electric intensity distribu-
tions in the xy plane are shown for both g = O and g = A, /4.
Experiment showed that the optimal gap for the used copper
cavity was ), /4.2 (that difference could result from metal im-
purities). The granularity of the experimental intensity map is
determined by the discreteness of the probe positions (centers
of the WM unit cells).

5.5. Super-Emission and Super-Absorbance

Several years before the publication of [172], Ref. [188] theo-
retically found that a WM layer operating in the mid-infrared
range combined with a thermal emitter, with the wires par-
tially embedded into the heated medium, drastically enhances
the thermal emission of atoms located between the nanowires.
Using the terminology of [172], this enhancement can be ex-
plained by the Purcell effect, which is very strong at frequencies
lower than the plasma frequency of the WM. Only one third of
atoms is polarized along the z axis; two thirds of them are po-
larized perpendicular to the wires; and their thermal radiation in
absence of the nanowires, described by the Planck law, is mul-
tiplied by the Purcell factor, which is very high. This radiation
is called super-Planckian. It propagates along the nanowires,
but is locked on the top interface of the WM and exponentially
decays away from it. This super-Planckian near-field thermal
emission can be used for the enhancement of the so-called ther-
mophotovoltaic generators of electricity [19, 188].

In [3, 189] published in 2007, an object located at the nar-
row end of a tapered (conical) WM endoscope created a TM-
polarized wave packet carrying its subwavelength image. In the
form of a packet of non-uniform TEM waves, this image was
canalized along the wires towards the base of the cone and radi-
ated from it to free space. In the far zone, this radiation resulted
in a magnified far-field subwavelength image of the object.
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A similar enhancement mechanism is involved in super-
Planckian thermal emission, which was theoretically and nu-
merically shown in [20]. The suggested thermal super-emitter
is schematically depicted in Fig. 17(a). The super-Planckian
emission is canalized towards the wide end of the hemispherical
sample of radially divergent nanowires. Due to WM tapering,
the surface impedance on its top interface becomes close to that
of free space in the entire band of the thermal radiation. There-
fore, the super-Planckian emission is radiated to the far zone
of the structure. Ref. [20] called this structure a wire-medium
hyperlens.

We have discussed this infrared study, because similar
physics underlies the operation of tapered microwave WM,
where microwave noise plays the role of thermal emission.
When the wires touch a noisy region, the Purcell effect
enhances this noise, with the TM-polarized part canalized
towards the broad end of the endoscope and radiated from this
end. Via the known Purcell factor of the WM in the narrow part
of the endoscope, the spectroscopic measurements of the noise
in the far zone allow retrieving the original noise spectrum.
For microwave noise created by nanoelectronic devices, the
WM hyperlens suggested in [165] can replace conventional
near-field probes, which cannot operate without amplifiers,
creating their own noise [190].

In [165], a microwave WM hyperlens was studied analyt-
ically, numerically, and experimentally. In Fig. 17(b), the
schematic and the photo of the experimental sample are shown.
The results of [165] were further developed in [10].

Super-emission is a linear reciprocal effect, and it also im-
plies super-absorbance. If a wave falls on the broad end of a
WM hyperlens (of conical shape with an absorber at the apex,
or of spherical shape with an absorber in the center), its energy
is captured by the array of radially divergent wires and canal-
ized towards the absorber. The absorption cross-section of this
structure strongly exceeds that of an individual absorber in free
space. Itis nearly equal to the maximal cross-section of the WM
hyperlens (the base of a WM cone or the cross-section of a WM
sphere). Ref. [21] showed that the absorption cross-section of
a spherical metamaterial hyperlens with an absorber in the cen-
ter can be even larger than its physical cross-section. However,
this effect cannot be achieved using only a WM. For this ad-
ditional enhancement of the absorbance, a more sophisticated
(and non-homogeneous) metamaterial is needed [21].
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6. CONCLUSION

The first purpose of the present review was to introduce the
readers to reliable theoretical models of microwave wire media
— validated experimentally or at least by sufficiently extensive
full-wave simulations. Our second purpose will be explained
below.

Wire media stand out among other metamaterials due to their
strong spatial dispersion. This phenomenon is rarely inherent
to effectively continuous media called materials, whose elec-
tromagnetic response can be described by effective material
parameters, such as the permittivity dyadic. Unlike dielectric,
metallic, or semiconductor photonic crystals, for which we can
also introduce the effective permittivity dependent on the wave
vector (, relevant only for the eigenmode dispersion analy-
sis, WM are described by an effective permittivity that remains
valid in the solution of boundary problems. Its q-dependence
results not from electromagnetically large periods of the lattice
(unlike photonic crystals, the periods of WM lattices are by def-
inition much smaller than the wavelength in the host medium),
but from far-field interactions of the wires. This wave interac-
tion proves to be more significant than the quasi-static (near-
field) one.

We have reviewed theoretical models of unbounded WM of
different types, which allowed deriving the spatially dispersive
effective permittivity tensors in the explicit form and analyzing
the eigenmode dispersion. We presented the main boundary
problems with microwave WM and reviewed the most impor-
tant physical effects observed in them. Above, we noted the
great potential for future WM research. Let us better emphasize
this point. Further investigations of WM are highly promising
due to two factors: (1) the existing theory of WM is severely
underdeveloped, and (2) the already revealed physical effects
in WM leave no doubt that a great variety of physical effects in
WM (and their potential applications) will be revealed in future.

Recall that the history of simple WM counts 80 years. How-
ever, such an essential phenomenon as radiation of internal
sources, and such key characteristics of the eigenmodes as
power flux and energy density have been studied only quite re-
cently, and only for the special case — a rectangular lattice of
parallel wires having the same cross-section. Even for simple
WM of different geometries — nested WM or WM with a tri-
angular unit cell — these key issues have been never studied, to
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our knowledge. Known theories of other types of WM do not
even mention these issues. Specific WM models are usually
limited to the analysis of the eigenmode dispersion and polar-
ization. Additional boundary conditions, necessary for many
boundary problems with WM, are established not for all types
of WM and not for all possible wire terminations.

We discussed and cited a large number of papers dedicated to
WM; however, this body of literature is an evidence of the great
potential of WM research and not of their deep exploration. If
this review motivates some readers to delve into the unexplored
areas of this field, the authors will achieve their second purpose.
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