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ABSTRACT: This study addresses the synthesis of shaped beams for linear antenna arrays under dynamic range ratio constraints on exci-
tation amplitudes. When hardware limitations restrict excitation freedom, conventional methods suffer significant sidelobe degradation.
The proposed approach jointly optimizes the element positions and excitations through iterative second-order cone programming. A
distinguishing feature is the error-aware constraint formulation, which incorporates linearization error bounds, ensuring actual pattern
compliance with the beam mask at each iteration. Adaptive trust-region control based on actual-to-predicted improvement ratios ensures
robust convergence. Numerical experiments with flat-top and cosecant-squared beams demonstrated 7—12 dB sidelobe improvement over
excitation-only methods under strict amplitude constraints. Compared with particle swarm optimization, the proposed method achieves
superior sidelobe suppression while being orders of magnitude faster.

1. INTRODUCTION

haped beam synthesis, which involves designing radiation
Spatterns to approximate prescribed amplitude profiles over
specified angular regions, is essential in radar, communication,
sonar, and remote sensing [1,2]. Applications include flat-top
beams for cellular base stations and cosecant-squared beams
for airborne radar [3,4]. Unlike pencil beams, which require
only sidelobe suppression, shaped beams impose both upper
and lower bounds on the mainlobe, making the problem more
challenging.

For fixed array geometries, shaped beam synthesis reduces to
excitation optimization, which can be solved via second-order
cone programming (SOCP) or semidefinite programming [5—
8]. Iterative SOCP has been applied to conformal array syn-
thesis [9], alternating convex optimization to unequally spaced
arrays with minimum spacing constraints [ 10], hybrid sub-array
beamforming [11], and optimal monopulse beamforming for
airborne radars [12]. However, when the dynamic range ra-
tio (DRR) — the ratio of maximum to minimum excitation
amplitude — is constrained due to power amplifier limita-
tions [13, 14], excitation-only methods may lack sufficient free-
dom for low sidelobes. Several studies have addressed DRR-
constrained synthesis [15—17], but all operate on fixed geome-
tries.

To enlarge the design space, the element positions can be
jointly optimized. Position optimization via Taylor-expansion
linearization has been applied to pencil beam synthesis with
fixed excitations [18, 19] and sparse array synthesis for element
count minimization [20-28]. Joint position and excitation
optimization has also been investigated through sparseness-
constrained optimization [29], Bayesian compressive sam-
pling [30], matrix mapping with differential evolution [31],
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and hybrid PSO with convex programming [32]. Alternating
convex optimization with minimum spacing constraints has
been proposed in [10]. Metaheuristic methods, such as genetic
algorithms and particle swarm optimization [33-36], can
jointly optimize the positions and excitations but suffer from
high computational costs and difficulty in handling dense mask
constraints. However, joint position-excitation optimization
for shaped beams with DRR constraints has not been addressed
via convex optimization, and existing perturbation methods
lack error-aware trust-region control.

Regarding robustness to errors and uncertainties, Monte
Carlo methods have been used to determine error tolerance in
array elements [37]. Interval-based particle swarm optimiza-
tion has been applied to robust mask-constrained synthesis [38].
Interval analysis combined with convex optimization has ad-
dressed optimal robust array synthesis [39], and robust pen-
cil beam synthesis under position uncertainty has been stud-
ied in [40]. These works address manufacturing or positioning
uncertainties, whereas the error-awareness in the present work
targets the linearization approximation error inherent in the it-
erative optimization process itself — a fundamentally different
source of error that has not been addressed in the prior litera-
ture.

This paper proposes an error-aware joint optimization
method with the following contributions:

1. Joint perturbation framework. We formulate a unified
SOCP that simultaneously optimizes the position pertur-
bations € € R” and excitation perturbations Aw € C¥.
Both the mainlobe lower bound |F'(u)| > L(u) and the
DRR lower bound |wy,| > amin — which are non-convex
— are handled via phase projection, yielding a fully con-
vex subproblem at each iteration.
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2. Error-aware trust-region mechanism. We derive ex-
plicit linearization error bounds and incorporate them as
constraint backoffs to ensure actual pattern compliance de-
spite approximation errors. The trust-region adapts based
on the ratio between the actual and predicted improve-
ment [41], expanding when the model is accurate and
shrinking otherwise, a feature absent in prior perturbation
methods.

3. DRR-aware insight. Numerical experiments demon-
strate that the position optimization improvement is the
greatest under tight DRR constraints (7-12 dB sidelobe
level (SLL) improvement at DRR < 2) and diminishes
as the DRR becomes unconstrained.

The remainder of this paper is organized as follows. Sec-
tion 2 presents the problem formulation. Section 3 describes
the proposed method. Section 4 presents the numerical results.
Finally, Section 5 concludes the paper.

2. PROBLEM FORMULATION

Consider a linear antenna array with N isotropic elements lo-
cated along the x-axis. Each elementn (n = 1,..., N)is char-
acterized by its position d,, (normalized by wavelength \) and
complex excitation w,, = anel¥, where a,, and 1, denote
the amplitude and phase, respectively. The far-field radiation
pattern in the u-domain, where v = sin6 and 6 is the angle
measured from the broadside, is given by

N
Fu) =Y wy,e/?™ " ye[-1,1]. (1)
n=1

In vector form, this can be written as F'(u) = w’'s(u), where

w = [wi,...,wy]|T is the excitation vector, and s(u) =
[ei2mdiu ei2mdnu]T g the steering vector.

The u-domain is partitioned into three regions: the mainlobe
Q., the sidelobe (g, and the transition regions. For a sym-
metric flat-top beam centered at the broadside, 2, = {u :
lu| < upm}and Qs = {u @ |u] > ug}, where up; < ug.
For asymmetric beams, such as cosecant-squared patterns, €2,
and 2 can be arbitrary disjoint subsets of [—1,1]. The beam
synthesis requirements are specified through amplitude masks:
in the mainlobe, L(u) < |F(u)] < U(u) for all u € Q,,,
where L(u) and U (u) define the lower and upper bounds, re-
spectively; in the sidelobe, |F'(u)| < p for all u € €, where p
is the sidelobe level to be minimized. For a flat-top beam with
a ripple tolerance 0, we set L(u) =1 —d and U(u) = 1 + 4.
For a cosecant-type beam with a shaped region [ustart, tend], the
bounds follow a power-law shape function G(u) = (Ustart/w)%,
where the exponent o determines the taper rate.

Practical implementations impose constraints on the exci-
tation amplitudes owing to the limitations of power ampli-
fiers. The dynamic range ratio (DRR) is defined as DRR =
max,, |wy|/ min,, |w,|. Constraining DRR < R is equivalent
to requiring

Amin < ‘wn| < Gmax,

vn, 2)
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where anmax = R - amin. When R is small (strict DRR), the
excitation freedom is significantly limited, making it difficult
to achieve low sidelobes through excitation optimization.

The joint position and excitation optimization problem for
shaped beam synthesis is formulated as

min p (3)
st |F(w)] < p, Yu,; € Qs (4)
|F'(ui)] < U(ui), Yu; € Qy (5)
|F(ui)| > L(u;), Yu; € Qp (6)
|wn] < Gmaxs Vn (7)
|wn| > @min, Vn (8)
dp —dp—1 > dmin, n=2,...,N 9)

where d = [dy,...,dy]7T is the position vector, and dpiy is
the minimum element spacing to avoid mutual coupling. This
problem is non-convex owing to three factors: (i) the pattern
F(u) contains the bilinear product w,, - /274" coupling exci-
tations and positions; (ii) the mainlobe lower bound (6) defines
a non-convex feasible region (exterior of a disk); and (iii) the
DRR lower bound (8) is similarly non-convex. The proposed
method addresses these challenges through iterative lineariza-
tion with error-aware constraints, as described in the following
sections.

3. PROPOSED METHOD

The proposed approach solves non-convex problems (3)—(9)
through iterative linearization. At each iteration k, given the
current solution (w(*), d(®)), we seek small perturbations Aw
and e such that w = w(*) + Aw and d = d®) + ¢ reduce the
sidelobe level. By keeping the perturbations small, the problem
can be linearized and solved as a second-order cone program
(SOCP).

Substituting the perturbed variables into (1) and applying the
first-order Taylor expansion /2% ~ 1 + j2me, u for small
€n, the pattern becomes

F(u) = F® (u) + Awla(u) + €7 B(u), (10)
where F() (u) = 37w 127w i the current pattern, and
the sensitivity vectors are

j2rdF)y
e n 5

an(u) = (11)

Bn(u) = (12)
The linearized pattern F(u) is affine in the optimization vari-
ables (Aw, £), enabling convex formulation.
The non-convex constraints (6) and (8) are handled using
phase projection. For the mainlobe lower bound, instead of re-
quiring |F'(u;)| > L(u;), we enforce

. 9 d ()
Jj2mu - wglk) - ed2mdnu

Re {F(ui) : e‘jwik)} > L(uy), 13)

where (p,gk) = /FW®)(u;) is the current pattern’s phase. This
projects the constraint onto a half-plane aligned with the current
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phase, converting it into a linear constraint. Similarly, for the
DRR lower bound,

Re {(wy(zk) + Awn) : e_nglk)} Z amina (14)

where wék) = 4w§bk).

The linearization introduces an approximation error. For the
Taylor expansion, |e’® — 1 — jz| < 22 /2, yielding the pattern
error bound

|AFur(u)| < 200 A2 (Ws + NAy) + 27 [ul N Ay Apes,
15)

where Wy, = 3" |w7(1k) |, and Apos and A, are the trust-region
radii bounding |e,,| and |Aw,|, respectively. This bound ac-
counts for both the Taylor truncation and the neglected bilinear
term Aw,, - &,.

To clarify the derivation, the exact perturbed pattern
is F(u) = Zn(w;k) + Aw,)es2m (@ Fen)u, Subtract-
ing the linearized approximation F(u) from (10), the
error AFyr(u) = F(u) — F(u) consists of two com-
ponents: (i) the Taylor remainder from each element,
wi) (€327 — 1 — j27e,u), bounded by |wi| - 2r2e2u?
using |e/® — 1 — jz| < 2?/2; and (ii) the bilinear cross-term
Aw,, (e7?m¢n — 1), bounded by |Aw,| - (272e2u? + 27|e,ul)
using |e’® — 1| < |z| + 22/2. Summing over all N elements
and replacing |e,,| < Apos and [Aw,,| < A,, yields (15).

The key contribution is the incorporation of this error bound
directly into the constraints. For the mainlobe constraints where
the mask must be strictly satisfied, we apply a backoft:

|F(ui)| < U(ui) = 0(ui), VYu; € Qp, (16)

Re{F(u;)e %"} > Lw) + 6(us), Yui € U, (17)

where 6(u;) is the error bound (15), evaluated at u;. This en-
sures that the actual pattern satisfies the mask, even when the
linearization is imperfect. For the sidelobe constraint, backoff
is not applied: at zero perturbation (Aw = 0, € = 0), the con-
straint |F'(u;)| < p must be feasible with p = p(*), which is
violated if backoff is applied at the sidelobe peaks. Instead, a
ratio test was used to validate the actual improvement after each
iteration.
The complete SOCP solved at each iteration is:

avep ”
st |F(uw)| < p, Yu; €
|F(ui)| < U(us) — 6(us), Vu; € O

Re{F(u)e™ 7"} 2 L{us) +0(us), Vs € Qv (1g)

|w51k) + Awn‘ < Gmax, Vn

Re{(wflk) + Awn)e_jq/’glm} > Amin, Vn
|€n‘ S Aposa ‘Awn| S Aw, Vn

En —En—1 Z dmin - (dgzk) - d'ELkzl)v n Z 2

All constraints are either second-order cone or linear, making
this a standard SOCP.
The complete algorithm is summarized in Algorithm 1.

Algorithm 1 Error-Aware Joint Position and Excitation Opti-
mization

Require: Uniform linear array (ULA) positions d(®), DRR
bounds [@min, Gmax]» tolerances €, kmax
Ensure: Optimized (w*,d*)
1: Solve excitation-only SOCP on ULA — w(®
2: Clip amplitudes: |w,| < clip(|wn|, Gmin, Gmax)
3: Initialize trust-region radii Apes, Ay,
4: fork=1,2,..., knax do
5:  Compute error bound §(u) via (15)
6 Solve SOCP (18) — (Aw, €, psocp)
7. Evaluate actual SLL: pyequa < maxy,eq, |F(u;)]
8

Compute ratio: 7 < (p*~D — paar) / (0F 1 = psocp)
9: if r > 0 then
10: Accept: wk)  wk=1) L Aw, d*) gD 4 ¢
11: if » > 0.75 then
12: Expand trust-region: Apes <— 1.5A406
13: else if » < 0.25 then
14: Shrink trust-region: Apgs <= 0.5Ap06
15: end if
16:  else
17: Reject step, shrink: Apgs <— 0.25A 54
18:  end if
19:  if ||€]|lco < €01 and ||AW||oo < €01 then
20: break
21:  end if
22: end for

23: return (w(*), d®)

After solving the SOCP, the trust-region is adapted based on
the ratio 7 = (p* = — pacruat)/ (P~ — psocp ), where p(F—1)
is the current SLL before the update and pyeqq is the true side-
lobe level computed from the full (non-linearized) pattern. If
r > (.75, the model is accurate, and the trust-region expands;
if r < 0.25, it shrinks; if » < 0, the step is rejected, and the
trust-region is reduced significantly. This adaptive mechanism
ensures a robust convergence without manual tuning.

The algorithm is initialized with excitation-only optimization
on a uniform linear array (ULA) and then clips the amplitudes
to satisfy the DRR constraints. The main loop iterates until con-
vergence, defined by ||€]|co < €tol> [|AW]|oo < €01, and relative
SLL change below .

Regarding computational complexity, each SOCP subprob-
lem (18) involves 2N + 1 real optimization variables (/N com-
plex excitation perturbations, IV real position perturbations, and
the sidelobe level p) and O(M + N) second-order cone and
linear constraints, where M is the number of angular sam-
pling points. Standard interior-point solvers handle each sub-
problem in polynomial time. The total computational cost is
O(K - Tsocp), where K is the number of outer iterations (typi-
cally 50-100) and Tsocp is the per-subproblem solve time. As
demonstrated in Table 5, the total computation time scales near-
linearly with IV, ranging from 10.8 s for N = 16 to 21.3 s for
N = 48, confirming practical scalability for moderate-to-large
arrays.
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FIGURE 1. Radiation pattern comparison for N = 40 elements with
DRR = 3. Blue dashed line: Method A (excitation-only on ULA),
achieving SLL = —14.89dB. Red solid line: Method B (proposed
joint optimization), achieving SLL = —23.27 dB. Gray shaded region:
mainlobe mask with £0.36 dB ripple tolerance (L = 0.96, U = 1.04).
Horizontal dotted lines indicate the respective sidelobe levels. Position
optimization provides ASLL = 8.38 dB improvement.

4. NUMERICAL RESULTS

The proposed method was validated through five test cases
examining: (i) the relationship between position optimization
improvement and DRR constraint, (ii) convergence behavior
and error-aware mechanism effectiveness, (iii) generalization
to asymmetric-shaped beams, (iv) comparison with metaheuris-
tic optimization, and (v) the effect of array size. To quan-
tify the benefit of position optimization, the metric ASLL =
SLL 4 — SLLp is defined, where SLL 4 and SLL gz denote the
sidelobe levels achieved by Method A (excitation-only opti-
mization on ULA) and Method B (proposed joint optimiza-
tion), respectively. A positive ASLL indicates that the pro-
posed method outperformed the baseline.

4.1. Simulation Setup

All simulations considered linear arrays with element positions
normalized by wavelength (A = 1). The initial configuration
was a uniform linear array (ULA) with inter-element spacing
dy = 0.5\. The minimum element spacing constraint is set
to dmin = 0.4\ to avoid mutual coupling effects. The angular
domain is discretized into M = 500 uniformly spaced points
overu € [—1,1].

Two beam shapes were considered. The flat-top beam fol-
lows the setup in [17], with a symmetric mainlobe region
Q= {u : |Ju| < 0.174} (corresponding to |#| < 10°) and
sidelobe region Qs = {u : |u| > 0.233} (corresponding to
|#] > 13.5°). The mainlobe mask is defined by L(u) = 0.96
and U(u) = 1.04, yielding a ripple tolerance of +0.36 dB.
The cosecant-squared beam has an asymmetric-shaped main-
lobe over §2,, = [0.05,0.60] with an amplitude following
G(u) o 1/u%925 (producing a 10 dB taper) and a ripple tol-
erance of 0.5 dB.

The choice of M = 500 sampling points yields an angular
resolution of Au = 0.004, which is significantly finer than the
mainlobe-to-sidelobe transition width (ug; — u,,; = 0.059 for
the flat-top beam). Numerical tests with A/ = 1000 produced
negligible SLL change (< 0.01 dB), confirming that M = 500

| |
N =
o o
T T

Sidelobe Level [dB]
&
o

|
N
o
T

2 3 5 10 %
Dynamic Range Ratio R

FIGURE 2. Sidelobe level versus dynamic range ratio R for N = 40
flat-top beam synthesis. Blue circles with dashed line: Method A
(excitation-only optimization). Red squares with solid line: Method B
(proposed joint optimization). The gap between curves represents
ASLL, the improvement from position optimization. Maximum ASLL
(12.09 dB) occurs at R = 2; minimum ASLL (2.90dB) at R = oc.

provides sufficient sampling density for reliable mask compli-
ance and optimization results.

The trust-region is initialized with Ao} = 0.08) and
ASB ) — 0.25 - @, where a is the mean excitation amplitude.
Convergence is declared when perturbations and relative
SLL change fall below €, = 107%, or after ke = 100
iterations. All SOCP subproblems were solved using MOSEK
via CVXPY [42] on a single-core CPU.

4.2. DRR Sweep

The first test case validates the main claim that the position op-
timization improvement increases as the DRR constraint tight-
ens. A 40-element array synthesizing a flat-top beam was
evaluated with R € {2,3,5,10,00}, where ami, = 1.0 and
(max = R Gmin.

Table 1 summarizes these results. At R = 2, Method A
achieves only —10.17dB owing to the severely constrained
excitation freedom, whereas Method B achieves —22.26 dB,
yielding ASLL = 12.09dB. As R increases, Method A
improves from —10.17dB to —36.41dB (a 26.24 dB range),
whereas Method B improves from —22.26 to —39.31dB
(17.05dB range). At R = oo (unconstrained DRR), ASLL
reduces to 2.90 dB. The total element displacement remained
in the range 7.5-11) across all DRR values.

TABLE 1. Sidelobe level versus DRR for N = 40 flat-top beam syn-
thesis. SLL 4: excitation-only optimization on ULA. SLL g: proposed
joint optimization. ASLL: improvement from position optimization.
Displacement: total element displacement >° |dir® — dit*|.

R SLL4 (dB) SLLp (dB) ASLL (dB) Displacement (\)
2 —10.17 —22.26 12.09 9.85
3 —14.89 —23.27 8.38 7.54
5 —23.72 -30.77 7.06 7.59
10 —28.11 —37.16 9.05 7.58
00 —36.41 —39.31 2.90 11.29
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FIGURE 3. Element layout comparison for N = 40, DRR = 3. Hor-
izontal axis: element position d,, (in wavelengths). Vertical axis: ex-
citation amplitude |ws,|. Blue circles: initial configuration (ULA with
DRR-clipped excitations from Method A). Red diamonds: optimized
configuration (Method B result). Total displacement: > |di™! —
d9“*| = 7.54). Elements near the array edges exhibit larger displace-
ments.

Figure 1 shows the radiation pattern at R = 3. Method A
exhibits sidelobes at —14.89 dB owing to the limited ampli-
tude tapering capability under the DRR constraint. Method B
achieves —23.27 dB while satisfying all the mainlobe and DRR
constraints. Fig. 2 summarizes the relationship between SLL
and R. At R = 2, Method A achieves only —10.17dB,
whereas Method B reaches —22.26 dB, yielding a maximum
ASLL = 12.09dB. The divergence between the curves at low
R and convergence at high R confirm that position optimization
is most effective when the excitation freedom is constrained by
hardware limitations. Fig. 3 compares the initial and optimized
array configurations, showing that the position optimization re-
distributes elements with larger displacements near the array
edges.

4.3. Convergence Analysis

The second test case validates the error-aware trust-region
mechanisms. Three trust-region strategies were compared for
a 40-element array with R = 3 and a flat-top beam: (i) fixed

decay with v = 0.9 (trust-region shrinks by factor + each iter-

ation: Aéﬁj b= 5 - Algffs) ), (i) ratio test only (adaptive trust-

region without constraint backoff), and (iii) full error-aware
(proposed: adaptive trust-region with constraint backoff).
Table 2 summarizes this comparison. All three strategies
achieve similar final SLL (= —23.3dB), indicating that the
constraint backoff does not compromise the optimization per-
formance. The critical difference lies in the mask violation be-

TABLE 2. Trust-region strategy comparison for N = 40, R = 3, flat-
top beam. Viol. Iters: iterations with mainlobe mask violation during
convergence. Final Viol: grid points violating mainlobe bounds in the
final pattern out of 86 total mainlobe points.

!
=
o

Sidelobe Level [dB]

0 20 40 60 80
Iteration

FIGURE 4. SLL convergence versus iteration for three trust-region
strategies (N = 40, R = 3). Green dotted line: fixed decay (v = 0.9).
Blue dashed line: ratio test only. Red solid line: full error-aware (pro-
posed). All strategies converge to a similar final SLL (= —23.3 dB).
The full error-aware strategy requires slightly more iterations (87 vs
75-79) due to the conservative constraint backoff, but guarantees mask
compliance throughout convergence.

havior. The fixed decay and ratio test only strategies violate the
mainlobe constraints in 99% and 100% of the iterations, respec-
tively, relying on eventual convergence to restore compliance.
The ratio test only strategy results in five grid points violating
the upper bound in the final pattern. In contrast, the full error-
aware strategy maintained zero mask violations throughout all
87 iterations.

Figure 4 shows the SLL convergence trajectory. The full
error-aware strategy exhibits a slightly slower initial descent
owing to the conservative backoff, but achieves the same final
SLL. Fig. 5 displays the per-iteration diagnostics for the pro-
posed method, demonstrating that the linearized model closely
predicts the actual improvement (psocp = pPactual) When the
trust-region is appropriately sized. Five-step rejections occur
when the model overestimates the improvement. Fig. 6 com-
pares the initial and optimized array configurations, showing
that the position optimization redistributes elements with larger
displacements near the array edges. Fig. 7 confirms that only
the full error-aware strategy guarantees mainlobe mask compli-
ance in the final pattern.

4.4. Cosecant Beam

The third test case demonstrates the generalization of the frame-
work to asymmetric beams. A 40-element array synthesizing a
cosecant-squared beam was evaluated with the same DRR val-
ues as in Section 4.2.

TABLE 3. Sidelobe level versus DRR for N = 40 cosecant-squared
beam synthesis.

Strategy SLL (dB) Iters ViolIters Final Viol
Fixed decay (y =0.9) —23.33 79 78/79 0/86
Ratio test only —-23.27 75 75175 5/86
Full error-aware —23.27 &7 0/87 0/86

R SLL4 (dB) SLLp (dB) ASLL (dB) Displacement (\)
2 —25.27 —32.58 7.31 8.81
3 —23.22 —30.86 7.64 6.21
5 —26.56 —35.52 8.96 6.10
10 —24.51 —33.16 8.65 6.85
00 —42.81 —43.49 0.69 1.96
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FIGURE 5. Per-iteration diagnostics for the proposed full error-aware strategy. (a) Ratio r(*) versus iteration: green circles indicate accepted steps

(r > 0), red crosses indicate rejected steps (r < 0). Horizontal dotted line at » =

0.25 marks the threshold between trust-region expansion

(r > 0.75) and contraction (r < 0.25). Rejections occur at iterations 4, 17, 19, 54, 56. (b) SLL comparison: blue dashed line shows psocp
(predicted by linearized model), red solid line shows pactual (measured on the actual pattern). Near-perfect overlap validates linearization accuracy

within the trust-region.
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FIGURE 6. Element layout comparison for N = 40, R = 3. Horizontal
axis: element position d,, (in wavelengths). Vertical axis: excitation
amplitude |wy,|. Blue circles: initial configuration (ULA with DRR-
clipped excitations from Method A). Red diamonds: optimized config-
uration (Method B result). Total displacement: >° |di™ — dit4| =
7.54)\. Elements near array edges exhibit larger displacements, con-
sistent with their greater influence on sidelobe formation.

Table 3 summarizes these results. For R < 10, ASLL ranges
from 7.31 to 8.96 dB, which is consistent with the flat-top beam
results. At R = oo, ASLL reduces to 0.69 dB, confirming that
the DRR-dependent value of the position optimization extends
to arbitrarily shaped beams. The cosecant beam achieves lower
absolute SLL values (—23 to —43 dB) than the flat-top beam
(—10 to —39 dB) owing to the asymmetric mainlobe that natu-
rally suppresses the sidelobes on one side.

Figures 8 and 9 show the radiation pattern at R = 3 and
the SLL versus R summary, respectively. The framework cor-
rectly enforces the shaped mainlobe mask with varying ampli-
tude bounds across the mainlobe region. The position optimiza-
tion improvement was consistent across beam shapes, validat-
ing the generality of the proposed approach.

4.5. Comparison with PSO

In the fourth test case, the proposed method is benchmarked
against particle swarm optimization (PSO). Both methods were
applied to a 40-clement array with R = 3 and a flat-top beam.
The PSO was configured with 200 particles, 10,000 iterations
per run, and 20 independent runs (best result selected).
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FIGURE 7. Mainlobe mask compliance comparison for the final op-
timized patterns. (a) Ratio test only strategy: pattern magnitude in
mainlobe region (Ju| < 0.174). Red circles mark 5 grid points where
| F'(u)| exceeds the upper bound U (u) = 1.04 (+0.36 dB). Violations
are on the order of 10™° dB above the bound. (b) Full error-aware
strategy (proposed): zero violations across all 86 mainlobe grid points.
The constraint backoff §(u) guarantees mask compliance despite lin-
earization errors.

TABLE 4. Method comparison for N = 40, R = 3, flat-top beam.
Ripple: maximum deviation from unity in the mainlobe. Time: total
computation time on single-core CPU.

Method SLL Ripple Time Displacement
(dB) (dB) (s) M)
Excitation-only —14.89 0.73 12.0 0.00
Proposed —23.27 0.73 12.4 7.33
PSO —15.46 0.73 28364.5 0.26

Table 4 summarizes this comparison. The proposed method
achieves an SLL = —23.27 dB, outperforming PSO by 7.81 dB
(—23.27 vs —15.46 dB). The proposed method is 2,287 times
faster than PSO (12.4 s vs 28364.5s ~ 7.9 hours). Despite 20
independent runs, PSO achieves only a 0.57 dB improvement
over excitation-only optimization and barely utilizes position
degrees of freedom (0.26\ vs 7.33 )\ total displacement).

Figure 10 compares the radiation patterns. The PSO results
exhibited higher sidelobes throughout the sidelobe region. The
proposed method maintains uniform sidelobe suppression and
strict mask compliance. The deterministic nature of the pro-
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FIGURE 8. Cosecant-squared beam radiation pattern for N = 40,
DRR = 3. Blue dashed line: Method A (SLL = —23.22dB). Red
solid line: Method B (SLL = —30.86 dB). Gray shaded region: shaped
mainlobe mask following cosecant-squared profile from v = 0.05 to
u = 0.60 with 10 dB taper and 0.5 dB ripple tolerance. The asymmet-
ric mainlobe extends from 6 = 2.9° to  ~ 36.9°. ASLL = 7.64dB.
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FIGURE 10. Radiation pattern comparison for N = 40, DRR = 3.
Blue dashed line: PSO result (SLL = —15.46dB, 200 particles x
10000 iterations x 20 runs). Red solid line: proposed method (SLL =
—23.27 dB). Gray shaded region: mainlobe mask with +0.36 dB ripple
tolerance. Horizontal dotted lines indicate SLL levels. The proposed
method achieves 7.81 dB better SLL while being 2287 x faster (12.4s
vs 28364.5s).

posed approach also provides reproducibility, whereas the PSO
results vary between runs.

4.6. Array Size Variation

The fifth test case evaluates the performance versus the array
size. The proposed method is applied to arrays with N €
{16,24,32,40, 48} elements, R = 3, and a flat-top beam
with the same configuration as in Section 4.2 (u,,; = 0.1,
ug = 0.15, 6 = 0.04).

TABLE 5. Performance versus number of elements for R = 3, flat-top
beam. Time: total computation time including all iterations.

N SLLa(dB) SLLg(dB) ASLL(dB) Time (s)
16  —6.71 —8.89 2.18 10.8
24 —11.72 —17.45 573 13.6
32 —13.02 —23.45 10.44 16.5
40 —14.89 —23.27 8.38 18.2
48 —14.42 —23.70 9.28 213
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FIGURE 9. Sidelobe level versus DRR for cosecant-squared beam syn-
thesis. Blue circles with dashed line: Method A. Red squares with solid
line: Method B. Consistent ASLL of 7-9 dB is achieved for R < 10.
At R = 0o, ASLL reduces to 0.69 dB, confirming that the position op-
timization benefit is DRR-dependent regardless of beam shape.
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FIGURE 11. Sidelobe level versus number of elements N for R = 3,
flat-top beam. Blue circles with dashed line: Method A (excitation-only
optimization). Red squares with solid line: Method B (proposed joint
optimization). Both methods improve with increasing N due to addi-
tional degrees of freedom. The gap between curves (ASLL) increases
from2.18dB at N = 16 to 10.44 dB at N = 32, then stabilizes around

8-9 dB for larger arrays.
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Table 5 summarizes these results. Both methods generally
improve with increasing N owing to the additional degrees of
freedom: Method A improves from —6.71 to —14.89dB as N
increases from 16 to 40, with slight degradation at N = 48
(—14.42 dB) owing to beam width constraints. Method B im-
proves from —8.89 dB to —23.70 dB. The improvement ASLL
increases from 2.18dB at N = 16 to 10.44dB at N = 32, and
then stabilizes at approximately 8-9 dB for larger arrays. The
computation time scales near-linearly with N: 10.8 s (N = 16)
to 21.3s (N = 48).

Figure 11 shows the SLL versus /N summary. The consistent
benefit of position optimization across array sizes confirms the
consistent benefit of the proposed framework for different array
sizes.

5. CONCLUSION

An error-aware joint position and excitation optimization
method for shaped beam synthesis under DRR constraints was
presented. The method formulates the problem as an iterative
SOCP with two key mechanisms: constraint backoff incor-
porating linearization error bounds, and adaptive trust-region
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control based on actual-to-predicted improvement ratios.
These mechanisms guarantee mainlobe mask compliance
throughout convergence while maintaining the optimization
performance.

Numerical experiments on flat-top and cosecant-squared
beams demonstrated that the position optimization improve-
ment was the highest under tight DRR constraints and
diminished as the DRR became unconstrained. At DRR = 2,
the proposed method achieves 12.09dB SLL improvement
over excitation-only optimization; at DRR = oo, the improve-
ment reduces to 2.90 dB. Compared with PSO, the proposed
method achieves a 7.81dB better SLL while being over
2,000 times faster and guaranteeing constraint satisfaction.
The framework scales efficiently with the array size, with
the computation time increasing near-linearly from 10.8s
(N =16)to 21.3s (N = 48).

The results indicate that the joint position-excitation opti-
mization is most valuable when hardware limitations restrict
the excitation freedom. In future work, the framework may be
extended to planar arrays, and the mutual coupling effects may
be incorporated. For planar array extension, the position per-
turbation vector generalizes from € € R” to (e,,¢,) € R,
and the steering vector becomes a function of two angular vari-
ables (u, v). The SOCP structure is preserved, though the num-
ber of optimization variables and angular sampling points in-
creases substantially. The current simulations employ isotropic
radiating elements, which is a common assumption for validat-
ing synthesis algorithms. Incorporating realistic element pat-
terns — such as embedded element patterns obtained from full-
wave electromagnetic simulations — would require replacing
the isotropic steering vector e/27%»* with element-specific ra-
diation functions g, (6)e/274»% where g, (0) accounts for the
individual element pattern including mutual coupling effects.
The proposed linearization and error-aware framework remains
applicable in this setting, as the sensitivity vectors (11)—(12)
would be modified accordingly while preserving the affine
structure of the linearized pattern.
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