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ABSTRACT: Scattering from a deterministic object in the presence of a randomly rough surface, such as a ship on a sea surface, can be
characterized by statistical moments. Full-wave methods, such as the method of moments (MoM), provide accurate results but can be
time-consuming. To account for both the gravity and capillary waves, a full sea spectrum is used, which constrains the consideration of
a one-dimensional sea surface to include all roughness scales. Asymptotic methods are a good compromise between the computation
time and accuracy of the results. In this study, the field scattered by a trapezoidal ship on a 1D sea surface is calculated by iterating the
physical optics approximation and incorporating evanescent waves. In addition, the resulting closed-form expressions allow us to derive
the associated coherent components analytically by considering a finite and infinite sea surface length. They are validated by comparison
to the MoM combined with the extended propagation-inside-layer-expansion (EPILE) method, which can separate bounce orders. The
results of the incoherent components, evaluated using aMonte Carlo process, are also shown by introducing a novel concept, based on the
centered inter-correlation matrix between the single and double bounces, to quantify the different incoherent contributions. This concept
highlights the “backscattering enhancement” phenomenon, only observed for a single rough surface with high slopes.

1. INTRODUCTION

The scattering from a deterministic object in the presence of a
randomly rough surface, such as a ship on a sea surface, can

be characterized by statistical moments. Firstly, the complex-
valued scattered-field measurements with independent realiza-
tions of the rough surface are averaged. This leads to the co-
herent field, or the well-known coherent normalized radar cross
section (NRCS), by taking the square modulus. Secondly, the
average of the absolute squared scattered field of each realiza-
tion gives rise to the total NRCS. The incoherent NRCS is ob-
tained by subtracting the coherent NRCS from the total NRCS,
corresponding to the centered autocorrelation function of the
scattered field.
The well-known four-path model [1–3] approximates the

scattered fields into four contributions as shown in Fig. 1: 1)
The fields scattered by the sea surface A (ψA) and object B (ψB)
are assumed to be alone (no coupling). 2) The field scattered
by B and then by A (ψBA). 3) Its reverse way, that is, the field
scattered by A and then by B (ψAB). 4) The field scattered by
A, then by B, again by A (ψABA) and the reverse path (ψBAB)
is not considered. As shown further in this paper from the
method of moments (MoM) [4–6] combined with the extended
propagation-inside-layer-expansion (EPILE) [7, 8], for an ob-
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ject near the surface, the fourth path contribution ψABA+ψBAB
is negligible compared to the contribution of the sum of the
lower order paths. It means that the total scattered far field can
be approximated by the sum of four contributions, named ψA,
ψB, ψAB, and ψBA. Based on the MoM, EPILE allows us to dis-
tinguish the different coupling contributions between two scat-
terers (here A and B), thanks to a series expansion. The zeroth-
order EPILE rigorously calculates the scattered field associated
with the single bounce between A and B (ψBA+ψAB), whereas
the first-order EPILE rigorously calculates the scattered fields
associated with the triple bounces (ψABA +ψBAB). Similarly, it
is also possible to rigorously calculate ψA and ψB.

FIGURE 1. Illustration of the fourth path model: Single (black lines),
double (green lines) and triple (orange line and ψBAB is not shown)
bounces.
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The scattered fields ψi with i = {A,B,AB,BA} can also
be derived from asymptotic theories, such as the Kirchhoff ap-
proximation (KA), named physical optics (PO) for a perfectly-
conducting scatterer, the KA reduced to the geometrical op-
tics (GO) approximation, and the small slope approximation
(SSA) [9]. Recently, for a 3D problem (i.e., 2D-surfaces),
Gedney et al. [10] analytically derived the coherent compo-
nents of ψi (as well as ψABA). Their formulation is based on
Voronovich’s works [11] in the sense that the rough surface
scattering theory is applied. In addition, the interactions be-
tween the rough surface and the object are modeled using a de-
coupled plane wave approach. This leads to each contribution
being related to bounces, such as iterated PO combined with
the Weyl decomposition of the Green function, in which the
evanescent waves are omitted. Di Simone et al. [12] applied
GO to derive incoherent NRCS. The advantages of such meth-
ods are that the sea surface is not meshed, avoiding the appli-
cation of a Monte Carlo (MC) procedure to compute statistical
moments. In this study, the PO is also applied with special at-
tention to the inclusion of the evanescent waves in the deriva-
tion of ψAB and ψBA. For an object far from the surface, this
contribution can be neglected as published in [10], but for a ship
on a surface, it may contribute. The resulting coherent NRCSs
are derived and compared with the full-wave MoM-EPILE to
validate them.
Hybrid methods combining asymptotic methods, such as

SPM, KA, or Shooting bouncing ray (SBR), and exact methods
can be found in [13–19]. They need the generation of a col-
lection of independent rough surfaces to assess the statistical
moments. When a gravity wave spectrum is employed, mod-
eled as aGaussian or sea-like Pierson-Moskowitz or Joint North
Sea Wave Project (JONSWAP) spectrum, the surface area (or
surface length for a 1D surface) is reduced for numerical pur-
poses. This implies that a part of the large scale roughness is ne-
glected. Moreover, it is well known that away from the specular
direction, the capillary waves can contribute to the incoherent
NRCS. In this paper, to include both the gravity and capillary
waves, the Elfouhaily et al. [20] full sea spectrummodel is used.
For a wind speed of 6m/s (fully-developed sea), this implies
that the surface length must be of the order of 60m to include
all the roughness scales. For microwave scattering, with a sam-
pling step of ten points per wavelength, the number of surface
samples is of the order of ten thousand. This constraint forces
us to consider a 1D surface to compute the scattered field from
the MoM with a full sea spectrum.
The remainder of this paper is organized as follows. For two

perfectly-conducting plates, one of which is rough, and from
PO, Section 2 derives the scattered far fields ψi for the single
and double bounces. Section 3 addresses the calculation of the
coherent component using the Weyl decomposition. Section 4
presents numerical results for a trapezoidal ship on a rough sea
surface. The different formulations (with and without the con-
tribution of the evanescent waves) of the PO are compared with
the MoM-EPILE on a single realization and then, on several
surface realizations to calculate the coherent NRCS.
Mathematically, the incoherent NRCS is related to the cen-

tered auto-correlation function of the scattered field ψ de-

fined as
⟨
|ψ|2

⟩
− |⟨ψ⟩|2, where

⟨
|ψ|2

⟩
= ⟨ψψ∗⟩ is the auto-

correlation function ofψ. The symbol ⟨·⟩ represents the ensem-
ble average over the random variables on whichψ depends, and
∗ denotes the complex conjugate. As ψ ≈ ψA + ψB + ψAB +
ψBA =

∑4
i=1 ψi, where i = {A,B,AB,BA}, it is very relevant

to calculate the inter-correlation function cij =
⟨
ψiψ

∗
j

⟩
be-

tween different contributions. Similarly, the incoherent NRCS
related to cij is defined as σij =

⟨
ψiψ

∗
j

⟩
− ⟨ψi⟩

⟨
ψ∗
j

⟩
, where

σij is the centered inter-correlation function between ψi and
ψj . Since the length of i is 4, the incoherence degree among
the four contributions to be computed using a square matrix of
size 4×4. From aMonte Carlo process, the resulting incoherent
NRCS matrix is also evaluated from the PO and compared with
the full-wave MoM-EPILE. To the best of our knowledge, this
is the first time that such simulations have been published using
both the PO asymptotic approach and the full-wave MoM. This
study will allow us to quantify the factors that contribute the
most in order to calculate them in the future from an analytical
approach, similar to the coherent components.

2. DERIVATION OF THE SCATTERED FIELDS
As depicted in Fig. 2, this section addresses the derivation of the
scattered field from two plates, one of which is rough. First, the
field scattered by an isolated scatterer is derived using the first-
order physical optics (PO1) approximation. Next, the coupling
between the two objects is accounted for by iterating PO (PO2).

FIGURE 2. Illustration of the scattering problem: Two perfectly-
conducting plates, one of which is rough.

2.1. First-Order Physical Optics Approximation
For TE polarization and a perfectly-conducting surface, from
PO1, the scattered field at the observation point r′ is expressed
as [5]

ψsca (r
′) = −2

∫
S

g (r, r′)
∂ψinc (r)

∂n
dS, (1)

where ψinc is the incident field illuminating the scatterer, g the
two-dimensional scalar Green function, S the object surface of
coordinates r = (x, z(x)) and ∂f/∂n = ∇f · n̂, where n̂ is a
normal to the surface, and∇ = ∂/∂xx̂+∂/∂zẑ is the gradient
operator. The function g is defined as

g (r, r′) =
j

4
H(1)

0 (k0 ∥r′ − r∥) , (2)

where k0 is the wavenumber in free space and H(1)
0 the Hankel

function of the first kind and zeroth order.
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For TM polarization and a perfectly-conducting surface,
from PO1, the scattered field at the observation point r′ is ex-
pressed as

ψsca (r
′) = 2

∫
S

ψinc (r)
∂g (r, r′)

∂n
dS. (3)

2.2. Second-Order Physical Optics Approximation (PO2)
The field scattered by plate A, ψsca,A(r), can interact with that
of B. To derive the corresponding scattered field, the PO1 ap-
proximation is iterated. For TE polarization, from Eq. (1), this
leads to

ψsca,AB (r
′) = −2

∫
SB

g (rB , r
′)
∂ψsca,A (rB)

∂nB
dSB

= 4

∫
SA

∫
SB

g(rB , r
′)

∂

∂nB

[
g(rA, rB)

∂ψinc (rA)

∂nA

]
dSAdSB

= 4

∫
SA

∫
SB

g (rB , r
′)
∂ψinc (rA)

∂nA

∂g (rA, rB)

∂nB
dSAdSB . (4)

For the TM polarization, the use of Eq. (3) leads to

ψsca,AB (r
′) =2

∫
SB

ψsca,A (rB)
∂g (rB , r

′)

∂nB
dSB

=4

∫
SA

∫
SB

ψinc(rA)
∂g(rA, rB)

∂nA

∂g(rB , r
′)

∂nB
dSAdSB . (5)

The normal derivative of g is expressed as

∂g (rA, rB)

∂nA,B
= ±jk0

4
HA,B (rA, rB) , (6)

where

HA,B =
H(1)

1 (k0rAB) [− (xB − xA) γA,B + zB − zA]

rAB
, (7)

and rA = (xA, zA), rB = (xB , zB), γA = z′A, γB = z′B and

rAB = ∥rA − rB∥ =

√
(xA − xB)

2
+ (zA − zB)

2
. (8)

2.3. Observation in Far Field and for a Plane Incident Wave
If the receiver is located in the far field, then

g (rB , r
′) ≈ Aje−jksca·rB where A =

√
1

8πk0r′
ej(k0r

′−π/4),

(9)
and

∂g (rB , r
′)

∂nB
≈ Ae−jksca·rB (ksca · n̂B) , (10)

where ksca = k0(sin θsca, cos θsca) is the direction of the re-
ceiver, in which θsca is the scattering angle defined from the

vertical direction z, as shown in Fig. 1. k0 is the wavenumber
in free space. In addition, for an incident wave assumed to be
plane, ψinc (r) = ejkinc·r , we have

∂ψinc (r)

∂n
= j (kinc · n̂)ψinc (r) = j (kinc · n̂) ejkinc·r, (11)

wherekinc = k0(sin θinc,− cos θinc) is the direction of the trans-
mitter, where θinc is the incident angle defined from the vertical
direction z, as shown in Fig. 1.
Substituting Eqs. (9), (10), and (11) into Eqs. (1) and (3), for

the TE and TM polarizations and from the PO1 approximation,
we obtain in the far field

ψ∞
sca (r

′) = 2A

∫
S

(kinc · n̂) ej(kinc−ksca)·rdS (TE), (12)

and

ψ∞
sca (r

′) = 2A

∫
S

(ksca · n̂) ej(kinc−ksca)·rdS (TM), (13)

respectively, where r = {rA, rB} and S = {SA, SB}.
Substituting Eqs. (9), (10) and (11) into Eq. (4), for TE po-

larization and from the PO2 approximation, we obtain in the far
field

ψ∞
sca,AB (r

′) = Ak0

∫
SA

∫
SB

∂ψinc (rA)

∂nA
e−jksca·rBHBdSAdSB

= Ajk0

∫
SA

∫
SB

ejkinc·rA−jksca·rB (kinc · n̂A)

HBdSAdSB . (14)

Substituting Eqs. (9) and (10) into Eq. (5), for TM polariza-
tion, we obtain in the far field

ψ∞
sca,AB (r

′) = 2

∫
SB

ψinc (rB)
∂g (rB , r

′)

∂nB
dSB

= Ajk0

∫
SA

∫
SB

ejkinc·rA−jksca·rB (ksca · n̂B)

HAdSAdSB . (15)

The field scattered by B and propagating from B to A is
obtained from ψAB by changing (rA, rB ,k) to (rB , rA,−k).
This leads to

ψ∞
sca,BA (r′) =

{
Eq. (14)|(rA,rB ,k)→(rB ,rA,−k) TE
Eq. (15)|(rA,rB ,k)→(rB ,rA,−k) TM

, (16)

2.4. Weyl's Representation
The Weyl representation was applied to derive a closed-form
expression for the NRCS. This decomposition allows us to ex-
press the Green function as the sum of plane waves, which are
both evanescent and propagative. It writes

g (rA, rB) =
j

4π

∫ +∞

−∞

ej(xA−xB)kx+j|zA−zB |kzdkx
kz

, (17)
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where k2x + k2z = k20 . Letting kx = −k0 cos θ, kz = k0 sin θ,
dkx/kz = k0 sin θdθ/kz = dθ and one has

g (rA, rB)=
j

4π

∫
Cz,θ

ejk0[(xB−xA) cos θ+|zA−zB | sin θ]dθ, (18)

whereCz,θ is the integration contour in the complex plane over
θ. If the evanescent waves are omitted, that is, if θ ∈ R, we can
show that

g (rA, rB) ≈
j

4π

∫
θ

ejk·(rB−rA)dθ, (19)

where k = k0(− cos θ, sin θ) = k0(cosα, sinα), in which θ ∈
[0;π], α = π − θ and α ∈ [0;π] because we assume that zB ≥
zA (object is above the sea surface). In addition

∂g (rA, rB)

∂nA,B
= ± 1

4π

∫
α

ejk·(rB−rA) (n̂A,B · k) dα. (20)

Comparing with Eq. (6), we obtain

HA,B =
1

jk0π

∫
α

ejk·(rB−rA) (n̂A,B · k) dα. (21)

2.5. Scattered Fields in Far Zone
For two smooth plates, we can write for i = {A,B}

zi (xi) = zi0 + γi0 (xi − xi0) , (22)

where (xi0zi0) is the i plate center and γi0 its slope, which is
constant. For any vector w = (wx, wz), one has

ri ·w = xiwx + [zi0 + γi0 (xi − xi0)]wz

= ui (wx + γi0wz) + xi0wx + zi0wz

= ui (wx + γi0wz) + ri0 ·w, (23)

where ui = xi − xi0 and ri0 = (xi0 , zi0). Plate A is now
considered rough, and its profile is assumed to be

η (xA) = zA (xA) + ξ (xA) , (24)

where ξ is a random variable with a zero mean value ⟨ξ⟩ = 0
and a surface height variance

⟨
ξ2
⟩
= σ2

ξ . In addition, the slope
∂η/∂xA = γA0

+ γ, where γ = ∂ξ/∂xA.
Using PO1 in the far field, from Eqs. (12) and (13), the scat-

tered field is written as

ψA = A1

∫ +l+A

−l−A

(kP · nA) e
ju(wx+γA0

wz)+jξ(u)wzdu, (25)

ψB = 2A (kP · nB) e
jrB0

·wF
(
wx + γB0

wz, l
+
B , l

−
B

)
, (26)

where ψA,B = ψ∞
sca,A,B (r

′) and

F
(
w, l+, l−

)
=

(
l+ + l−

)
e

jw(l+−l−)
2 sinc

(
w(l+ + l−)

2

)
,

(27)


A1 = 2AejrA0

·w = j
2

√
2

πk0r′
ej(k0r

′−π/4) ejrA0
·w

w = kinc − ksca,ni = −γix̂+ ẑ, l±i = L±
i |cosαi|

TE: P = inc, TM: P = sca

, (28)

where αi is the plate inclination angle in the x̂ direction. If no
shadow occurs, the surface is entirely illuminated and L+

i =
L−
i = Li/2, where Li is the surface length, ui ∈ [−li; li] and

F (w, l, l) = Lsinc(wL/2), where L = 2l. Otherwise, ui ∈
[−l−i ; l

+
i ], where l

−
i > 0 and 0 < l±i ≤ li/2.

In the far field, substituting Eq. (21) into Eqs. (14) and (15),
we show that

ψAB (r
′) =

A

π

∫
xA

∫
xB

∫
α

ejk1·rA+jk2·rB (kA · nA)

× (kB · nB) dαdxBdxA, (29)

where dSA,Bn̂A,B = dxA,BnA,B and n̂A,B =

nA,B

√
1 + γ2A,B . In addition


k1 = kinc − k,k2 = k − ksca
TE: kA = kinc,kB = k

TM: kA = k,kB = ksca

. (30)

The field scattered by B and propagating from B to A is
obtained from ψAB by changing (rA, rB ,k) to (rB , rA,−k).
This leads to

ψBA (r′) =
A

π

∫
xA

∫
xB

∫
α

ejK1·rA+jK2·rB (KA · nA)

× (KB · nB) dαdxBdxA, (31)

where 
K1 = −ksca − k,K2 = k + kinc

TE:KA = −k,KB = kinc

TM:KA = ksca,KB = −k
. (32)

It is important to underline that

ejk1·rA (kA · nA) = ejk1,xxA+jk1,z [zA+γA(xA−xA0
)]

× [−kA,x (γ + γA0) + kA,z] e
jk1,zξ, (33)

where the second line is a random function, because of γ and ξ.

3. COHERENT COMPONENT
The coherent component is defined as

Coh = ⟨ψ⟩ =
i=4∑
i=1

⟨ψi⟩ , (34)

where i = {A,B,AB,BA} and ⟨·⟩ is the ensemble average
operator on all random variables.
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3.1. Component ⟨ψA⟩
From Eq. (25), one has

⟨ψA⟩ = A1

∫ +l+A

−l−A

eju(wx+γA0
wz)

×
⟨
[−kP,x (γ + γA0

) + kP,z] e
jξwz

⟩
du. (35)

For a Gaussian stationary process,
⟨
ejξwz

⟩
= e−w2

zσ
2
ξ/2 and⟨

γejξwz
⟩
=

1

jwz

∂

∂x

⟨
ejξ(x)wz

⟩
= 0, (36)

because
⟨
ejξwz

⟩
is independent of x. This implies that the ex-

pected values are independent of u, and the integration over u
leads to

⟨ψA⟩ = e−(cos θinc+cos θsca)2k2
0σ

2
ξ/2ψA,0, (37)

where ψA,0 is the field scattered by the smooth plate A ex-
pressed as

ψA,0=2A (kP · nA0
) ejrA0

·wF
(
wx+γA0

wz, l
+
A, l

−
A

)
, (38)

where F is given by Eq. (27). From Eq. (28), wz = w ·
ẑ = −k0(cos θinc + cos θsca). Thus, as the ratio σξ/λ0 or/and
(θinc, θsca) increases, the Rayleigh roughness parameter w2

zσ
2
ξ

increases, and the coherent contribution decreases. In addi-
tion, |F | is maximum when wx + γA0

wz = 0, leading to
γA0

= −wx/wz = tan([θinc − θsca]/2). If the plate is hori-
zontal, then γA0 = 0, and as expected, the maximum occurs
for θinc = θsca, corresponding to the specular direction.
If l+A + l−A → ∞, ψA,0 is expressed in Eq. (A4).

3.2. Component ⟨ψB⟩
Because plate B is smooth, the scattered field is deterministic.
This implies that

⟨ψB⟩ = ψB = Eq. (26). (39)

3.3. Components ⟨ψAB⟩ and ⟨ψBA⟩
From Eqs. (29) and (33), ⟨ψAB (r′)⟩ needs to derive⟨
ejk1·rA (kA · nA)

⟩
= ejk1,xxA+jk1,z [zA+γA0

(xA−xA0
)]

×
⟨
[−kA,x (γ + γA0

) + kA,z] e
jk1,zξ

⟩
= ejk1,xxA+jk1,z [zA+γA0

(xA−xA0
)]

× (−kA,xγA0
+ kA,z) e

−σ2
ξk

2
1,z/2. (40)

Substituting the above equation into Eq. (29) and integrating
over xA and xB , we show for Gaussian statistics that

⟨ψAB⟩ =
AlAlB
π

∫
α

(kA · nA0
) (kB · nB) e

jrA0
·k1+jrB0

·k2

×e−σ2
ξk

2
1,z/2F

(
k1,x + γA0k1,z, l

+
A, l

−
A

)
×F

(
k2,x + γB0k2,z, l

+
B , l

−
B

)
dα, (41)

and
⟨ψBA⟩ = ⟨ψAB⟩|k1,2,A,B→K1,2,A,B

. (42)

If l+A+l
−
A → ∞, ⟨ψAB⟩ and ⟨ψBA⟩ are expressed by Eqs. (A8)

and (A12), where the integration over α is suppressed.

4. NUMERICAL RESULTS

4.1. Choice of the Surface Length
The upper surface length (i.e., large-scale roughness) L1 is
related to the lower wave number k1 = π/L1 (a bilateral
spectrum is used to generate the surface) of the sea surface
height spectrum S for which S is negligible. Typically, for
the Elfouhaily et al. spectrum, k1 ≈ 0.3kp, where kp ≈
0.842×9.81/u210 ≈ 6.92/u210 for a fully developed sea, and kp
equals the wavenumber of the most energetic sea wave (largest
height). For u10 = {3, 6}m/s, kp ≈ {0.769, 0.192} rad/m and
L1 ≈ {13.6, 54.5}m. So, taking a scene length Lsur = 80m
(Fig. 3) is a good choice to capture the large-scale roughness.

FIGURE 3. Illustration of the geometry. The sea surface A = A1 ∪ A2

is smooth.

The spatial sampling step ∆x = λ0/n, where n = 10,
and λ0 is the radar wavelength, which is sufficient for a sea
surface because the slope standard deviation does not exceed
0.2 in the numerical results. More precisely, in addition to λ0,
∆x can also depend on the facet inclination, where n becomes
n
√

1 + ⟨z′2⟩, and z′ is the surface slope. For a linear sea sur-
face (without breaking waves),

⟨
z′2

⟩
< 0.1 ≪ 1.

4.2. Smooth Sea Surface
The geometry is shown in Fig. 3. The boat has a trapezoidal
shape and is composed of three smooth plates B1 (left hull),
C (top plate), and B2 (right hull). In the title, d2 is the C plate
length and d1 the horizontal distance between the bottoms of the
right and left hulls. Therefore, the hull has an angle of inclina-
tion defined from x equal to αB = − arctan(h/[2(d2−d1)]) ≈
−82.9◦. The scene is split into five sub-geometries A1 (left sea
surface), A2 (right sea surface), B1, B2, and C. The sea surface
is perfectly flat (wind speed defined at ten meters above the sea
mean level u10 = 0m/s).
To attenuate the edge diffraction by the surface, the Thor-

sos [21] tapered incident wave is applied with g = Lsur/6 (g
controls the extent of the incident wave). The function F is ex-
pressed by Eq. (27) and valid for a plane incident wave, and it
is replaced by Eq. (B3) to account for the tapered behavior of
the Thorsos wave. The incidence and scattering angles are de-
noted as θinc ∈ [0; 80]◦ and θsca ∈ [−90; 90]◦, respectively. It is
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FIGURE 4. Bistatic NRCS in dB scale versus the scattering angle θsca
for θinc = 30◦. The scene is shown in Fig. 3.

FIGURE 5. Same variations as in Fig. 4.

important to note that the Thorsos wave is not valid at grazing
incidence angles. The frequency is f = 3GHz, corresponding
to a number of unknowns for the MoM N = 8, 906.
To be consistent with the PO, the shadowing phenomenon

must be considered according to the sub-geometry. For in-
stance, as shown in Fig. 3, no shadow occurs for plate C. For
A1, because of the boat, hiding can occur in the transmitter if
θinc < π/2−|αB | (θinc ≥ 0 and αB ∈ [−π/2; 0]), and masking
occurs from the receiver as illustrated by the dashed green line
for θsca = 50◦. Thus, as shown in Fig. 3 (black dashed line),
the illuminated surface lengthLA1,ill < LA1

= (Lsur−d1)/2 =
38.5 m is reduced. This length must be considered in Eq. (27),
where l+ = l+A = LA1,ill/2−xA0

and l− = l−A = Lsur/2−xA0
.

The same phenomenon must be accounted for plate A2 (see
pink dashed line for θinc = 80◦). Similarly, plate B1 is illu-
minated if θinc < π/2−|αB |, and plateB2 is never illuminated
by the transmitter, meaning that its PO1 contribution vanishes.
The normalized radar cross section (NRCS, dimensionless)

is defined as

NRCS = lim
r′→∞

r′

2η0

|ψ|2

pinc
, (43)

where η0 is the vacuum wave impedance, and pinc is the inci-
dent power defined on the rough surface mean plane z = 0
(Eq. (1.34) of [5] and behaves as 1/η0) and ψ (behaves as
1/
√
r′, see A1 in Eq. (28)) scattered far field. The MoM is

calculated by radiating the surface currents using the Huygens
principle.
We define the geometries A = A1∪A2 and B = B1∪B2. For

PO1, this implies that ψA = ψA1
+ψA2

and ψB = ψB1
+ψB2

=
ψB1

(θinc ≥ 0). In addition, the ψC contribution is added. For
PO2, ψAB = ψA1B1

+ψA2B2
and ψBA = ψB1A1

+ψB2A2
. Fig. 3

shows that A1∪B1 does not interact with A2∪B2 and reversely,
and C does not interact with either A1 ∪ B1 or A2 ∪ B2. The
total scattered field is equal to ψ = ψC+ψA+ψB+ψAB+ψBA.
Figures 4 and 5 plot the bistatic NRCS versus the scattering

angle θsca for θinc = 30◦. The scene is illustrated in Fig. 3. In
the legend, the labels mean:

• EPILE-0 [5]: NRCS computed from EPILE only at the
zeroth order, allowing us to calculate ψ, which was previ-
ously defined and computed from the MoM.

• EPILE-1: NRCS computed from EPILE up to the first or-
der, where the first order was added. This corresponds to
the additional contributions ψABA, ψBAB and the potential
coupling with plate C.

• EPILE-2: NRCS computed from EPILE up to the second
order, where the contributions at the first and second or-
ders are included.

• PO-MC-H: NRCS computed under the PO, by computing
ψ using Eqs. (25), (26), (14), or (15) and (16)), where the
scattered fields ψAB and ψBA are determined without ap-
plying the Weyl decomposition. In other words, both the
propagative and evanescent waves are included.

• PO-AN: NRCS computed under the PO, by computing
ψ, where the scattered fields ψAB and ψBA (Eqs. (41)
and (42)) are determined by applying the Weyl decompo-
sition and including only the propagative waves.

• PO-ANI: Same as PO-AN, but surfacesA1 andA2 are as-
sumed to be of infinite lengths (Eqs. (A8) and (A12)).

In Eqs. (29) and (31), using Eq. (27), the integration over xB
is performed analytically, and two fold-numerical integrations
over (xA, α) are performed.
In the legend, the number corresponds to the relative residual

error defined as

RRE =
norm (NRCSMeth − NRCSMoM)

norm(NRCSMoM)
. (44)

The NRCS computed from the MoM includes all contribu-
tions. It is similar to applying EPILE up to infinity order.
EPILE allows us to appreciate the levels of the different con-
tributions associated with the multiple reflections between the
boat (B1 ∪ C ∪ B2) and the sea (A1 ∪ A2).
For all simulations (not shown here), EPILE-3 perfectly

matched EPILE-2, and both EPILE-3 and EPILE-2 perfectly
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FIGURE 6. Monostatic NRCS in dB scale versus the scattering angle
θsca = −θinc. The scene is shown in Fig. 3.

FIGURE 7. Same variations as in Fig. 6.

agreed with the MoM. It means that EPILE-2 can be consid-
ered a reference solution.
Figure 4 clearly shows that EPILE converges at the first or-

der, and the difference between EPILE-0 and EPILE-1 is slight.
It explains why PO predicts good results compared to EPILE-
2. Indeed, the relative residual error (RRE) of EPILE-0 was
small. Differences occur for levels that are very small in com-
parison to the maximum value. PO-MC-H does not perfectly
match EPILE-0 because PO does not include all physical phe-
nomena, such as edge diffraction by the C plate. Fig. 5 reveals
that PO-AN and PO-MC-H yield similar results, implying that
the evanescent waves can be omitted. When surface A was as-
sumed to be infinite, the PO-ANI yielded satisfactory agree-
ment with PO-AN. The advantage of this model is that numer-
ical integration is not required.
In Fig. 4, the vertical lines indicate the specular directions of

plate A1 ∪ C ∪ A2 (angle θ0), geometrical paths A1B1 (angle
θ1) and B1A1 (angle θ2) defined as

θ0 = θinc, θ1,2 = −θinc∓[2 (αB − αA) + π] modulo2π. (45)

The numerical values are reported in the legend. By plot-
ting the bistatic NRCSs associated with ψA1B1

and ψB1A1
(not

shown here), we verified that themaxima occurred at θ1,2. Sim-
ilar results are presented in [22].
Figures 6 and 7 show the monostatic NRCS versus the scat-

tering angle θsca = −θinc. The scene is illustrated in Fig. 3.
As can be seen, EPILE converges at order 1, and PO-MC-H
predicts satisfactory results compared to EPILE-0. For some
angles, deviations of PO-MC-H from EPILE-1 occur, suggest-
ing that the triple-bounce contributions are not negligible for
these angles. Similar to the bistatic case, the contribution of
the evanescent waves can be neglected, and the PO-ANI un-
derestimates the monostatic NRCS when the scattering angle
increases. It means that the surface lengths of A1 and A2 are
not large enough to be considered “infinite”.
The results obtained for TE polarization, which are not dis-

played here, lead to the same conclusions as the TM case in
terms of accuracy. PO-MC-H shows results in good agreement
with EPILE-2, despite the absence of edge diffraction. The

evanescent waves can be neglected, and the additional assump-
tion of PO-ANI gives satisfactory results. This is valid for both
the bistatic and monostatic cases. In the monostatic case, some
angles show that the triple reflections and the finite lengths of
the sea surface cannot be neglected anymore.

4.3. Rough Sea Surface: Coherent Component
In this subsection, we focus on the coherent NRCS when the
sea surface is rough. The sea surface obeys a Gaussian process
with a zero-height mean value and height variance σ2

ξ . The sea
spectrum was obtained using the Elfouhaily et al. model [20].
First, a wind speed u10 = 3m/s defined at ten meters above
sea level is considered, giving σξ ≈ 0.0572m. The coherent
normalized radar cross section is defined as

NRCSCoh = lim
r′→∞

r′

2η0

|⟨ψ⟩|2

pinc
, (46)

where ⟨·⟩ denotes the ensemble average operator estimated us-
ing a Monte Carlo process by generating nr independent re-
alizations ξi∈[1;nr] of the sea surface. For each surface i, the
scattered field ψi is computed from either PO or EPILE, and
the average operator ⟨·⟩ is defined as

⟨ψi⟩ =
1

nr

i=nr∑
i=1

ψi. (47)

Figure 8 plots the coherent bistatic NRCS in dB scale versus
the scattering angle θsca for θinc = 30◦. The scene is shown
in Fig. 3, but u10 = 3m/s and nr = 100. As we can see,
only the C plate contributes to the NRCS because “PO-MC-H:
Total” well matches with “PO-MC-H: C”. It means that the co-
herent intensities coming from the double reflections and the
sea surface do not contribute. Indeed, in the specular direc-
tion θsca = θinc and in Eqs. (37), (A8), (A12), the Rayleigh
roughness parameter k0σz cos θinc ≈ 3.11 (σz ≈ 0.0572m and
k0 = 2πf/c0 ≈ 62.83 rad/m, with c0 ≈ 3×108m/s). The term
exp(−4[k0σz cos θinc]2) ≈ 1.5 × 10−17. Fig. 8 also shows a
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FIGURE 8. Bistatic coherent NRCS in dB scale versus the scattering
angle θsca for θinc = 30◦. The scene is shown in Fig. 3, but the sea
surface is rough with u10 = 3m/s and nr = 100.

FIGURE 9. Monostatic coherent NRCS in dB scale versus the scattering
angle θsca = −θinc. The scene is shown in Fig. 3, but the sea surface is
rough with u10 = 3m/s and nr = 100.

good agreement between PO-MC-H and EPILE-0, and the dif-
ference between EPILE-0 and EPILE-2 is weak.
As described in [23], the coherent NRCS estimated from a

Monte Carlo process, NRCSCoh,MC, is related to the theoretical
one, NRCSCoh, by

NRCSCoh,MC = (1 + c)NRCSCoh, (48)

where

c =

√
2

nrβ

√
1 +

1

2β(nr − 1)
, (49)

where nr is the number of surface realizations, and β =
NRCSCoh/NRCSInc represents the ratio of the coherent to in-
coherent NRCS (defined later by Eq. (50)). The relative pre-
cision of the ensemble average estimation is, therefore, deter-
mined by nrβ, so that only a small number of realizations is
required for cases with high coherence (slightly rough surface,
i.e., k0σξ cos θinc ≪ 1 and c → 0), but a much larger number
of realizations is needed to estimate a small coherent field in
the presence of a stronger incoherent field (very rough surface,
i.e., k0σξ cos θinc ≫ 1 and c≫ 1).
At microwave frequencies, the sea surface is very rough be-

cause k0σz ≈ 3.6 for f = 3GHz. In Fig. 8, 1 + c is plotted in
dB scale. As expected, near the specular direction, PO-MC-H
and PO-AN match well because 1 + c ≈ 0 dB, whereas away
from this direction, more surface realizations are needed to con-
verge to the theoretical value given by PO-AN. For nr = 300,
simulations not depicted here show that the agreement between
PO-MC-H and PO-AN was better.
Figure 9 plots the monostatic coherent NRCS in dB scale

versus the scattering angle θsca = −θinc. As the scattering an-
gle θsca grows, the monotastic NRCS drastically decreases, and
like the bistatic case, only plate C contributes. Near θsca = 0,
PO-AN, PO-ANI, PO-MC-H, and EPILE-2 match well, and as
θsca increases, PO-MC-H and PO-AN differ, whereas PO-MC-
H and EPILE-2 predict similar results. Like for the bistatic

case, more realizations are needed for the PO-MC-H converg-
ing toward PO-AN. For θsca near 80 degrees, the NRCS in-
creases due to the contribution of the double bounce given by
ψAB and ψBA. For θsca = 80◦, the Rayleigh roughness param-
eter k0σz cos θinc ≈ 0.62 and exp(−4[k0σz cos θinc]2) ≈ 0.21,
which explains why the NRCS goes up. In addition, PO-ANI
matches well with PO-AN. For nr = 300, the results not re-
ported here clearly show that PO-MC-H converges toward PO-
AN over a broader angular range of θsca.
The results obtained for the TE polarization (not displayed

here) lead to the same conclusions in terms of the accuracy of
PO-MC-H, PO-AN, and PO-ANI in comparison to EPILE-2.
We observe that PO-AN and PO-ANI give similar results, and
PO-MC-H nearly coincides with EPILE-2.
For u10 = 6m/s, the height standard deviation σξ ≈

0.23m and for θinc = 80◦, the Rayleigh roughness parameter
k0σz cos θinc ≈ 2.51, and the term exp(−4[k0σz cos θinc]2) ≈
1.04 × 10−11. For the TM polarization and for u10 = 6m/s,
unlike in Fig. 9, near grazing angles, the monostatic coherent
NRCS vanishes (not shown here).

4.4. Rough Sea Surface: Incoherent Component
The incoherent NRCS is defined as

NRCSInc = lim
r′→∞

r′

2η0

⟨
|ψ|2

⟩
− |⟨ψ⟩|2

pinc

= lim
r′→∞

r′

2η0

⟨
|ψ − ⟨ψ⟩|2

⟩
pinc

. (50)

To quantify the incoherence among the four contributionsψi,
where i = {A,B,AB,BA}, an incoherent NRCS square matrix
of size 4 is introduced. An element, NRCSInc,i,j , is defined as
follows:

NRCSInc,i,j = lim
r′→∞

r′

2η0

⟨
ψiψ

∗
j

⟩
− ⟨ψi⟩

⟨
ψ∗
j

⟩
pinc

, (51)
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FIGURE 10. Bistatic incoherent NRCS in dB scale versus the scattering
angle θsca for θinc = 30◦. The scene is shown in Fig. 3, but the sea
surface is rough with u10 = 3m/s and nr = 100.

FIGURE 11. Monostatic incoherent NRCS in dB scale versus the scat-
tering angle θsca = −θinc. The scene is shown in Fig. 3, but the sea
surface is rough with u10 = 3m/s and nr = 100.

where the symbol ∗ represents the complex conjugate opera-
tor and j = {A,B,AB,BA}. Since

⟨
ψiψ

∗
j

⟩
=

⟨
ψ∗
jψi

⟩∗, the
matrix is Hermitian and

NRCSInc,i,j + NRCSInc,j,i = 2Re (NRCSInc,i,j) , i > j, (52)

where Re denotes the real part. In conclusion, only (16−4)/2+
4 = 10 elements are computed, corresponding to the centered
inter-correlation NRCSInc,i,j between the scattered fields ψi

and ψ∗
j for i > j. For i = j, the incoherent NRCS (50) is

retrieved, corresponding to the centered auto-correlation of the
scattered field ψi. In addition,

NRCSInc,i,j →

{
NRCSInc,i,i, i = j

Eq. (52), otherwise
. (53)

In this section, from aMonte Carlo process, the 10 incoherent
NRCSs {NRCSInc,i,j} are evaluated from the PO and compared
with MoM-EPILE. The estimator is evaluated using Eq. (47).
This study will allow us to quantify the factors that contribute
the most, with the aim being able to calculate them using a full-
analytical derivation, similar to the coherent components.
Figure 10 plots the bistatic incoherent NRCS in dB scale

versus the scattering angle θsca for θinc = 30◦. The scene is
shown in Fig. 3, but the sea surface is rough with u10 = 3m/s
and nr = 100. Fig. 11 plots the monostatic one. For in-
stance, in the legend, A-A corresponds to NRCSInc,A,A. For
all the simulations, the contributions for which i = {A,B}
and j = {A,B,AB,BA}, except NRCSInc,A,A, are not plot-
ted because they are negligible. In other words, only the
four NRCSs, NRCSInc,A,A, NRCSInc,AB,AB, NRCSInc,AB,BA, and
NRCSInc,BA,BA give noticeable strengths. Numerically, the sum
of the four previous incoherent NRCSs equals the total one,
named “Total” in the following part.
For the bistatic case, as shown in Fig. 10, EPILE-0 gives the

main contribution, which explains the satisfactory agreement
between EPILE-2 and Total (which is computed from PO), ex-
cept for θsca > 60◦. In the monostatic case, good agreement
is obtained for all θsca = −θinc. Near the specular direction,

Fig. 10 shows that only the sea surface contributes, whereas
for θsca ∈ [−90; 0]◦, the double-bounce contributions must be
accounted for. In the monostatic case, when the strength of
NRCSInc,A,A becomes negligible (for θsca > 20◦), the three
other incoherent NRCSs predominate and NRCSInc,AB,AB ≈
NRCSInc,BA,BA. For the component NRCSInc,AB,BA, Fig. 10 also
reveals a well-known phenomenon [24–28] called “backscat-
tering enhancement”. This occurs for scattering from a single
rough surface with high slopes, for which the double-bounce
phenomenon contributes.
Indeed, NRCSInc,AB,BA predicts a peak centered around

θsca = −θinc with a small width. This component is calculated
from ⟨ψABψ

∗
BA⟩ and is maximum when ψBA = ψ∗

AB, giving⟨
|ψAB|2

⟩
. In other words, the correlation between ψAB and

ψ∗
BA is the maximum. This condition is fully satisfied in the

backscattering direction.
These simulations clearly show the relevance of deriving an

analytical model, such as the PO. Its main advantage, in com-
parison to a full-wave method, such as the MoM, is its ability
to isolate the different contributions and help better understand
the physical phenomena involved in the scattering process.
Figure 12 plots the same variations as in Fig. 10, but for a

higher wind speed u10 = 6m/s. In comparison to Fig. 10,
the difference between EPILE-2 and Total is weak, except for
θsca > 70◦. In addition, as expected, the width of the lobe
around the specular direction is larger for u10 = 6m/s because
the surface is rougher.
Figure 13 plots the same variations as in Fig. 10, but for a

lower frequency f = 1GHz (u10 = 3m/s). In comparison
to Fig. 10, the difference between EPILE-2 and Total is weak,
except for θsca > 60◦, instead of θsca > 70◦ in Fig. 10. As
the frequency decreased, the edge diffraction by the top plate
increased, which may be the origin of the disagreement. In ad-
dition, as expected, the lobe width around the specular direc-
tion is smaller for f = 1GHz because the surface is less rough.
Fig. 13 also reveals that the peak width around the backscatter-
ing direction (related to NRCSInc,AB,BA) is larger.
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FIGURE 12. Same variations as in Fig. 10, but the wind speed u10 =
6m/s.

FIGURE 13. Same variations as in Fig. 10, but the frequency is f =
1GHz.

For the TE polarization and with the same simulation param-
eters as in Fig. 10, numerical results not depicted here show that
the total NRCS matches well with E-PILE over a larger range
of θsca than that for the TM case, and the levels are similar.
In addition, the NRCSInc,i,j contributes over the same angular
range as for the TM polarization. Moreover, for a monostatic
configuration, the numerical results (not displayed here) show
a good agreement between Total and EPILE-2.

5. CONCLUSION
In this study, the scattered fields computed from the PO ap-
plied at the first and second orders are derived by considering
a trapezoidal ship on a rough sea 1D surface. They were com-
paredwith the full-waveMoMcombinedwith EPILE, amethod
distinguishing the contributions versus the number of bounces,
like PO.
The results of the coherent NRCS, evaluated from an MC

process, show good agreement between PO and MoM-EPILE
and also indicate that the evanescent waves may be neglected.
In addition, the simulation of the closed-form expression
clearly showed that the double reflections contribute less
significantly than the single reflections, and the top determin-
istic plate mainly contributes to the full coherent NRCS. As
pointed out in [23], a large number of sea surface realizations
is required for the MC results to converge toward the analytical
coherent NRCS, because the sea surface is very rough at
microwave frequencies.
To quantify the incoherence between the bounces, the cen-

tered inter-correlation Hermitian matrix of the scattered fields
was also studied using an MC procedure. This is a gener-
alization of the incoherent NRCS definition, and the number
of relevant elements equals ten. The numerical results indi-
cated that only four NRCSs contributed to the full incoherent
NRCS, that is, the centered auto-correlations NRCSInc,i,i with
i = {A,AB,BA} and NRCSInc,AB,BA. In addition, the lat-
ter only contributes around the backscattering direction, a phe-
nomenon that is well known for a single rough surface with

high slopes and is called “backscattering enhancement”. To our
knowledge, it is the first time that this phenomenon has been
shown for the case of an object on a rough surface. The agree-
ment between PO and MoM-EPILE was good, except for low-
grazing scattering angles. This shows that the triple-bounce
contributions can be neglected for both the coherent and inco-
herent NRCSs.
The prospect of this study is to analytically derive the inco-

herent NRCSs, compare them with MoM-EPILE, and extend
the PO derivations to a 3D geometry, which is a difficult task.

APPENDIX A. CASE LA → ∞
We have ∫ +l+

−l−
ejuwdu = Eq. (27), (A1)

and ∫ +∞

−∞
ejuwdu = 2πδ (w) , (A2)

where δ is the Dirac function. Thus for l = l− + l+

lim
l→∞

l sinc
(
lw

2

)
= 2πδ (w) . (A3)

From Eq. (38), if lA → ∞, then

ψA,0 = 2A (kP · nA0
) ejrA0

·w2πδ (w)

= 2A (kP · nA0
) ejrA0

·w2πδ (wx + γA0
wx)

= ∓4πAδ (θsca − θ0) , (A4)

where

δ (w(θ)) =
δ (θ)

|w′ (θ)|
, (A5)

where∓ refers to the TE and TM polarizations, respectively. In
addition, ∂w/∂θsca = k0∂(− sin θsca − γA0

cos θsca)/∂θsca =
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k0(− cos θsca+ γA0 sin θsca) = −ksca ·nA0 . We also show that
∂w/∂θinc = −kinc · nA0 , leading to (kP · nA0) /|w′(θ)| =
sign(kP · nA0

), where θ = θsca or θ = θinc according to
the polarization. The slope γA0

satisfies wx + γA0
wx = 0,

yielding γA0
= −wx/wz = tan([θinc − θsca]/2) or θsca =

θinc + 2αA = θ0, where γA0
= tanαA. Thus, we showed

that sign(kP ·nA0) = ∓1 for the TE and TM polarizations, re-
spectively. As expected, this is equal to the Fresnel reflection
coefficient of a perfectly-conducting surface.
As lA → ∞, for the component ⟨ψAB⟩, from Eq. (41), we

have

F
(
k1,x + γA0

k1,z, l
+
A, l

−
A

)
= 2πδ (k1,x + γA0

k1,z) , (A6)

where k1,x = k0(sin θinc − sin θ) and k1,z = k0(− cos θinc −
cos θ) from Eq. (30) (k1 = kinc − k, k = k0(sin θ, cos θ) and
θ = π/2 − α). Using the same method as previously, γA0

satisfies k1,x + γA0k1,z = 0 if

θ = θinc − 2αA = θ0. (A7)

Moreover, we show that (kA · nA0) /|w′(θ)| = ∓1 for the TE
and TM polarizations. From Eq. (30), this implies that k =
(sin θ0, cos θ0) = k0, k1 = kinc − k = kinc − k0 = k10,
k2 = k − ksca = k0 − ksca = k20, and Eq. (41) is simplified
as follows:

⟨ψAB⟩ = ∓2A (kB0 · nB)F
(
k20,x + γB0

k20,z, l
+
B , l

−
B

)
×ejrA0

·k10+jrB0
·k20e−k2

10,zσ
2
ξ/2, (A8)

and
TE: kB0 = k0; TM: kB0 = ksca. (A9)

If αA = 0 (horizontal plate), then θ0 = θinc, k0 =
k0(sin θinc, cos θinc) and k10 = −2k0 cos θincẑ. The modulus
of F is maximum if k20,x + γB0k20,z = 0, leading to

θ0 = π − 2αB − θsca. (A10)

Equaling Eqs. (A7) and (A10), yielding θsca = π − θinc −
2(αB−αA), which corresponds to the specular direction (under
the geometrical optics approximation) given by Eq. (45).
For the component ⟨ψBA⟩, the following Dirac delta function

δ (K1,x + γA0
K1,z) occurs, where K1,x = − sin θsca − sin θ

andK1,z = − cos θsca − cos θ. Using the same method as pre-
viously,K1,x + γA0K1,z = 0 if

θ = −θsca − 2αA = θ0. (A11)

We show that (KA · nA0) /|w′(θ)| = ∓1 for the TE and TM
polarization, respectively. From Eq. (32), this implies that k =
(cos θ0, sin θ0) = k0,K1 = −ksca −k = −ksca −k0 =K10,
K2 = k + kinc = k0 + kinc =K20 and Eq. (42) is simplified
as follows:

⟨ψBA⟩ = ∓2A (KB0 · nB)F
(
K20,x + γB0

K20,z, l
+
B , l

−
B

)
×ejrA0

·K10+jrB0
·K20e−K2

20,zσ
2
ξ/2, (A12)

where
TE:KB0 = kinc; TM:KB0 = −k0. (A13)

If αA = 0 (horizontal plate), then θ0 = −θsca, k0 =
k0(− sin θsca, cos θsca) andK10 = −2k0 cos θscaẑ. The modu-

lus of F is maximum ifK20,x + γB0K20,z = 0, leading to

θ0 = π − 2αB + θinc. (A14)

Equaling Eqs. (A11) and (A14), this yields θsca = −π−θinc+
2(αB−αA), which corresponds to the specular direction (under
the geometrical optics approximation) given by Eq. (45).

APPENDIX B. CASE OF A THORSOS WAVE
Function F assumes that the incident wave is plane, that is
ψinc = ejk0(x sin θinc−z cos θinc). For a Thorsos wave, this function
is weighted by a Gaussian tapered wave, and a phase correction
is added to better verify the Helmholtz propagation equation.
With u = x − xi0 , the function F defined by (27) becomes
(from Eq. (32) of [5])

F ≈
∫ +l+

−l−
ejwue

−
[u+xi0

+(zi0
+γi0

u) tan θinc]
2

g2 du, (B1)

where (xi0 , zi0) are the coordinates of the plate center. Collect-
ing the terms over u and using the following identity [29]

∫
e−au2−2budu =

1

2

√
π

a
e

b2

a erf
(√

au+
b√
a

)
, (B2)

where erf is the error function, the integration over u ∈
[u−;u+] leads to

F =
1

2

√
π

a
e
−α2

g2
[
erfc

(
u−

)
− erfc

(
u+

)]
, (B3)

where

α = xi0 + zi0 tan θinc, β = 1 + γi0 tan θinc, (B4)

a =
β2

g2
, b = −jw

2
+
αβ

g2
, u± = ±

√
al± +

b√
a
, (B5)

where erfc(x) = 1 − erf(x) is the complementary error func-
tion. For |u±| ≫ 1, a numerical problem arises. To alleviate
this, the following expansion is applied [29]

√
πeu

2

erfc(u) ≈ 1

u
, (B6)

leading to

1

2

√
π

a
erfc (u) ≈ e−al2−2bl

2(al + b)
≈ e−2bl

2b
≈ −e

jwl

jw
. (B7)

Since a→ 0 (g → ∞ to reach a plane wave), b→ −jw/2. The
above equation is a primitive of −ejwu evaluated at u = l∓,
which is consistent with Eq. (B1) for g → ∞.
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