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ABSTRACT: Ghost surface polaritons (GSPs) in anisotropic materials exhibit an unusual bi-state nature with a complex-valued out-of-
plane wavevector, providing unique opportunities for nanoscale light manipulation. However, the exploration and application of GSPs
have been limited by the scarcity of natural crystals. Here, we revisit GSPs from the perspective of transformation optics. By introducing
a shift parameter, we establish a mapping between material tensors and ghost modes, demonstrating the existence of GSPs at various
transformed uniaxial interfaces. It is further shown that the wavefront can be modulated via shift parameters, enabling precise control of
GSP propagation. Our study provides new insight into GSPs and establishes a versatile framework for their flexible manipulation.

1. INTRODUCTION

Polaritons in anisotropic materials have recently attracted
considerable attention because of their exotic optical prop-

erties. Among them, polaritons in two-dimensional van der
Waals materials exhibit extremely strong field localization, ex-
tremely long lifetimes, and directional propagation character-
istics [1–9]. These unique characteristics enable a broad ar-
ray of applications, such as super-resolution imaging and fo-
cusing [10–17], twisted nano-optics [18–23], nanocavities [24–
27] and waveguiding [28–31], among others. At the same time,
they can also be modulated by the material thickness [1], edges,
and electric fields [29, 30]. The in-plane anisotropy and elec-
tronic properties of certain van der Waals materials give rise to
elliptical and hyperbolic polariton dispersions, with the latter
leading to an enhanced density of optical states and directional
polariton propagation. For example, in α-phase molybdenum
trioxide (α-MoO3), where the in-plane permittivities have op-
posite signs, polaritons exhibit anomalous concave wavefronts
and ray-like propagation along the material surface, with life-
times of up to 8 picoseconds [3].
Polaritons can generally be classified as volume-confined

polaritons [1, 5] and surface-confined polaritons [11, 28].
Volume-confined polaritons propagate inside low-loss crystals
with a purely real-valued out-of-plane wavevector. In contrast,
surface polaritons, which have a purely imaginary out-of-plane
wavevector, propagate along the crystal surface and decay
exponentially away from the interface. Recently, a novel
type of polariton, known as ghost surface polaritons (GSPs),
was reported in the classic birefringent crystal calcite [31].
In contrast to conventional surface and bulk waves, GSPs
are characterized by a complex-valued normal propagation
constant in an anisotropic medium. When the optical axis
of calcite is slanted relative to the interface, the polaritons
exhibit a unique bi-state nature, being both propagating and
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evanescent within the crystal bulk, which resembles the
theoretically predicted “ghost waves” at the interfaces [32, 33].
They also exhibit in-plane hyperbolic characteristics similar
to those of polaritons in α-MoO3. In addition, they exhibit
deep-subwavelength confinement and long-distance (over 20
micrometres) propagation [31], offering greater opportunities
for light guiding using readily available natural bulk crystals.
Although GSPs show great potential in areas such as sub-

wavelength photonics, sensing, and energy localization, these
polariton modes have only been observed in a few natural crys-
tals, such as calcite [31]. This material limitation has be-
come a major obstacle to exploring their underlying physical
mechanisms and realizing practical devices based on them. To
address this limitation, we use transformation optics to de-
sign anisotropic media that can support GSPs, thereby ex-
panding the possibilities for their realization and application.
Transformation optics provides powerful tools for manipulat-
ing light fields [34, 35], and enabling the design of advanced
devices [36–38], such as invisibility cloaks [39], field rota-
tors [40, 41], concentrators [42], illusion-optics systems [43–
46], and waveguide structures [47, 48].
In this study, we revisit GSPs from the perspective of trans-

formation optics and show that they can be supported and ma-
nipulated at the interfaces of transformed uniaxial media. Fur-
thermore, based on the analytical surface-mode solutions in the
transformedmedium, we derive algebraic conditions for the ex-
istence of GSPs and establish a mapping between transformed
material parameters and the GSP existence domains. We also
investigate the influence of the shift parameters introduced by
transformation optics on the GSP wavefront within the medium
and provide explicit analytical expressions. This study offers a
design concept and technical approach to realize the directional
manipulation of subwavelength light propagation.

1doi:10.2528/PIER26042804 Published by THE ELECTROMAGNETIC ACADEMY

https://doi.org/10.2528/PIER26042804


Jie, Xiao, and Chen

(a)

(b)

(c)

(d)

(e)

FIGURE 1. (a) Schematic of the untransformed surface-wave geometry at the interface between an isotropic medium and a uniaxial medium with
a diagonal permittivity tensor. (b) Schematic of the transformed surface-wave geometry, where the lower medium is represented by an effective
low-symmetry permittivity tensor with off-diagonal components. (c) Schematic illustration of the half-space shear transformation. (d) and (e) Cross-
sectional near-field distribution, Re(Hz), of surface modes propagating along the interfaces between air and untransformed uniaxial media at y = 0,
corresponding to t = 0. These modes are surface-bound but do not exhibit the simultaneous oscillation and attenuation required for GSPs. (d)
shows the uniaxial metal medium (εx = −4, εy = −1), (e) shows the Type-II uniaxial hyperbolic medium (εx = −2, εy = 4). The solid black
lines in (d)–(e) denote the air-medium interfaces.

2. MODEL AND THEORETICAL MECHANISM
As shown in Fig. 1(a), the initial configuration consists of an in-
terface between an isotropic dielectric medium and an untrans-
formed uniaxial anisotropic medium. The upper half-space
y > 0 is filled with an isotropic dielectric medium with permit-
tivity ε1 > 0, and the lower half-space y < 0 is initially filled
with the untransformed uniaxial anisotropic medium. In its
principal-axis frame, the in-plane permittivity tensor of the uni-

axial medium is diagonal and expressed as ε̂2 =

(
εx 0
0 εy

)
,

where εx and εy are permittivity components along the x and
y directions of the anisotropic uniaxial medium, respectively.
The corresponding surface-mode field shown in Fig. 1(a) re-
mains localized near the interface and exhibits exponential de-
cay normal to the interface.
To introduce low-symmetry anisotropic coupling, a shear co-

ordinate transformation is applied only to the lower anisotropic
half-space, while the upper isotropic medium is left unchanged.
The geometrical action of this transformation is illustrated in
Fig. 1(c): the orthogonal coordinate grid in y < 0 is converted
into a sheared grid, whereas the grid in y > 0 remains un-
changed. The planar interface is kept fixed at y = 0. Therefore,
the transformation modifies the constitutive parameters of the
lower medium without bending or deforming the interface.
Following the transformation optics approach in [49], a shear

transformation for the lower half-space is defined as X = x,
Y = y + tx, and Z = z, where t is defined as the “shift pa-
rameter”. While real-valued t has a direct geometrical inter-
pretation as a real space shear, imaginary or complex-valued t
is regarded here as an effective constitutive parametrization for
constructing complex low-symmetry anisotropic media, rather

than as a literal complex coordinate transformation. Under this
half-space transformation, the original diagonal uniaxial per-
mittivity tensor is converted into the effective low-symmetry
tensor

ε̂ =

(
1 0

t 1

)(
εx 0

0 εy

)(
1 t

0 1

)

=

(
εx tεx

tεx εy + t2εx

)
=

(
εxx εxy

εyx εyy

)
. (1)

Correspondingly, the initially untilted surface-mode field
evolves into a surface-bound field with oblique phase fronts
inside the transformed medium. These tilted wavefronts
arise from the transverse phase variation generated by the
off-diagonal permittivity components. The transformed field
propagates along the interface while simultaneously oscillating
and decaying in the direction normal to the interface, as shown
in Fig. 1(b). This combined oscillatory–evanescent behavior
constitutes the characteristic ghost-wave response considered
in this work.
To illustrate the surface-wave characteristics before transfor-

mation, Figs. 1(d)–(e) show magnetic-field distributions at in-
terfaces between air and a uniaxial metal (εx = −4, εy = −1)
and between air and a Type-II uniaxial hyperbolic medium
(εx = −2, εy = 4), respectively, with t = 0. The field pro-
files correspond to a conventional surface plasmon polariton
in Fig. 1(d) and a surface mode supported by the hyperbolic
medium in Fig. 1(e). Both modes propagate along the inter-
face while remaining confined to it, with their field amplitudes
decaying exponentially away from the interface.
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2.1. Dispersion Equation
Throughout this work, the time-harmonic convention
exp(−iωτ) is adopted, where τ denotes time. A transverse-
magnetic surface mode is assumed to propagate along the +x
direction and to remain confined to the interface. Its magnetic
field is expressed as

Hz (x, y) = eikxx

{
Ae−βy (y > 0)

Beαy (y < 0)
, (2)

where β is the decay constant in the isotropic medium, and α is
the complex normal wavevector in the low-symmetry medium.
The real and imaginary parts of α describe the attenuation and
oscillation of the field along the negative y direction, respec-
tively. According to the vector wave equation,

∇× (∇× E) = ω2µ0ε̂ · E. (3)

Substitution of the TM-polarized field into the wave equation
yields the relations for β and α:

k2x − β2 = k20ε1, (4)

−εxxk
2
x + εyyα

2 + 2iαεxykx +
(
εxxεyy − ε2xy

)
k20 = 0. (5)

The modal fields in the two half-spaces are connected
through the boundary conditions at y = 0. Since the shear
transformation keeps the interface planar and fixed at y = 0,
and the tangential coordinate x remains continuous across the
interface, the standard continuity conditions for the tangential
electromagnetic fields remain applicable. Applying these
conditions gives the surface-mode dispersion equation

ε1εyyα+ iε1εxykx −
(
ε2xy − εxxεyy

)
β = 0. (6)

2.2. Algebraic Solution
Having established the bulk-wave relations and the boundary-
matching condition in Eqs. (4)–(6), we next solve the equations
algebraically and identify the branches corresponding to phys-
ically admissible GSPs. We consider modes propagating along
the +x direction at the interface between the isotropic medium
and the transformed low-symmetry medium.
For the field convention adopted in Eqs. (4) and (5),

Re(kx) > 0 is selected to represent phase propagation along
+x. Surface confinement requires Re(β) > 0 in the upper
isotropic half-space and Re(α) > 0 in the lower anisotropic
half-space. In addition, the ghost-wave character requires
Im(α) ̸= 0, so that the field simultaneously oscillates and
decays in the direction normal to the interface. When kx is
complex, the non-growing branch along +x further satisfies
Im(kx) ≥ 0 for the spatial factor exp(ikxx).
Under these conditions, the solutions of Eqs. (4)–(6) can be

written in algebraic form as

kx = k0

√
−εxεyε1 + (εy + t2εx)ε21

ε21 − εxεy
, (7)

α =
−εxεyβ − itεxε1kx

(εy + t2εx)ε1
, (8)

β = k0

√
(εy + t2εx − ε1)ε21

ε21 − εxεy
. (9)

To describe the material parameter space in a compact form,
we introduce the dimensionless permittivity ratio m = εy/εx,
so that εy = mεx. The parameter space can therefore be repre-
sented by (εx,m). The denominator ε21−εxεy is assumed to be
nonzero. The singular case ε21 − εxεy = 0 corresponds to the
curve m = ε21/ε

2
x in the (εx,m) parameter space, as indicated

by the gray dashed line in Fig. 2. Along this curve, the ana-
lytical expressions in Eqs. (7)–(9) become singular. Therefore,
this curve is excluded from the finite-parameter GSP existence
domains discussed below.

FIGURE 2. Existence domains of GSPs in the (εx,m)material parame-
ter space for t = ±1, wherem = εy/εx. The colored regions indicate
the parameter domains satisfying the GSP existence conditions. The
gray dashed line denotes the singular curve ε21 − εxεy = 0, which is
excluded from the finite-parameter GSP domains.

Equations (7)–(9) show explicitly that the longitudinal prop-
agation constant and two transverse decay constants are jointly
governed by the original principal permittivities and the shift
parameter t. To examine the permitted material domains, the
upper isotropic medium is taken to be air or vacuum (ε1 = 1),
and the signs of εx and εy are allowed to vary. The cases of real,
imaginary, and general complex t are considered respectively.
It follows from Eqs. (7)–(9) that, when t is a non-zero real

number, the existence condition of GSPs can be expressed as
m > 0, εx < −ε1√

m

m < 0,

{
εx > ε1

m+t2 > 0

εx < ε1
m+t2 < 0

. (10)

For t = ±1, the resulting domains include transformed uni-
axial metals (domain I), Type-I uniaxial hyperbolic media (do-
main III), and Type-II uniaxial hyperbolic media (domain II),
as summarized in Fig. 2. The signs and magnitudes of the prin-
cipal permittivities determine whether the solutions simultane-
ously satisfy surface confinement and transverse phase oscilla-
tion. When t = 0, Eq. (8) gives Im(α) = 0. The field in the
anisotropic medium then decays without oscillation along the
interface-normal direction. Consequently, the ghost-wave con-
dition is not fulfilled, and the mode reduces to a conventional
surface wave rather than a GSP.
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FIGURE 3. Analytical magnetic field distributions for the interface between air and a transformed anisotropic medium when the shift parameter t is
a real number. (a)–(c) Cross-sectional near-field distributions, Re(Hz), of GSP modes propagating along the interface, with the corresponding field
profiles in the y-z plane shown on the right. The solid black line denotes the interface at y = 0 between air and (a) a transformed uniaxial metal,
(b) a transformed Type-II hyperbolic medium, (c) a transformed Type-I hyperbolic medium. The transformed material parameters are obtained with
t = 1, and (d)–(f) same as (a)–(c), but for transformed material parameters obtained with t = −1. The material parameters of the transformed
media correspond to the red triangle (εx = −4, εy = −1), blue circle (εx = −2, εy = 4), and black star (εx = 4, εy = −2) in Fig. 2.

3. NUMERICAL RESULTS AND DISCUSSION

Based on algebraic solutions and existence domains derived
above, representative material parameters are selected from the
allowed regions in Fig. 2 to examine the corresponding interfa-
cial field distributions.
Figure 3 shows the cross-sectional magnetic-field distribu-

tions at interfaces between air and three transformed uniaxial
media: a uniaxial metal, a Type-II hyperbolic medium, and a
Type-I hyperbolic medium. The parameter sets correspond to
the red triangle, blue circle, and black star in Fig. 2, respec-
tively. For t = 1, Figs. 3(a)–(c) exhibit surface-bound fields
with oblique wavefronts inside the transformed media. The
fields decay away from the interface while simultaneously os-
cillating along the interface-normal direction, thereby confirm-
ing the ghost-wave character predicted by the analytical con-
ditions. This mechanism differs from the GSPs caused by the
optical axis tilting in the natural birefringent material calcite re-
ported in previous studies [31]. Our approach is not limited to a
specific material. Instead, GSP characteristics can be achieved
by applying transformation optics to ordinary uniaxial materi-
als, making the framework more general than previous studies.
When the shift parameter is changed from t = 1 to −1,

the sign of the off-diagonal permittivity component is reversed.
Consequently, the direction of the transverse phase variation
is also reversed, as seen by comparing Figs. 3(a)–(c) with
Figs. 3(d)–(f). The two sets of field maps therefore have op-
posite wavefront orientations while preserving their surface
confinement and oscillatory-evanescent behavior. This result
demonstrates that the sign of t controls the direction of the
wavefront tilt, whereas its magnitude determines the strength
of the induced shear-type anisotropic coupling.

For a real-valued shift parameter t, the wavefront tilt angle
θ can be expressed analytically as a function of t (see the Ap-
pendix A for details):

θ = arctan
(

−tεx
εy + t2εx

)
, (11)

where θ is the angle between the wavefront and the y axis.
To further illustrate the continuous tunability provided by t,
Figs. A1 and A2 in Appendix A show the field distributions
for several values of t (e.g., t = 0.5, 1, 1.5 and 2) in the trans-
formed uniaxial metal and Type-II hyperbolic media, respec-
tively. In both cases, the wavefront orientation varies contin-
uously with t, although detailed dependence is determined by
principal permittivities of the original uniaxial medium. This
result provides a novel approach to high-precision light-field
manipulation at the nanoscale and has potential for designing
nanophotonic devices with directional propagation characteris-
tics and anisotropic responses.
The preceding examples assume a real-valued t and lossless

constituent parameters. To examine the influence of a complex-
valued effective shift parameter, Figs. 4(a)–(c) present the cor-
responding field distributions for t = 1 + 0.1i. The modes
remain localized near the interface and retain the oblique wave-
fronts and simultaneous transverse oscillation and decay as-
sociated with ghost waves. However, kx, α, and β generally
become complex, and the field amplitude decreases along the
+x direction. Thus, the imaginary part of t modifies both the
propagation attenuation and the normal field confinement, but
it does not eliminate the basic ghost-wave character for the pa-
rameters considered here. A more detailed comparison of the
modal characteristics and energy-transport properties for real
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FIGURE 4. Analytical magnetic field distributions for the interface between air and transformed anisotropic media with a complex shift parameter
t, and for the interface between air and natural low-symmetry medium β-Ga2O3. (a)–(c) Cross-sectional near-field distribution, Re(Hz), of a GSP
mode propagating along the interface. The solid black line denotes the interface at y = 0 between air and (a) a transformed uniaxial metal (εx = −4,
εy = −1), (b) a transformed Type-I hyperbolic medium (εx = 4, εy = −2), and (c) a transformed Type-II hyperbolic medium (εx = −2, εy = 4)
with t = 1 + 0.1i. (d) Near-field distribution of a GSP mode propagating along the interface between air and natural monoclinic β-Ga2O3 at a
spectroscopic wavenumber of 738 cm−1. The permittivity tensor used for β-Ga2O3 is taken from [50], with εxx = 1.04+1.96i, εyy = 2.88+2.8i,
and the off-diagonal component εxy = εyx = 2.51 + 2.27i.

and complex-valued t, including the phase vector, attenuation
vector, Poynting vector, propagation length, and penetration
depths, is provided in Appendix A.
To show that the observed ghost-wave characteristics are

not restricted to a limited class of natural crystals, Fig. 4(d)
presents the analytical field distribution at the interface be-
tween air and natural monoclinic β-Ga2O3 at a spectroscopic
wavenumber of 738 cm−1. The mode exhibits surface con-
finement together with oblique wavefront propagation inside
the anisotropic medium. Because the permittivity tensor of
β-Ga2O3 is complex at this frequency, the mode also attenu-
ates along the propagation direction. This feature is consistent
with the field profiles predicted for the effective low-symmetry
medium obtained from a uniaxial medium when the shift pa-
rameter is complex. The similarity between this natural low-
symmetry example and the complex t transformed media high-
lights that the ghost-wave behavior is associated with complex
anisotropic coupling rather than with a single specific crystal.
Finally, the shift parameter is related to physically accessible

effective anisotropic media. For real t, the required real
off-diagonal response can be approached using an obliquely
oriented subwavelength multilayer or another structured
anisotropic medium. Reversing the layer tilt reverses the
sign of the off-diagonal component and therefore corresponds
to changing the sign of t. In realistic lossy multilayers,
the effective diagonal and off-diagonal permittivity com-
ponents are generally complex, providing a natural route
for the complex t case. Appendix B gives a representative
Cr-SiO2 multilayer example and shows that the resulting
effective medium supports an interfacial field with the same
characteristic oblique and oscillatory–evanescent behavior.
This implementation should be understood with the effective
medium approximation, which requires the multilayer period
to remain sufficiently smaller than the operating wavelength.

4. CONCLUSIONS
In this work, ghost surface polaritons are revisited from the
perspective of transformation optics, and a transformation-
optics-based approach is proposed to support them at isotropic–
anisotropic interfaces using transformed uniaxial media. The
analytical solutions and material-parameter conditions show
that transformed uniaxial metals and hyperbolic media can sup-
port surface-bound modes with simultaneous oscillation and
evanescent decay. The shift parameter provides an additional
degree of freedom for controlling the wavefront orientation,
while its complex extension further modifies the propagation
attenuation and field confinement. Similar ghost-wave char-
acteristics are also observed in natural monoclinic β-Ga2O3,
further demonstrating that ghost surface modes are not re-
stricted to a few specific natural crystals. Combined with the
transformation-optics construction, this observation extends
the accessible platforms for GSPs to a broader range of natural
and engineered low-symmetry anisotropic media. Compared
with relying on specific natural crystals, the transformation-
optics approach provides greater flexibility in selecting the ma-
terial platform and tailoring the effective anisotropy, wave-
front orientation, and propagation characteristics. An obliquely
stacked metal–dielectric multilayer is further presented as a
possible effective medium realization of GSPs. This provides
a complementary and designable route for supporting and con-
trolling ghost surface modes, with potential applications in di-
rectional polariton routing, subwavelength wavefront shaping,
near-field energy guiding, and anisotropic optical sensing.
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APPENDIX A. CHARACTERISTICS AND ENERGY-
TRANSPORT PROPERTIES OF GHOST SURFACE
MODES
The relationship between the shift parameter and the GSP
wavefront orientation can be obtained directly from the analyti-
cal surface-mode solution. In the transformed medium (y < 0),
the magnetic field is written as

Hz = H0 exp (ikxx+ αy) . (A1)

Writing kx = Re(kx) + iIm(kx) and α = Re(α) + iIm(α),
the field can be separated into amplitude and phase factors as

Hz = H0 exp [−Im (kx)x+ Re (α) y]
× exp {i [Re (kx)x+ Im (α) y]} . (A2)

Accordingly, the phase vector and attenuation vector in the
transformed medium are kph = Re(kx)x̂+ Im(α)ŷ and katt =
Im(kx)x̂ − Re(α)ŷ, respectively, where the amplitude factor
is written as exp(−katt · r). The phase vector is normal to
the constant-phase wavefronts, whereas the attenuation vector
specifies the direction of exponential amplitude decay.
For a real-valued shift parameter t in the lossless model, kx

is real, and the attenuation vector is directed purely normal to
the interface. The nonzero transverse phase component Im(α),
together with Re(α) > 0, produces the simultaneous oscilla-
tion and evanescent decay characteristic of a ghost wave. The
signed angle θ may be defined as the angle between the phase
vector and the x axis, equivalently the angle between the wave-
front and the y axis. Using ky = −iα and substituting Eqs. (7)–

(9), one obtains θ = arctan
[
Re(ky)
Re(kx)

]
= arctan

[
Im(α)
Re(kx)

]
, and

therefore

θ = arctan
(

−tεx
εy + t2εx

)
. (A3)

Equation (A3) has a direct geometrical interpretation only
when t is real. For complex-valued t, the modal wavevector
components are generally complex, and the phase-front orien-
tation must instead be determined from the real components of
the phase vector, rather than by directly substituting a complex
t into Eq. (A3).
Figure A1 shows the cross-sectional magnetic-field distribu-

tions at the air-transformed-medium interface for a transformed
uniaxial metal with εx = −4 and εy = −1. As t increases from
0.5 to 2, the wavefront angle changes continuously from −45◦

to−25.1◦, in agreement with Eq. (A3). The field remains local-
ized near the interface while exhibiting oscillatory and evanes-
cent behavior inside the transformed medium. Fig. A2 presents
the corresponding results for a transformed Type-II uniaxial hy-
perbolic medium with εx = −2 and εy = 10. In this case, the
wavefront angle increases from 6◦ to 63.4◦ over the same range
of t. The different angular trends in Figs. A1 and A2 arise from
their different principal permittivities, whereas both sets of re-
sults demonstrate that the shift parameter continuously controls
the internal phase-front orientation.
The influence of a complex shift parameter on propagation

attenuation, field confinement, and energy transport is illus-
trated in Fig. A3. For real-valued t in the lossless model,

Im(kx) = 0, and the mode does not attenuate along the propa-
gation direction. When t becomes complex, kx, α, and β gen-
erally become complex. The real part Re(kx) determines phase
propagation along the interface, whereas Im(kx) produces ex-
ponential attenuation along thex direction. The field-amplitude
propagation length is therefore defined as Lamp = 1/|Im(kx)|,
and the corresponding field-amplitude penetration depths in
the upper isotropic medium and lower anisotropic medium are
δampair = 1/|Re(β)| and δampaniso = 1/|Re(α)|.
The associated intensity propagation length and intensity

penetration depths are one half of the amplitude-based values.
For t = 1, the lossless model gives an infinite propagation
length, whereas t = 1 + 0.1i produces a finite propagation
length and modifies the penetration depths on both sides of the
interface, as indicated in Figs. A3(a) and A3(b).
The time-averaged energy-flow direction is characterized by

the Poynting vector as specified in Eq. (A4).

S =
1

2
Re (E×H∗) (A4)

For the TM-polarized modes considered here,
H = (0, 0,Hz) and E = (Ex, Ey, 0), so that

Sx =
1

2
Re (EyH

∗
z ) , Sy = −1

2
Re (ExH

∗
z ) . (A5)

As shown in Fig. A3(a), for the real-valued case t = 1, the
phase vector is tilted inside the anisotropic medium, and the at-
tenuation vector remains normal to the interface because kx is
real in the lossless model. The Poynting vector is not parallel to
the phase vector, reflecting the difference between phase prop-
agation and energy transport. For t = 1 + 0.1i, as shown in
Fig. A3(b), the attenuation vector acquires a tangential compo-
nent due to the nonzero Im(kx), resulting in a finite propagation
length along the interface. The corresponding changes in the
penetration depths are also indicated in the field distribution.
The normalized interface-field amplitudes |Hz(x, 0)|/

|Hz(0, 0)| for t = 1 and t = 1 + 0.1i are compared in
Fig. A3(c). The amplitude remains constant for real t in
the lossless model, whereas it decreases exponentially for
complex t because Im(kx) is nonzero. Thus, the imaginary
component of the shift parameter introduces propagation
attenuation while the mode retains its oblique wavefronts
and oscillatory-evanescent behavior inside the anisotropic
medium. The complex shift parameter therefore modifies
both the propagation length along the interface and the field
confinement normal to it without eliminating the ghost-wave
character.

APPENDIX B. A POSSIBLE PHYSICAL REALIZATION
OF GHOST SURFACE MODES
A possible physical realization of ghost surface modes can be
achieved using an obliquely stacked A–B multilayer, as il-
lustrated in Fig. B1(a). When the multilayer period is much
smaller than the operating wavelength, the structure can be de-
scribed within the effective medium approximation as a homo-
geneous anisotropic medium. Although the effective permit-
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FIGURE A1. (a)–(d) Cross-sectional magnetic-field distributions, Re(Hz), of GSPs at the air-transformedmedium interface for a transformed uniaxial
metal (εx = −4, εy = −1) with t = 0.5, 1, 1.5, and 2. The solid black line denotes the interface at y = 0.

FIGURE A2. (a)–(d) Cross-sectional magnetic-field distributions, Re(Hz), of GSPs at the air-transformed medium interface for a transformed Type-II
uniaxial hyperbolic medium (εx = −2, εy = 10) with t = 0.5, 1, 1.5, and 2, respectively. The solid black line denotes the interface at y = 0.

FIGURE A3. Effect of a complex shift parameter on the propagation attenuation, field confinement, and energy transport of GSP-like modes. (a)–(b)
Cross-sectional magnetic-field distributions, Re(Hz), for the transformed uniaxial metal with εx = −4, εy = −1, and ε1 = 1, corresponding to
t = 1 and t = 1 + 0.1i, respectively. The arrows indicate the phase vector kph, attenuation vector katt, and time-averaged Poynting vector Saniso
in the anisotropic medium. (c) Normalized interface-field amplitude |Hz(x, 0)| / |Hz(0, 0)|, showing the propagation attenuation induced by the
imaginary component of t.

tivity tensor is diagonal in the principal-axis frame of the mul-
tilayer, tilting the layers with respect to the interface produces
nonzero off-diagonal components when the tensor is expressed
in the interface-based x-y coordinate system. The strength and
sign of this anisotropic coupling can be controlled via the con-
stituent permittivities, filling fraction f , and tilt angle φ.

As a representative example, an obliquely stacked Cr-SiO2

multilayer with a period of a = 100 nm is considered the lower
effective anisotropic medium, while an isotropic SiO2 medium
occupies the upper half-space. When the multilayer period is
much smaller than the operating wavelength, its effective per-
mittivities parallel and perpendicular to the layers can be writ-
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FIGURE B1. (a) Schematic of the interface between an isotropic medium and an obliquely stacked A–B multilayer. The multilayer period and tilt
angle are denoted by a and φ, respectively. The period in the x direction is given by ax = a/ cosφ, and the period in the y direction is given by
ay = a/ sinφ. The structure is uniform along the z direction. (b) Cross-sectional magnetic-field distribution, Re(Hz), at the interface between
isotropic SiO2 medium and the effective anisotropic medium formed by the obliquely stacked Cr-SiO2 multilayer. The permittivity of Cr is assumed
to be εCr = εA = −3.072 + 29.929i [51], and the permittivity of SiO2 is taken as εSiO2 = ε1 = εB = 2.08 [52] at a wavelength of 1500 nm. The
Cr filling fraction and tilt angle are f = 0.9 and φ = 60◦, respectively.

ten as ε∥ = fεCr + (1− f)εSiO2 and 1
ε⊥

= f
εCr

+ 1−f
εSiO2

, respec-

tively. For εCr = −3.072 + 29.929i, εSiO2 = 2.08 and f = 0.9
at a wavelength of 1500 nm, these components are obtained as
ε∥ = −2.557 + 26.936i, ε⊥ = 15.458 + 10.217i. After the
multilayer is tilted by φ = 60◦, the effective permittivity ten-
sor in the interface-based coordinate system becomes εxx =
1.947 + 22.756i, εxy = 7.8− 7.24i, εyy = 10.954 + 14.397i.
By expressing the in-plane tensor in the same algebraic form
as the transformation-optics tensor, the corresponding effective
shift parameter is teff = −0.287− 0.367i.
The complex permittivity of Cr introduces material loss into

the multilayer and consequently makes both the diagonal and
off-diagonal components of the effective permittivity tensor
complex. Therefore, this configuration provides a representa-
tive realization of the complex-valued t case discussed in the
main text.
Figure B1(b) shows the corresponding analytical surface-

mode field at the interface. The field remains confined to the
interface and exhibits oblique phase fronts together with simul-
taneous oscillation and decay inside the effective anisotropic
medium. These features are characteristic of a ghost surface
mode. Owing to the material loss, the propagation constant
along the interface is also complex, leading to attenuation of
the mode during propagation. This example therefore demon-
strates that the field characteristics for complex t, including
tilted wavefronts, oscillatory decay normal to the interface, and
finite propagation length, can in principle be reproduced using a
lossy tilted multilayer platform. In practical implementations,
the operating bandwidth is limited by the dispersion and loss
of the constituent materials and by the frequency range over
which the effective medium approximation remains valid. Fab-
rication deviations in the layer thicknesses, filling fraction, tilt
angle, and constituent parameters maymodify the effective per-
mittivity tensor, thereby affecting the phase-front inclination,
propagation length, and field confinement of the ghost surface
mode. A quantitative evaluation of these effects depends on the
specific material platform and fabrication process. Neverthe-
less, the proposed tilted multilayer provides a possible effec-
tive medium platform for reproducing the characteristic field
behavior of ghost surface modes.
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