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ABSTRACT: Electromagnetic wave propagation and scattering in materials with time-variant parameters are subjects of an active field
of research. The theory is usually restricted to transverse-electric or transverse-magnetic modes in one- or two-dimensional settings.
Here we discuss the theory of three-dimensional, multi-component electromagnetic waves in a homogeneous, time-variant material. We
present 3× 3 causal and acausal Green’s matrices, and a 6× 6 propagator matrix. We derive several fundamental properties such as the
conservation of momentum density for a piecewise continuous, time-variant material, symmetry properties of the propagator matrix, and
a relation between the causal and acausal Green’s matrices. These properties are used in derivation of a general wave-field representation
(the counterpart of the Kirchhoff integral for a time-invariant material) and an expression for Green’s function retrieval with space
correlations (the counterpart of Green’s function retrieval with time correlations in a time-invariant material).

1. INTRODUCTION

Electromagnetic waves, propagating through a time-variant
material, are scattered when the material parameters sud-

denly change from one value to another. Research into this
phenomenon began in the second half of the last century [1–
3] and has developed into a very active field of research since
the introduction of dynamic metamaterials [4–10].
The theory for waves in homogeneous, time-variant materi-

als is very similar to that for waves in classical time-invariant,
inhomogeneous materials, with the roles of space and time
interchanged [3, 11–15]. However, there are important dif-
ferences. A notable difference is that waves arriving at a
time boundary are reflected and transmitted forward in time,
whereas waves arriving at a spatial boundary are reflected back-
ward and transmitted forward in space [12–14]. Ref. [16] dis-
cusses the consequences for the direction of the wake tail of a
two-dimensional impulse response, reflected by a time bound-
ary.
The theory for waves in time-variant materials is usually re-

stricted to transverse-electric (TE) or transverse-magnetic (TM)
modes in one-dimensional (1D) or two-dimensional (2D) set-
tings [4, 12, 17–19]. In these situations, the wave field obeys a
scalar wave equation, Green’s function is a scalar function, and
the propagator matrix (also known as the transfer matrix) is a
2×2matrix. The literature on three-dimensional (3D) waves in
time-variant materials is sparse. Refs. [20] and [21] discuss 3D
analytical solutions for some specific profiles of time-variant
material parameters. Ref. [22] is one of the first studies that
presents a more general theory for 3D electromagnetic wave
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propagation in time-variant materials, including an analysis of
operator symmetries.
In this study, we extend our analysis of 2D TE and TM

waves [19] to a more general theory for 3D multi-component
electromagnetic waves in a homogeneous, time-variant mate-
rial. Similar to [22], we refrain from considering materials
that are simultaneously space- and time-variant (for a discus-
sion of 1D or 2D scalar waves in such materials, see for exam-
ple [7, 10, 13, 15]). For a 3D homogeneous, time-variant mate-
rial, the electromagnetic wave field is a 3×1 vector field, obey-
ing a vectorial wave equation (Section 2); Green’s function is a
3×3matrix (Section 3); and the propagator matrix is a 6×6ma-
trix (Sections 4 and 6). The matrix-vector approach, discussed
in Section 4, facilitates the derivation of fundamental properties
and relations, such as the conservation of momentum density
(Section 5, confirming a result of [22]), the symmetry of the
propagator matrix (Section 7), a relation between the Green’s
matrix and the propagatormatrix (Section 8), a relation between
the causal and acausal Green’s matrices (Section 9), a general
wave field representation (Section 10), and an expression for
Green’s matrix retrieval (Section 11), all for 3D homogeneous,
arbitrarily piecewise continuous, time-variant materials.

2. MAXWELL EQUATIONS FOR A 3D TIME-VARIANT
MATERIAL

The Maxwell equations for 3D electromagnetic wave propaga-
tion read [23, 24]

∂tD−∇×H = −Je, (1)
∂tB+∇× E = −Jm. (2)
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Here, 3×1 vectorsD(x, t) and B(x, t) are the electric and mag-
netic flux densities, respectively, as a function of the Cartesian
coordinate vector x = (x, y, z) and time t. Vectors E(x, t) and
H(x, t) are the electric and magnetic field strengths, and vec-
tors Je(x, t) and Jm(x, t) are the external electric and magnetic
current densities. Furthermore, ∂t stands for the partial dif-
ferential operator ∂

∂t , and ∇ is the nabla operator, defined as
∇ = (∂x, ∂y, ∂z).
The wave-field quantities in Equations (1) and (2) are related

via the constitutive equations as follows:

D = εE, (3)
B = µH, (4)

where ε and µ are the permittivity and permeability, respec-
tively, of the material (assuming that the material is instanta-
neously reacting, and the conductivity is zero). Throughout
this paper, we consider a homogeneous, time-variant material;
hence, the permittivity and permeability are time-dependent
functions: ε(t) and µ(t). Whereas for inhomogeneous, time-
invariant materials, Equations (3) and (4) are commonly used
to eliminate D and B from Equations (1) and (2), for homoge-
neous, time-variant materials, we eliminate E andH from these
equations [20–22]. This yields

∂tD− 1

µ(t)
∇× B = −Je, (5)

∂tB+
1

ε(t)
∇× D = −Jm. (6)

Equations (5) and (6) are valid for continuously varying pa-
rameters ε(t) and µ(t). For a material with piecewise contin-
uous parameters, Equations (5) and (6) are supplemented with
boundary conditions at all time instants where ε(t) and/or µ(t)
are discontinuous (known as time boundaries). The boundary
conditions state that D(x, t) and B(x, t) are continuous at these
time instants [1, 3, 11, 13]. In reality, the parameters do not
change instantaneously but transit in a very short time from one
value to another. One may treat such a change as a time bound-
ary when the transition time is very small in comparison with
the inverse of the dominant frequency.
We obtain a second-order wave equation for the electric flux

density D by eliminating the magnetic flux density B from
Equations (5) and (6). This yields(
∂tµ∂t + µc2∇×∇×

)
D(x, t) = −∂t(µJe)−∇× Jm, (7)

with the time-variant propagation velocity c(t) defined as

c =
1

√
µε

. (8)

3. GREEN'S MATRIX
Green’s 3 × 3 matrix G(x, x0, t, t0) is introduced as a solution
of wave equation (7), with the source vector −∇× Jm(x, t) in
the right-hand side replaced by a unit source matrix at x = x0
and t = t0, that is, δ(x − x0)δ(t − t0)I, and the source vector

Je(x, t) set to zero. Hence(
∂tµ∂t + µc2∇×∇×

)
G(x, x0, t, t0) = δ(x− x0)δ(t− t0)I,

(9)
with causality condition

G(x, x0, t, t0) = O, for t < t0. (10)

Here, I andO are the identity and null matrices, respectively, of
appropriate size (here, 3×3). Owing to the causality condition,
Green’s matrix is non-zero only for t ≥ t0, that is, at and after
the action of the source at x = x0 and t = t0. We partition
G(x, x0, t, t0) as follows:

G(x, x0, t, t0) =

Gx,x Gx,y Gx,z

Gy,x Gy,y Gy,z

Gz,x Gz,y Gz,z

 (x, x0, t, t0). (11)

Comparing Equation (9) for G(x, x0, t, t0) with Equation (7)
for D(x, t), it is observed that the first subscripts x, y, and z in
Equation (11) refer to the components of the D-field at (x, t),
whereas the second subscripts refer to the components of the
source at (x0, t0). We illustrate Gx,z(x, x0, t, t0) with a numer-
ical example in Section 8.
We introduce an acausal Green’s matrix Ga(x, x0, t, t0),

obeying the same wave equation, but with the acausality
condition

Ga(x, x0, t, t0) = O, for t > t0. (12)

This acausal Green’s matrix is non-zero only for t ≤ t0. For
increasing t, it propagates towards the singularity at x = x0
and t = t0, after which it vanishes. Hence, in this case, the
singularity on the right-hand side of Equation (9) acts as a sink.
The acausal Green’s matrix is partitioned in the same way as
the causal Green’s matrix, as indicated in Equation (11).
In a general time-variant material, the parameters ε(t) and

µ(t) for t ≤ t0 are unrelated to the parameters for t ≥ t0.
Consequently, the acausal Green’s matrix Ga(x, x0, t, t0) prop-
agates through a material different from that for the causal
Green’s matrixG(x, x0, t, t0). Hence, unlike in a time-invariant
material, where the acausal Green’s function is simply the time-
reversal of the causal Green’s function (assuming t0 = 0),
the acausal Green’s matrix Ga(x, x0, t, t0) in a time-variant
material is not the time-reversal of the causal Green’s matrix
G(x, x0, t, t0). Nevertheless, as we show in Section 9, there
exists a relation between causal and acausal Green’s matrices,
when the source and sink are chosen at different time instants
(instead of both at t0).
Because the causal and acausal Green’s matrices

G(x, x0, t, t0) and Ga(x, x0, t, t0) obey the same wave
equation with the same singularity on the right-hand side, the
difference between these Green’s matrices obeys the same
wave equation, but with the singularities cancelled. In other
words, the homogeneous Green’s matrix Gh(x, x0, t, t0),
defined as

Gh(x, x0, t, t0) = G(x, x0, t, t0)− Ga(x, x0, t, t0), (13)

obeys the homogeneous wave equation(
∂tµ∂t + µc2∇×∇×

)
Gh(x, x0, t, t0) = O. (14)
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Here, “homogeneous” refers to the absence of a singularity on
the right-hand side of Equation (14); the material parameters
are still (piecewise continuous) functions of t. Finally, note
that because we consider homogeneous materials throughout
this paper, the Green’s matrices are shift-invariant; hence,

G(x, x0, t, t0) = G(x− x0, 0, t, t0) (15)

(where 0 is the 3 × 1 null vector), and similar expressions for
Ga(x, x0, t, t0) and Gh(x, x0, t, t0).

4. MATRIX-VECTOR WAVE EQUATION
Several authors use a matrix-vector formulation of the wave
equation,

∂tq = Aq+ d, (16)
to address the time-evolution of waves through a homogeneous,
time-variant material [4, 14, 17–19, 25]. In most of these cases,
the wave equation is 1D, whichmeans that it accounts for waves
propagating along only one space coordinate. In these cases,
q(x, t) in Equation (16) is a 2×1wave field vector (containing
specific components of the D and B fields); d(x, t) is a 2 × 1
source vector; and A(t) is a 2× 2 operator matrix. In [19], the
approach is extended to the 2D situation, with q(x, z, t) and
d(x, z, t) still being 2×1 vectors andA(t) a 2×2 operator ma-
trix. This approach addresses, among others, the time evolution
of 2D-TE or 2D-TM waves in the x, z-plane. Here, we extend
the approach to the 3D situation, with q(x, t) and d(x, t) being
6 × 1 vectors and A(t) a 6 × 6 operator matrix. Equations (5)
and (6) can be easily captured in the form of Equation (16). To
this end, we can use the following definitions:

q =

(
D
B

)
, d =

(
−Je

−Jm

)
, A =

(
O 1

µ(t)∇×
− 1

ε(t)∇× O

)
,

(17)
with

∇× =

 0 −∂z ∂y

∂z 0 −∂x

−∂y ∂x 0

 . (18)

With these definitions, Equation (16) can be used as a start-
ing point for modeling the time evolution ofD(x, t) and B(x, t)
through a homogeneous, time-variant material [26]. For a
piecewise continuous, time-variant material, Equation (16) is
supplemented with boundary conditions, stating that q(x, t) is
continuous at time boundaries (that is, at those time instants
where ε(t) and/or µ(t) are discontinuous).
However, apart from being a basis for modeling, Equa-

tion (16) is also a useful starting point to establish conservation
of momentum density (Section 5), to derive a propagator ma-
trix (Section 6) and its symmetry properties (Section 7), to ob-
tain relations for the Green’s matrix with the propagator matrix
(Section 8) and with the acausal Green’s matrix (Section 9), to
derive a general wave field representation (Section 10), and an
expression for Green’s matrix retrieval (Section 11), all for ar-
bitrarily piecewise continuous, time-variant materials. To this
end, the operator matrix A(t) in Equation (16) should, for the

6 × 6 case, obey the same symmetry property as for the 2 × 2
case in [19], namely:

AtN = −NA, (19)

where superscript t denotes matrix transposition, and

N =

(
O I
−I O

)
. (20)

Unfortunately, operator matrix A(t), as defined in Equa-
tions (17) and (18), does not obey this symmetry property.
To arrive at an alternative definition of operator matrix A(t)

with the desired symmetry property, we first reorganize Equa-
tion (6) by applying the operation−∇× to this equation’s both
sides. By interchanging the order of spatial and temporal dif-
ferentiation and considering that ε(t) is independent of x, we
obtain

∂t(−∇× B)− 1

ε(t)
∇×∇× D = ∇× Jm. (21)

Equations (5) and (21) can now be captured in the form of Equa-
tion (16), with

q =

(
D

−∇× B

)
, d =

(
−Je

∇× Jm

)
, (22)

A =

(
O − 1

µ(t) I
1

ε(t)∇×∇× O

)
, (23)

with

∇×∇× =

−(∂2
y + ∂2

z ) ∂x∂y ∂x∂z

∂x∂y −(∂2
x + ∂2

z ) ∂y∂z

∂x∂z ∂y∂z −(∂2
x + ∂2

y)

 .

(24)
The operator matrixA(t), as defined in Equations (23) and (24),
obeys the symmetry relation of Equation (19). Furthermore,
because B(x, t) is continuous at a time boundary for all x, its
spatial derivatives are also continuous. Hence, the wave field
vector q(x, t), as defined in Equation (22), remains continuous
at time boundaries. Note that for the source-free situation we
have, according to Equation (5), ∇ × B = µ∂tD. Hence, in
this case, wave field vector q, as defined in Equation (22), con-
tains the electric flux density D and its (scaled) first-order time
derivative −µ∂tD. In the remainder of this paper, we use the
definitions of q(x, t), d(x, t) and A(t), as formulated in Equa-
tions (22)–(24).

5. CONSERVATION OF MOMENTUM DENSITY
Because the material parameters ε(t) and µ(t) are independent
of position x, it is convenient to apply a 3D spatial Fourier trans-
formation to wave equation (16) and analyze this equation in
the spatial Fourier domain. Given a space- and time-dependent
quantity f(x, t), we define the 3D spatial Fourier transforma-
tion as

f̌(k, t) =
∫
R3

f(x, t) exp(−ik · x)dx, (25)
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with the wave vector k defined as k = (kx, ky, kz). Further-
more, i is the imaginary unit, andR denotes the set of real num-
bers. The inverse 3D Fourier transformation is defined as:

f(x, t) = 1

(2π)3

∫
R3

f̌(k, t) exp(ik · x)dk. (26)

Note that differentiation with respect to x, y, or z in the space
domain is equivalent to multiplication by ikx, iky , or ikz , re-
spectively, in the spatial Fourier domain. Hence, in the spatial
Fourier domain, Equation (16) becomes

∂tq̌ = Ǎq̌+ ď, (27)

where

q̌ =

(
Ď

−ik× B̌

)
, ď =

(
−J̌e

ik× J̌m

)
, (28)

Ǎ =

(
O − 1

µ(t) I
− 1

ε(t)k× k× O

)
, (29)

with

k× =

 0 −kz ky

kz 0 −kx

−ky kx 0

 , (30)

k× k×=

−(k2y + k2z) kxky kxkz

kxky −(k2x + k2z) kykz

kxkz kykz −(k2x + k2y)

 . (31)

Matrix Ǎ(k, t), defined in Equations (29) and (31), obeys the
same symmetry relation as matrix A(t), formulated by Equa-
tion (19).
We analyze the quantity q̌†Nq̌, where the superscript † de-

notes transposition and complex conjugation. Using the defini-
tions of q̌ andN and the vector property a ·(b×c) = (a×b) ·c,
we obtain the following:

q̌†Nq̌ =
(
Ď† (−ik× B̌)†

)(O I
−I O

)(
Ď

−ik× B̌

)

= −i
(
Ď∗ · (k× B̌) + (k× B̌)∗ · Ď

)
= 2iℜ

(
Ď∗ · (B̌× k)

)
= 2iℜ(Ď∗ × B̌) · k, (32)

where the superscript ∗ denotes complex conjugation, and ℜ
denotes the real part. Using Equations (3), (4), and (8), the
term between brackets in the right-hand side of Equation (32)
is related to the Poynting vector Ě∗ × Ȟ in the k, t-domain as
follows:

Ď∗ × B̌ =
1

c2(t)
Ě∗ × Ȟ. (33)

The net power-flux density ȷ̌(k, t) in the direction of the wave
vector k is defined as

ȷ̌(k, t) = 1

2
ℜ(Ě∗ × Ȟ) · n, (34)

with n = k/|k|. Similarly, the net momentum density in the
same direction is defined as

M̌(k, t) = 1

2
ℜ(Ď∗ × B̌) · n =

1

c2(t)
ȷ̌(k, t), (35)

[1, 3, 27, 28]. Hence, from Equations (32) and (35), it follows
that the analyzed quantity q̌†Nq̌ is proportional to the net mo-
mentum density, according to

q̌†Nq̌ = 4i|k|M̌(k, t). (36)

We show that the net momentum density M̌(k, t) is con-
served in a source-free, piecewise continuous, time-variant ma-
terial. First, because the wave field vector q̌ is continuous at a
time boundary, it follows from Equation (36) that M̌(k, t) (for
fixed k) is conserved over a time boundary. Next, we analyze
∂t(q̌†Nq̌) in the source-free situation for the time intervals be-
tween the time boundaries. Using Equations (19) and (27) (with
ď = 0), noting that Ǎ is real-valued, we obtain

∂t(q̌†Nq̌) = (∂tq̌†)Nq̌+ q̌†N∂tq̌
= q̌†(ǍtN+ NǍ)q̌ = 0. (37)

Hence, using Equation (36) we obtain

∂tM̌(k, t) = 0. (38)

This confirms that the net momentum density M̌(k, t) (for
fixed k) is a conserved quantity. This is consistent with Ref-
erence [22], where momentum conservation is obtained from
the continuity equation associated with the Maxwell stress ten-
sor.
Given that M̌(k, t) is conserved, Equation (35) implies that

in general the net power-flux density ȷ̌(k, t) is not conserved
but varies over time, proportional to c2(t). This is explained
as the result of energy exchange between the wave field and an
external source that modulates the material [1, 3, 13].
Finally, note that for point-symmetric wave fields, such as the

Green’s matrix defined in Section 3, the net momentum density
as defined in Equation (35) equals zero for all k and t, because
the momentum of waves propagating in the k-direction is coun-
teracted by that of waves propagating in the opposite direction
(the same holds for the net power-flux density as defined in
Equation (34)).

6. PROPAGATOR MATRIX

We introduce the 6 × 6 propagator matrix W̌(k, t, t0) (also
known as the transfer matrix) for a time-variant material as the
solution of the matrix-vector wave equation (27) without the
source term [12, 17–19, 25], hence,

∂tW̌ = ǍW̌, (39)

with initial condition

W̌(k, t0, t0) = I. (40)

Assuming that matrix W̌(k, t, t0) is defined in the same time-
variant material as wave field vector q̌(k, t) and that there are
no sources for q̌(k, t) between t0 and t, we obtain the following
representation for q̌(k, t)

q̌(k, t) = W̌(k, t, t0)q̌(k, t0). (41)

14 www.jpier.org



Progress In Electromagnetics Research, Vol. 186, 11–23, 2026

This expression shows that matrix W̌(k, t, t0) “propagates” the
wave field vector q̌(k, t0) from t0 through the time-variant ma-
terial to t, where t may be larger or smaller than t0 (and it also
holds for t = t0).
By interchanging t0 and t in Equation (41), we obtain

q̌(k, t0) = W̌(k, t0, t)q̌(k, t). (42)

From Equations (41) and (42), it follows that

W̌(k, t0, t) = W̌−1(k, t, t0). (43)

By applying Equation (41) recursively, we find the following
recursive expression for W̌(k, tN , t0):

W̌(k, tN , t0)

= W̌(k, tN , tN−1)· · ·W̌(k, tn, tn−1)· · ·W̌(k, t1, t0),(44)

with t1 · · · tn · · · tN−1 possibly coincidingwith the time bound-
aries. Equations (41) and (44) can be used to model the time
evolution of q̌(k, t) through a piecewise continuous, time-
variant material. In Appendix A, we present an explicit expres-
sion for W̌(k, tn, tn−1) for a time-invariant slab. Once q̌(k, t)
is found, we obtain q(x, t) by applying the inverse 3D Fourier
transformation defined in Equation (26).

7. SYMMETRY PROPERTIES OF PROPAGATOR MA-
TRIX
We derive the symmetry properties of the propagator ma-
trix W̌(k, t, t0). To this end, we first show that the product
W̌t(k, t, t0)NW̌(k, t, tN ) is a propagation invariant, that is, it
is independent of t (for fixed t0 and tN ). Using Equations (19)
and (39), we obtain

∂t{W̌t(k, t, t0)NW̌(k, t, tN )}
= W̌t(k, t, t0){ǍtN+ NǍ}W̌(k, t, tN ) = O. (45)

This confirms that W̌t(k, t, t0)NW̌(k, t, tN ) is a propagation
invariant.
Next, since this quantity is the same for t = t0 as for t = tN ,

we obtain

W̌t(k, t0, t0)NW̌(k, t0, tN ) = W̌t(k, tN , t0)NW̌(k, tN , tN ),
(46)

or, using Equation (40),

NW̌(k, t0, tN ) = W̌t(k, tN , t0)N. (47)

In Section 11, we use this symmetry relation in derivation of an
expression for Green’s matrix retrieval.
Using Equation (43), we obtain from Equation (47) (with tN

replaced by t)

NW̌−1(k, t, t0) = W̌t(k, t, t0)N, (48)

or, post-multiplying both sides with W̌(k, t, t0),

W̌t(k, t, t0)NW̌(k, t, t0) = N. (49)

This is a special case of the propagation invariant.
We partition the 6×6 propagator matrix W̌(k, t, t0) into four

3× 3 submatrices, according to

W̌(k, t, t0) =

(
W̌D,D W̌D,B

W̌B,D W̌B,B

)
(k, t, t0). (50)

The choice of the superscriptsD andB is explained as follows:
using Equation (50) in Equation (41), with q̌(k, t) and q̌(k, t0)
partitioned as in Equation (28), the first superscripts D and B
in Equation (50) refer to the quantities Ď and −ik× B̌, respec-
tively, in q̌(k, t), whereas the second superscripts refer to these
quantities in q̌(k, t0).
With partitioning Equation (50), we obtain from Equa-

tion (47) the following symmetry properties for the submatri-
ces:

W̌D,B(k, t0, tN ) = −
{
W̌D,B(k, tN , t0)

}t
, (51)

W̌B,D(k, t0, tN ) = −
{
W̌B,D(k, tN , t0)

}t
, (52)

W̌B,B(k, t0, tN ) =
{
W̌D,D(k, tN , t0)

}t
. (53)

In Section 8, we show that Green’s matrix can be expressed in
terms of the submatrix W̌D,B(k, t, t0). In Section 9, we use the
symmetry property of W̌D,B(k, t, t0) (Equation (51)) to derive
a relation between the causal and acausal Green’s matrices.
Next, we show that three of the four submatrices of the prop-

agator matrix can be expressed in terms of the upper-right sub-
matrix W̌D,B(k, t, t0). Substituting Equations (29) and (50)
into Equation (39), we obtain

W̌B,B(k, t, t0) = −µ(t)∂tW̌D,B(k, t, t0), (54)
W̌B,D(k, t, t0) = −µ(t)∂tW̌D,D(k, t, t0). (55)

From Equations (53), (54), and (51) we find

W̌D,D(k, t, t0) = µ(t0)∂t0W̌D,B(k, t, t0). (56)

Equations (54) and (56) express W̌B,B and W̌D,D in terms of
W̌D,B . Finally, we obtain an expression for W̌B,D in terms of
W̌D,B by substituting Equation (56) into Equation (55), hence

W̌B,D(k, t, t0) = −µ(t)µ(t0)∂t∂t0W̌D,B(k, t, t0). (57)

In Section 8, we use Equations (54), (56), and (57) to derive
relations between the submatrices on the left-hand sides of these
equations and Green’s matrix.

8. RELATION BETWEEN GREEN'S MATRIX AND
PROPAGATOR MATRIX
We show that there are simple relations between the 3 × 3
Green’s matrix, introduced in Section 3, and the 3×3 submatri-
ces of the propagatormatrix, introduced in Sections 6 and 7. We
start by applying the Fourier transformation, defined in Equa-
tion (25), to the wave equation and causality condition for the
Green’s matrix, given by Equations (9) and (10), respectively.
Taking x0 = 0 and replacing c2 by 1/µε (Equation (8)), we
obtain(

∂tµ∂t −
1

ε
k× k×

)
Ǧ(k, 0, t, t0) = δ(t− t0)I, (58)

with causality condition

Ǧ(k, 0, t, t0) = O, for t < t0. (59)

We show that Ǧ(k, 0, t, t0) is related to submatrix
W̌D,B(k, t, t0) via

Ǧ(k, 0, t, t0) = −H(t− t0)W̌D,B(k, t, t0), (60)
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where H(t − t0) is the Heaviside function. Because of
this Heaviside function, the causality condition of Equa-
tion (59) is fulfilled; therefore it remains to be shown that
−H(t − t0)W̌D,B(k, t, t0) obeys the same wave equation as
Ǧ(k, 0, t, t0). For the first time derivative, we have

∂t{H(t− t0)W̌D,B(k, t, t0)} = δ(t− t0)W̌D,B(k, t, t0)
+H(t− t0)∂tW̌D,B(k, t, t0). (61)

From Equations (40) and (50), we find W̌D,B(k, t0, t0) = O.
Using this and Equation (54), we obtain:

∂t{H(t−t0)W̌D,B(k, t, t0)} = − 1

µ(t)
H(t−t0)W̌B,B(k, t, t0).

(62)
For the second time derivative, we obtain

∂t
(
µ(t)∂t{−H(t− t0)W̌D,B(k, t, t0)}

)
= δ(t−t0)W̌B,B(k, t, t0)+H(t−t0)∂tW̌B,B(k, t, t0). (63)

From Equations (40) and (50), we find W̌B,B(k, t0, t0) = I.
Using this and Equations (29), (39), and (50), we obtain

∂t
(
µ(t)∂t{−H(t− t0)W̌D,B(k, t, t0)}

)
= δ(t− t0)I

+
1

ε(t)
k× k× {−H(t− t0)W̌D,B(k, t, t0)}. (64)

This is the wave equation (58), with Ǧ(k, 0, t, t0) replaced by
−H(t− t0)W̌D,B(k, t, t0). This completes the proof of Equa-
tion (60).
The Fourier transformed acausal Green’s matrix

Ǧa
(k, 0, t, t0) also obeys wave equation (58), but with

the acausality condition Ǧa
(k, 0, t, t0) = O for t > t0.

Following a similar derivation as above, it follows that
Ǧa

(k, 0, t, t0) can be expressed, analogous to Equation (60),
as

Ǧa
(k, 0, t, t0) = H(t0 − t)W̌D,B(k, t, t0). (65)

Conversely, by combining Equations (60) and (65), we can
express W̌D,B(k, t, t0) in terms of Green’s matrix and its
acausal version, according to

W̌D,B(k, t, t0) = Ǧa
(k, 0, t, t0)− Ǧ(k, 0, t, t0)

= −Ǧh
(k, 0, t, t0), (66)

where Ǧh
(k, 0, t, t0) is the Fourier transform of the homoge-

neous Green’s matrixGh(x, x0, t, t0), defined in Equation (13),
for x0 = 0. Using Equations (54), (56), and (57), the other
submatrices of the propagator matrix W̌(k, t, t0) can also be
expressed in terms of the homogeneous Green’s matrix as fol-
lows:

W̌B,B(k, t, t0) = µ(t)∂tǦ
h
(k, 0, t, t0), (67)

W̌D,D(k, t, t0) = −µ(t0)∂t0Ǧ
h
(k, 0, t, t0), (68)

W̌B,D(k, t, t0) = µ(t)µ(t0)∂t∂t0Ǧ
h
(k, 0, t, t0). (69)

Hence, for the 6× 6 propagator matrix partitioned as indicated
in Equation (50), we obtain

W̌(k, t, t0) =

(
−µ(t0)∂t0Ǧ

h −Ǧh

µ(t)µ(t0)∂t∂t0Ǧ
h

µ(t)∂tǦ
h

)
(k, 0, t, t0).

(70)
Using this relation between the propagator matrix and the
Green’s matrix, we are now ready to illustrate the Green’s ma-
trix for a time-variant material with a numerical example. We
consider a homogeneous, piecewise constant material, consist-
ing of four time-independent slabs. The propagation velocities
of these slabs are 1.8∗108, 2.5∗108, 1.5∗108, and 1.5∗108m/s,
respectively. The permeability is taken constant throughout.
The source is chosen at t0 = 0 ns. The duration of each time
slab is 0.25 ns; hence, the time boundaries occur at 0.25, 0.50,
and 0.75 ns, respectively (note that at 0.75 ns, there is actually
no time boundary, since the velocities of the third and fourth
slabs are identical). We use Equation (44) to model the prop-
agator matrix, with time steps ∆tn = tn − tn−1 = 0.025 ns
(hence, t10, t20, and t30 coincide with aforementioned time
boundaries). For W̌(k, tn, tn−1), we use the explicit expres-
sion given in Appendix A, where for simplicity, we choose
ky = 0. After n recursion steps, submatrix W̌D,B(k, tn, t0),
with tn > t0, gives, according to Equation (60), minus the
Green’s matrix Ǧ(k, 0, tn, t0), with k = (kx, 0, kz). Using
the 2D version of the inverse Fourier transformation of
Equation (26) to transform this Green’s matrix back to the
space-time domain yields G(x, 0, tn, t0), with x = (x, 0, z),
from which the component Gx,z(x, 0, tn, t0) is selected. It
appears that this Green’s function has a strong nonpropagating
contribution at the source position x = 0, which stems
from the term −kxkzϕn/(µncnk

3
r) = −kxkz∆tn/(µnk

2
r)

in Equation (A5), with kr =
√

k2x + k2z . Therefore,
instead, we consider submatrix W̌B,D(k, tn, t0), with
tn > t0. According to Equation (69), this gives (after inverse
Fourier transformation and selection of the x, z-component)
µ(tn)µ(t0)∂tn∂t0Gx,z(x, 0, tn, t0). Here, the time-derivatives
remove the aforementioned nonpropagating contribution
from Gx,z(x, 0, tn, t0). Figure 1 shows snapshots of this
time-differentiated Green’s function (convolved with a 2D
spatial wavelet with a central wavenumber k0/2π = 100m−1)
for fixed t0 = 0 ns, as a function of x and z, for t1 = 0.025,
t10 = 0.25, t20 = 0.50, t30 = 0.75, and tN = t40 = 1.00 ns.
Initially, a wave propagates outward from the source at x = 0.
The time boundaries at t10 = 0.25 and t20 = 0.50 ns partly
transmit and partly reflect the waves. After t20 = 0.50 ns, the
waves continue their propagation without further scattering.
Note that all snapshots show zero-crossings of the amplitudes
at the x- and z-axes. This is typical for the x, z-component of
the Green’s function, for which the source at (x = 0, t0) and
the receiver at (x, tn) are mutually perpendicular.
Figure 2 shows cross-sections along the diagonal x = z

(avoiding the zero-crossings at the x- and z-axes) of these snap-
shots, in the form of a d, t-diagram, where d =

√
x2 + z2 rep-

resents the distance to the source. The dashed blue lines corre-
spond to the snapshots in Figure 1 for t10 = 0.25, t20 = 0.50
and t30 = 0.75 ns. This figure clearly shows that transmission
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FIGURE 1. Snapshots of the time-differentiated causal Green’s function µ(tn)µ(t0)∂tn∂t0Gx,z(x, 0, tn, t0) (convolved with a spatial wavelet) for
fixed t0 = 0 ns and variable tn, for a piecewise constant, time-variant material, with time boundaries at t10 = 0.25 and t20 = 0.50 ns. Movie
available at https://www.keeswapenaar.nl/TimeMaterial/EMGreenCausal.mp4.

FIGURE 2. Cross-sections along the diagonal x = z of the causal
Green’s function of Figure 1, with d being the distance to the source,
measured along the diagonal.

and reflection occur at the time boundaries indicated by the first
two dashed blue lines. Note that the direct outward propagating
waves form a “causal light-cone,” diverging from the source at
(x = 0, t0), and that all scattered waves reside inside this cone.

9. RELATION BETWEEN CAUSAL AND ACAUSAL
GREEN'S MATRICES
Now that we have expressions for the causal and acausal
Green’s matrices Ǧ(k, 0, t, t0) and Ǧa

(k, 0, t, t0) in terms of

W̌D,B(k, t, t0) (Equations (60) and (65)), we use the symme-
try property of W̌D,B(k, t, t0) (Equation (51)) to arrive at the
following relation between the causal and acausal Green’s ma-
trices:

Ǧa
(k, 0, t0, tN ) = {Ǧ(k, 0, tN , t0)}t. (71)

Transformed back to the space-time domain, using Equa-
tion (26), this gives

Ga(x, 0, t0, tN ) = {G(x, 0, tN , t0)}t. (72)

For tN > t0, the causal Green’s matrix on the right-hand side
is the response to a unit source at x = 0 and t = t0, observed
at x and t = tN . The acausal Green’s matrix on the left-hand
side is a field observed at x and t = t0, propagating to a sink
at x = 0 and t = tN . For tN < t0, Equation (72) reduces to
the trivial relation O = O, which follows from Equations (10)
and (12).
Similarly, from Equations (51) and (66), we obtain for the

homogeneous Green’s matrix

−Ǧh
(k, 0, t0, tN ) =

{
Ǧh

(k, 0, tN , t0)
}t

, (73)

or in the space-time domain

−Gh(x, 0, t0, tN ) =
{
Gh(x, 0, tN , t0)

}t

. (74)

Using the definition of Gh(x, 0, tN , t0) in Equation (13), it fol-
lows that Equation (72) is a special case of Equation (74) for
tN > t0.
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FIGURE 3. Snapshots of the time-differentiated acausal Green’s function µ(tn)µ(tN )∂tn∂tNGa
z,x(x, 0, tn, tN ) (convolved with a spatial wavelet)

for fixed tN = 1.0 ns and variable tn, for the same piecewise constant, time-variant material as in Figures 1 and 2. Movie available at
https://www.keeswapenaar.nl/TimeMaterial/EMGreenAcausal.mp4.

FIGURE 4. Cross-sections along the diagonal x = z of the acausal
Green’s function of Figure 3.

To illustrate Equation (72) (for the non-trivial situation tN >
t0), we select the x, z-component of the causal Green’s matrix.
Considering the transposition on the right-hand side of Equa-
tion (72), we obtain

Ga
z,x(x, 0, t0, tN ) = Gx,z(x, 0, tN , t0), (75)

or, for the time-differentiated versions of these Green’s func-
tions,

µ(t0)µ(tN )∂t0∂tNGa
z,x(x, 0, t0, tN )

= µ(tN )µ(t0)∂tN∂t0Gx,z(x, 0, tN , t0). (76)

The causal Green’s function µ(tn)µ(t0)∂tn∂t0Gx,z(x, 0, tn, t0)
(for fixed t0 = 0 ns and variable tn) is shown in Figures 1
and 2. Similarly, we illustrate the acausal Green’s function
µ(tn)µ(tN )∂tn∂tNGa

z,x(x, 0, tn, tN ) (for fixed tN = 1.0 ns and
variable tn) in Figures 3 and 4. The latter figure shows that the
direct inward-propagating waves form an “acausal light-cone,”
converging to the sink at x = 0 and t = tN , and that all scat-
teredwaves reside inside this cone. According to Equation (76),
the acausal Green’s function for tn = t0 (the first snapshot in
Figure 3 and the first trace in Figure 4) is identical to the causal
Green’s function for tn = tN (the last snapshot in Figure 1 and
the last trace in Figure 2). Note that for all other tn between
t0 and tN , the time-dependent behavior of the acausal Green’s
function (Figures 3 and 4) is, after time-reversal, different from
that of the causal Green’s function (Figures 1 and 2). This is
because the time-variant material between t0 and tN is asym-
metric. For the special case of a symmetric time-variant mate-
rial between t0 and tN , the time-reversal of the acausal Green’s
function (shifted over t0+ tN ) is identical to the causal Green’s
function for all tn between t0 and tN , as shown in Figure 5.
This is consistent with the parity-time symmetry, discussed in
Reference [22].

10. GENERAL WAVE FIELD REPRESENTATION
Reciprocity theorems interrelate wave fields in two different
states [29–31]. Here, we derive a general reciprocity theorem
for a homogeneous, time-variant material, which we will use
later in this section as the basis for deriving a general wave field
representation for this class of materials. To this end, we define
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(a) (b)

FIGURE 5. Cross-sections along the diagonal x = z of (a) the causal and (b) the acausal Green’s function in a symmetric time-variant material.

two independent states, A and B. State A is characterized by
time-variant material parameters εA(t) and µA(t), a 6×1wave
field vector qA(x, t), and a 6× 1 source vector dA(x, t). State
B is characterized similarly, with subscriptsA replaced by sub-
scriptsB. In the spatial Fourier domain, we have the following
matrix-vector wave equations for these two states:

∂tq̌A = ǍAq̌A + ďA, (77)
∂tq̌B = ǍB q̌B + ďB , (78)

where q̌A, ďA, q̌B , and ďB are the Fourier transforms of qA,
dA, qB , and dB , respectively; ǍA and ǍB are defined in Equa-
tion (29) with the material parameters of states A and B, re-
spectively.
We evaluate the quantity ∂t{q̌tANq̌B}, using Equations (77),

(78), and (19), which yields

∂t{q̌tANq̌B} = q̌tA(Ǎt
AN+ NǍB)q̌B + ďtANq̌B + q̌tANďB

= q̌tAN(ǍB − ǍA)q̌B + ďtANq̌B + q̌tANďB . (79)

Integrating both sides from t0 to tN (with no specific order of
t0 and tN ), we obtain the following reciprocity theorem

q̌tANq̌B
∣∣∣tN
t0

=

∫ tN

t0

{
q̌tAN(ǍB−ǍA)q̌B+ďtANq̌B+q̌tANďB

}
dt.(80)

Substituting q̌, ď, Ǎ and N, as defined in Equations (28), (29),
and (20), yields

−
(
Ďt

A(ik× B̌B)− (ik× B̌A)
tĎB

)∣∣∣tN
t0

=

∫ tN

t0

(
−∆εĎt

A(k× k× ĎB)+∆µ(ik× B̌A)
t(ik× B̌B)

+(J̌eA)t(ik× B̌B)− (ik× J̌mA)tĎB

+Ďt
A(ik× J̌mB)− (ik× B̌A)

tJ̌eB
)
dt, (81)

with

∆ε =
1

εB
− 1

εA
, ∆µ =

1

µB
− 1

µA
. (82)

Because the products in the k, t-domain correspond to spa-
tial convolutions in the x, t domain, Equation (81) is a reci-
procity theorem of the space-convolution type for a homoge-
neous, time-variant material. This is the counterpart of the reci-
procity theorem of the time-convolution type for an inhomoge-
neous, time-invariant material [24, Chapter 28.4].
Wave-field representations are obtained by replacing one of

the states in a reciprocity theorem by a Green’s state [32–
34]. Here, we use Equation (81) as the basis for deriving a
wave-field representation for a homogeneous, time-variant ma-
terial. For convenience, we choose identical material param-
eters in the two states, that is, εA(t) = εB(t) = ε(t) and
µA(t) = µB(t) = µ(t). For state B, we choose the ac-
tual state; hence, we drop the subscript B from the source and
wave-field vectors. For state A, we choose a Green’s state.
To this end, analogous to Section 3, we replace the source
vector −ik × J̌mA(k, t) by a unit matrix at t = t′, that is,
δ(t − t′)I, and we set the source vector J̌eA(k, t) to zero. We
choose t′ between t0 and tN , with t0 < t′ < tN . We replace
the wave-field vector ĎA(k, t) by the acausal Green’s matrix
Ǧa

(k, 0, t, t′), with Ǧa
(k, 0, t, t′) = O for t > t′. With this

choice for the Green’s matrix, the matrix δ(t− t′)I represents a
sink. The wave-field vector ik× B̌A is, according to the spatial
Fourier transform of Equation (5), identical to µ(t)∂tĎA(k, t).
Hence, we replace ik× B̌A by µ(t)∂tǦ

a
(k, 0, t, t′). Substitut-

ing these choices for states A and B into Equation (81), using
{Ǧa

(k, 0, t, t′)}t = Ǧ(k, 0, t′, t) (Equation (71)), with causal-
ity condition Ǧ(k, 0, t′, t) = O for t > t′, we obtain

Ď(k, t′) = Ǧ(k, 0, t′, t0)
(
ik× B̌(k, t0)

)
−
(
µ(t0)∂t0Ǧ(k, 0, t′, t0)

)
Ď(k, t0)

−
∫ t′

t0

(
Ǧ(k, 0, t′, t)

(
ik× J̌m(k, t)

)
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−
(
µ(t)∂tǦ(k, 0, t′, t)

)
J̌e(k, t)

)
dt (83)

(Note that the integration boundary tN in Equation (81) has
been replaced by t′ due to the causality condition of the Green’s
function). Equation (83) is a representation in the spatial
Fourier domain of the electric flux density in a homogeneous,
time-variant material at time instant t′, in terms of the initial
magnetic and electric flux densities at t0, supplemented with
contributions from sources between t0 and t′. It is the coun-
terpart of the classical representation in the temporal Fourier
domain of the electric field strength in an inhomogeneous,
time-invariant material at position x′, in terms of the magnetic
and electric field strengths at a boundary enclosing x′, supple-
mented with contributions from sources inside the enclosing
boundary [35, Chapter 8.14] and [24, Chapter 28.12]. In the
absence of sources inside the enclosing boundary, this classi-
cal representation reduces to an integral along the enclosing
boundary (known as the Kirchhoff integral), quantifying Huy-
gens’ principle. Similarly, in the absence of sources between t0
and t′, Equation (83) reduces to the first two terms, expressing
the electric flux density at t′ in terms of the initial magnetic and
electric flux densities at t0.
Finally, we transform the representation of Equation (83)

back to the space-time domain, using Equation (26), with x and
t replaced by x′ and t′. Using the shift-invariance of the Green’s
matrix (Equation (15)), we obtain

D(x′, t′) =

∫
R3

(
G(x′, x, t′, t0) (∇× B(x, t0))

− (µ(t0)∂t0G(x′, x, t′, t0))D(x, t0)
)
d3x

−
∫ t′

t0

∫
R3

(
G(x′, x, t′, t) (∇× Jm(x, t))

− (µ(t)∂tG(x′, x, t′, t)) Je(x, t)
)
d3xdt. (84)

From this representation, we observe that the initial wave fields
(at t0) and sources (between t0 and t′) in the whole of R3 con-
tribute to the electric flux density D(x′, t′).

11. GREEN'S MATRIX RETRIEVAL
For inhomogeneous, time-invariant materials, it has been
shown that the Green’s function between two positions in
space can, under specific conditions, be retrieved from the
time correlation of wave field observations at those posi-
tions [36–43]. Here, we derive an expression for retrieving the
3D electromagnetic Green’s matrix between two time instants
in a homogeneous, time-variant material.
We start with the following special case of Equation (44)

W̌(k, t′, t) = W̌(k, t′, t0)W̌(k, t0, t), (85)

with the propagator matrices expressed in terms of homo-
geneous Green’s matrices, as in Equation (70). We choose

t0 < t′ and t0 < t, but the order of t and t′ is arbi-
trary. With these choices, the homogeneous Green’s matrices
in W̌(k, t′, t0) are reduced to causal Green’s matrices, whereas
those in W̌(k, t0, t) are reduced to acausal Green’s matrices. To
turn Equation (85) into an expression with only causal Green’s
matrices on the right-hand side, we apply the symmetry relation
of Equation (47) to W̌(k, t0, t). Thus, Equation (85) becomes

W̌(k, t′, t) = W̌(k, t′, t0)N−1W̌t(k, t, t0)N. (86)

According to Equation (70), the upper-right element of
W̌(k, t′, t) equals −Ǧh

(k, 0, t′, t). From Equation (86), we
obtain the following expression for this matrix:

Ǧh
(k, 0, t′, t)

= µ(t0)

(
{∂t0Ǧ(k, 0, t′, t0)}{Ǧ(k, 0, t, t0)}t

−Ǧ(k, 0, t′, t0){∂t0Ǧ(k, 0, t, t0)}t
)
. (87)

From Equation (58) it follows that Ǧ(k, 0, t, t0) is symmetric in
k, that is, Ǧ(k, 0, t, t0) = Ǧ(−k, 0, t, t0). Using this in Equa-
tion (87) and transforming the resulting expression back to the
space-time domain, we obtain:

Gh(x′, 0, t′, t)

= µ(t0)

∫
R3

(
{∂t0G(x′ + x, 0, t′, t0)}{G(x, 0, t, t0)}t

−G(x′ + x, 0, t′, t0){∂t0G(x, 0, t, t0)}t
)
d3x. (88)

The two terms on the right-hand side of this equation represent
3D space correlations of wave fields, observed at time instants
t and t′, in response to a source and its derivative at x = 0 and
t = t0. The left-hand side is the homogeneous Green’s ma-
trix between these time instants. Hence, this is the sought ex-
pression for retrieving Green’s matrix in a homogeneous, time-
variant material.
It should be noted that in practical situations, the Green’s

matrices on the right-hand side of Equation (88) will only be
available within a finite aperture. Moreover, some components
of the matrices may not be available, the remaining compo-
nents may be contaminated by noise, etc. Hence, in practice,
retrieving the Green’s matrix of a homogeneous, time-variant
material involves several approximations. This is compara-
ble with Green’s function retrieval in inhomogeneous, time-
invariant materials, where in practice, the retrieved Green’s
function is also an approximation. Much research has been
done to overcome limitations of practical Green’s function re-
trieval, such as iterative correlation [44], multidimensional de-
convolution [45, 46], and directional balancing [47]. To im-
prove the quality of the retrieved Green’s matrix in homo-
geneous, time-variant material in practical situations, modifi-
cations of Equation (88) require further research, beyond the
scope of this paper.
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12. CONCLUSIONS

We have derived several fundamental properties and relations
for 3D electromagnetic wave propagation and scattering in
a homogeneous, time-variant material. Starting with the
Maxwell equations, we arrived at a second-order wave equa-
tion, following the same procedure as in References [20–22]
(Section 2). Unlike the usual wave equation for a classical
time-invariant material, which governs the electric field
strength E(x, t), the field vector in the wave equation for a
homogeneous, time-variant material is the electric flux density
D(x, t).
By replacing the 3×1 source vector in thewave equationwith

a 3 × 3 unit source matrix at x = x0 and t = t0, we obtained
a wave equation for the 3 × 3 Green’s matrix G(x, x0, t, t0)
(Section 3). We specified a causality condition for this Green’s
matrix to ensure that it is the causal response to the source at
x = x0 and t = t0. We also introduced an acausal Green’s ma-
trix Ga(x, x0, t, t0), obeying the same wave equation but with
an acausality condition, for which the singularity at x = x0
and t = t0 acts as a sink (instead of a source). Unlike in a
time-invariant material, where the acausal Green’s function is
the time-reversal of the causal Green’s function, this relation
does not (in general) hold for the causal and acausal Green’s
matrices in a time-variant material.
We derived a matrix-vector wave equation for a 6× 1 wave

field vector q(x, t), containing electric and magnetic flux den-
sities D(x, t) and B(x, t) (Section 4). There are several ways
to define the 6 × 6 operator matrix A(t) in this equation. We
argued that the most obvious form ofA(t) (Equation (17)) does
not obey the symmetry property required to establish the funda-
mental properties of wave propagation and scattering in a time-
variant material. We chose an alternative form of A(t) (Equa-
tion (23)), which obeys the required symmetry. Hand-in-hand
with this choice, we replaced B in the wave field vector q by
−∇ × B (Equation (22)). For the latter choice of the wave
field vector q, we showed that q̌†Nq̌ (where q̌ is the 3D spa-
tial Fourier transform of q) is proportional to the net momen-
tum density M̌(k, t) (Section 5). Using the symmetry of the
operator matrix Ǎ, we showed that the net momentum density
M̌(k, t) is conserved (that is, independent of t) in a source-free,
piecewise, continuous, time-variant material. This is consistent
with [22].
By replacing the 6×1wave field vector q̌(k, t) in the matrix-

vector wave equation by a 6× 6 propagator matrix W̌(k, t, t0)
(and setting the source term to zero), we obtained the wave
equation for this matrix (Section 6). We specified the initial
condition W̌(k, t0, t0) = I. For variable t, the expression
W̌(k, t, t0)q̌(k, t0) “propagates” the wave field vector q̌(k, t0)
from t0 through the time-variant material to t .
Using the symmetry of the operator matrix Ǎ, we derived

symmetry properties of the propagator matrix (Section 7). We
showed that the upper-right 3 × 3 submatrix of the propaga-
tor matrix equals the acausal Green’s matrix, minus the causal
Green’s matrix (Section 8). Using this equality and symme-
try of the propagator matrix, we derived a relation between the
causal and acausal Green’s matrices (Section 9). We illustrated
a selection of components of the causal and acausal Green’s

matrices with numerical examples. The direct outward prop-
agating waves of the causal Green’s function form a “causal
light-cone,” diverging from the source at t0 (Figures 1 and 2),
and the direct inward propagating waves of the acausal Green’s
function form an “acausal light-cone,” converging to a sink at
tN (Figures 3 and 4). In both cases, all the scattered events re-
side inside these cones. The causal Green’s function, observed
at tN , equals the acausal Green’s function, observed at t0. For
all other time instants between t0 and tN , there is no apparent
relationship between the causal and acausal Green’s functions,
except when the time-variant material between t0 and tN is
symmetric (Figure 5), the latter being consistent with the parity-
time symmetry, discussed in Reference [22].
Using the matrix-vector wave equation, the symmetry prop-

erty of the operator matrix Ǎ, and the relation between the
causal and acausal Green’s matrices, we obtained a representa-
tion of the electric flux density in a homogeneous, time-variant
material at time instant t′, in terms of the initial magnetic and
electric flux densities at t0, plus contributions from sources be-
tween t0 and t′ (Section 10). This is the counterpart of the clas-
sical representation of the electric field strength in an inhomo-
geneous, time-invariant material at position x′, in terms of the
magnetic and electric field strengths at a boundary enclosing x′
(the Kirchhoff integral), plus contributions from sources inside
the enclosing boundary.
Using the symmetry of the propagator matrix and the rela-

tion between its upper-right 3 × 3 submatrix and the causal
and acausal Green’s matrices, we derived an expression for re-
trieving the Green’s matrix between t and t′ in a homogeneous,
time-variant material, from 3D space correlations of wave field
observations at t and t′ (Section 11). This is the counterpart of
an expression for retrieving the Green’s function between x and
x′ in an inhomogeneous, time-invariant material, from 1D time
correlations of wave field observations at x and x′.
We restricted the analysis in this study to waves in time-

variant materials, whose parameters are constant in space. The
behavior of waves in materials with parameters that vary with
space and time has been analyzed for several special cases of
1D and 2D materials [7, 10, 13, 15]. A more general analysis
is complicated by the fact that waves in inhomogeneous ma-
terials are preferably described in terms of the field strengths
E and H, whereas the flux densities D and B are the preferred
quantities to describe waves in time-variant materials. In par-
ticular, at spatial boundaries the field strengths E and H are
continuous, and the flux densities D and B are continuous at
time boundaries. A general theory for wave propagation and
scattering in 3D arbitrarily inhomogeneous, time-variant mate-
rials should account simultaneously for the specific behaviors
of field strengths and flux densities. This remains a subject of
investigation.

APPENDIX A. PROPAGATOR MATRIX FOR A TIME-
INDEPENDENT SLAB

For a time-independent slab between tn−1 and tn, matrix Ǎn,
defined in Equation (29) with constant material parameters εn
and µn, is time-independent. For this situation, the solution of
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Equation (39), with the initial condition of Equation (40) (with
t0 replaced by tn−1), can be formally written as

W̌(k, tn, tn−1) = exp{Ǎn∆tn}, (A1)

with ∆tn = tn − tn−1. We expand the exponential in Equa-
tion (A1) as follows

W̌(k, tn, tn−1) = I+ Ǎn∆tn
1!

+
(Ǎn∆tn)

2

2!
+
(Ǎn∆tn)

3

3!
+· · · .
(A2)

We thus find

W̌(k, tn, tn−1) =

(
W̌D,D W̌D,B

W̌B,D W̌B,B

)
(k, tn, tn−1), (A3)

with

W̌D,D = W̌B,B =
1

k2r

(k2y + k2z) cosϕn + k2x −kxky(cosϕn − 1) −kxkz(cosϕn − 1)
−kxky(cosϕn − 1) (k2x + k2z) cosϕn + k2y −kykz(cosϕn − 1)
−kxkz(cosϕn − 1) −kykz(cosϕn − 1) (k2x + k2y) cosϕn + k2z

 , (A4)

W̌D,B =
−1

µncnk3r

(k2y + k2z) sinϕn + k2xϕn −kxky(sinϕn − ϕn) −kxkz(sinϕn − ϕn)
−kxky(sinϕn − ϕn) (k2x + k2z) sinϕn + k2yϕn −kykz(sinϕn − ϕn)
−kxkz(sinϕn − ϕn) −kykz(sinϕn − ϕn) (k2x + k2y) sinϕn + k2zϕn

 , (A5)

W̌B,D =
µncn
kr

(k2y + k2z) sinϕn −kxky sinϕn −kxkz sinϕn

−kxky sinϕn (k2x + k2z) sinϕn −kykz sinϕn

−kxkz sinϕn −kykz sinϕn (k2x + k2y) sinϕn

 , (A6)

where ϕn, cn, and kr are defined as

ϕn = krcn∆tn, cn =
1

√
µnεn

,

kr = |k| =
√
k2x + k2y + k2z . (A7)
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