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ABSTRACT: For the time-harmonic solution of Maxwell’s equations, absorbing boundary conditions (ABCs) are widely used to approx-
imate the Silver-Müller radiation condition at infinity on the boundary Γ terminating the computational domain. An original high-order
ABC (HOABC) is proposed that links the tangential components of the electric and magnetic fields on Γ via surface differential operators
multiplied by coefficients. These coefficients are determined so as to minimize the reflection of a propagative or evanescent wave incident
on a planar or spherical Γ — while taking its radius into account — and guarantee a well-posed Maxwell’s problem. Numerical results
are presented on a plane and coated spheres that demonstrate its efficiency even when evanescent waves are present. If it is implemented
in a finite element formulation, its numerical complexity is expected to be low.

1. INTRODUCTION

The finite element method (FEM) is widely employed for the
solution of 3-D time-harmonic electromagnetic problems

involving heterogeneous objects [1–3]. One of the main dif-
ficulties involved is taking into account the Silver-Müller radi-
ation condition at infinity on the outer boundary Γ terminating
the computational domain Ω enclosing the objects. This can be
done by implementing either (i) an exact condition, typically an
integral equation (integral equation (IE): see, e.g., [4–7]) or an
approximate one, such as (ii) a perfectly matched layer (PML),
see, e.g., [8–11], or else (iii) an absorbing boundary condition
(ABC), see, e.g., [2, 12–18]. The first approach is computa-
tionally intensive, and the second can lead to an ill-conditioned
finite element (FE) matrix, which slows the convergence of it-
erative methods used to solve large FE systems [19–21]. Re-
garding the ABC, it is all the more efficient since the distance
d between Γ and the object is large, thereby involving a large
computational domain and increasing the numerical burden of
the FE solution.
An ABC links the tangential components on Γ of the elec-

tric and magnetic fields. An exact radiation condition, like
the above-mentioned IE, is nonlocal. To introduce non-locality
and hence increase its effectiveness and decrease d, high-order
ABCs (HOABCs) have been proposed for the time-harmonic
Maxwell’s problem [16–18]. Their efficiency is often mea-
sured in the spectral domain by the reflection coefficient of a
planar wave incident on a planar Γ. Other important issues in
the HOABC’s choice are its well-posedness (uniqueness of so-
lutions to Maxwell’s problem must be guaranteed), its ease of
numerical implementation, and the induced computational cost.
For the field scattered from an object illuminated by an incident
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wave or the total field radiated from a source inside Ω, an ABC
is an impedance boundary condition (IBC) prescribed on Γ lo-
cated in free space.
We consider in this paper an original HOABC obtained from

the high-order impedance boundary condition (HOIBC) pre-
sented in [22]: the tangential components of the electric and
magnetic fields on Γ are connected via surface differential op-
erators multiplied by coefficients. If it is implemented in an FE
formulation, its numerical complexity is expected to be low,
similar to that of the above-mentioned HOIBC. The HOABC
coefficients are determined so as to minimize the reflection of
a propagative or evanescent wave incident on a planar or spher-
ical Γ and guarantee a well-posed Maxwell’s problem. The or-
ganization of this paper is as follows. Section 2 first presents the
generic HOABC formulation. Then, the HOABC’s coefficients
are computed in Section 2.1 when Γ is an infinite plane and in
Section 2.2 when Γ is a sphere. In Section 2.1, Γ is illuminated
by incident propagative (planar homogeneous) or evanescent
(planar inhomogeneous) waves. The coefficients are obtained
byminimizing the reflected wave amplitude in both TM and TE
polarizations. They can be used on an arbitrary Γ by invoking
the tangent plane approximation (PA): at any point onΓ, the sur-
face is replaced by the plane tangent to Γ at this point. In Sec-
tion 2.2, Γ is a sphere illuminated by an arbitrary inner source.
The problem is solved via the well-known Mie series, and the
HOABC coefficients are obtained by minimizing the wave spu-
riously reflected by Γ, while taking into account its radius. This
calculation process is termed in what follows spherical approx-
imation (SA). Sufficient uniqueness conditions (SUCs) are de-
rived in Section 2.3 from those proposed in [22] for the HOIBC.
To guarantee a well-posed HOAB, they can be used as con-
straints in the minimization processes that yield the coefficient
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values, as described in Sections 2.1 and 2.2. Various ABCs
derived from the generic HOABC are proposed whose perfor-
mances are numerically evaluated in Section 2.4 when Γ is a
plane or a sphere. Time dependence exp(iωt) is assumed and
suppressed throughout.

2. HOABC FORMULATION
We recall that the HOIBC in [22] reads

LEEt + LJJ = 0 on Γ (1)

with

LE = 1 +
b1
k2

LD − b2
k2

LR; LJ = a0 +
a1
k2

LD − a2
k2

LR (2)

k = 2π/λ = ω/c is the free-space wave number (c is the light
velocity); (E,H) is the total field (in this paper, H stands for
η0H with η0 being the free-space impedance); subindex t in-
dicates the tangential components of a vector or operator, and
J = n×H with n being he outward directed normal to Γ. The
tangential operators LD, LR are defined as

V t = −n× (n× V ); LDV t = ∇t∇t · V t;

LRV t = curlΓcurlΓV t; curlΓV t = −∇t · (n× V t);

curlΓu = −n×∇tu (3)

where u is a scalar. For a radiation problem (sources inside
Ω), (E,H) is the total radiated field, and (1) is the HOABC on
Γ. For a scattering problem, if (Es,Hs) designates the field
scattered from the object, the HOABC on Γ is

LEE
s
t + LJJ

s = 0 on Γ (4)

with Js = n×Hs. Sections 2.1 and 2.2 present the computing
process of the HOABC coefficients in the PA and SA. SUCs
are proposed in Section 2.3 for the HOABC. The performances
of the various ABCs derived from the generic HOABC in (4)
are numerically evaluated in Section 2.4 on an infinite planar
boundary and on a spherical one.

2.1. Computation of the HOABC Coefficients in (2) in the Planar
Approximation (PA)
In this section, we consider the standard model problem where
a propagative or evanescent wave with amplitude 1 illuminates
a planar Γ: (E,H) is the sum of this incident field and of the
spuriously reflected wave with amplitude r. Γ is the (xOy)
plane. and n is directed along the negative z axis. The fields
are y independent with the following Cartesian components in
TM and TE polarizations and for z ≥ 0:

TM : H = (0,H, 0)t, E =
i

k
(∂zH, 0,−∂xH)t; H = Hy

J = (−H, 0, 0)t

TE : E = (0, E, 0)t, H = − i

k
(∂zE, 0,−∂xE)t; E = Ey

J = (0,Hx, 0)
t (5)

We have

TE : E = eiksx(eizkξ + rTEe−izkξ);

TM : H = eiksx(eizkξ − rTMe−izkξ)

TE : Hx = ξeiksx(eizkξ − rTEe−izkξ);

TM : Ex = −ξeiksx(eizkξ + rTMe−izkξ)

s ≤ 1 : ξ =
√

1− s2; s > 1 : ξ = −i
√
s2 − 1 (6)

The first r.h.s. term in the above expressions of E andH is the
incident wave and the second one the spuriously reflectedwave.
Parameter s in (6) characterizes these waves: if s ≤ 1, they are
propagative (planar homogeneous) with s = sin θ, where θ is
the real incidence angle counted from the z axis; if s > 1, they
are evanescent (planar inhomogeneous) and Im(ξ) ≤ 0 in order
to satisfy the radiation condition. The latter are considered be-
cause evanescent waves might be impinging on Γ if it is located
close to the object. Substituting (5) and (6) into (1) successively
for both polarizations, we get

Et =

(
ZTM 0

0 ZTE

)
J (7)

with

ZTM =
a0 − a1s

2

1− b1s2
; ZTE =

a0 − a2s
2

1− b2s2

rTM =
ZTM − ξ

ZTM + ξ
; rTE =

ξZTE − 1

ξZTE + 1

(8)

Note that rTM, rTE depend on s and χ = (a0, a1, a2, b1, b2)
t ∈

C5. The spurious reflection on Γ in both polariza-
tions is minimized for s ∈ [0, sM ] when χPA =
argmin{

∑
p=TM,TE

∫ sM
0

|rp(s, χ)|ds} (note that when

sM > 1, evanescent waves are taken into account). χPA is
approximated by

χPA = argmin

 ∑
p=TM,TE

NsM∑
i=1

|rp(si, χ)|

 ; sNsM
= sM

(9)
where si are uniformly distributed in [0, sM ]. We show in Ap-
pendix A that

ZTM(s, χ) = 1/ZTE(s, χ) (10)

minimizes
∑

p=TM,TE |rp(s, χ)|. This entails rTM(s, χ) =

−rTE(s, χ) and is satisfied for all s if we set a0 = 1, b2 = a1,
b1 = a2. We have numerically verified via (9) that |a0 − 1|,
|b2 − a1| and |b1 − a2| are actually very small for any value
of sM . For this reason, we set a particular HOABC, termed
ABC3, as

ABC3 : a0 = 1, b2 = a1, b1 = a2 =⇒ rTM(s, χ)

= −rTE(s, χ) ∀ s (11)

Also, it is of interest to evaluate the performance of the follow-
ing ABCs:

ABC0 : a0 = 1, a1 = a2 = b1 = b2 = 0 =⇒ rTM(s)
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= −rTE(s)

ABC1 : a0 = 1, b1 = b2 = 0

ABCWK : a0 = 1, a1 =
1

2(1− i/kR)
, a2 = −a1,

b1 = b2 = 0

ABC2 : a0 = 1, a1 = a2 = 0

ABC30 : a0 = 1, a1 = b2 = 3/4, a2 = b1 = 1/4

=⇒ rTM(s, χ) = −rTE(s, χ) (12)

ABC0 is the standard zero-order ABC that satisfies (10) and
is exact for a propagative plane wave in normal incidence on
Γ (s = 0). Absorbing boundary condition (ABCWK) is pro-
posed in [17] where R is the radius of Γ when it is a sphere;
when it is planar, kR = ∞ so that a1 = 1/2 = −a2. If (10)
is satisfied, we show in Appendix B that ABC30 results from
the Padé approximant centered at s = 0 of the exact ABC
pseudo-differential operator symbol derived in this Appendix
for a planar Γ. It can be considered as the 3D vector equiv-
alent of the third approximation of the exact 2D scalar ABC
proposed in [13] (see also [14]). For the generic HOABC, we
set ZTM(si, χ) = 1/ZTE(si, χ) = ξi that, because of (8), en-
tails rTM(si, χ) = rTE(si, χ) = 0, and χ is the solution of the
following least square (2NsM × 5) system

a0 − a1s
2
i + b1s

2
i ξi = ξi a0 − a2s

2
i + b2s

2
i /ξi = 1/ξi

si ≤ 1 : ξi =
√

1− s2i ; si > 1 : ξi = −i
√
s2i − 1 (13)

On account of the definitions (12) and (11), (13) is reduced to
a (2NsM × 2) system for ABC1, ABC2

ABC1 : 1− a1s
2
i = ξi

1− a2s
2
i = 1/ξi

ABC2 : 1 + b1s
2
i ξi = ξi

1 + b2s
2
i /ξi = 1/ξi

(14)

and an (NsM × 2) system for ABC3 (the first line is only kept
in (13) since b1 = a2)

1− a1s
2
i + a2s

2
i ξi = ξi (15)

Regarding ABC1 and ABC2, we note that the two systems
in (14) yield b1 = a2, b2 = a1 if si are the same so that, on
account of (8),

ZTM
ABC1(si, χ) = 1/ZTE

ABC2(si, χ);

ZTE
ABC1(si, χ) = 1/ZTM

ABC2(si, χ)
=⇒

rTMABC1(si, χ) = −rTEABC2(si, χ);

rTEABC1(si, χ) = −rTMABC2(si, χ)

(16)

which means that ABC1 and ABC2 have exactly the same effi-
ciency. For the same reason, ABCWK in (12) has the same
efficiency if a0 = 1, b2 = 1/[2(1 − i/kR)], b1 = −b2,

a1 = a2 = 0. Also, for ABC1, when s → 0, (14) yields
1 − a1s

2 ≃ 1 − s2/2, 1 − a2s
2 ≃ 1 + s2/2 that implies

a1 = −a2 = 1/2 (this is actually what is numerically ob-
tained from (14) when sM → 0), thus recovering ABCWK:
ABCWK = ABC1(sM = 0).
Regarding ABC3, we have numerically verified that, when

sM → 0, (13) actually yields the ABC30 coefficients in (12):
ABC30 = ABC3(sM = 0).
Finally, because ξ ∈ R, when s ≤ 1, (8) entails, for p =

TM,TE,

s ≤ 1 : Re(Zp(s)) ≥ 0 =⇒ |rp(s)| ≤ 1 (17)

Also, for each of the above ABCs and for p = TM,TE, we have

|rp(s = 1)| = 1 ; lim
s→∞

|rp(s)| = 1 (18)

χ ∈ R5 =⇒ |rp(s > 1)| = 1 (19)
Depending on the type of waves present on Γ, (17) shows
that all the ABCs defined in (11) and (12) can be efficient for
propagative waves, while (18) indicates that ABC1 = ABC2,
ABC3 is unusable for weakly or highly evanescent waves,
and (19) shows that ABC0, ABCWK, ABC30 fail completely
for all evanescent waves.

2.2. Computation of the HOABCCoefficients in (2) in the Spher-
ical Approximation (SA)
In this section, Γ is a sphere of radiusR, and an arbitrary source
located inside Γ radiates an outgoing wave that, when reflected
by Γ, produces a (spurious) incoming wave. The total field
(E,H) inside Γ is given by the standard Mie series

E(r) =

∞∑
n=0

∑
|m|≤n

[αmnMmn(r) + βmnNmn(r)]

+

∞∑
n=0

∑
|m|≤n

[αmnMmn(r) + βmnNmn(r)]

H(r) = i

∞∑
n=0

∑
|m|≤n

[βmnMmn(r) + αmnNmn(r)]

+i

∞∑
n=0

∑
|m|≤n

[βmnMmn(r) + αmnNmn(r)]

(20)

with

Mmn(r) = ∇× (rΨ); Nmn(r) = ∇×Mmn(r)/k

Ψ = hn(kr)P
m
n (cos θ)eimφ

(21)

hn(x) is the spherical Hankel function of the second kind and
Pm
n (cos θ) the Legendre function. The same definitions hold

forMmn andNmn, where the spherical Bessel function jn(x)
is substituted to hn(x). Coefficients αn, βn (αn, βn) corre-
spond to the outgoing (respectively incoming) wave. Because
(E,H) satisfies the HOABC that is here the HOIBC (1), we
get

αmn = −αmnD
a
n; βmn = −βmnD

b
n

Da
n =

iZ2nh̃n(x)− xhn(x)

iZ2nj̃n(x)− xjn(x)
;
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Db
n =

iZ1nxhn(x) + h̃n(x)

iZ1nxjn(x) + j̃n(x)
; x = kR

Z1n =
a0 − γna1
1− γnb1

; Z2n =
a0 − γna2
1− γnb2

; γn =
n(n+ 1)

x2

j̃n(x) =
d

dx
(xjn(x)); h̃n(x) =

d

dx
(xhn(x)) (22)

As in Section 2.1, the objective is to compute the ABCs coef-
ficients, represented by the set χ = (a0, a1, a2, b1, b2)

t ∈ C5,
which minimize the reflected wave, i.e., minimize |αmn(χ)|+
|βmn(χ)| for 0 ≤ n ≤ nM , |m| ≤ n. nM is considered a pa-
rameter that plays a similar role to parameter sM introduced in
Section 2.1 for the planar approximation and is determined as
follows. If RS ≤ R is the radius of the sphere circumscribed
to the object, the field radiated from it or scattered by it reads,
for r ≥ RS ,

E(r) =

∞∑
n=0

∑
|m|≤n

[cmnMmn(r) + dmnNmn(r)]

H(r) = i

∞∑
n=0

∑
|m|≤n

[dmnMmn(r) + cmnNmn(r)]

(23)

(for simplicity’s sake, coefficients cmn, dmn are not elaborated
here). Because a plane wave is evanescent in z when s ≥ 1 and
Mmn(r), Nmn(r) are evanescent in r for n > kr ≫ 1 [24],
we get the following approximate equivalence between PA and
SA:

kRS ≫ 1 : s ≡ n

kRS
(24)

In view of (22), we have

χSA = argmin

{
nM∑
n=1

(|Da
n(χ)|+ |Db

n(χ)|)

}
(25)

If we let
nM = E(sMkRS) + 1 (26)

(E is for the integer part), then evanescent spherical waves is-
sued from the object will be accounted for on Γ if sM ≥ 1. On
the other hand, we have the following results:
1) If we set f(Z1n, Z2n) = |Da

n(χ)|+ |Db
n(χ)|, then f ver-

ifies f(Z1n, Z2n) = f(1/Z2n, 1/Z1n) because of (22), and it
follows from Appendix A that the minimum of f is achieved
for Z1n = 1/Z2n: we recover the PA definition (11) of ABC3
where rTM(s, χ) = −rTE(s, χ) ∀s is replaced by

Da
n = Db

n ∀n (27)

(27) and (22) with b1 = a2, b2 = a1 yield the (nM , 2) system

0 ≤ n ≤ nM ; x = kR

i
1− γna2
1− γna1

h̃n(x)− xhn(x)

i
1− γna2
1− γna1

j̃n(x)− xjn(x)
=

i
1− γna1
1− γna2

xhn(x) + h̃n(x)

i
1− γna1
1− γna2

xjn(x) + j̃n(x)

(28)

whose least-squares solution gives the SA values of a1 and a2.
2) As a consequence, regarding ABC0, we set a0 = 1 inde-

pendent of R: ABC0 cannot take the curvature into account.
Also, if the source is an electric dipole located at the origin, the
outgoing wave satisfies (E,H) ∝ (N01(r),M01(r)) [27] so
that αmn = 0, βmn = δm0δn1 (δ is the Kronecker symbol).
Then, because a0 = 1 and a1 = a2 = b1 = b2 = 0, it follows
from (22) that

kR → ∞ =⇒ |Da
1 |, |Db

1| = O[(1/(kR)2] (29)

We thus recover that ABC0 with a0 = 1 is exact in normal
incidence when Γ is planar.
3) Regarding ABC1 and ABC2, a0 = 1 and Da

n = Db
n = 0

in (22) for 0 ≤ n ≤ nM entail

0 ≤ n ≤ nM

ABC1 : xhn(x)− i(1− γna2)h̃n(x) = 0

ixhn(x)(1− γna1) + h̃n(x) = 0

ABC2 : xhn(x)− i(1− γnb1)h̃n(x) = 0

ixhn(x)(1− γnb2) + h̃n(x) = 0

(30)

that implies b1 = a2, b2 = a1 and, consequently,
Da

n(ABC1) = Db
n(ABC2), Da

n(ABC2) = Db
n(ABC1),

which means, as for PA, that ABC1 and ABC2 have exactly
the same efficiency. The least-squares solution of the ABC1
system in (30) gives the SA values of a1 and a2.
In this option, the curvature of Γ is implicitly taken into ac-

count by the ABC1 = ABC2 and ABC3 coefficients. It might
be extended to more general surfaces with non-equal principal
curvatures, such as the axisymmetric ellipsoid or spheroid, pro-
vided that the corresponding closed-form solution ofMaxwell’s
equations, obtained via separation of variables, is prone to a
simple enough numerical implementation.

2.3. Sufficient Uniqueness Conditions (SUCs) for Maxwell's
Problem with HOABC on Γ
Sufficient uniqueness conditions for Maxwell’s problem with
HOABC (4) are easily obtained from those proposed in [22]
with HOIBC (1):

SUC ABC0 : Re(a0) > 0
SUC ABC1 : Re(a0) > 0; Re(a1) ≤ 0; Re(a2) ≤ 0
SUC ABC2 : Re(a0) > 0; Re(a∗0b1) ≤ 0; Re(a∗0b2) ≤ 0
SUC ABC3 : z = 1− a2/a1 − a1/a2
Re(a1) ≤ 0; Re(a2) ≤ 0; Re(a∗1z) ≤ 0; Re(a∗2z) ≤ 0

0 ≤ Re(a∗1a2) ≤
|a1a2|2

|a1|2 + |a2|2

(31)
If S designates the subspace of C5, where χ satisfies the SUCs,
then the coefficients are obtained from

χPA = argminχ∈S

 ∑
p=TM,TE

NsM∑
i=1

|rp(si, χ)|

 (32)

χSA = argminχ∈S

{
nM∑
n=1

(|Da
n(χ)|+ |Db

n(χ)|)

}
(33)
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We note that the ABCWK and ABC30 coefficients do not sat-
isfy the ABC3 SUC. We emphasize that the SUCs in (31) are
sufficient but not necessary: if they are satisfied, the solutions
of Maxwell’s problem with the HOABC are unique. However,
they might be unique in the opposite case. Also, it is shown
in Appendix C that Re(Zp(s)) ≥ 0 for ABC1, ABC2, ABC3
if their coefficients satisfy the above SUCs, and (17) entails
s ≤ 1 =⇒ |rp(s)| ≤ 1 for PA.

2.4. Numerical Evaluation of the ABCs' Performance
ABCs efficiencies are investigated first on an infinite plane and
then on a sphere.

2.4.1. Γ is an Infinite Plane: ABCs Coefficients are Calculated with the
Planar Approximation (PA)

The non-constrained coefficients a1, a2 are the least square so-
lutions of systems (14) for ABC1 and (15) for ABC3, with
NsM = 100. The constrained coefficients are computed via
a computer program [26], based on a stochastic, gradient-free,
cross-entropy method [25], in which constraints can be easily
introduced and of which we recall the main lines. The cost
function is F (χ) = |Mχ − b| where χ = (a1, a2)

t, and M
(respectively b) is the (2NsM × 2) matrix ((2NsM × 1) r.h.s.,
respectively) in (14) for ABC1 and in (15) for ABC3 (for the
latter, 2NsM is replaced by NsM ). Given initial mean value
χ̄0, set equal to the non-constrained value of χ and standard
deviation σ0, the iterative algorithm computes the minimum of
F (χ): at iteration n, the mean value χ̄n and standard deviation
σn corresponding to the minimum of F (χ) found at this iter-
ation are calculated from Nr realizations verifying the SUCs
in (31). The algorithm stops when σn is smaller than a given
εσ . It is efficient when the size of χ is moderate. The result
is stochastic, but the coefficient values converge when εσ → 0
and Nr → ∞. Finally, note that, as it happens for many mini-
mization problems where F (χ) is not convex, this method does
not necessarily find the absolute minimum. In what follows,
the constrained coefficient values are obtained with σ0 = 0.5,
Nr = 500, and εσ = 0.01. The reflection coefficients are plot-
ted for ABC0, ABC1, ABCWK, ABC3, and ABC30 in Fig. 1
for sM = 0.2 and sM = 1.2 (we recall that ABC2 has exactly
the same effectiveness as ABC1) with the coefficients values
reported in Table 1. A small value of sM is advised if Γ is
located far enough away from the object because the field im-
pinging on Γ is then essentially propagative (very similar re-
sults are obtained for sM = 0.5). We observe that as expected,
ABC30 = ABC3(sM = 0) andABC3w/o SUC display similar
performances and are the most efficient.
– SUCs degrade ABCs’ performance sinceχ spans a reduced

parameter space (we recall that a well-posed problem is not
guaranteed for ABCWK and ABC30).
– ABC3 w/SUC has the same effectiveness as ABC1 w/o

SUC, and the latter has the same effectiveness as ABCWK =
ABC1(sM = 0).
– Bottom of Fig. 1 shows the reduced performances achieved

by ABC3with sM = 1.2 to take into account evanescent waves
on Γ.

TABLE 1. Values of a1, a2 obtained for sM = 0.2 and 1.2. Non-
constrained coefficients are the least-squares solutions of systems (14)
for ABC1 and (15) for ABC3. Constrained coefficients are obtained
via the cross-entropy technique.

sM w/o SUC w/SUC

0.2

ABC1 a1 0.503 −0.0038− i0.000173
a2 −0.512 −0.74− i0.0036

ABC3 a1 0.753 −0.000643 + i0.0783
a2 0.253 −0.51 + i0.07235

1.2

ABC1 a1 0.761 + 0.225i −0.00174 + 0.218i
a2 −0.481− 1.236i −0.485− 1.243i

ABC3 a1 0.935 + 0.128i −0.0012 + 0.342i
a2 0.514 + 0.261i −0.393− 0.00131i

2.4.2. The Object andΓ Are Concentric Spheres: ABCs Coefficients are
Calculated with the Planar Approximation (PA) or the Spherical
Approximation (SA)

We consider the scattering problem of a plane wave by a sphere
of radius R0, on which the impedance boundary condition

r = R0 : Et = ZJ (34)

is prescribed, coated with a material layer of thickness d0, rela-
tive dielectric permittivity ε, and magnetic permeability µ. The
radius of this coated sphere is RS = R0 + d0, and impedance
Z, normalized to free-space impedance, is known. Γ is a sphere
of radius R = R0 + d0 + d. The solutions of this scattering
problem with the exact and approximate (i.e., the ABC) radi-
ation conditions are obtained in closed forms via the standard
Mie series truncated at n = Nmie = 8 + E(kRS

√
2) — as

for the series in (20), (23) —, a large enough value to guaran-
tee a very good numerical accuracy. Regarding SA, the non-
constrained ABC1 and ABC3 coefficients are the solution of
least-squares systems (30) and (28). The constrained coeffi-
cients are obtained via the cross-entropy technique as described
in Section 2.4.1 with F (χ) =

∑nM

n=1(|Da
n(χ)| + |Db

n(χ)|) —
see (33). Then, the ABCs’ performances are numerically eval-
uated in terms of the far field E0(θ) by plotting the exact and
ABCs bistatic Radar Cross Section in dBm2

RCS(θ) = 10 log[4π|E0(θ)|2]; E0(θ) = lim
r→∞

rEs(r, θ)

(θ is the observation angle counted from the direction θ = 0
of the incident plane wave) and computing the far-field error
errE0(θ) and its average erravE0:

errE0(θ) = max
p=TM,TE

10 log
[
4π
∣∣∣E0,p

exact(θ)− E0,p
ABC(θ)

∣∣∣2]
erravE0 =

1

π

∫ π

0

errE0(θ)dθ

(35)

We consider successively the following lossy and lossless coat-
ings: ε = µ = 1 − i, Z = 1, d = 5mm and ε = 4, µ = 2,
Z = 0, d = 3mm. The PA ABCs’ coefficients are those indi-
cated in Table 1 for sM = 0.2.
1) Lossy coating. Because ε = µ and Z = 1, Weston’s

theorem [28] implies that the exact radar cross-section (RCS)
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(a) (b)

(c)

FIGURE 1. 20 log |r(s)|. The plane Γ is illuminated by a plane wave with angle of incidence θ counted from the normal. Incident and reflected
waves are propagative when s = sin θ ≤ 1 and evanescent when s > 1. ABC0 (black, TM = TE), ABC30 (green solid line, TM=TE), ABCWK
(green dashed line, TM=TE). (a) sM = 0.2, ABC1 w/o SUC: dashed lines (TM: red, TE: blue); ABC1 w/SUC: solid lines (TM: red, TE: blue). (b)
sM = 0.2, ABC3 w/o SUC: blue dashed line; w/SUC: red solid line. (c) sM = 1.2, ABC3 w/o SUC: blue dashed line; w/SUC: red solid line.

FIGURE 2. Sphere of radius R0 = 1m and IBC (34) with Z = 1,
coated with the lossy material ε = µ = 1− i of thickness d0 = 5mm.
Γ is a concentric sphere of radiusR = R0+d0+dwith d = 1 cm. The
incident plane wave impinges on the sphere at θ = 0 and f = 1GHz.
RCS(θ) for ABC0 (red), exact (black) and ABCWK (TM: dashed red
line, TE: dashed blue line). errE0(θ) (35) for ABCWK: green circles.

verifies RCS(0) = −∞ and is polarization independent. It is
easily shown that these properties are also verified by the RCSs
obtainedwith ABC0, ABC3, andABC30. RCS and far-field er-

ror errE0 achieved with the ABCs are plotted in Figs. 2–4. We
have set f = 1GHz, R0 = 1m, d = 1 cm, and the ABCs co-
efficients are those in Table 1, obtained via PA with sM = 0.2
(lossy coating: propagative waves prevail on Γ). ABC30 is
not shown because it has the same efficiency as ABC3 with-
out SUC. As for PA (see comments in Section 2.4.1), we ob-
serve that ABC3 with SUC performs slightly better than ABC2
without SUC, which in turn performs as ABCWK. Very sim-
ilar results are obtained for sM = 0.5 (not shown). Finally,
erravE0 is plotted vs. f and d in Fig. 5, which displays the high
accuracy achieved with ABC3 even when Γ is very close to the
object. The errors obtained with ABC2 w/o SUC (not shown)
and ABC3 w/SUC are similar.
ABC1 and ABC3 coefficients are now computed via SA to

take the curvature into account. As above, sM = 0.2, and for
SA, (26) reads nM = E(0.2kRS) + 1. The far-field errors
achieved with PA, SA, and ABCWK (whose coefficients are
computed from (12) with R = R0 + d0 + d) are reported in
Table 2 for f = 1GHz, d = 1 cm, and three values of R0. As
expected, the accuracy achieved with PA and SA is very similar
when kR ≫ 1; otherwise, ABC3-SA is the most effective (see
also Fig. 6). Also, ABC2-SA w/o SUC and ABCWK have a
similar efficiency.
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(a) (b)

FIGURE 3. Same lossy sphere and spherical Γ as in Fig. 2 and f = 1GHz. RCS(θ) and errE0(θ) for ABC2-PA (sM = 0.2) with b1 = a2, b2 = a1,
as explained in Section 2.2, where a1, a2 are given in Table 1; red (blue): TM (TE respectively); exact: black; errE0(θ): green circles. (a) w/o SUC
and (b) w/SUC.

(a) (b)

FIGURE 4. Same lossy sphere and spherical Γ as in Fig. 2 and f = 1GHz. Performances of ABC3-PA with sM = 0.2, (a) w/o SUC and (b) w/SUC.
Exact RCS(θ): black; ABC3-PA RCS(θ): red. errE0(θ): green circles.

2) Lossless coating. When this coating is planar, surface
waves (SWs), also called guided waves [29], may exist, which
propagate unattenuated along the plane and are evanescent
in the normal direction z with amplitude proportional to
exp (−kz

√
s2 − 1) because of (6). In the [1, 12]GHz fre-

quency range, the simple technique proposed in [30] yields
two SWs for f = 2.2GHz (f = 10.2GHz) with s = 1.03 in
TM (s = 1.01 in TE, respectively).
When kR ≫ 1, the SWs retain these characteristics in

the spherical coating, but the SWs are attenuated when they
circumscribe the sphere because of radiation losses. In par-
ticular, they are weakly evanescent in r, and the amplitude
on Γ of the above-mentioned SWs is then proportional to
exp (−kd

√
s2 − 1), which explains why dmust be larger when

f = 2.2GHz (s = 1.03, while s = 1.01 for f = 10.2GHz), as
observed on Fig. 7. In addition, since s ≃ 1, the SWs far-field
contribution to the RCS is important [30], and these SWs cannot
be accounted for by PA because of (18). When the ABC’s co-
efficients are obtained via SA, the weight of evanescent waves

in (25) must be increased accordingly:

χSA = argmin



nM∑
n=1

(
|Da

n(χ)|+ |Db
n(χ)|

)
nM + 1

+

nM∑
n=n1

(
|Da

n(χ)|+ |Db
n(χ)|

)
nM − n1 + 1

 (36)

nM is given by (26) with sM equal to the values of s character-
izing the SWs andn1 ≤ nM . Fig. 8 and Table 3 display the high
accuracy achieved with SA for d ≪ 1 at 2.2GHz and 10.2GHz
whenn1 = E(kRS) andnM = E(1.03 kRS)+1. This is made
possible because |Da

n(χ)| = |Db
n(χ|) — see (27) — can be

much smaller than 1 when n1 ≤ n ≤ nM as observed on Fig. 9,

36 www.jpier.org



Progress In Electromagnetics Research B, Vol. 118, 30–41, 2026

5 10 15 20

0.01

0.02

0.03

0.04

0.05

0.06

0.07

0.08

0.09

0.1  

f(GHz)

 

d
(m

)

0

5 10 15 20

0.01

0.02

0.03

0.04

0.05

0.06

0.07

0.08

0.09

0.1  

f(GHz)

 

d
(m

)

0

5 10 15 20

0.01

0.02

0.03

0.04

0.05

0.06

0.07

0.08

0.09

0.1  

f(GHz)

 

d
(m

)

0

(a) (b)

(c)

FIGURE 5. Same lossy sphere and spherical Γ as in Fig. 2. Far field average error erravE0 vs. f and d: (a) ABC0, (b) ABC3-PA (sM = 0.2) w/o
SUC, and (c) ABC3-PA (sM = 0.2) w/SUC.

(a) (b)

FIGURE 6. RCS(θ). Lossy coating, R0 = 0.1m, d = 1 cm, f = 1GHz. Exact: black solid line; ABCWK with R = R0 + d0 + d in (12):
blue circles. ABC3-PA (sM = 0.2): green circles. ABC3-SA (nM = 1): red circles. (a) w/o SUC, (25) yields for SA: a1 = 0.6513 + 0.377i,
a2 = 0.2454 + 0.2523i and (b) w/SUC, (33) yields for SA: a1 = −0.0616 + 0.31i, a2 = −0.581 + 0.114i.

contrary to PA when Γ is a plane: because of (18) the reflection
coefficient is very close to unity when s ≃ 1. We recall, as
observed in Table 2, that (i) ABC30, ABC3-PA, and ABC3-SA
with sM = 0.2 have the same effectiveness when kR ≫ 1 and
(ii) ABC3-PA w/SUC and ABCWK perform similarly while
ABC3-PA w/o SUC is much more effective than ABCWK. Fi-

nally, the strong RCS oscillations observed in Fig. 8 in the for-
ward scattering region in TM result from interferences between
reflected rays and evanescent SW rays launched tangentially to
Γ, as illustrated in [30]. Actually, an estimation of the SWs
resonance frequencies and of the corresponding value of sM is
obviously not easily available for an arbitrary object. However,
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(a) (b)

(c)

FIGURE 7. Lossless coating (ε = 4, µ = 2, Z = 0, R0 = 1m, d0 = 3mm). Far field global error erravE0(f, d) with f ∈ [1GHz, 12GHz] and
d ∈ [0.01m, 1m]. SWs exist in the coating, which strongly radiate at 2.2GHz (in TM, s = 1.03) and 10.2GHz (in TE: s = 1.01). (a) ABC0, (b)
ABC3-PA (sM = 0.2) w/o SUC, and (c) ABC3-PA (sM = 0.2) w/SUC.

TABLE 2. Same lossy sphere and spherical Γ as in Fig. 2, f = 1GHz, average far-field error for ABC0, ABCWK, ABC2 and ABC3. PA: sM = 0.2;
SA: nM = E(0.2kRS) + 1. As explained in Section 2.2, for ABC0 a0 = 1 yields the best results on a spherical Γ.

R0 (m) ABCno SUC
erravE0

PA
erravE0

SA
erravE0

ABCWK
0 - −8.15 -
2 w/o −19.7 −19.1

2 w/ −6.5 −6.4 −18.6

3 w/o −32.1 −42.7

w/ −21.2 −20.3

0 - −14.6 -
2 w/o −24.7 −24.1

1 w/ −12.4 −12.2 −23.5

3 w/o −34.2 −43.9

w/ −26.5 −25.7

0 - −35 -
2 w/o −32.8 −38.8

0.1 w/ −31.5 −33.2 −38

3 w/o −29.5 −46

w/ −39.7 −43
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(a)

(b)

FIGURE 8. Lossless coating, d = 1 cm, f = 2.2GHz, kR = 46.7, RCS(θ). ABC3 w/o SUC and ABCWK. TOP (BOTTOM): TM (TE). Exact:
black; PA (sM = 0.2): green; ABCWK: blue; SA with n1 = E(kR0) = 47 and nM = E(1.03kRS) + 1 = 49 =⇒ a1 = 0.926 + 0.11i,
a2 = 0.529 + 0.245i: red (superimposed on the exact RCS).

(a) (b)

FIGURE 9. Lossless coating, d = 1 cm, log |Da(n)|, ABC3 w/o SUC, SA. Solid line: (36) with n1 = E(kRS) and nM = E(1.03kRS) + 1; dahed
line: (25) with nM = E(1.03kRS) + 1. (a) f = 2.2GHz. (36) with n1 = 47, nM = 49 =⇒ same values of a1, a2 as in Fig. 8. (25) with
nM = 49 =⇒ a1 = 0.896 + 0.102i, a2 = 0.451 + 0.137i. (b) f = 10.2GHz. (36) with n1 = 217, nM = 223 =⇒ a1 = 0.975 + 0.04634i,
a2 = 0.708 + 0.184i. (25) with nM = 223 =⇒ a1 = 0.948 + 0.0553i, a2 = 0.544 + 0.0911i.

TABLE 3. Lossless coating: erravRCS(d) for the ABCs. For both frequencies sM = 0.2 for ABC3-PA and sM = 1.03 for ABC3-SA (the
corresponding values w/o SUC of a1, a2 for d = 0.01m are indicated in Fig. 9 captions).

f (GHz) d (m) ABC0 ABCWK
ABC3-PA

w/o SUC w/SUC
ABC3-SA

w/o SUC w/SUC

2.2

0.001 −1.1 −3.1 −3.7 −3 −19 −2.2

0.01 −1.5 −3.1 −3.8 −3 −18.7 −2.5

0.1 5.5 0.7 −9.5 0.6 −33.2 −7.3

0.5 −5.6 −16.1 −35.2 −16.2 −62.3 −25.2

1 −11.4 −27.9 −48.1 −28 −81.2 −35.4

0.001 −5.6 −10.2 −12.3 −9.9 −16.6 −5.7

0.01 −6.5 −11 −12.4 −10.3 −18.8 −7.6

10.2 0.1 0.34 −8.4 −17.2 −5.1 −39.8 −12.5

0.5 −8 −23.2 −43.9 −19.6 −66.8 −27.7

1 −13 −33.7 −60.8 −31 −84.5 −37.3
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when lossless materials are present all along the object surface,
resonant circumferential waves might be expected, and a planar
analysis of the coating, such as the one presented here, can be
useful. Finally, let us mention that the choice of a large enough
value of sM > 1 to account for possible evanescent waves on
Γ in the whole frequency range is not acceptable because, for
the coated sphere considered here and sM = 1.2, ABC3-SA
yields large errors: erravE0 = 0.6w/o SUC and erravE0 = 3.7
w/SUC.

3. CONCLUSIONS
As far as we know, contrary to the HOABCs published in the
past, ABC3 and, to a lesser extent, ABC1 that we have shown to
be strictly equivalent to ABC2 in terms of effectiveness, yield a
high numerical accuracy even when Γ is very close to a coated
sphere, and SUCs have been proposed that guarantee a well-
posed problem at the cost of reduced ABC1 and ABC3 perfor-
mances; it is however important to note that ABC3 w/SUC is
still more effective than ABC1 w/o SUC.
When mostly propagating waves are present on Γ, the pla-

nar approximation (PA) with sM = 0.2 is sufficient: PA can
be used on an arbitrary boundary provided that the local tan-
gent plane approximation is justified; otherwise Γ is a sphere
whose radius is taken into account by the ABC3 coefficients
via the spherical approximation (SA), much more effectively
than with the ABCWK in [17]. When strong evanescent waves
are present on Γ, as is the case for the lossless coating at a reso-
nance frequency of a surface wave, a good accuracy is achieved
with SA on a spherical Γ only.
Also, we have shown that ABC3with sM = 0 yields ABC30

that has been independently derived from the exact ABC ob-
tained on a planar Γ in Appendix B: ABC30 can be considered
as the 3D vector equivalent of the third approximation of the
exact 2D scalar ABC proposed in [13]. The numerical imple-
mentation of ABC1 andABC3 in the FE domain decomposition
method presented in [6, 7] and its performance evaluation on
real-life objects are currently underway. The numerical com-
plexity of the corresponding FE formulation is expected to be
low while avoiding the introduction of additional unknowns,
similar to that of the HOIBC presented in [22].
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APPENDIX A. ZTM = 1/ZTE MINIMIZES∑
P=TM,TE

|RP (S, χ)|

For a given ξ, let Z1 = ZTM, Z2 = ZTE and

f(Z1, Z2) =
∑

p=TM,TE

|rp| =
∣∣∣∣Z1 − ξ

Z1 + ξ

∣∣∣∣+ ∣∣∣∣ξZ2 − 1

ξZ2 + 1

∣∣∣∣ (A1)

We have
f(Z1, Z2) = f(1/Z2, 1/Z1) (A2)

Taking a cue from the approach presented in [31] for the
isotropic case (Z1 = Z2), let x1(Z1, Z2) = Z1 + 1/Z2,
x2(Z1, Z2) = Z2 + 1/Z1 and g(x1(Z1, Z2), x2(Z1, Z2)) =
f(Z1, Z2). g verifies (38): g(x1(Z1, Z2), x2(Z1, Z2)) =
g(x1(1/Z2, 1/Z1), x2(1/Z2, 1/Z1)). Then, an extremum of f
is obtained for

∂Z1
g = ∂x1

g−Z−2
1 ∂x2

g = 0; ∂Z2
g = −Z−2

2 ∂x1
g+∂x2

g = 0

that yields (1 − Z2
1Z

2
2 )∂x1g = (1 − Z2

1Z
2
2 )∂x2g = 0 which

is satisfied if Z1Z2 = ±1. Z1Z2 = −1 is discarded since it
implies Re(Z1)Re(Z2) ≤ 0, and it is well known that the solu-
tions of Maxwell’s problem are unique if Re(Z1),Re(Z2) ≥ 0.

APPENDIX B. EXACT ABC OPERATOR ON A PLANAR
Γ AND ABC30
The exact ABC operator is obtained as follows from the ex-
act IBC derived in [23] on the surface Γ of a (ε, µ) layer with
thickness d backed by a perfect electric conductor (PEC). Γ is
the (xOy) plane, and the PEC plane is at z = −d. Equation (6)
in [23] reads with n = z

Λ(n× E) = −iη tan(kmdΛ)(1− LR/k
2
m)Ht on Γ

Λ =
√
1 + t1; t1 = (LD − LR)/k

2
m; km = k

√
εµ;

η =
√

µ/ε

(B1)

To derive the ABC from (B1), we consider a weakly lossy free-
space material: ε = µ = 1 − iε′′ with 0 < ε′′ ≪ 1, and we
let d → ∞. Because k2m = k2mx + k2mz with kmx = skm,
we have kmz = km

√
1− s2 and the field reflected by Γ —

which propagates towards negative z for s ≤ 1 and behaves (in
the conventions of [23]) as eizkmz — must be bounded when
z → −∞. We have km = k′m + ik′′m with k′m > 0 and k′′m <
0. Then, because t1 = −s2 ∈ R, limd→∞ tan(kmdΛ) = −i
and (B1) yields, when ε′′ = 0, the following exact ABC

Λn× E = −(1− LR/k
2)Ht (B2)

For convenience sake, we perform n× (B2). We note that (i)
Ht = −n× J , (ii) n× (Λn× E) = Λ(n× n× E) = −ΛEt

since Λ can be replaced by its formal Taylor series expansion
in terms of (LD − LR)/k

2, (iii) n × LR(n × J) = LDJ , so
that the exact ABC (B2) also reads

ΛEt = (1 + LD/k2)J (B3)

To obtain the exact ZTE, we note that in TE polarization,
LDJ = 0, LDEt = 0, LREt = k2s2Et, so that (B3)
yields

√
1− s2Et = J and ZTE = (1 − s2)−1/2. Then,

ZTM = 1/ZTE =
√
1− s2, of which the Padé (2,2) approx-

imant centered at s = 0 is
1− 3s2/4

1− s2/4
, which yields the ABC30

coefficients in (12).
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APPENDIX C. FOR ABC1, ABC2 AND ABC3 THE SUC

IMPLY RE(ZP (S)) ≥ 0 FOR P = TM,TE
For z ∈ C, we note here z′ = Re(z) and z′′ = Im(z). We
consider TM polarization (TE follows along the same lines).
— ABC1: (31) implies a′1 ≤ a′0/s

2 that in turn entails Z ′ ≥
0.

— ABC2: Z ′ =
a′0 − (a0b

∗
1)

′s2

|1− b1s2|2
and (31) implies a′0 −

(a0b
∗
1)

′s2 ≥ 0.

— ABC3: Z ′ =
1− (a′1 + a′2)s

2 + (a1a
∗
2)

′s4

|1− a2s2|2
and (31) im-

plies 1− (a′1 + a′2)s
2 + (a1a

∗
2)

′s4 ≥ 0.
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