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ABSTRACT: Fast, accurate modeling of permanent magnet synchronous machines (PMSMs) is essential for efficient design optimization,
particularly in high-power wind turbine applications where severe magnetic saturation frequently occurs. While pure analytical models
offer rapid computation, they often fail to accurately account for nonlinear saturation, which significantly affects the machine’s per-
formance, particularly the back-electromotive force (back-EMF). This study proposes a computationally efficient 2D hybrid analytical
framework to investigate the impact of magnetic saturation on the back-EMF in PMSMs. The proposed approach couples an exact analyt-
ical subdomain (SD) technique, which is used to resolve the magnetic field in linear regions, with a nonlinear magnetic equivalent circuit
(MEC) model for the active ferromagnetic parts. By iteratively updating the relative permeability in the MEC, the method accurately
captured local saturation effects and reflected them in the global air-gap flux density. The developed hybrid analytical model (HAM)
was used to analyze the total harmonic distortion (THD) and peak values of the back-EMF under saturated conditions. To validate the
proposed method, results were compared with those obtained from a 2D finite element analysis (FEA). The comparison shows that the
hybrid approach achieves an excellent compromise, delivering a high accuracy comparable to that of the FEA while drastically reducing
computational time, making it highly suitable for iterative design and optimization process.

1. INTRODUCTION

Permanentmagnet synchronousmachines (PMSMs) have be-
come a preferred topology for high-power wind energy con-

version systems owing to their high torque density, operational
reliability, and high efficiency [1–3]. The rigorous design
and optimization of these large-scale generators require precise
modeling tools to maximize their performance while minimiz-
ing active material volumes [4–6]. A fundamental aspect of
PMSM design is accurately evaluating the magnetic flux dis-
tribution. To achieve high power densities, the ferromagnetic
components of the machine, specifically the stator teeth and
yoke, frequently operate deep within the nonlinear magnetic
saturation region [7, 8]. This localized saturation heavily dis-
torts the air-gap flux density, directly altering induced back-
electromotive force (back-EMF). Accurately predicting the sat-
urated back-EMF waveform and its harmonic content is essen-
tial because it governs the electrical output quality and overall
performance of the generator [9–11].
Review of Existing Approaches
The system of partial differential equations (PDEs) derived

from Maxwell’s equations for electrical machines is generally
solved using three main categories of methods [12–14], each
offering different compromises among accuracy, computational
speed, and handling magnetic nonlinearity.
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• Numerical Methods: The widely used approach relies on
numerical discretization, such as finite element analysis
(FEA) [15], and the finite difference method (FDM) [16].
While FEA serves as the gold standard for handling com-
plex geometries and severe magnetic saturation, its high
computational cost, which often requires significant exe-
cution time per iteration, makes it prohibitive for early-
stage parametric optimization of large-scale generators,
where thousands of design evaluations are necessary [17–
19].

• Analytical Methods: Alternatively, analytical Maxwell-
Fourier methods (including multilayer models, eigenvalue
models, and exact analytical subdomain (SD) tech-
niques) [20–23] and Schwarz-Christoffel mapping [24]
offer rapid, continuous field solution. In these approaches,
harmonic series are formulated by applying the separation
of variables to solve Laplace’s and Poisson’s equations
with strict boundary conditions. Extended SD techniques
have attempted to include the iron core by assuming a
finite and constant relative permeability [25]. However,
this assumption fails under saturated conditions: a
constant permeability cannot capture localized, nonlinear
reluctance variations caused by severe flux concentration
in the stator teeth, leading to significant inaccuracies in
predicting back-EMF waveform [18, 26].

• HybridMethods: To combine the benefits of the model’s
analytical speed and numerical handling of nonlinearity,
recent research has shifted towards hybrid methods. Var-
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TABLE 1. Quantitative comparison of electromagnetic modeling methods.

Methodology
Saturation
Handling

Accuracy
Computational

Cost
Convergence
Characteristics

Suitability for
Iterative Design

Numerical
(FEA/FDM)

Excellent
(Inherent)

Very High Very High
Guaranteed

(mesh-dependent, slow)
Low

Analytical
(SD)

Poor
(Linear assumption)

Low
(if saturated)

Very Low
Direct (non-iterative,

closed-form)
High

(Linear only)

Hybrid
High (Iterative
updating)

High Low
Fast (17 iterations
for the studied case)

Very High

ious coupling strategies have been proposed in the liter-
ature; however, a critical analysis reveals specific limita-
tions for large-scale machine design:

• Coupling FEA with magnetic equivalent circuit
(MEC) [27]: While highly accurate, the reliance on
FEA for sub-regions still imposes a considerable compu-
tational burden, negating speed advantages required for
rapid iterative design.

• Combining conformal mapping with MEC [28]: This ap-
proach provides rapid evaluations but becomes mathemat-
ically restrictive and struggles to maintain accuracy for
complex, highly saturated slotted geometries.

• Interfacing Maxwell-Fourier methods with FEA [29]:
This strategy often suffers from complex boundary
matching and mesh-transition issues between analytical
and numerical domains, slowing down convergence.

• Coupling FDM with FEA or analytical models [30]: Sim-
ilar to FEA coupling, a discrete numerical grid introduces
significant computational overhead.

• Coupling analytical SD techniques with MEC: A direct
bidirectional coupling between an exact SD formulation
and a MEC has also been proposed, allowing flux conti-
nuity to be enforced in both radial and tangential direc-
tions at the interface [31]. However, this coupling has
been validated only for fixed relative permeability values.
Consequently, to account for nonlinearities, several recent
works have combined analytical formulations with aMEC
to evaluate saturation [32–34]. Nevertheless, these meth-
ods typically model the saturation through simplified ap-
proaches, such as an equivalent surface current or a single
permeance per tooth. As a result, these hybrid techniques
remain either computationally intensive ormathematically
rigid, rendering them inadequate for PMSMs’ rapid, large-
scale iterative design. To systematically compare these
trade-offs, Table 1 summarizes the performance metrics
of the existing modeling categories [35, 36].

To overcome these limitations, this work extends this class of
methods through a finely discretized nodal MEC, whose lo-
cal reluctances are updated iteratively from the measured B-
H curve, bidirectionally coupled to the SD formulation using
boundary flux injection. The approach is applied specifically
to quantify the resulting distortion of the back-EMF harmonic
spectrum in large-scale wind turbine PMSMs.

2. ANALYTICAL SD FORMULATION
The analytical framework requires partitioning the machine’s
cross-section into three SDs as illustrated in Figure 1: stator
slots, air gap, and permanent magnets (PMs).

FIGURE 1. Studied PMSM geometry.

To evaluate the magnetic field distribution within these re-
gions, the problem was formulated using the magnetic vector
potential. Under a 2D approximation, only the axial compo-
nent Az is considered [20, 21]. By applying Maxwell’s equa-
tions within a polar coordinate system (r, θ), the behavior of the
magnetic field is governed by a generalized Poisson’s equation
given in (1a), where Jz represents the imposed axial current
density; µ0 denotes the permeability of free space; and M is
the remanent magnetization vector, which is strictly zero out-
side the magnet SD.

∇2Az = − [µ0Jz + µ0(∇×M)z] (1a)

In region I (PM region)

∇2Az = −µ0(∇×M)z (1b)

In region II (Air region)

∇2Az = 0 (1c)

In region III (Slots region)

∇2Az = −µ0Jz (1d)

The field vectors B⃗ and H⃗ are coupled by:
In region I

B⃗ = µ0µmH⃗ + µ0M⃗ (2a)
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In regions II and III
B⃗ = µ0H⃗ (2b)

where µm is the relative permeability of the PMs, and the rema-
nent magnetization vectorM is expressed in polar coordinates
as:

M (θ) = Mr (θ) er +Mθ (θ) eθ (2c)
whereMr andMθ are radial and tangential components of the
magnetization vector, respectively, such that er and eθ are unit
vectors of the polar basis in radial and tangential directions, re-
spectively. A Fourier expansion for (2c) yields:

Mr (θ) =

nh∑
n=1,3,5,..

Ms
nr sin (npθ) +M c

nr cos (npθ) (2d)

Mθ (θ) =

nh∑
n=1,3,5,..

Ms
nθ sin (npθ) +M c

nθ cos (npθ) (2e)

where Ms
nr, M c

nr, Ms
nθ, and M c

nθ of (2d) and (2e) are the
Fourier coefficients evaluated over one electrical period; n is
the harmonic order; p is the number of pole pairs; and nh is the
total number of retained harmonics.
The magnetic flux density is related to the magnetic vector

potential as follows:

B⃗ = ∇× A⃗ (2f)

Using (2f), radial and tangential components of the magnetic
flux density are deduced from Az by:

Br =
1

r

∂Az

∂θ
(2g)

Bθ = −∂Az

∂r
(2h)

In the PM region (SD I), assuming a vanishing tangential flux
density at the lower boundary [21], Equation (1b) is solved us-
ing the variable separation method, and the general solution is
constructed by combining its homogeneous and particular com-
ponents. For an arbitrary harmonic index n, the solution is ex-
pressed as:

A(I)
z (r, θ) =

nh∑
n=1,3,5...

[
Ca1,nr

np + Ca2,nr
−np

+Γ1_part (r, n)

]
sin (npθ)

+

nh∑
n=1,3,5...

[
Ca3,nr

np + Ca4,nr
−np

+Γ2_part (r, n)

]
cos (npθ) (3a)

For odd harmonic orders, the particular solutions, including the
resonant case np = 1, are:

Γ1_part (r, n) =

{ np·Mc
nr·r−Ms

nθ·r
(np)2−1

, np ̸= 1

Mc
nr·r−Ms

nθ

2 r ln (r) , np = 1
(3b)

Γ2_part (r, n) =

{ −np·Ms
nr·r−Mc

nθ·r
(np)2−1

, np ̸= 1

−Ms
nr·r−Mc

nθ

2 r ln (r) , np = 1
(3c)

In the SD, the unknown coefficients Ca1,n, Ca2,n, Ca3,n, and
Ca4,n in (3a) are determined by enforcing boundary condi-
tions [20, 21].
In the air-gap region (SD II), the absence of current sources

reduces the system to Laplace’s equation, and the homogeneous
solution of (1c) is:

A(II)
z (r, θ) =

nh∑
n=1,3,5...

[
Ce1,nr

np + Ce2,nr
−np
]
sin (npθ)

+

nh∑
n=1,3,5...

[
Ce3,nr

np + Ce4,nr
−np
]
cos(npθ) (4a)

In the stator slot region (SD III), this SD is partitioned into
QS elementary slots. For a given slot index i, the angular open-
ing is centered around θ = gi, and the solution of (1d) is written
as:

A(III)
z (r, θ) = Ci1 + Ci2 ln (r)−

1

4
µ0jzr

2

+
∑

m
Cim cos

[
βm

(
θ − gi +

ws

2

)]
+
∑

v
Civ sin

[
γv ln

(
R

R2

)]
(4b)

where:

Cim = Ci3m

(
R

R3

)βm

+ Ci4m

(
R

R2

)−βm

(4c)

Civ = Ci5v

sinh
[
γv
(
θ − gi +

ws

2

)]
sinh(γv · ws)

+Ci6v

sinh
[
γv
(
θ − gi − ws

2

)]
sinh(γv · ws)

(4d)

where jz is the current density in the stator slots; ws is the slot
opening arc; gi is the slot position; βm and γv are slot harmonic
frequencies specified as follows:

βm =
mπ

ws
(4e)

and
γv =

vπ

ln
(

R3

R2

) (4f)

wherem and v represent spatial harmonic orders in the θ and r
axes, respectively.

3. BOUNDARY CONDITIONS (BC)
Solving the analytical system requires defining BCs that ensure
continuity of the magnetic vector potential, along with radial
and tangential components of themagnetic field across adjacent
regions [21, 29, 37].
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3.1. Interface r = R0

At the inner radius of the PMs, the rotor core is treated as in-
finitely permeable, and this assumption implies a purely radial
magnetic field [20, 29], leading to a homogeneous Neumann
condition:

∂A
(I)
z

∂r

∣∣∣∣∣
R0

= 0 (5a)

which gives:

npCa1,nR
np−1
0 − npCa2,nR

−np−1
0 +

dΓ1_part

dr

∣∣∣∣
R0

= 0 (5b)

npCa3,nR
np−1
0 − npCa4,nR

−np−1
0 +

dΓ2_part

dr

∣∣∣∣
R0

= 0 (5c)

3.2. Interface r = R1

• Continuity of vector potential:

A(I)
z (R1, θ) = A(II)

z (R1, θ) (6a)
which gives:

Ca1,nR
np
1 + Ca2,nR

−np
1 + Γ1_part (R1, n)

= Ce1,nR
np
1 + Ce2,nR

−np
1 (6b)

Ca3,nR
np
1 + Ca4,nR

−np
1 + Γ2_part (R1, n)

= Ce3,nR
np
1 + Ce4,nR

−np
1 (6c)

• Continuity of the tangential field:

H
(I)
θ (R1, θ) = H

(II)
θ (R1, θ) (6d)

By applying (6d), the following relation is obtained

1

µ0

(
np
(
Ca1,nR

np−1
1 − Ca2,nR

−np−1
1

)
+

dΓ1_part

dr

∣∣∣∣
R1

)

=
(
npCe1,nR

np−1
1 − npCe2,nR

−np−1
1

)
(6e)

1

µ0

(
np
(
Ca3,nR

np−1
1 − Ca4,nR

−np−1
1

)
+

dΓ2_part

dr

∣∣∣∣
R1

)

=
(
npCe3,nR

np−1
1 − npCe4,nR

−np−1
1

)
(6f)

3.3. Interface r = R2

• Continuity of vector potential:

A(II)
z (R2, θ) = A(III)

z (R2, θ) (7a)
The condition of (7a) provides the following equations for co-
efficients:

Ci1 + Ci2 ln (R2)−
1

4
µ0jzR

2
2

=
1

ws

∫ gi+
ws
2

gi−ws
2

A(II)
z (R2, θ) dθ (7b)

Ci3m

(
R2

R3

)βm

+ Ci4m

=
2

ws

∫ gi+
ws
2

gi−ws
2

A(II)
z (R2, θ)

cos
[
βm

(
θ − gi +

ws

2

)]
dθ (7c)

• Continuity of the tangential field:

H
(II)
θ (R2, θ) = H

(III)
θ (R2, θ) (7d)

The condition in (7d) provides the following equations:

− 1

µ0
np ·

(
Ce1,nR

np−1
2 − Ce2,nR

−np−1
2

)

=
1

π

Qs∑
i=1

gi+
ws
2∫

gi−ws
2

H
(III)
θ (R2, θ) sin (npθ) dθ (7e)

− 1

µ0
np ·

(
Ce3,nR

np−1
2 − Ce4,nR

−np−1
2

)

=
1

π

Qs∑
i=1

gi+
ws
2∫

gi−ws
2

H
(III)
θ (R2, θ) cos (npθ) dθ (7f)

4. HYBRID MODELING USING 2D MEC
This section introduces a hybrid analytical model (HAM)
that couples the SD framework with a MEC to accurately
account for saturation-induced magnetomotive force (MMF)
drops. The coupling is established using boundary flux-source
injection as shown in Figure 2. The MEC discretizes the
magnetic domain, representing each stator tooth and yoke

FIGURE 2. The basis of the hybrid SD-MEC model.
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segment as a nonlinear variable reluctance, which depends on
the local relative permeability [38] defined as:

R =
L

µ0µrS
(8a)

where L is the length of the magnetic path; S is the cross-
sectional area traversed; and µr is the local relative permeabil-
ity.

5. NODAL FORMULATION AND GLOBAL MATRIX
Once elemental reluctances are evaluated following detailed
analytical formulations in Appendix A, they are interconnected
to form a complete magnetic network, leading to a system
of nodal equations solved iteratively. Within this structure, a
scalar magnetic potential is assigned to the nodes at each reluc-
tance terminal, whereas the PMs are modeled as equivalent flux
sources injected at designated interface nodes. By applying the
principle of flux conservation, which is conceptually similar to
Kirchhoff’s laws at each node, the global governing equation is
formulated as follows:∑

j

Fi − Fj

Ri,j
= ϕsource,i (t) (8b)

whereFi and Fj are the scalar magnetic potentials at node i and
its adjacent j, respectively, and Ri,j denotes the reluctance of
the connecting branch. This mathematical framework results in
a global system of nonlinear equations, represented as:

[P ] [F ] = [ϕ] (8c)

where [P ] represents the permeance matrix, which aggregates
coefficients for all nodes; [F ] denotes the vector containing
scalar magnetic potentials for every node in the network; and
[ϕ] is the source vector representing the magnetic flux injected
at interface nodes, which is obtained directly from analytical
calculations of the air gap.

6. RESOLUTION ALGORITHM AND SATURATION
MANAGEMENT
A nested iterative procedure was employed to solve the hybrid
model. Within this framework, the relative magnetic perme-
ability is updated as a nonlinear function of local magnetic flux
density. The final solution for the coupled system in (8c) was
achieved using the iterative workflow shown in Figure 3. In this
algorithm, the saturation factor αsat quantifies the utilization of
the magnetic circuit, directly reflecting potential degradation
due to nonlinearities. This coefficient is defined as the ratio of
the theoretical magnetic energy evaluated under the assumption
of a perfectly linear, unsaturated core to the actual total mag-
netic energy stored in the system, expressed as:

αsat =
Wair

Wair +W teeth +Wyoke +Wleak
(9)

where Wair, Wteeth, Wyoke, and Wleak are magnetic energies
stored in the air gap, stator teeth, stator yoke, and leakage re-
gions, respectively, as detailed in Appendix B.

FIGURE 3. Flowchart of the iterative resolution algorithm.

7. FLUX LINKAGE AND BACK ELECTROMOTIVE
FORCE
Using Stokes theorem, the flux linkage can be evaluated from
the Az distribution in region III according to:

ϕi (t) =
NsLs

S

gi+
ws
2∫

gi−ws
2

R3∫
R2

A(III)
z (r, θ, t) rdrdθ (10a)

where Ls is the axial length of the machine; S is the area of the
stator slot; andNs is the number of conductors. The phase flux
vector is given by: ϕa

ϕb

ϕc

 = C
[
ϕ1 ϕ2 · · · · · · ϕQs

]T (10b)

where C is the 3 × Qs topological winding connection matrix
mapping the individual slot fluxes to the phase flux linkages,
whose elements are+1,−1, or 0 depending on the winding di-
rection of a specific phase in a given slot, and the superscript T
denotes the transpose.
Based on the Faraday-Lenz law, the three-phase back-EMF

can be derived as: Ea

Eb

Ec

 = −Ω
d

dθ

 ϕa

ϕb

ϕc

 (10c)

where Ω is the rotor’s electrical angular speed in rad/s, which
is analytically related to the rated mechanical rotational speed
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TABLE 2. Parameters of studied machines.

Symbol Parameter Value (unit) Symbol Parameter Value (unit)
R0 Rotor inner radius 1000mm Qs Number of stator slots 156
R1 Magnet outer radius 1015mm p Number of pole pairs 26
R2 Stator bore radius 1020mm Ls Active length 1000mm
R3 Slot bottom radius 1100mm ws Slot opening angle 3π/4Qs

R4 Stator outer radius 1160mm Br Magnet remanence 1.3 T
Ea Magnet thickness 15mm β Magnet fill factor 4/5
Ef Air-gap thickness 5mm Nnom Nominal speed 20 rpm
Hy Yoke height 60mm nh Number of harmonics 120

TABLE 3. Comparative performance and computational time validation.

Metric Linear HAM Proposed
Nonlinear HAM

Linear FEA
(FEMM 4.2)

Nonlinear
FEA (FEMM 4.2)

Static field computation
(Br and Bθ)

3 seconds 9.5 seconds 3minutes 11minutes

Dynamic back-EMF
computation (Full period)

7minutes 18minutes 4 hours 22 hours

Back-EMF THD (%) 12.64% 34.10% ∼12.64%
(Reference match)

∼34.10 %
(Reference match)

Magnetic flux linkage Sinusoidal Flattened peak Sinusoidal Flattened peak

(a) (b)

0 5 10 15 20

Iteration

0.95

0.9

0.85

S
a
tu

ra
ti

o
n
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a
c
to

r 
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t

0 5 10 15 20

Iteration

1.1

1.05

1

0.95

B
  
 (

T
)

r

FIGURE 4. Iterative convergence process: (a) saturation factor αsat and (b) radial magnetic flux density Br in the middle of the air gap.

Nnom and the number of pole pairs p by the following expres-
sion

Ω = p
2πNnom

60
(10d)

The total harmonic distortion (THD) can be calculated by:

THD =

√∑20
n h (n)

2

h(1)
× 100 (10e)

where h(n) is the amplitude of the nth harmonic, and h(1) is
the fundamental harmonic.

8. NUMERICAL RESULTS AND VALIDATION
Designed for high-power wind turbine applications operating
at a nominal speed of 20 rpm, the studied machine allowed
an assessment of its nonlinear magnetic behavior. The previ-
ously established iterative algorithm was applied to evaluate

the magnetic flux density waveforms for the specific config-
uration, detailed in Table 2. To compute the air-gap fields, an
exact analytical SD formulation was employed, retaining 120
spatial harmonics, while the ferromagnetic regions were char-
acterized by a 2D MEC that integrated the saturation profile
derived from the M400-50A electrical steel B-H curve. The
spatial discretization is structured with 5× 5 elements per sta-
tor tooth and 10× 10 elements per yoke segment, establishing
an optimal balance between numerical precision and computa-
tional overhead. The proposed HAM yields results that demon-
strate excellent agreement with the FEA reference using FEMM
4.2. To quantitatively justify the proposed method’s superiority
and efficiency, Table 3 summarizes analytical comparative re-
sults. The data demonstrate that the proposed nonlinear HAM
strictly tracks the numerical FEA reference, accurately captur-
ing the severe waveform degradation. More importantly, the
table highlights the significant computational advantage of the
hybrid approach. While static magnetic field evaluations re-
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(a) (b)

(c) (d)

FIGURE 5. Air-gap magnetic flux density distribution in the middle of the air gap: (a) radial component Br , (b) tangential component Bθ , and (c),
(d) their respective zoomed-in views.

(a) (b)

(c) (d)

FIGURE 6. Single-phase electromagnetic performance and harmonic analysis calculated using the HAM and validated by FEA: (a) flux linkage ϕ
profile, (b) back-EMF E profile, and (c), (d) their respective harmonic spectra.

quire only 9.5 s in HAM compared to 11minutes for nonlinear
FEA, the time-stepping dynamic evaluation of the back-EMF
over a complete electrical period is dramatically reduced from
an intensive 22 hours in nonlinear FEA to just 18minutes using
the proposed HAM. This rigorous validation confirms that the
proposedmethod delivers FEA-level accuracy while drastically

reducing the computational burden, making it highly suitable
for iterative optimization processes.
The iterative algorithm converged rapidly within 17 itera-

tions (Figures 4(a) and 4(b)). The initial sharp decrease in the
saturation factor and radial flux densityBr reflects the material
nonlinearity in the stator teeth and yoke. This rapid stabilization
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confirms the algorithm’s numerical robustness in dynamically
updating the localized permeabilities until a steady magnetic
operating point is reached. Figure 5 shows air-gap magnetic
flux density distributions, comprising both radial Br and tan-
gential Bθ components. As observed, accounting for magnetic
saturation in the HAM leads to a visible flattening of the wave-
forms, which reduces the peak amplitudes compared to the lin-
ear predictions. Physically, as local permeability decreases due
to saturation, increased reluctance restricts the main flux, caus-
ing clipping of Br and localized redistribution of fringing flux
in Bθ. The zoomed-in profiles (Figures 5(c) and 5(d)) show
that the nonlinear HAM accurately tracks the FEA reference
and reproduces high-frequency ripples, confirming the validity
of the hybrid approach.
Figures 6(a)–(b) highlight the critical impact of magnetic sat-

uration on the back-EMF. Although saturation inherently flat-
tens the peak of the flux linkage (ϕ) (Figure 6(a)), its time-
derivative nature radically distorts the back-EMF waveform
(E), causing a significant drop in its peak amplitude (Fig-
ure 6(b)). This severe waveform degradation is quantified in
harmonic spectra (Figures 6(c)–(d)): the flux THD increases
from 3.17% (linear) to 9.73% (nonlinear), while the back-
EMF THD surges from 12.64% under the linear assumption
to 34.10% under nonlinear conditions, primarily driven by a
pronounced 3rd harmonic. The exact superposition of the pro-
posed nonlinear analytical model with the FEA results validates
its accuracy in predicting saturation-induced distortions.

9. CONCLUSION
This study has proposed a fast 2D hybrid analytical approach
to investigate the impact of magnetic saturation on the back-
EMF in PMSMs. By coupling exact SD resolutions for lin-
ear domains with a nonlinear MEC for ferromagnetic regions,
the method accurately models local saturation usingM400-50A
material characteristics. A key finding is that while local sat-
uration flattens the magnetic flux density, the time-derivative
relationship amplifies the induced harmonics, leading to sig-
nificant distortion in the back-EMF waveform. The HAM’s
results demonstrated a strong agreement with those obtained
from the FEA using FEMM 4.2, confirming the physical valid-
ity and accuracy of the SD-MEC model. Ultimately, this ap-
proach provides a reliable, computationally efficient tool, mak-
ing it highly suitable for the parametric design and optimization
of high-power PMSMs where saturation effects are critical.
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APPENDIX A.
The MEC is discretized into radial and tangential subdivi-
sions for teeth (Nrad_teeth = 5, Ntan_teeth = 5) and yoke
(Nrad_yoke = 10, Ntan_yoke = 10), which are interconnected

FIGUREA1. Modeling of the stator iron circuit by a reluctance network.

at radius R3 by interface reluctances, alongside leakage reluc-
tances between adjacent teeth (see Figure A1).

A.1. Radial Tooth Reluctance (r to r + 1 Subdivision)
The radial reluctance of a tooth element is calculated by assum-
ing a uniform permeability in the element, which can vary from
one element to another, as follows:

Rrad (i, r, t) =
rout − rin

µ0µr (i, r, t) · (wsub · rmid) · Ls
(A1)

Rrad(i, r, t) represents the radial reluctance of the element lo-
cated in tooth i, at radial division r and tangential column t
where the element’s mean radius is expressed as:

rmid =
rout + rin

2
(A2)

and the tangential subdivision width is given by:

wsub =
wteeth

Ntan_teeth
(A3)

A.2. Tangential Tooth Reluctance (t to t + 1 at Level r)
The tangential reluctance, which represents the transverse leak-
age flux between two columns t and t+ 1 of the same tooth, is
given by:

Rtan (i, r, t) =
wsub · rmid

µ0µr (i, r, t+ 1) · hrad_teeth (r) · Ls
(A4)

where the uniform radial height hrad_teeth(r) is:

hrad_teeth (r) =
R3 −R2

Nrad_teeth
(A5)
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A.3. Tooth Yoke Interface atR3

The connection between tooth tips (r = R3) and the yoke was
ensured by a geometric projection. Each tooth tip node is con-
nected to the closest yoke node in the angular direction, ensur-
ing flux conservation when the mesh density changes, where:

Rint =
(R3 −R2) /Nrad_teeth

µ0 · µr ·R3 · wsub · Ls
(A6)

A.4. Slot Leakage Modeling
Unlike simplified models, flux leakages crossing the slot be-
tween two adjacent teeth are modeled by specific reluctances
Rleak. The reluctance is calculated based on the radial posi-
tion within the slot.
The leakage path length in air at the radial position is the cir-

cular arc crossing the slot opening, and the effective arc length
Lleak is expressed as:

Lleak (r) = ws · r (A7)

The elementary passage cross-section corresponding to a radial
division of height hrad_teeth is:

Sleak = hrad_teeth · Ls (A8)

The leakage reluctance connecting the border node of tooth i to
the border node of tooth i+ 1 is given by:

Rleak (i, r) =
Lleak (r)

µ0 · Sleak
(A9)

APPENDIX B.
The ideal energy Wair corresponds to the energy stored in the
magnetic circuit if all ferromagnetic parts are perfectly linear
and unsaturated, and can be expressed as:

Wair =
1

2

∑
i,t

Rair_teeth (ϕsource_R2
(i, t))

2 (B1)

with:

Rair_teeth =
Ef

µ0 · wteeth · rmid · Ls
(B2)

where Rair_teeth denotes the equivalent air region reluctance
associated with a stator tooth, obtained by replacing the ferro-
magnetic tooth with an ideal air region having the same mag-
netic path length and cross-sectional area, and Ef is the effec-
tive flux tube length in the tooth region.
The magnetic energy stored in teeth Wteeth is calculated by

summing elementary energy contributions of each reluctance
in the network, which naturally captures the non-uniform, lo-
cal saturation distribution in the stator core. Accordingly, the
magnetic energy stored in the stator teeth is expressed as:

Wteeth =

Qs∑
i=1

∑
r,t

[
1

2

(∆F rad_teeth)
2

Rrad_teeth (i, r, t)

+
1

2

(∆F tan_teeth)
2

Rtan_teeth (i, r, t)

]
(B3)

where ∆F is the local magnetomotive force drop across the
considered reluctance element (radial or tangential branch).
Similarly, the energy stored in the yokeWyoke is obtained by

summing all sectors, including the flux closure reluctances:

Wyoke =

Qs∑
j=1

∑
r,t

[
1

2

(∆F rad_yoke)
2

Rrad_yoke (j, r, t)

+
1

2

(∆F tan_yoke)
2

Rtan_yoke (j, r, t)

]
(B4)

The leakage energy Wleak accounts for flux paths outside
primary magnetic circuits and is computed through dedicated
leakage reluctances in peripheral network regions as follows:

Wleak =

Qs∑
i=1

Nrad_teeth∑
r=1

1

2

(Fteeth(i)− Fteeth(i+ 1))
2

Rleak(i, r)
(B5)
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