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ABSTRACT: Electromagnetic harvesters based on magnetic levitation have emerged as particularly attractive systems owing to their
contactless suspension, low mechanical damping, and inherently nonlinear stiffness behavior, which are suited to low-frequency ambient
excitation. The investigated harvester consists of a levitating magnet suspended between two fixed outer magnets via repulsive magnetic
forces, with a pickup coil converting oscillatorymotion into electrical energy under base excitation. The primary source of difficulty in this
system is the nonlinear magnetic restoring force Fmag and electromechanical transduction coefficient γ, wich must be pre-characterized
using semi-analytical or finite element methods before any solution can be attempted. Therefore, the accurate pre-characterization of
both Fmag and γ is the essential foundation of the entire modelling process. A Fourier space semi-analytical approach is proposed and
developed, transforming a three-dimensional magnetostatic problem into a computationally efficient one-dimensional spectral calculation
without remeshing. The semi-analytical predictions were validated against COMSOL finite element simulations, and their strong mutual
agreement confirmed the accuracy of the proposed method before embedding it into the motion’s coupled nonlinear equations.

1. INTRODUCTION

The extensive utilization of wireless sensors and microelec-
tronics for real-time information processing has become in-

creasingly prominent in recent years. However, relying on tra-
ditional chemical batteries to power these devices reveals crit-
ical limitations, primarily their short operating lives, inconve-
nient regular recharging, and significant contribution to envi-
ronmental pollution [1–8]. A promising approach to deal with
these issues is directly capturing energy from ambient renew-
able resources, with vibrational energy representing one of the
most widely available and exploitable sources in both industrial
and natural environments. Numerous techniques have been
thoroughly investigated for harvesting vibrational energy, in-
cluding piezoelectric and electromagnetic transduction meth-
ods, each offering distinct advantages depending on target ap-
plication and frequency range [9]. The electromagnetic energy
harvesting systems based on magnetic levitation have emerged
as particularly well-suited for self-sustaining technology, ow-
ing to their simple design, minimal maintenance requirements,
and reliable autonomous functionality over prolonged dura-
tion [10]. The energy conversion mechanism relies on the elec-
tromechanical interaction between levitating magnets and ad-
jacent coils, which are standard low-cost components, thereby
reducing bothmanufacturing andmaintenance costs. Neverthe-
less, achieving greater harvesting efficiency while maintaining
structural simplicity remains a central challenge in the devel-
opment of this class of devices, as improved performance typi-
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cally requires supplementary magnets and coils, which increase
system complexity.
The described system is an electromagnetic vibrational en-

ergy harvester based on magnetic levitation, in which a central
floating magnet is suspended between two fixed outer magnets
via repulsive magnetic forces, and a pickup coil positioned at
the equilibrium zone converts relative oscillatory motion into
electrical energy when the base is subjected to mechanical ex-
citation y(t) by a shaker. This architecture is particularly attrac-
tive for low-frequency ambient vibration harvesting because of
its contactless suspension, low mechanical damping, and inher-
ently nonlinear stiffness behavior.
Therefore, accurately determining both magnetic restoring

force and flux linkage gradient is a foundational step in the de-
sign, optimization, and performance prediction of magnetically
levitated electromagnetic energy harvesters [7–15]. Nonlinear
magnetic restoring force is the most influential parameter in
harvester dynamics, as it determines resonant frequency, oscil-
lation amplitude, degree of nonlinearity, and bandwidth of the
device. Without an accurate magnetic restoring force, neither
frequency response nor output power can be reliably predicted,
rendering any subsequent dynamic simulation physicallymean-
ingless.
The Fourier space approach [13] for computing the mag-

netic restoring force in ring magnet assemblies is important
at several levels, spanning fundamental modelling accuracy,
computational efficiency, and practical harvester design.
The Fourier space method fills this gap by transforming the
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three-dimensional magnetostatic problem into a tractable one-
dimensional spectral calculation for each axial wavenumber
and assembling the complete force curve in the full magnet
travel range at a fraction of the computational cost of finite
element analysis. Beyond efficiency, spectral decomposition
provides genuine physical insight by revealing which spa-
tial harmonics dominate the force at different inter-magnet
separations, quantitatively explaining why simple approxi-
mations break down at short ranges, guiding the choice of
spectral truncation needed for convergence. The approach also
enables rapid parametric sweeps over the magnet geometry
(inner radius, outer radius, axial length, and separation dis-
tance) because each geometric variation affects only the sinc
spectrum and Bessel function arguments without requiring
remeshing. To verify the accuracy of the semi-analytical force
characterization, its predictions were benchmarked against
COMSOL finite element solutions. The strong correspondence
between the two sets of results confirms the validity of the
approach and establishes a reliable foundation for integrating
the characterized force into the coupled nonlinear equations
of motion of the harvester. In summary, the Fourier space
approach is important not only as a computational convenience
but also as a foundational modelling tool that connects the
physical geometry of ring magnets to nonlinear dynamics of
the harvester through a mathematically rigorous, computation-
ally efficient, physically transparent chain of calculations that
neither purely analytical nor purely numerical methods can
provide alone.

2. MAGNETO-MECHANICAL DIFFERENTIAL EQUA-
TIONS
The dynamics of magnetically levitated electromagnetic vibra-
tion energy harvesters are governed by two mutually coupled
differential equations, representing mechanical and electrical
domains. Mathematically, the system is governed by a set of
coupled magneto-mechanical differential equations [3] as fol-
lows:

m · d
2z

dt2
+ c · dz

dt
+ Fmag + γ · i+mg = −m · ÿ

Lcoil ·
di

dt
+ (Rload +Rcoil)i(t) = γ

dz

dt

(1)

where m is the mass of the levitating magnet; g is the gravita-
tional acceleration; k is the spring constant, related to the har-
vester’s resonant frequency; and c is the mechanical damping
coefficient. Therefore, the total damping acting on the levitat-
ing magnet is the sum (c + Cem), and the maximum harvested
power is achieved when the electromagnetic damping is tuned
to equal the mechanical damping.
The most fundamental difficulty in this system is strong bidi-

rectional coupling between harvester’s mechanical and electri-
cal subsystems. The primary source of difficulty in this system
is the nonlinear magnetic restoring force Fmag, whose coeffi-
cients must be pre-characterized via semi-analytical or finite-
element methods before any solution can be attempted. The
electromechanical transduction coefficient γ = dφ

dz is a non-

linear function of displacement, introducing parametric nonlin-
earity into both equations simultaneously through its appear-
ance in the feedback force term γi and electromotive source
term γ dz

dt . This displacement dependence renders the electro-
magnetic damping coefficient Cem = γ2/(Rload + Rcoil) state-
dependent rather than constant, significantly affecting predic-
tion of the harvested power. The bidirectional mechanical-
electrical coupling, combined with the inductive phase lag in-
troduced by Lcoil

diC
dt and the gravitational equilibrium offset

produced by mg, makes the system a genuinely challenging
nonlinear dynamical problem that cannot be solved using stan-
dard linear techniques. The accurate determination of both
Fmag and γ as continuous spatial functions of displacement con-
stitutes the essential and indispensable foundation of the en-
tire harvester modelling process. The coupled nonlinear equa-
tions of motion were solved numerically using the Runge-Kutta
4th/5th-order adaptive scheme through the MATLAB ode45
solver, which balances accuracy and step size.

3. MAGNETIC CALCULATION MODEL USING
FOURIER SPACE APPROACH
The present formulation builds on the Fourier-space magneto-
static framework developed by Beleggia and co-workers [12–
14], originally applied to nanoparticle interactions and demag-
netization factors, which is here extended to compute the force
and transduction coefficient of a magnet-coil levitation system.

3.1. Magnetostatic Energy
For modelling the magnetic field and levitation forces, the
Fourier space approach is highly effective. It is much faster
than finite element analysis (FEA) for optimization and pro-
vides a continuous solution for magnetic fields. The applica-
tion of the Fourier-space approach to cylindrical ringmagnets is
considerably more demanding than to simpler geometries, and
difficulties arise at every stage of the formulation, from field
representation to force integration. The spring constant origi-
nates from the magnetic restoring forces, which are analytically

FIGURE 1. Schematic diagram of the electromagnetic vibrational en-
ergy harvester system.
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determined by taking the spatial gradient of the magnetostatic
energy within the system [13]:

Em = −µ0

2

∫
V

H(r) ·M(r) d3r (2)

whereH ,M , r, µ0, and V are the magnetic field strength, mag-
netization, vector position in Cartesian space, permeability in
free space, and volume, respectively.
Assuming cylindrical geometry, the system energy is derived

using a shape function D(r), a discontinuous function equal
to unity inside the object and zero outside [14]. Now, the en-
ergy interaction between two particles is derived, whose shape
functions areDi(r), magnetization statesmi(r), and located at
positions ri, as shown in Fig. 2. The figure illustrates the rel-
ative positions of two magnetically interacting sources within
the Fourier-space formulation, establishing the spatial reference
framework on which the magnetostatic interaction energy is de-
rived.

FIGURE 2. Relative position of two particles.

For the case of two bodies, the resulting magnetic-field
strength and magnetization are the sum of each body’s contri-
bution [11]:

M(r) = M1(r− r1) +M2(r− r2) (3)
H(r) = H1(r1) +H2(r2) (4)

The magnetizationM(r) of a cylindrical magnet with uniform
axial magnetization Mr is defined by the shape function. This
geometric decomposition is essential for analytical formulation.
In real space, the magnetization distribution of each magnet is
expressed through its shape function as follows [12]:

M(k) = MrD(k) (5)

D(k) =

∫
D(r)e−ik·r dr (6)

Because the system is source-free (no free currents), the re-
lationship between H and M in the Fourier space is governed
by the projection of the magnetization onto the wave vector k:

H(k) = −k(k ·M(k))
k2

(7)

Substituting this into the flux density equation yields:

B(k) = µ0

(
−k(k ·M(k))

k2
+M(k)

)
(8)

The contribution of two magnetic sources in Fourier
space [13]:

M(k) =
2∑

n=1

MnDn(k)m̂ne
ik·rn (9)

where Dn(k) is the shape factor or distribution function in k-
space related to the geometry of the magnet; m̂n is the unit
vector indicating the direction of magnetization; and eik·rn is a
phase shift term that accounts for the spatial position rn of the
magnet. The term eik·rn is critical because it encodes the phys-
ical position rn of each magnet in the model. Even if the two
magnets are identical, their different positions in space result in
different phase signatures in the Fourier space. Thus, the total
magnetostatic energy of the two-source system in the Fourier
space [14] is:

Em =
µ0

16π3

∫
d3k
k2

(
2∑

i=1

(Mn(k) · k)2

+(M1(k) · k)(M2(k) · k)eik·(r1−r2)

+(M1(k) · k)(M2(k) · k)e−ik·(r1−r2)
)

(10)

where the expression Em,s =
∑2

i=1(Mn(k) · k)2 is the self-
energy term. This represents the energy inherent to each mag-
net individually (the energy required to assemble magnet 1 and
magnet 2 in isolation), and the expression Em,i = (M1(k) ·
k)(M2(k)·k)eik·(r1−r2)+(M2(k)·k)(M1(k)·k)e−ik·(r1−r2) is
the interaction energy term (Fig. 3). This is the most important
part of our research. It represents the mutual energy between
the two magnets. The two cross-terms in Em,i are complex
conjugates of each other and represent the same physical inter-
action. Consequently, the magnetostatic interaction energy is
given by [10]:

Em =
µ0

8π3

(
(M1(k) · k)(M2(k) · k)eik·(r1−r2)

)
(11)

z 

t 

Dh 

FIGURE 3. Scheme of the two interacting ring-shaped magnets.

The convolution of the magnetic fields, which is computa-
tionally intensive in the spatial domain, is simplified to an al-
gebraic product in k-space:

Em =
µ0M1M2

16π3

Re

{∫
d3kD1(k)D2(k)(m̂1 · k)(m̂2 · k)eik·(r1−r2)

}
(12)
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The shape functions represent the geometric distribution of
the two ring magnets in the frequency domain. For a ring mag-
net with thickness t, outer radius r, and inner (hole) radius rh,
the function is defined as [13]:

D1(k)=
2πt1
k⊥

sinc
(
t1
2
k⊥

)
(r1J1(k⊥r1)−r1hJ1(k⊥r1h)) (13)

D2(k)=
2πt2
k⊥

sinc
(
t2
2
k⊥

)
(r2J1(k⊥r2)−r2hJ1(k⊥r2h)) (14)

where k⊥ =
√
k2x + k2y is the transverse component of the

wave vector, and J1 is the first-order Bessel function of the
first kind, which accounts for the radial geometry. The result-
ing equation for the total potential energy of the system is [13]:

Em = 4πµ0M1M2r1r
2
2

∫
dq

q2

[
J1

(
r1
r2

q

)
− r1h

r1
J1

(
r1h
r2

q

)]
[
J1(q)−

r2h
r2

J1

(
r2h
r2

q

)]
sinh

(
r1
r2

τ1q

)
sinh(τ2q)e−ξq (15)

The spatial distribution is normalized using dimensionless
parameters ξ1 and ξ2, which represent the relative distance to

each magnetic source: ξ1 = z
R1

, ξ2 = (d−z)
R2

.

3.2. Repulsive Magnetic Force
By evaluating the gradient of the interaction energy, the deriva-
tion of the repulsive force is significantly simplified, as the
spatial dependence is contained entirely within the exponential
term. The resulting expression for the repulsive magnetic force
between two ring magnets is formulated as:

Fm = −∇Em

Considering a levitating magnet positioned at height z be-
tween a fixed bottommagnet and a fixed topmagnet, the energy
is expressed as [11-14]:

Fm = Ker2

∫
dq

q

[
J1

(
r1
r2

q

)
− r1h

r2
J1

(
r1h
r2

q

)]
[
J1(q)−

r2h
r2

J1

(
r2h
r2

q

)]
sinh

(
r1
r2

τ1q

)
sinh(τ2q)e−ξq (16)

where α = t1/2, δ = t2/2, t1 = 2r1τ1, t2 = 2r2τ2, q = r2k⊥,
dq = r2dk⊥, z12 = r2ξ,Ke = 4πµ0M1M2r1.
In practical terms, this formula is used to calculate the ax-

ial restoring force or the coupling in electromagnetic levita-
tion systems. Because it is an analytical integral rather than
a finite element simulation, it allows much faster computation
when optimizing system dimensions. This specific mathemati-
cal structure is common in electromagnetics for calculating in-
teractions between non-contacting components, such as vibra-
tion energy harvesters and wireless power transfer systems.
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FIGURE 4. Dimensions and position of the permanent magnet and coil.

3.3. Magnetic Flux and Gradient of the Magnetic Flux
The magnetic flux from a levitating magnet through a coil must
be calculated by considering both internal (inside the magnet)
and external (outside the magnet) positions. When the magnet
is inside (Fig. 4), the flux is determined by the magnetization
B = µ0(H +M); when outside, it depends only on the mag-
netic field intensity B = µ0H . The magnetic flux φ through a
single turn of the coil at a position z is defined by the surface
integral of the magnetic fieldB over the area S enclosed by the
coil:

φ =

∫∫
S

B dS =

∫ 2π

0

∫ Rc

0

Bz(r, θ, z) r dr dθ (17)

The inducedmagnetic fluxφ through the coil is governed ex-
clusively by the axial component Bz . The magnetic flux den-
sity B produced by the levitating permanent magnet was mod-
eled using a spectral domain approach. In this framework, the
field is expressed as the inverse Fourier transform of themagnet
geometry and magnetization properties. For a magnet with re-
manent magnetizationBr and a geometric shape factorD(k) in
the Fourier space, the magnetic flux density outside the magnet
volume (Bout) is given by [13, 14]:

Bout = − Br

8π3

∫
D(k)
k2

k(m̂ · k)eik·r d3k (18)

Bin = − Br

8π3

∫
D(k)

(
k− km̂ · k

k2

)
eik·r d3k (19)

The derivative of the flux with respect to time gives the in-
duced electromotive force (EMF), which is directly propor-
tional to the velocity of the magnet and the spatial gradient of
the magnetic field. This can also be expressed as the product of
the permanent magnet speed and the derivative of the flux with
respect to the position:

EMF = −vz
dφ

dz
= −vzγ (20)

Because the damping coefficient is a function of the flux gra-
dient (γ), the magnetic flux profile of the levitating magnet rel-
ative to the coil must first be established. The magnetic flux
for both cases, where the magnet is located inside or outside the
coil, is obtained by evaluating the inverse Fourier transform of
the spectral field distributions [11, 12]:

φin = 2πµ0Mrrc

∫ ∞

0

dq

q
J1

(
rc
rp

q

)
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[
rpJ1(q)− rhJ1

(
rh
rp

q

)] [
1− cosh(ξq)e−τq

]
(21)

φout = 2πµ0Mrrc

∫ ∞

0

dq

q
J1

(rc
r
q
)

[
rJ1(q)− rhJ1

(rh
r
q
)]

sinh(τq)e−ξq (22)

The EMF (−vzγ) is generated as the magnet moves through the
coil. According to Faraday’s law, it is proportional to the rate of
change of magnetic flux, which is directly related to the mag-
net’s velocity (vz). Depending on whether the coil is positioned
above or below the magnet (or considering the interaction be-
tween the two faces of the ring), the induced voltage for a single
loop of radius Rc is expressed as [14]:

γin = ∇φin = 2πµ0Mrrc

∫ ∞

0

dq

(
J1(q)−

rh
rp

J1

(
rh
rp

q

))
J1

(
rc
rp

q

)
sinh(ξq)e−τq (23)

γout = ∇φout = 2πµ0Mrrc

∫ ∞

0

dq

(
J1(q)−

rh
rp

J1

(
rh
rp

q

))
J1

(
rc
rp

q

)
sinh(τq)e−ξq (24)

The flux linkage exhibits strong position dependence rela-
tive to each individual loop within the coil. Consequently, con-
ventional approximations, which often assume a uniform field
across allN turns, frequently result in discrepancies when com-
pared with experimental data. To achieve a higher fidelity, it is
necessary to sum the individual contributions of each loop.

EMFT = −
n∑

i=0

n∑
j=0

vzγ(rci , zj) (25)

where rc0, rcn are the coil’s radial boundaries, and z0, zn are
the coil’s axial boundaries.
By defining the coil via its physical boundaries, the model

no longer treats the coil as a single point source or thin fila-
ment. Instead, it captures the flux gradient variations across
thick windings.

4. RESULTS AND DISCUSSIONS
As shown in Fig. 1, a single coil is used to capture the magnetic-
field variation induced by the relative motion between the mag-
net and coil. The harvester was built around three NdFeB N42
grade ring magnets sharing the same inner and outer diameters
of 6mm and 15mm, respectively. The central levitating mag-
net is 5mm long and floats with a 40mm separation from each
fixed magnet, while the two fixed outer magnets are slightly
thicker at 6mm in length and spaced 113mm apart from each
other, defining the total travel space available for the floating
magnet. The pickup coil was wound with 26 AWG copper wire

for 138 turns, has an inner diameter of 20mm and an outer di-
ameter of 25mm, giving it a radial thickness of 2.5 mm and
an axial length of 10mm, and was positioned with a 35mm
separation from fixed magnets to ensure that it was precisely
at the equilibrium zone where the flux gradient dΦ/dz and
thus electromagnetic coupling were maximum. The harvester
is subjected to a sinusoidal base excitation at a frequency of
f = 9Hz, corresponding to an angular frequency of ω = 2πf ,
and a driving amplitude of A = 4mm. The prescribed base
displacement and velocity are given, respectively, by:

z(t) = −A cos(ωt) (26)
v(t) = Aω sin(ωt) (27)

The permanent magnets are characterized by a remanent
magnetization of 1.15 T. The mechanical dissipation of the lev-
itating magnet is modeled via a damping coefficient c = 0.10,
while the electrical circuit is characterized by a coil resistance
Rcoil = 1.3Ω.
By considering magnetic properties, geometry, and coil ar-

rangement, the new model analyzes factors such as the mag-
netic flux density, field gradients, and interactions between
magnets and coils. This analysis aids in optimizing the mag-
net configuration and coil design for efficient energy conver-
sion. Several important outputs can be investigated to assess
this system’s performance and effectiveness.
Figure 5 shows a COMSOL simulation of iso-lines (non-

equipotential lines) of the magnetic vector potential around
two coaxial ring magnets in a repulsive configuration, enclosed
within a cylindrical tube. The non-uniform spacing of these iso-
lines confirms the highly inhomogeneous and nonlinear nature
of the magnetic field distribution produced by the two oppos-
ing ring magnets. Here, the software COMSOL was used to
verify the derived analytical expression by calculating the re-
pulsive force experienced by a levitating magnet as a function
of its relative distance to the top and bottom magnets, as shown
in Fig. 6. This repulsion zone is precisely where the floating
magnet levitates in the harvester system, as the opposing mag-
netic forces from above and below create a single stable equilib-
rium at the center, thereby reinforcing the system’s monostable
nature. The magnetostatic problem was solved in COMSOL
Multiphysics using magnetic fields with no current physics in-
terface under a 2D axisymmetric formulation, exploiting the
rotational symmetry of the magnet assembly. The computa-

FIGURE 5. Vector potential simulation results between magnets.
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FIGURE 6. Magnetic repulsive force F (N) between two magnets as a
function of their separation distance Z (mm).

tional domain was discretized using free triangular elements,
refined near the magnet edges and coil region to resolve local
field gradients, and truncated using an infinite-element domain
of thickness to approximate the open-boundary condition, with
magnetic insulation applied to the outer boundary.
Figure 6 compares the magnetic repulsive force between two

magnets as a function of their separation distance Z, validating
the analytical expression against a COMSOL numerical simu-
lation. The two curves show excellent agreement across the full
range, which validates that the analytical expression accurately
captures the real magnetic behavior and can be confidently used
in the dynamic equations of motion without requiring a full
COMSOL solve at every step. Physically, the force behaves as
a strongly nonlinear decaying function; at very close distances
(Z → 0), the repulsion force is extremely large (nearly 30N),
reflecting the intense field concentration observed in the sim-
ulations. As the separation increases, the force drops rapidly
and asymptotically approaches zero beyond Z ≈ 25–30 mm,
indicating that magnets barely interact at large distances.
Figure 7 shows the magnetic force acting on the middle float-

ing magnet as a function of its displacement Z from equilib-
rium, again comparing the COMSOL simulation (blue line)
with the analytical expression (black dots), with near-perfect
agreement throughout. Unlike the previous plot, which showed
a single repulsive interaction, this curve represents the com-
bined effect of both fixed magnets acting simultaneously on
the floating magnet. At Z = 0 (equilibrium), the net force

 

FIGURE 7. Magnetic repulsive force F (N) between two magnets as a
function of their separation distance.

is exactly zero (the upper and lower repulsions are perfectly
balanced), confirming the stable levitation point. When the
magnet is displaced upward (Z > 0), the net force becomes
negative (pushing back down), and when displaced downward
(Z < 0), the force becomes positive (pushing back up); this is
the classic signature of a restoring force, which is mathemati-
cally analogous to a nonlinear spring. Critically, the curve is
antisymmetric about Z = 0 and has a characteristic S-shape,
which reveals that the restoring force is strongly nonlinear. This
nonlinear stiffness provides the harvester with a soft-spring be-
havior in the middle range and hardening behavior near the ex-
tremes. This force profile is the direct input to the harvester’s
motion equation, replacing the linear spring term kz with the
nonlinear magnetic force F , and is essential for accurately pre-
dicting the dynamic response, bandwidth, and power output of
the harvester.
Figure 8 shows the magnetic vector potential iso-line map of

the electromagnetic energy harvester. Only the central magnet
moves vertically inside the rectangular coil, whereas the two
outer magnets remain fixed. As the central magnet oscillates, it
changes the local flux distribution around it, thereby altering the
total flux Φ threading the coil over time. This variation dΦ/dt
induces an EMF in the coil, converting the mechanical vibra-
tion of the central magnet into electrical energy. The two fixed
outer magnets act as magnetic bias sources, pre-loading the flux
environment and amplifying the flux variation caused by the
moving central magnet, which increases the induced EMF and
improves harvesting efficiency compared with a single-magnet
configuration.

FIGURE 8. Vector potential simulation results for the interaction be-
tween the levitating magnet and the coil.

Figure 9 shows the spatial derivative of the magnetic flux
through the coil as a function of the floating magnet displace-
ment Z, comparing COMSOL with the analytical expression
(dashed red line), with very good agreement. This profile di-
rectly defines the electromechanical coupling coefficient of the
harvester and is critical for computing the damping force fed
back onto the magnet, output voltage waveform, and the de-
vice’s overall power conversion efficiency.
Figure 10 shows the total magnetic flux threading the coil

as a function of floating magnet displacement Z, comparing
COMSOL (black) to the analytical expression (red). A notable
observation is that the red analytical expression decays more
slowly than the black COMSOL curve at large displacements
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FIGURE 9. Gradient of the magnetic flux with respect to the position
in an N -loop coil.

 

FIGURE 10. Magnetic flux with respect to the position in an N -loop
coil.

(beyond±15mm), indicating a slight overestimation of the flux
at the tails, which is a common limitation of simplified analyt-
ical models that assume ideal dipole or uniform magnetization,
while COMSOL captures the actual finite geometry of the mag-
nets more accurately. This discrepancy is small but should be
considered when modelling large-amplitude oscillations. To-
gether, the Φ(Z) profile and its gradient dΦ/dz fully charac-
terize the electromagnetic coupling of the harvester, providing
all the information needed to compute the induced voltage, cur-
rent, electrical damping force, and harvested power as functions
of the magnet’s dynamic position.
The induced electromotive force (EMF) (V) is a quasi-

sinusoidal alternating signal oscillating between approximately
+0.35V and −0.35V, revealing a slight asymmetry between
positive and negative peaks. This asymmetry is physically
meaningful as it reflects the nonlinear and non-uniform nature
of the dΦ/dz profile observed earlier, where the positive and
negative peaks were not perfectly equal, causing the magnet’s
upward and downward strokes to induce slightly different volt-
age amplitudes. The signal was periodic and stable, indicating
the magnet oscillated in a steady-state limit cycle under con-
tinuous harmonic excitation from the shaker. The frequency of
oscillation was approximately 9.5Hz (approximately 19 cycles
over 2 s), which is consistent with a low-frequency ambient vi-
bration source, which is the regime that this type of magnetic
levitation harvester is designed to exploit. A small phase differ-
ence is visible between COMSOL and analytical curves, which
grows slightly over time, stemming from minor discrepancies

 

FIGURE 11. Induced EMF time signal (harvester output voltage).

in the flux model at large displacements noted in the previous
Φ(Z) plot. Fig. 11 shows the induced EMF (V) generated by
the harvester over time (0 to 2 s), comparing COMSOL against
the analytical expression, with strong overall agreement in both
amplitude and frequency.
In all figures, analytical expressions consistently match

COMSOL results with high accuracy, demonstrating that the
proposed mathematical model faithfully captured the har-
vester’s nonlinear magnetic, mechanical, and electromagnetic
behaviors. The semi-analytical approach evaluates EMF (V)
through a one-dimensional spectral integral over the magnet’s
shape amplitude, requiring 10 s, compared to 1200 s for the
corresponding COMSOL solve, which additionally requires
mesh generation at each new geometric configuration. This
validated model provides a reliable and computationally
efficient framework for the device’s dynamic analysis, perfor-
mance prediction, and design optimization without requiring
repeated costly FEM simulations.

5. CONCLUSION
This study presents a comprehensive analytical framework for
modelling and characterizing an electromagnetic vibrational
energy harvester based onmagnetic levitation, with the Fourier-
space approach, serving as the central methodological contribu-
tion. The Fourier-space method is highly effective in comput-
ing both the nonlinear magnetic restoring force and flux linkage
gradient in the full displacement range, offering a physically
transparent and mathematically rigorous alternative to purely
numerical approaches. Its validation against COMSOL finite
element simulations confirmed a strong agreement across all
computed quantities. The nonlinear magnetic restoring force
exhibited a characteristic antisymmetric S-shaped profile, con-
firming the monostable nature of the levitation system and its
inherent soft-spring to hardening-spring transition, which is es-
sential for broadband low-frequency energy harvesting. The
electromechanical coupling coefficient, derived from the spa-
tial gradient of the magnetic flux, was accurately reproduced
analytically, enabling reliable prediction of the induced EMF,
electrical damping, and harvested power. By replacing costly
finite element solutions with semi-analytical integrals, the pro-
posed model enables rapid parametric sweeps over the magnet
geometry and coil configuration, making it a powerful tool for
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design optimization. The induced EMF output oscillated at ap-
proximately 9.5Hz with a consistent amplitude, confirming the
harvester’s suitability for real-world low-frequency ambient vi-
bration environments.
Overall, the validated coupled magneto-mechanical model

establishes a solid, efficient foundation for predicting, analyz-
ing, and optimizing the dynamic performance of magnetically
levitated electromagnetic energy harvesters, paving the way for
self-sustaining wireless sensing applications.
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