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ABSTRACT: Negative group delay (NGD) circuits are important for signal delay compensation in RF and microwave systems. However,
realizing multiple NGD passbands with low insertion loss and compact size remains challenging. This paper proposes a compact lumped-
element tri-band bandpass NGD circuit for low-frequency RF applications. The proposed circuit consists of three parallel resonant
branches. Theoretical modeling, parameter analysis, circuit simulation, and experimental measurements are carried out to investigate the
NGD characteristics. The fabricated prototype exhibits NGD responses at 46MHz, 90MHz, and 146MHz. The measured group delays
are −3.35 ns, −2.13 ns, and −1.41 ns, respectively, while the corresponding insertion losses are 1.807 dB, 1.638 dB, and 1.495 dB.
The fractional NGD bandwidths reach 36.96%, 18.88%, and 12.90%. The proposed lumped-element topology provides compact size,
low insertion loss, and tri-band NGD performance, making it suitable for low-frequency RF delay compensation and multi-band signal-
processing applications.

1. INTRODUCTION

In radio frequency (RF) andmicrowave signal-processing sys-tems, the amplitude response of a circuit is not the only fac-
tor that determines signal quality. The phase slope, usually de-
scribed by group delay, also affects waveform integrity, tim-
ing accuracy, and pulse transmission. When a signal passes
through filters, matching networks, interconnects, or delay-
sensitive front-end circuits, a nonuniform group delay may lead
to waveform spreading and phase distortion. Therefore, group
delay control has become an important issue in the design of
wideband and multi-band RF circuits. Negative group delay
(NGD) circuits provide an effective method for compensating
for positive delays within a limited frequency band. Instead of
implying noncausal signal transmission, an NGD response is
produced by a controlled phase characteristic in a physically re-
alizable network. Early NGD studies mainly focused on basic
synthesis and delay compensation mechanisms [1, 2]. Subse-
quent studies extended the NGD concept to RC networks, feed-
back operational amplifier structures, transmission line circuits,
and sensor delay-compensation networks [3, 4]. These stud-
ies show that NGD circuits can be used as functional phase-
compensation units in practical electronic and microwave sys-
tems. Among the different NGD responses, bandpass NGD cir-
cuits are particularly useful because they provide delay com-
pensation only around the required operating band. More re-
cent studies have further investigated complementary split-ring
resonator (CSRR)- and defected ground structure (DGS)-based
NGD circuits, broadband NGD circuits with enhanced flat-
ness, and multi-band NGD circuits with low insertion loss [5–
8]. These structures improve the achievable NGD bandwidth,
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insertion loss, and operating frequency flexibility. However,
many reported designs rely on transmission-line or coupled-line
sections. Such implementations are suitable for microwave fre-
quencies but may occupy a relatively large area when the target
operating frequency is reduced to the MHz range. In addition,
realizing multiple NGD passbands in one compact structure re-
mains challenging, especially when low insertion loss and flex-
ible frequency allocation are required simultaneously. There-
fore, multi-band NGD circuits have attracted increasing atten-
tion. Dual-band and tri-band NGD circuits have been devel-
oped for multi-band wireless systems [9, 10]. More recent stud-
ies have further investigated CSRR-DGS-based NGD circuits,
broadband NGD circuits with enhanced flatness, and multi-
band NGD circuits with low insertion loss [5–8]. These stud-
ies confirm the feasibility of multi-band NGD behavior; how-
ever, there is still room to simplify the circuit configuration and
improve its suitability for low-frequency RF applications. In
this study, a compact lumped-element tri-band bandpass NGD
circuit is proposed. The circuit consists of three parallel reso-
nant branches, and each branch contributes to one NGD pass-
band through its frequency-dependent admittance and phase
responses. Although the proposed tri-band topology is con-
structed by connecting three single-band NGD branches in par-
allel, its design is not a simple superposition of three indepen-
dent cells. The off-resonant admittance of each branch con-
tributes to the total shunt admittance and may shift the cen-
ter frequencies, weaken the NGD values, or increase the in-
sertion loss of the other bands. Therefore, the component val-
ues of the three branches are coordinately selected to obtain
three distinguishable NGD passbands while limiting the addi-
tional loading introduced by the non-target branches. This co-
ordinated parameter design enables the circuit to achieve tri-
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band NGD operation with relatively balanced group-delay re-
sponses and low insertion loss. Compared with distributed mi-
crostrip implementations, the proposed lumped-element topol-
ogy is more convenient for low-frequency RF designs and
compact integration. The main contributions of this study
are as follows. First, a compact tri-band bandpass NGD cir-
cuit is realized through the coordinated design of three parallel
lumped resonant branches, taking into account loading effects
among branches. Second, the relationship between the lumped-
element values and NGD characteristics was analyzed through
theoretical modeling and parametric simulation. Third, a pro-
totype circuit was fabricated and measured to verify the pro-
posed design. The measured results demonstrate three NGD
passbands with low insertion loss, showing the potential of the
proposed topology for RF delay compensation and multi-band
signal-processing applications.
Comparedwith previously reportedmulti-bandNGD circuits

in [9, 10, 17], the main advantage of the proposed design lies
in its suitability for low-frequency RF implementation. Dis-
tributed NGD circuits generally require transmission-line or
resonator sections whose physical dimensions increase consid-
erably as the operating frequency decreases. In contrast, the
proposed circuit is implemented using lumped resistors, induc-
tors, and capacitors, and its physical size is therefore not di-
rectly determined by the operating wavelength. In addition,
the three NGD operating frequencies can be adjusted through
component-level parameter selection without redesigning the
physical dimensions of transmission-line sections. These char-
acteristics make the proposed topology more convenient for
compactMHz-range NGD circuits and low-frequency delay-
compensation applications.

2. CIRCUIT STRUCTURE AND THEORETICAL ANAL-
YSIS

2.1. Single-Band NGD Cell
The proposed single-band bandpass NGD cell is implemented
using a lumped resonant branch, as illustrated in Fig. 1. The
branch consists of a series RLC path and a parallel RL path.
For the single branch, the equivalent impedance is expressed as

FIGURE 1. Topology of the proposed single-band bandpass NGD cell.

Equation (1):

Z1(jω) =

(
R1 + jωL1 +

1

jωC1

)
(R2 + jωL2)

R1 +R2 + jω(L1 + L2) +
1

jωC1

. (1)

Here, R1, L1, and C1 denote the resistance, inductance, and
capacitance in the series RLC path, respectively, while R2 and
L2 denote the resistance and inductance in the parallel RL path,
respectively. For the single-band cell, only one resonant branch
is used, and the corresponding input admittance is expressed as
Equation (2):

Yin(jω) =
1

Z1(jω)
. (2)

The proposed topology was selected because the series RLC
path and parallel RL path provide complementary tuning func-
tions. The series inductance and capacitance mainly determine
the operating frequency, whereas the resistive elements and
the parallel inductance provide additional control of the phase
slope, NGD magnitude, bandwidth, and insertion loss. Com-
pared with a conventional single-resonant RLC branch, this
composite structure offers more degrees of freedom for balanc-
ing the NGD response and transmission loss. It is also suitable
for multi-band extension because several branches with differ-
ent resonant frequencies can be directly connected in parallel.

2.2. Tri-Band NGD Circuit
To obtain three NGD passbands, three resonant branches with
different lumped element values are connected in parallel, as
shown in Fig. 2. Therefore, the total admittance of the circuit
is written as Equation (3):

Ytotal(jω) =

3∑
i=1

1

Zi(jω)
. (3)

The impedances of the three branches are given by Equa-
tion (4):

Z1(jω) =

(
R1 + jωL1 +

1

jωC1

)
(R4 + jωL4)

R1 +R4 + jω(L1 + L4) +
1

jωC1

,

Z2(jω) =

(
R2 + jωL2 +

1

jωC2

)
(R5 + jωL5)

R2 +R5 + jω(L2 + L5) +
1

jωC2

,

Z3(jω) =

(
R3 + jωL3 +

1

jωC3

)
(R6 + jωL6)

R3 +R6 + jω(L3 + L6) +
1

jωC3

.

(4)

For the tri-band circuit, Ri, Li, and Ci (i = 1, 2, 3) represent
the series RLC parameters of the three branches.
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FIGURE 2. Topology of the proposed tri-band bandpass NGD circuit.

Compared with a single-band cell, a tri-band circuit provides
multiple frequency-dependent admittance paths. Each resonant
branch introduces a local phase variation around its operating
frequency, and the superposition of the three branch admit-
tances produces three NGD passbands in a compact lumped-
element network.

2.3. Transmission Coefficient
Because the proposed branches are connected as a shunt admit-
tance network, the ABCD matrix can be expressed as Equa-
tion (5): [

A B
C D

]
=

[
1 0

Ytotal(jω) 1

]
. (5)

For a two-port network with a characteristic impedance Z0, the
transmission coefficient is calculated as Equation (6):

S21(jω) =
2

A+
B

Z0
+ CZ0 +D

. (6)

Substituting Equation (5) into Equation (6), the transmission
coefficient becomes Equation (7):

S21(jω) =
2

2 + Z0Ytotal(jω)
. (7)

For the single-band case, Equation (7) can be reduced to Equa-
tion (8):

S21(jω) =
2

2 +
Z0

Z1(jω)

. (8)

The input reflection coefficient of the proposed shunt-
admittance network can also be derived from its ABCD
matrix as:

S11(jω) =
A+B/Z0 − CZ0 −D

A+B/Z0 + CZ0 +D
. (9)

Substituting the ABCD parameters in Equation (5) gives:

S11(jω) = − Z0Ytotal(jω)

2 + Z0Ytotal(jω)
. (10)

This expression is used to evaluate reflection characteristics of
the proposed tri-band NGD circuit.

2.4. Group Delay, Insertion Loss, and NGD Bandwidth
The phase of the transmission coefficient is defined as Equa-
tion (11):

ϕ(ω) = arg [S21(jω)] . (11)
The group delay is calculated by Equation (12):

τg(ω) = −dϕ(ω)

dω
. (12)

For the i-th NGD band, the center angular frequency is defined
as the frequency at which the group delay reaches its minimum
value within the corresponding negative-group-delay interval:

ω0i = argmin
ω∈Ωi

τg(ω), (13)

It should be noted that the direct criterion for NGD occurrence
is:

τg(ω) < 0. (14)
The derivative dτg/dω only describes the variation of the
group-delay response with frequency and does not indepen-
dently determine whether the group delay is negative. There-
fore, the NGD frequency interval in this work is defined by the
two zero-crossing frequencies satisfying τg(ω) = 0. Ωi de-
notes the frequency interval satisfying τg(ω) < 0. Therefore,
the center frequency satisfies:

dτg(ω)

dω

∣∣∣∣
ω=ω0i

= 0,
d2τg(ω)

dω2

∣∣∣∣
ω=ω0i

> 0. (15)

Because the proposed branch contains a composite series-
parallel resonant network, substituting the branch impedance
into the transmission coefficient leads to a high-order nonlin-
ear equation involvingRsi, Lsi, Csi, Rpi, Lpi, and Z0. Conse-
quently, a compact explicit expression for the exact NGD center
frequency is not physically transparent. For initial component
selection, the center frequency can be approximately estimated
from the dominant series LC resonance as:

f0i,est ≈
1

2π
√
LsiCsi

. (16)

The final NGD center frequency is then obtained by numer-
ically solving the stationary condition of the complete group-
delay expression. The difference between the estimated and
exact center frequencies results from the parallel RL path and
the loading effects of the other branches.
The circuit exhibits NGD behavior when:

τg(ω) < 0. (17)

For the i-th branch, the lower and upper angular-frequency
boundaries, ωi1 and ωi2, are the two solutions of:

τg (ω; pi) = 0, (18)

where
pi = [Rsi, Lsi, Csi, Rpi, Lpi] (19)

denotes the branch-parameter vector. Therefore, the NGD
bandwidth can be expressed as:

BWi =
ωi2(pi)− ωi1(pi)

2π
. (20)
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(a) (b)

FIGURE 3. Simulation results with different L1 values. (a) Group delay and (b) S21.

Because the complete group-delay expression contains both
series and parallel resonant terms, an explicit bandwidth ex-
pression would result in a high-order nonlinear equation and
provide limited physical insight. In practical design, Lsi

and Csi are mainly used to allocate the operating frequency,
whereas Rsi, Rpi, and Lpi are adjusted to balance the NGD
magnitude, bandwidth, and insertion loss.
The insertion loss is obtained from the magnitude of S21:

IL = −20 log10 |S21(jω)| . (21)

The lower and upper boundaries of the NGD band are ex-
tracted from the two zero-crossing frequencies of the group-
delay curve. When τg(ω1) = 0 and τg(ω2) = 0, the corre-
sponding frequency boundaries are as follows:

f1 =
ω1

2π
, f2 =

ω2

2π
. (22)

The NGD bandwidth and fractional NGD bandwidth are then
defined as:

BW = f2 − f1, (23)
and

FBW =
BW

f0
× 100%, f0 =

f1 + f2
2

. (24)

3. PARAMETER ANALYSIS OF THE BANDPASS NGD
CIRCUIT

3.1. Single-Band NGD Circuit
To evaluate the tuning behavior of the proposed bandpass NGD
cell, several parametric simulations were performed by chang-
ing one component at a time. During each simulation, the re-
maining lumped elements were fixed to identify the effect of
the selected parameter. The center frequency, group delay, and
insertion loss were extracted as the main performance indica-
tors.
It should be noted that the parameter sweeps in the follow-

ing subsections were performed independently around different

reference operating points. Therefore, the fixed component val-
ues are not necessarily identical between different sweeps. The
statement that the remaining parameters were kept unchanged
refers only to each individual parameter sweep.

3.1.1. Effect of L1

The influence of L1 was first investigated. The initial values
are set as R1 = 50Ω, L2 = 1200 nH, C1 = 0.8 pF, and
R2 = 50Ω. The value of L1 was changed from 1000 nH to
1500 nH. The extracted results are listed in Table 1, and the
simulated group delay and transmission responses are shown in
Fig. 3. When L1 increases from 1000 nH to 1500 nH, the NGD
center frequency changes from 41 to 178MHz. Meanwhile,
the group delay varied from −6.036 to −3.994 ns. The inser-
tion loss remained in a narrow range from 1.934 dB to 1.955 dB.
These results indicate that L1 mainly affects the frequency lo-
cation and phase-slope response of the NGD band, whereas its
effect on the transmission magnitude is limited. Because the
proposed cell is a composite series-parallel resonant branch, the
extracted NGD center frequency is determined by the overall
phase variation rather than by a simple LC resonance alone.

TABLE 1. Performance of the bandpass NGD circuit with different L1

values.

L1 (nH) NGD at f0 (ns) IL (dB) f0 (MHz)
1000 −6.036 1.955 41
1200 −4.770 1.934 103
1500 −3.994 1.938 178

3.1.2. Effect of C1

The effect of capacitance C1 was investigated using a separate
reference parameter set, while all other elements were fixed
during this sweep. The fixed parameters were L1 = 1200 nH,
R1 = 50Ω, R2 = 50Ω, and L2 = 560 nH. Three capacitance
values, namely 0.8 pF, 2 pF, and 10 pF, are considered. The re-
sults are summarized in Table 2, and the simulated responses
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FIGURE 4. Simulation results with different C1 values. (a) Group delay and (b) S21.

TABLE 2. Performance of the bandpass NGD circuit with different C1

values.

C1 (pF) NGD at f0 (ns) IL (dB) f0 (MHz)
0.8 −5.237 2.020 45
2 −4.876 1.952 102
10 −4.832 1.944 162

are shown in Fig. 4. As C1 changes from 0.8 pF to 10 pF, the
extracted center frequency moves from 45 to 162MHz. The
corresponding group delay changes slightly from −5.237 to
−4.832 ns, and the insertion loss remains close to 2 dB. This
shows thatC1 effectively adjusts the NGD operating frequency,
whereas the loss level is relatively insensitive to capacitance
variation in the simulated range. The results also suggest that
the NGD response is governed by the combined impedance of
the series RLC and parallel RL paths.

3.2. Tri-Band NGD Circuit

Based on the single-band cell, a tri-band NGD circuit was con-
structed using three resonant branches. In this section, L1, L2,
and L3 are assigned the same value in each simulation case,
whereas C1 = 0.8 pF, C2 = 2 pF, C3 = 10 pF, L4 = L5 =
L6 = 560 nH, and R1 = R2 = R3 = R4 = R5 = R6 = 50Ω
are kept fixed. The simulated results are presented in Table 3,
and the corresponding curves are shown in Fig. 5. When the
inductance is increased from 1000 nH to 1500 nH, all three
NGD bands shift simultaneously. For example, the three cen-
ter frequencies changed from 49, 122, and 178MHz to 40, 91,
and 145MHz, respectively. The group-delay values also be-
come larger in magnitude, changing from −4.22, −3.09, and
−3.89 ns to−6.60,−5.86, and−5.93 ns, respectively. By con-
trast, the insertion loss remains approximately 2 dB for all three
bands. Therefore, inductors L1, L2, and L3 provide an effec-
tive way to tune the frequency distribution and NGD level of
the tri-band circuit without causing obvious additional loss.
The interactions among the three branches are inherently in-

cluded in the total-admittancemodel and full-circuit simulation.

TABLE 3. Performance of the tri-band NGD circuit with different L1,
L2, and L3 values.

L1, L2, L3 f0 (MHz) NGD at f0 (ns) IL (dB)

1000 nH
49 −4.22 2.02
122 −3.09 2.01
178 −3.89 2.00

1200 nH
45 −5.13 2.00
102 −4.71 2.03
162 −4.71 1.99

1500 nH
40 −6.60 1.99
91 −5.86 2.04
145 −5.93 1.98

A systematic investigation of independent branch tuning and
coupling effects will be considered in future work.

3.3. Experimental Verification
A prototype of the tri-band NGD circuit was fabricated to val-
idate the proposed design. The component values of the fab-
ricated tri-band NGD circuit are listed in Table 4. The fabri-
cated circuit was implemented on a two-layer FR-4 substrate
with a finished thickness of 1.6mm. The nominal circuit-board
dimensions are 30mm×25mm, as shown in Fig. 6. The spe-

TABLE 4. Component values of the fabricated tri-band NGD circuit.

Component parameters Value
L1, L2, L3 1200 nH

L4 560 nH
L5 1000 nH
L6 1500 nH
C1 0.8 pF
C2 2 pF
C3 10 pF

R1, R2, R3, R4, R5, R6 50Ω
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(a) (b)

FIGURE 5. Simulation results with different L1, L2, and L3 values. (a) Group delay and (b) S21.

FIGURE 6. Photograph of the fabricated tri-band NGD circuit.

cific laminate grade, dielectric constant, and loss tangent were
not provided by the printed circuit board (PCB) manufacturer.
Since the proposed circuit is implemented using lumped com-
ponents without distributed transmission-line resonators, the
substrate parameters are not involved in the analytical circuit
model. The fabricated circuit was measured using an AV3656A
vector network analyzer with a frequency range of 100 kHz–
3GHz. Before measurement, a previously generated full two-
port calibration file was loaded into the vector network ana-
lyzer to compensate for the systematic errors of the instrument
and test cables. No additional de-embedding of the SMA con-
nectors or PCB feeding lines was performed. Therefore, their
residual losses and phase effects were included in the measured
results. The theoretical, simulated, and measured responses are
compared in Fig. 7. It should be emphasized that the theoret-
ical and simulated curves in Fig. 7 were calculated using the
component values listed in Table 4, which are identical to the
nominal values used in the fabricated prototype. The parame-
ters of the 1500-nH case in Table 3 were used only for the para-
metric analysis in Section 3.2 and were not used to generate
Fig. 7. The measured results show three clear NGD responses
at 46MHz, 90MHz, and 146MHz. At these frequencies, the
measured group delays are −3.35 ns, −2.13 ns, and −1.41 ns,
respectively. The corresponding insertion losses are 1.807 dB,
1.638 dB, and 1.495 dB, while the fractional NGD bandwidths

are 36.96%, 18.88%, and 12.90%. The theoretical, simulated,
and measured reflection coefficients are further compared in
Fig. 8. The measured curves follow the simulated trends, con-
firming that the proposed topology can realize tri-band band-
pass NGD characteristics. Small differences among the cal-
culated, simulated, and measured results can be attributed to
the parasitic effects of lumped components, fabrication toler-
ances, soldering uncertainty, and measurement non-idealities.
Themain sources ofmeasurement uncertainty include the resid-
ual calibration error, connector repeatability, component toler-
ances, soldering parasitics, and the finite quality factors of the
practical lumped components. Even with these practical fac-
tors, the prototype maintains distinct NGD responses in three
frequency bands. The comparison in Table 5 further shows that
the proposed design achieves low insertion loss and competitive
NGD bandwidth compared with previously reported bandpass
NGD circuits.
As shown in Table 5, the circuit in [9] employs a distributed

microstrip topology and operates above 1GHz. Although it re-
alizes three NGD bands, its physical dimensions are inherently
related to the operating wavelength, and its measured insertion
losses exceed 16 dB. Therefore, this design is less suitable for
compact low-frequency RF applications.
The lumped-element circuits in [18–21] provide more rele-

vant comparisons because they operate in the MHz or sub-GHz
frequency range. In particular, the passive RLC-parallel cir-
cuit in [21] achieves an NGD response at 227.1MHz, which is
closer to the operating range of the proposed circuit than the
previously reportedGHz-range distributed designs. However,
it realizes only one NGD band and exhibits a measured inser-
tion loss of 8.84 dB.
By comparison, the proposed circuit simultaneously

achieves three NGD bands at 46, 90, and 146MHz, with
measured insertion losses of only 1.807, 1.638, and 1.495 dB,
respectively. In addition, the fabricated prototype occupies
an area of 30mm×25mm. These results demonstrate the
advantages of the proposed design in terms of simultane-
ous multi-band operation, low insertion loss, and compact
low-frequency implementation.
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(a) (b)

FIGURE 7. Comparison among the theoretical, simulated, and measured results of the tri-band NGD circuit. The theoretical and simulated results
were obtained using the same component values as those listed in Table 4 and used in the fabricated prototype. (a) Group delay and (b) S21.

FIGURE 8. Comparison among the theoretical, simulated, and measured S11 responses of the proposed tri-band NGD circuit.

TABLE 5. Performance comparison between the proposed tri-band NGD circuit and previously reported bandpass NGD circuits.

Reference Implementation and topology Circuit size f0 (MHz) IL (dB) NGD at f0 (ns) NGD FBW

[9] Distributed microstrip tri-band circuit 20mm×34.5mm
1200 16.4 −1.08 12.40%
3500 24.6 −1.19 8.60%
5800 18.9 −1.09 3.59%

[15] Inductorless integrated NGD circuit N.R. 480 23.0 −0.20 –
180 27.0 −1.00 –

[16] Lumped-element multi-band NGD circuit 41mm×28mm
70 3.29 −3.99 38.33%
170 3.31 −3.47 13.70%
220 3.18 −3.12 10.41%

[17] Lumped-element multi-band bandpass NGD circuit N.R.
130 5.81 −2.17 –
180 5.83 −2.05 –
240 5.87 −1.90 –

[18] Lumped-element RLC-parallel BP-NGD circuit N.R. 227.1 8.84 −8.115 19.46%

This work Lumped-element tri-band bandpass NGD circuit 30mm×25mm
46 1.807 −3.35 36.96%
90 1.638 −2.13 18.88%
146 1.495 −1.41 12.90%

N.R. indicates that the physical circuit dimensions were not explicitly reported in the corresponding reference.
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4. CONCLUSION
A compact lumped-element tri-band bandpass NGD circuit was
proposed and experimentally demonstrated. The circuit uses
three parallel resonant branches to produce three independent
negative group delay (NGD) passbands. Theoretical analysis
shows that the transmission coefficient can be derived from the
total shunt admittance of the resonant branch. Parametric sim-
ulations further indicate that lumped inductors and capacitors
can adjust the frequency allocation and group-delay level of the
NGDbands. The fabricated prototype achievedmeasuredNGD
responses at 46MHz, 90MHz, and 146MHz. The correspond-
ing group delays are −3.35, −2.13, and −1.41 ns, and the in-
sertion losses are 1.807, 1.638, and 1.495 dB, respectively. The
measured fractional NGD bandwidths were 36.96%, 18.88%,
and 12.90%. These results verify that the proposed lumped-
element topology can provide a tri-band NGD behavior with a
low transmission loss. Compared with existing bandpass NGD
circuits, the proposed design offers a compact structure and is
suitable for low-frequency RF applications. Future work will
consider parasitic parameters of practical components during
the design stage and introduce optimization algorithms to fur-
ther improve the device’s NGD bandwidth, insertion loss, and
frequency controllability.
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