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ABSTRACT: This paper proposes a surrogate model-based multi-objective optimization framework to improve the comprehensive elec-
tromagnetic performance of outer rotor permanent magnet brushless DCmotors. Targeting key performance metrics including efficiency,
torque ripple, cogging torque, core loss, and total harmonic distortion (THD) of back-electromotive force (EMF), a parametric finite-
element model is established to identify key parameters and performance indicators. Dimensionality reduction is carried out through
statistical correlation and cluster analysis. We then construct an Elliptical Basis Functions (EBF) neural network surrogate model to
replace the computationally expensive finite-element model. Different from conventional Response Surface Methodology (RSM) and
Radial Basis Function (RBF) models, EBF adopts Mahalanobis distance to mitigate prediction deviation induced by parameter coupling
and achieves superior fitting accuracy for strongly nonlinear motor responses under limited sample size. The Pareto solution set is ob-
tained via the Non-dominated Sorting Genetic Algorithm (NSGA-II). Then, the GRA-TOPSIS multi-criteria decision-making approach
is employed to objectively select the global optimal solution from the Pareto solution set and avoid subjective solution selection. Fi-
nite element analysis results confirm that the motor performance has been significantly improved: torque ripple, peak cogging torque,
core loss, and eddy-current loss are reduced by 18.8%, 18.7%, 6.97%, and 7.12%, respectively, and the effectiveness of constructing an
efficient optimization framework has been verified.

1. INTRODUCTION

As core equipment in industrial production and social op-
erations, the energy efficiency and environmental perfor-

mance of electric motors have emerged as a national strate-
gic priority [1]. Brushless DC motors, with advantages such
as high efficiency, reliability, and maintenance-free operation,
see their key technological research playing a crucial role in
advancing the energy consumption revolution [2].
Permanent magnet brushless DC motors (PMBLDCMs) are

structurally categorized into outer-rotor and inner-rotor topolo-
gies. The outer-rotor permanent magnet brushless DC motor
(ORPMBLDCM), characterized by its external rotor and in-
ternal stator configuration, shows enhanced performance met-
rics in low-speed, high-torque operational regimes compared
to inner-rotor counterparts. The implementation of rare-earth
permanent magnets in the rotor assembly facilitates superior
power density and torque generation within compact form fac-
tors [3]. Nevertheless, vibrational acoustics impose signifi-
cant constraints on ORPMBLDCM performance enhancement.
This multivariable, strongly-coupled= nonlinear system neces-
sitates parametric optimization of design variables including
permanent magnet geometry and stator slot dimensions, render-
ing multi-objective optimization a critical research frontier [4].
Electromagnetic vibration origination mechanisms are princi-
pally attributed to cogging torque oscillations, torque ripple
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phenomena, back electromotive force (EMF) harmonic distor-
tion, and waveform irregularities [5]. Despite finite element
analysis (FEA) serving as an essential computational tool for
motor performance characterization, iterative FEA evaluation
brings heavy computational overhead and severely impedes
optimization throughput [6]. Even for 2-D transient electro-
magnetic simulation of ORPMBLDCM, every single calcula-
tion consumes considerable runtime; repeated calls to FEA for
multi-objective optimization will lead to prohibitive total time
cost. A novel analytical approach addresses the low computa-
tional efficiency of FEA in cogging torque prediction [7]. How-
ever, model simplification may introduce potential precision
trade-offs.
In recent years, to enhance permanent magnet motor op-

timization efficiency and accuracy, scholars have introduced
novel methods such as the Taguchi method, Response Surface
Methodology (RSM), sensitivity analysis, and multi-objective
optimization algorithms [8]. In [9], a precise analytical method
calculates motor parameters, and NSGA-II optimizes the de-
sign, reducing permanent magnet consumption and torque rip-
ple. In [10], the Taguchi method and FEA optimize ORPM-
BLDCM, achieving low cogging torque and weight, and im-
proved back EMF. In [11], RSM is constructed via sensitivity
analysis and optimized with NSGA-II, validated by simulations
and experiments. In [12], hierarchical optimization is adopted,
using RSM and NSGA-II for high-sensitivity variables and
single-parameter scanning for low-sensitivity ones. RSM’s ef-
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fectiveness attracts scholars as it improves electromagnetic per-
formance and reduces vibration. However, although RSM-
based surrogate model is faster, it may lead to highly nonlinear
output errors [13]. Neural networks have become a new strat-
egy for motor optimization because of their nonlinear-mapping
ability. In [14], although additional data collection is required,
neural networks achieve accurate performance predictions by
capturing complex motion-output relationships. In [15], em-
bedded permanent-magnet motors are optimized using back
propagation (BP) neural networks and NSGA-II, enhancing
performance and efficiency. In [16], MIGA, RBF neural net-
works, and orthogonal experiments are used to reduce torque
ripple in synchronous motors. In [17], Pareto optimization
(RBFPO) based on elliptical basis neural networks is proposed.
The power, efficiency, and weight of ORPMBLDCM are opti-
mized taking into account geometric parameters, current den-
sity, and magnetic saturation.
Existing literature has demonstrated that the combination

of RSM and NSGA-II, as well as RBF-based surrogate mod-
els, is widely adopted for permanent-magnet motor optimiza-
tion. Nevertheless, two challenges remain unsolved for ORPM-
BLDCM optimization. First, for highly coupled motor design
variables, many surrogate models require massive sample data
to guarantee satisfactory prediction accuracy. Second, after ob-
taining Pareto non-dominated solution sets, the final optimal
scheme is usually selected via empirical judgement, which in-
troduces subjective bias. Therefore, it is of great engineering
significance to develop an optimization framework that can de-
liver high-fidelity surrogate prediction under a limited sample
budget and realize objective decision-making for Pareto solu-
tions. To fill these research gaps for ORPMBLDCM, this pa-
per proposes a multi-objective optimization strategy based on
the EBF surrogate model and GRA-TOPSIS. Section 2 intro-
duces its topological structure and parameters. Section 3 de-
termines final input variables and optimization objectives via
correlation and cluster analysis of design parameters and opti-
mization objectives, the final input variables and optimization
objectives. Section 4 establishes and verifies the EBF surrogate
model and obtains the optimal solution in the Pareto solution by
using NSGA-II and GRA-TOPSIS algorithms. Section 5 car-
ries out finite element analysis verification on the optimized
ORPMBLDCM. Section 6 gives the conclusion.

2. ORPMBLDCM STRUCTURE
In this paper, an ORPMBLDCM with a 14-pole, 12-slot struc-
ture is investigated, and its initial performance is accurately cal-
culated using the magnetic circuit method. The main dimen-
sions and performance parameters of the motor are calculated
as

D2
isα

′
Pn1 =

6.1P ′

LefABδkwkϕ
(1)

where α′ and P ′ are calculated pole arc coefficient and calcu-
lated power; Dis is the stator’s inner diameter; n1 is the syn-
chronous rotational speed;Lef is the core’s effective length;Bδ

is the air gap flux density amplitude; A is the line load; kw is

FIGURE 1. 3D topology model diagram of ORPMBLDCM.

the winding coefficient; and kϕ is the magnetic-field waveform
coefficient.
Fig. 1 shows the structure of the ORPMBLDCM with a 14-

pole, 12-slot. Themotor is composed of an inner stator, an outer
rotor, a three-phase winding, permanent magnets, and a rotat-
ing shaft. To realize a compact motor structure, a fractional-slot
concentrated winding is utilized. The N35SH material is cho-
sen for permanent magnets due to high residual magnetism and
coercive force. Table 1 shows the motor’s main design param-
eters and specifications.

TABLE 1. Main design parameters of ORPMBLDCM.

Parameters Values
Pole/Slot 14/12

Rated power 75W
Rated voltage 24V
Rated Speed 2400 rpm

Outer diameter of stator 54mm
Stator inner diameter 18mm
Core Stack Thickness 20mm

Permanent magnet materials N35SH
Stator and rotor materials DW315-50

Number of armature windings 30
Rotor outer diameter 66.5mm

Phase number 3

3. OPTIMIZATION PARAMETER DETERMINATION
AND DIMENSION REDUCTION ANALYSIS

3.1. Optimization Parameter Selection
To enhance the ORPMBLDCM’s overall electromagnetic per-
formance, multiple parameters for multi-objective optimization
are used. The efficiency η is crucial as it directly links to en-
ergy consumption and economic benefits. Thus, efficiency op-
timization is prioritized. Efficiency can be derived from phase
resistance, current, and various losses.

η =
Pout

Pout + PCoreLoss + Pcu + Ps
(2)

where Pout, PCoreLoss, Pcu, and Ps are the motor’s output power,
core loss, winding copper loss, and stray loss, respectively.
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Besides motor efficiency, torque quality is a key perfor-
mance parameter. Using Maxwell’s stress tensor method, the
electromagnetic torque is given as

Te(t) =
LefR

2
e

µ0

∫ π

−π

BrBtdθ =
∑
k

Tk(t) (3)

where Lef is the effective axial length; Re is the circumferen-
tial radius of the air gap; µ0 is the vacuum conductivity; Br

and Bt are the radial and tangential magnetic densities, respec-
tively; θ is the integration radian; and k is the number of air-gap
harmonics.
The increase in torque may lead to a higher torque ripple that

can cause vibration and noise. Reducing torque ripple is essen-
tial for better torque quality and overall performance. Torque
ripple magnitude is written as

Tr =
Tmax − Tmin

Tavg
× 100% (4)

where Tr, Tmax, Tmin, and Tavg are the torque ripple, maxi-
mum torque, minimum torque, and average torque value, re-
spectively.
Cogging torque can indirectly induce torque ripple and speed

fluctuations, resulting in motor vibration and noise. The cog-
ging torque is given as

Tc(α)=
πzLef

4µ0

(
R2

2 −R2
1

) ∞∑
n=1

nGnBr(nz/2p) sin (nzα) (5)

where p is the pole pair number; Br is the residual magnetic
flux density of the permanent magnet; µ0 is the air-gap perme-
ability; Lef , R2, and R1 are the axial length of the armature
core, the inner radius of the armature, and the outer radius of
the rotor yoke, respectively; Gn is the Fourier decomposition
coefficients of the air-gap flux density function; α is the relative
position of the stator-rotor; and n is the number of permanent
magnets.
Total Harmonic Distortion (THD) is also an indirect cause

of motor torque ripple. Smaller THD results in a better sinu-
soidal waveform. When designing and optimizing an ORPM-
BLDCM, the THD of the back-EMF and radial air-gap magnets
should be as small as possible to improve the motor’s overall
efficiency. THD can be expressed as

THD(%) =

√
∞∑

n=3,5,7,...
C2

n

C1
× 100% (6)

where C1 and Cn are the fundamental and the nth harmonics
of the back-EMF and air-gap magnetic density, respectively.
To comprehensively improve the motor’s electromagnetic

performance, efficiency (η), torque (Te), torque ripple (Tr),
iron loss (PCoreLoss), cogging torque (Tc), peak-to-peak value
of back EMF, back EMF THD(EMFTHD), radial air-gap mag-
netic density (Br), and air-gap magnetic density THD (BrTHD)
are selected as optimization targets.

3.2. Motor Design Variables and Space Selection
ORPMBLDCM stator and rotor parameters can be used as opti-
mization design variables. Slot heightHs0, slot shoulder depth
Hs1, slot depth Hs2, slot width Bs0, upper slot shoulder width
Bs1, lower slot shoulder widthBs2, rotor structure-related per-
manent magnet thickness Mt, air-gap length Ag, eccentricity
H , and polar arc coefficient Eb are initially selected. To fa-
cilitate the subsequent optimization and analysis of the motor’s
structural parameters, it is necessary to parameterize the rele-
vant structural parameters in the motor’s finite element model,
as shown in Fig. 2.

FIGURE 2. ORPMBLDCM parameterized model.

When selecting optimization variable design spaces, mo-
tor electromagnetic characteristics, mechanical properties, and
processing difficulty are taken into account. Variable ranges are
initially set by single-parameter scanning. Due to the topolog-
ical constraints, the initial design space ranges from ±10% to
±30% of known values, determined by parameter importance.
Table 2 shows initial values and reasonable ranges of variation
for design parameters.

TABLE 2. ORPMBLDCM range of variation and initial values of de-
sign parameters.

Design parameters Variable range Initial value
Ag [0.7mm, 0.9mm] 0.8mm
Bs0 [1mm, 3.5mm] 2.5mm
Bs1 [6.5mm, 8.5mm] 7.5mm
Bs2 [2mm, 3.5mm] 2.5mm
Eb [0.6mm, 0.8mm] 0.65mm
Hs0 [1mm, 2mm] 1.5mm
Hs1 [0.2mm, 1mm] 0.5mm
Hs2 [10.5mm, 12.5mm] 11mm
H [13.5mm, 16.5mm] 15mm
Mt [2mm, 3.5mm] 2.5mm

3.3. Dimension Reduction Analysis
There are 10 optimized design parameters, resulting in complex
calculations, stronger coupling effects, and difficult data pro-
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cessing. Some parameters have little impact on the response.
To find the relationship between parameters and design indices,
the Spearman rank correlation coefficient is used [18]. The cor-
relation between design parameters and optimization goals is
measured. Relevant design variables are selected. This coeffi-
cient is applicable to paired or continuous graded data.

dij = xi − yj

ρij = 1−
6

n,m∑
i=1,j=1

d2
ij

(n+m){(n+m)2−1}

(7)

where xi and yj are rankings of the design parameters and op-
timization target samples, respectively; dij represents the dif-
ference in rank between the ith design parameter and the jth
optimization criterion value; n and m signify the total number
of design parameters and the set of optimization target samples,
respectively.
The Spearman rank correlation coefficient ranges from −1

to 1. The closer the value is to the endpoints, the stronger the
correlation between the design parameters and the optimization
goal. Considering medium correlation, problem-complexity
simplification, accuracy-efficiency balance, and engineering
practice experience, the coefficient threshold is set at ±0.5.
Figure 3 shows the result of the Spearman rank correlation

coefficient. According to the threshold, it can be seen that the
highly correlated parameters that affect the optimization targets
include Eb, Mt, Hs2, Hs0, Bs0, and Bs1. Ag, Hs1, Bs2, and
H are the low-correlated design parameters. To simplify the
subsequent multi-objective optimization process, the parame-
ters with weak correlation with all objectives are fixed to their
initial values, and only strongly correlated structural parameters
are selected for iterative optimization.

FIGURE 3. Parameter rank correlation analysis results.

In multi-objective optimization, the nine objectives of
ORPMBLDCM show both correlation and competition, which
complicates the optimization process. Complete-linkage
agglomerative hierarchical clustering analysis quantifies
objectives, eliminates redundancy, and balances conflicts
with computational efficiency. Hierarchical clustering is
a commonly used unsupervised learning approach, and

complete-linkage is one of its linkage strategies [19]. The
principle involves treating each data point as an independent
cluster, using Euclidean distance as a measure of similarity,
merging the two clusters with the smallest distance, and
repeating this process until all objectives are in a single cluster.
Finally, the average Pearson correlation coefficient within the
cluster is calculated, and objectives with higher average values
are considered redundant.

d (Ci, Cj) = max
1≤k≤ni,1≤l≤nj

{d (xk, yl)}

Rkl =
Cov(xk,yl)
σxk

σyl

(8)

where d(Ci, Cj) is the maximum Euclidean distance between
clusters Ci and Cj ; d(xk, yl) is the Euclidean aggregation dis-
tance between point xk in cluster Ci and point yl in cluster Cj ;
ni and nj are the number of points in clusters Ci and Cj , re-
spectively; and Cov(xk, yl) and σxk

, σyl
denote the covariance

and standard deviation between clusters xk and yl.
Figure 4 shows average complete-linkage clustering results.

Optimization objectives are merged based on minimum simi-
larity measures, with highly similar ones grouped. Values are
Pearson correlation coefficients, showing variable similarity,
where red is positive and blue negative. Among them, Tr, Tc,
and BrTHD, as well as EMF, Br, and Te, are grouped in the
two closest clusters, which indicates a high degree of similar-
ity and mutual substitutability between them. By calculating
the average Pearson correlation coefficient of the final adjacent
clusters after merging, it is determined that the values for Tc,
Tr, and BrTHD are 0.277, 0.173, and 0.174, respectively. It is
concluded that BrTHD can be considered a redundant objective
and substituted by Tr and Tc. For EMF, Br and Te, the val-
ues are 0.264, 0.338, and 0.308, respectively. It is suggested
that EMF and Br can be regarded as redundant objectives and
replaced by Te.
From the above hierarchical-clustering and Pearson correla-

tion analysis, objectives with high correlation and strong sub-
stitutability are excluded to reduce computational complexity
and prevent information overlap. Specifically, BrTHD, EMF,

FIGURE 4. Results of average fully connected clustering method.
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(a) (b)

FIGURE 5. Comparison of sampling methods. (a) Normal LHD and (b) improved LHD.

and Br are highly correlated with Tr, Tc, and Te and treated as
redundant. Thus, six engineering-critical metrics are selected
for multi-objective optimization: efficiency η, electromag-
netic torque Te, torque ripple Tr, cogging torque Tc, core loss
PCoreLoss, and back-EMF total harmonic distortion EMFTHD.

4. MULTI-OBJECTIVE OPTIMIZATION BASEDON EBF
SURROGATE MODEL AND GRA-TOPSIS

4.1. Establishment of Motor Input and Output Sample Database
High-precision surrogate models rely on high-quality sam-
ple data. Although central composite design (CCD) and
Box-Behnken design (BBD) are common in design of ex-
periments (DOE), they are not ideal for multi-parameter and
multi-objective scenarios. Instead, uniform design sampling,
Latin hypercube design (LHD), and filled Latin hypercube are
better [20]. To improve LHD, this paper applies criteria such as
uniformity, space filling, and non-correlation as the sampling
method. Fig. 5(a) shows that ordinary LHD has point clus-
tering and gaps in 2D, resulting in uneven multi-dimensional
coverage. Fig. 5(b) shows that the improved LHD adjusts
points to achieve minimum correlation, better space filling,
greater point distance, and more uniform distribution, reducing
the redundancy of variable coupling. 350 groups of sample
data are generated by co-simulation scripting of Maxwell
and OptiSLang. The whole dataset is randomly partitioned:
300 samples are used for surrogate model training, and the
remaining 50 samples are reserved as an independent out-of-
sample cross-validation test set. Different from training-set
fitting evaluation, the 50 held-out test samples are adopted
to quantify the generalization capability of the constructed
surrogate model, avoiding over-fitting risk.

4.2. BESTABLISHMENT and Evaluation of EBF Surrogate Model
EBF neural network model is used as a surrogate model for mo-
tor optimization in this paper. Compared with conventional
RSM and standard RBF neural networks, EBF uses Maha-
lanobis distance instead of Euclidean distance. Mahalanobis
distance accounts for covariance and coupling relationships
among multi-dimensional design parameters. Since motor ge-
ometric variables show strong mutual coupling in this outer-
rotor BLDC problem, EBF canmitigate adverse effects induced

by parameter correlation and yield superior nonlinear mapping
performance for highly coupled electromagnetic responses.
Taking the Mahalanobis distance between the measurement

point and the sample point as the independent variable, it per-
forms a nonlinear transformation on the input variables. The
mathematical model is written as

fk = f (∥x− xi∥m) = (x− xi)
TS−1(x− xi)

(i = 1...N)

S = 1
N

N∑
i=1

(xi − c)(xi − c)T

N∑
i=1

wi = 0

Zk =
N∑
i=1

wifk(xi) + wN+1

(9)

where ∥x− xi∥m is the Mahalanobis distance between the
point to be measured and the sample point; (x− xi) is the dif-
ference vector between the point to be measured x and the sam-
ple pointxi; S is the covariancematrix; c is the sample centroid;
N is the number of samples;Zk is the response of the kth output
stratum; and wi is the weight coefficient of the ith sample.
The surrogate model is established based on the approxima-

tion of the finite element calculation model. Therefore, there
is an inherent error between the predicted value and the finite
element calculation value. The coefficient of determination
(R2), Mean Absolute Error (MAE), and Root Mean Square Er-
ror (RMSE) are adopted to evaluate the consistency between
the constructed surrogate model and the actual sample points.
The closer the R2 value is to 1 and RMSE and MAE are to 0,
the closer the surrogate model approximates the real model.

RMSE =

√
1
h

h∑
i=1

(
Fi − F̂i

)

R2 = 1−
h∑

i=1
(Fi−F̂i)

2

h∑
i=1

(Fi−F̄i)
2

MAE = 1
h

h∑
i=1

∣∣∣Fi − F̂i

∣∣∣
(10)

whereh is the number of samples in the cross-validation test set;
Fi is the calculated value of the actual model; F̂i is the predicted
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(a) (b) (c)

(d) (e) (f)

FIGURE 6. Results of target value prediction accuracy. (a) PCoreLos, (b) EMFTHD, (c) η, (d) Te, (e) Tc, and (f) Tr .

TABLE 3. EBF surrogate model error assessment.

Evaluation factor
Objectives

PCoreLoss EMFTHD η Te Tc Tr

R2 0.988 0.984 0.991 0.99 0.952 0.908
MAE 0.016 0.022 0.012 0.038 0.012 0.047
RMSE 0.024 0.032 0.018 0.055 0.019 0.064

value of the surrogate model; and F̄i is the approximate average
value of the sample points.
Using Maxwell and OptiSlang scripts, a sample set of 350

was obtained. The data set is imported into Isight to construct
an EBF neural network model (6 selection objects, 6 design pa-
rameters). The sample space is split into training and test sets
(50 test groups). Fig. 6 shows the comparison of actual pre-
dicted values from 50 cross validations. Both the predicted and
actual values are clustered around the function y = x, indicat-
ing that the constructed EBF surrogate model has high credibil-
ity. Table 3 lists accuracy evaluation values. R2 is all above 0.9,
indicating that the six surrogate models can replace the time-
consuming finite element model for future optimization design
without resampling. Note that torque ripple achieves the lowest
R2 = 0.908. As a composite nonlinear metric, it is sensitive to
air-gap harmonics, local saturation, and FEA numerical noise,
leading to greater fitting difficulty. Nevertheless, this accuracy
is acceptable for engineering optimization. Minor prediction
deviation does not distort the Pareto frontier or mislead opti-
mization decisions, which is supported by FEA validation in
Section 5.

4.3. Multi-Objective Optimization Decision Based on NSGA-II
and GRA-TOPSIS
The motor’s objective functions and related constraint condi-
tions are as follows:

min :


F1

(−→
X
)
= Tc, F2

(−→
X
)
= Tr, F3

(−→
X
)
= −Te

F4

(−→
X
)
= −η, F5

(−→
X
)
= PCoreLoss, F9

(−→
X
)

= EMFTHD

(11)

s.t.


Tc − 9mNm ≤ 0, Tr − 5% ≤ 0, Te − 0.31Nm ≥ 0

η−0.87 ≥ 0, PCoreLoss−4.5W ≤ 0, EMFTHD−1.5%
≤ 0

Xmin ≤ X ≤ Xmax

(12)
−→
X = (Eb,Mt,Hs0,Hs2, Bs0, Bs1) (13)

To achieve the minimum optimization of the optimization
goal, negative output torque (Te), negative efficiency (η), and
negative back EMF are used.
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(a) (b)

FIGURE 7. Pareto frontier solution set for the optimization objective.

After defining variables, constraints, and objectives and
building a model, the non-dominated sorting genetic algorithm
NSGA-II is selected to optimize the EBF surrogate model on
the Isight platform. NSGA-II can effectively generate Pareto
solutions with good diversity. Referring to widely adopted em-
pirical parameter settings reported in existing multi-objective
motor-optimization literature, the initial population size is set
to 80; the maximum number of iterations is 50; the crossover
rate is 0.9; and the mutation rate is 0.1. Fig. 7 presents the final
result. After eliminating infeasible solutions, the optimization
algorithm successfully generated a Pareto solution set contain-
ing 133 non-dominated solutions.
Identifying the comprehensive optimal solution from the

multi-objective Pareto frontier is crucial for research and pro-
duction. Traditional methods like random selection and the an-
alytic hierarchy process are subjective. Grey relational analy-
sis (GRA) and technique for order preference by similarity to
an ideal solution (TOPSIS) are combined to scientifically eval-
uate the Pareto set for motor optimization. Their combination
objectively calculates the grey relational degree, finds the op-
timal solution, offers a scientific basis for motor optimization,
and overcomes drawbacks of traditional approaches. The cal-
culation steps are given as follows:
(1) Assume that the decision-making model containsm eval-

uation entities and n assessment criteria, and construct the orig-
inal optimization objective data matrix X = [xij ]mn (i =
1, 2, ...,m; j = 1, 2, ..., n). According to the nature of the
optimization objectives, the max-min method is applied to the
normalization of the data matrix.
(2) To avoid normalization issues and computational errors

from zero elements in the optimization objective matrix, the
lowest normalization interval begins at 0.002. This lower limit
parameter has strong robustness with small fluctuations around
0.002, which is the optimal value that balances numerical sta-
bility and information retention. The method is written as

yij =
[max (z)−min (z)] ∗

[
x′
ij −min

(
x′
j

)]
max

(
x′
j

)
−min

(
x′
j

) +min(z) (14)

(3) Assume that the indicator matrix after normalization of
the positivity is Y = [yij ]mn, and obtain positive and negative
ideal solution vectors{

Y + = {max(y1j),max(y2j) · · · ,max(ymj)}T

Y − = {min(y1j),min(y2j) · · · ,min(ymj)}T
(15)

(4) Generate positive and negative ideal solution absolute
value indicator matrices H+ = [|Y − Y +|]mn =

[∣∣h+
ij

∣∣]
mn

and H− = [|Y − Y −|]mn =
[∣∣h−

ij

∣∣]
mn

and minimum values
t+min, t

−
min from matrices H+ and H− separately. Then, the

gray correlation coefficient matrices K+ =
[
k+ij

]
mn

and
K− =

[
k−ij

]
mn

of positive and negative ideal solutions are cal-
culated. 

k+ij =
t+min+ρt+max
h+
ij+ρt+max

k−ij =
t−min+ρt−max
h−
ij+ρt−max

(16)

where ρ is the resolution factor, generally set as 0.5.
(5) Calculate and score gray correlation scores ε+j and ε−j for

positive and negative ideal solutions: ε+j =
∑m

i=1 k+
ij

m , ε−j =
∑m

i=1 k−
ij

m

Scorej = 1
1+(ε−j /ε+j )

(17)

In this work, equal weighting is assigned to all optimization
criteria in the GRA-TOPSIS decision process. Table 4 shows
the calculation results of GRA-TOPSIS, and the optimal design
point is the highest score 122nd law of the vital few solutions.
Table 5 lists the data of design parameters before and after op-
timization.

TABLE 4. Results of GRA-TOSIS calculations.

No. ε+j ε−j Scorej
1 0.6349 0.5103 0.3073
2 0.6164 0.5178 0.2953
3 0.5518 0.6025 0.2285
4 0.5519 0.6023 0.2286
...

...
...

...
120 0.6098 0.5612 0.2711
121 0.5363 0.6852 0.1927
122 0.7275 0.4824 0.3615
...

...
...

...
131 0.6588 0.562 0.2912
132 0.6325 0.5054 0.3089
133 0.5754 0.5871 0.2449
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(a) (b)

FIGURE 8. Magnetic field distribution before and after optimization. (a) Before optimization and (b) after optimization.

(a) (b)

FIGURE 9. No-load back EMF and corresponding FFT analysis before and after optimization. (a) Back EMF and (b) FFT analysis.

(a) (b)

FIGURE 10. Air-gap flux density and corresponding FFT analysis before and after optimization. (a) Air-gap flux density and (b) FFT analysis.

TABLE 5. Comparison of optimized parameters.

Parameters Before optimization After optimization
Bs0 2.5mm 2.49mm
Bs1 7.5mm 6.82mm
Eb 0.65 0.66
Hs0 1.5mm 1.7mm
Hs2 11mm 10.53mm
Mt 2.5mm 2.4mm

5. ELECTROMAGNETIC PERFORMANCE ANALYSIS
AND VALIDATION
To verify the effectiveness of the proposed method, the elec-
tromagnetic performance under no-load and load conditions is

compared via finite element analysis. Table 6 shows the results.
The optimized predicted value is close to the actual one. Figs. 8
to 12 compare the motor’s electromagnetic performance.
Figure 8 shows the transient-field distribution and the mo-

tor’s magnetic flux density under two design variables. The
optimal parameters reduce leakage flux between the magnetic
poles and lower the magnetic flux density of the stator teeth
and yoke to approximately 1.7 T, within material tolerance. Pa-
rameter variations of the stator and rotor have not adversely af-
fected the magnetic-field performance, maintaining the motor’s
reasonable topology. Fig. 9 compares no-load back EMF and
harmonic spectra of ORPMBLDCM under initial and optimal
variables. The optimized back EMF shows a 3.5% increase,
whereas the amplitudes of all harmonic components and the
THD decrease. This improvement will contribute to enhancing
the motor’s starting performance and maximum torque output.
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(a) (b)

FIGURE 11. Torque and cogging torque before and after optimization. (a) Output torque and (b) cogging torque.

(a) (b)

(c)

FIGURE 12. Efficiency and loss before and after optimization. (a) Efficiency, (b) core loss, and (c) eddy current loss.

TABLE 6. Performance comparison before and after motor optimiza-
tion.

Objective Initial value Predicted value Actual value
EMFTHD 1.79% 1.135% 1.111%
PCoreLoss 4.59W 4.289W 4.272W

η 0.868 0.873 0.874
Te 0.308Nm 0.312Nm 0.312Nm
Tr 5.358% 4.407% 4.350%
Tc 9.594mNm 7.663mNm 7.792mNm
Br 1.775 T 1.773 T

BrTHD 4.84% 4.799%
EMF 25.348V 26.236V

Fig. 10 presents the air-gap magnetic flux density distribution
and harmonic spectrum analysis. The optimized air-gap mag-
netic flux density stays mostly the same, but the 3rd, 5th, 7th,
9th, and 13th harmonics are notably decreased.

Figure 11(a) shows the optimized motor’s output torque vari-
ation with rotor position under id = 0. With 4A sinusoidal
current injection, average output torque rises from 0.308 to
0.31Nm, and torque ripple drops by 18.8% due to better back-
EMF sinusoidality. Fig. 11(b) compares the cogging torques
before and after optimization. The optimized peak cogging
torque decreases from 4.797 to 3.896mNm, achieving a re-
duction of 18.78%, which contributes to reducing torque rip-
ple and noise. Fig. 12 shows efficiency, core loss, and eddy
current loss. The instantaneous efficiency varies with rotor po-
sition. This phenomenon originates from the time-varying air-
gap magnetic field and local magnetic saturation in stator/rotor
iron, which yield position-dependent instantaneous core loss.
Therefore, the average efficiency over one electrical period is
used to assess steady-state motor performance. It can be seen
that the efficiency increases from 86% to 87%. The core loss
decreased from 4.59 to 4.27W (a 6.97% reduction), and the
eddy current loss decreased from 2.81 to 2.61W (a 7.12% re-
duction), which validates the optimization method. Simulated
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results comprehensively prove the effectiveness of the multi-
objective motor optimization design method.

6. CONCLUSION
This study proposes a multi-objective optimization strategy
that combines the EBF surrogate model and the GRA-TOPSIS
framework to improve the ORPMBLDCM’s comprehensive
electromagnetic performance. Through dimension reduction
based on the Spearman rank correlation coefficient and uni-
formly, fully connected clustering method, the single-sampling
surrogate model meets precision requirements. Finite element
analysis shows that the comprehensive performance of the op-
timized motor is improved. The proposed approach reduces
computational cost. The torque ripple, peak cogging torque
core loss, and eddy current loss are reduced by 18.8%, 18.7%,
6.97%, and 7.12%, respectively. In addition, the GRA-TOPSIS
multi-criteria decision-making method is used to objectively
select the global optimal scheme from the Pareto solution set.
Meanwhile, this approach can also be extended to other types
of motors, providing a new approach for optimizing motor per-
formance.
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