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7.1 Introduction

Traditionally, electromagnetic wave scattering computations are
done in the frequency domain. Recently, however, there has been an
increasing interest in the solution of transient electromagnetic scatter-
ing, which is prompted by a number of reasons. Current development
in wideband radar design for higher resolution has created interest in
the investigation of the impulse response of conducting bodies for tar-
get identification purposes. The electromagnetic pulse (EMP) problem
is another area of great interest which is, essentially, a transient prob-
lem. Nonlinear scattering and radiation problems, which have become
of great interest in recent years, are, in general, more easily addressed
by obtaining the transient solution directly. The ability to compute
accurately the transient electromagnetic fields in the presence of dis-
persive media is of great importance in remote sensing methods for de-
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termining the electromagnetic parameters of inaccessible regions. The
simplicity with which the time-dependent form of Maxwell’s equations
can be integrated in the presence of composite structures with different
electric and magnetic properties suggests the possibility for a transient
analysis of integrated dielectric waveguides and other components for
microwave and millimeter-wave integrated circuits.

The time-dependent integral equation formulation, first reported
by Bennett and Weeks [1], has dominated the numerical solution of
transient electromagnetic scattering over the past years [2-4]. More
recently, iterative methods have been introduced in the solution of the
above integral equations [5,6], as an alternative to the marching-on-in-
time procedure which was found to lead to rapid growth of spurious
oscillations [7] due to the accumulation of numerical error. The new
generation of computers, with the vast memory capacities and the par-
allel processing architecture that favors simple sequential operations,
has opened new possibilities for the direct time-domain solution of elec-
tromagnetic problems. A very interesting finite-difference scheme was
first presented by Yee [8] . Its simplicity and efficiency attracted many
investigators and the method found many applications [9-14] (also see
Chapter 8 of this book). A severe limitation of this formulation was the
use of square or cubic cells to approximate the geometry of the scat-
terer. These cells introduce important boundary distortion in the prob-
lem which affects the satisfaction of the related electromagnetic bound-
ary conditions on conducting surfaces and for dielectric interfaces. The
hope for a more flexible method led to the use of the conformal finite-
differences [15] and later on to the point-matched finite-elements, the
conforming boundary elements, as well as other finite-elements formu-
lations of the problem [16]. The point-matched finite elements were
used to study transient electromagnetic scattering from buried objects
[17], while an introduction to the method of conforming boundary ele-
ments was presented in a recent paper by Cangellaris, et al. [18]. Two
additional modified time-domain finite-difference schemes for use with
nonrectangular structures have been reported recently [19,20].

In this paper, the method of conforming boundary elements is
reviewed and extended to geometries with corners and wedges. Fur-
thermore, the various errors introduced by the numerical discretization
are examined in detail. The importance of the artificial boundary that
truncates the computational domain, as well as its impact on the nu-
merical solution is also discussed. Numerical examples in two and three
dimensions are presented, along with comparisons with available ex-
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perimental results. These examples demonstrate the efficiency of the
method and its versatility in dealing with large, composite structures
of arbitrary shape.

7.2 Initial Boundary Value Problem

The general problem this paper is dealing with is the interaction
of an electromagnetic wave with perfectly conducting and/or dielectric
obstacles in free space. No restriction is imposed on the dielectric per-
mittivity of the structure, which can have any desired spatial variation
€(T). We must mention that losses in the dielectrics can be accounted
for by introducing a finite conductivity o(7). Since linearity is as-
sumed, one can decompose the total field into incident and scattered
fields. The incident field E'" is defined to be the field that would exist
in the absence of the scatterers. If E' denotes the total field, then
the scattered field is defined as

E-sc _ Ftot E—in (1)
In a source-free region the macroscopic electromagnetic phenom-

ena are governed by Maxwell’s equations

—tot

V x E¥(F,1) = —po agt (2a)

—=t0ot

ot

—tot

V x T (F,1) = «(F) +o(PE™ (2b)

For a well-posed initial boundary value problem, the uniqueness
theorem for Maxwell’s equations [21] requires that

(a) E(¥,t = 0) and H(F,t = 0) must be known everywhere inside
the domain of interest. Notice that if the known incident field is not
allowed to reach the scatterer before ¢t = 0, then the initial condition
for the unknown scattered fields is

EFt=0=H (F,t=0)=0 (3)

(b) The tangential component of E"" or ' on the boundaries of the
domain of interest must be known for all ¢ > 0.
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For the case of a perfect conductor, its surface is part of the boundary,
and on it

ax E(t) = (4)

where 7 is the unit normal vector on the surface. For the boundary at
infinity, Sommerfeld’s radiation condition [22] must hold; that is, the
scattered fields must be of an outward travelling wave type. Since the
numerical technique under consideration can treat only a finite compu-
tational domain, an artificial boundary is introduced and an equivalent
radiation condition is imposed on this truncation boundary. The va-
lidity of such an approximation is of great importance and is discussed
in section 7.3. Finally, we must mention that for the boundary be-
tween two regions (i) and (j) with different dielectric and conducting
characteristics, the following conditions must be satisfied for all ¢

E(J) (58.)

wtot —tot
oF _ oF _
~ (i) tot (j tot
OB (6(.) 5 +0(a)E(.)) (f(j) o )+“(J)E(:)> (5b)

where 7 is the unit normal vector on the interface. In what follows, we
restrict ourselves to lossless media and we drop the conduction current
term in (2b) and (5b). The details for the treatment of lossy media
can be found in [17].

§)

n X E(,‘)wt =

7.3 Method of Conforming Boundary Elements

A detailed, tutorial presentation of the point-matched time-
domain finite-element method and its special case of the conform-
ing boundary elements can be found in [18]. Here we shall present
a summary of the method and its advantages, accompanied by a more
detailed discussion of some of the discretization issues that were con-
sidered rather briefly in [18].

The computational domain which is truncated by means of an
artificial radiation boundary is discretized as shown in Fig. 1. This
layout results into two complementary meshes, one for the electric and
one for the magnetic field, positioned in such a way that an element
of each of the meshes encloses a node of the other. We assume that £
and H can be written in the general functional forms
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Truncation
Boundary

M

E(r,t)~ ) $:(F)Ei(2) (6a)
i=1

—— M —

H(F 1)~ Y (P H;(?) (6b)
Jj=1

where E,’s and Fj’s are the nodal values of the electric and magnetic
fields, respectively, and ¢;’s and 4;’s are known basis functions which
allow us to describe any desirable variation of the fields within the
elements. By an appropriate definition of these functions we can make
the field within an element be dependent only on its values at the
nodes of the element [18). Then one can show that a point-matching
(collocation) procedure reduces (2a, 2b) to the following system of state
equations

dH ; 1 & _ = :
T e 2 V)i XD, G212 N (7a)
dEi_ 1 ¢

Z(V«p,(ﬂ)- 5 X Hi(t), i=1,2,...,M (7b)

dt e(r,



254 7. The Method of Conforming Boundary Elements

where, N is the number of magnetic nodes, M is the number of electric
nodes, and L is the number of nodes of a single element. For the
two-dimensional quadrilateral L = 4, while for the three-dimensional
hexahedron L = 8. The above system of state equations must now
be integrated in time. For this purpose, the “leap-frog” method is
used [23] (a basic discussion appears in Chapter 1). According to this
method, the electric and magnetic fields are discretized in time with
time step (6t), with the temporal nodes of H between those of E.
Using the simplified notation

E" = E[t = n(ét)] (8a)

—n

F*E = Hi=(n+ )@, =01, (8b)

we approximate the time derivatives in (7) by the central difference
formulas

~ent+i —=n-}

—_— N e 9a

( dt n(6t) &t (92)

(d_E.:’.) P ETH _ E? (9b)
d )y O

Substituting (9a,b) in (7a,b) and rearranging we obtain the fol-
lowing explicit recurrence formulas

' L
;AL Iy %f,—) S (VéP)yey, xEir i=1,2,..,N

(10a)
L
Y = xTY i=12,....M
(10b)

Once the initial conditions at ¢ = 0 are known, (10a,b) can be used
alternatively to update H;’s and E;’s at n = 1,2,....
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Figure 2 Characteristic circle for the leap-frog scheme.

The method of conforming boundary elements is a special case
of the previously discussed point-matched finite-element method. The
basic idea behind it is to relax the memory requirements for the storage
of coordinates of all the nodes of the finite element mesh by limiting
the irregularly shaped elements to the boundary of the scatterer only.
In this aspect, this method can be considered as a technique which
puts together the advantages of both the finite-element and the finite-
difference methods. That is, the few irregularly shaped boundary el-
ements conform the geometry of interest, while the regularity of the
rest of the grid is conserved to take advantage of the attractive fea-
ture of the finite-difference method where the index numbers of each
node contain the nodal coordinates. It is also known that the leap-frog
integration of (10a,b) is stable under the condition [23]

c(6t) < h (11)

where c is the velocity of propagation in the medium. Notice that with
this scheme the Courant limit can be reached in all cases regardless of
the number of dimensions of the problem. This can be demonstrated
easily by viewing the leap-frog scheme proposed above as a two-step
integration of the time-dependent wave equation. Then, the theory of
characteristics states that the numerical scheme is stable, if, and only
if, the domain of dependence for the discrete equation includes that for
the differential equation. For the two-dimensional case considering the
electric node FE in Fig. 2, the domain of dependence for the discrete
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equation that updates the value of this node by half a time step is
the square HyH; H3H;. On the other hand, the characteristics for the
wave equation in two dimensions are the conical surfaces

(z ~20)* + (y ~ w)” = (ct)’ (12)

with apex at the node under consideration. If we take as the time origin
the plane (ctg) on which the magnetic nodes H;, Hz, H3, H4 have been
updated, then the characteristic through F cuts on this plane the circle

2 2 LAY

(z—20)* +(y—w)° = (c-z-*) (13)
as the domain of dependence for the wave equation. Then, it is eas-
ily seen that for stability (11) must hold. The above reasoning can
be extended to the study of the stability condition on irregular grids.
However, one needs to check, one by one, all the irregular elements
in order to derive the stability condition that must be satisfied over
the entire mesh. Equation (11) suggests that h should be kept uni-
form throughout the finite-element mesh in order to avoid limiting the
time step to unrealistically small values. Obviously, the method of
conforming boundary elements has control of the size of the smallest
element while the various automatic mesh generation techniques leave
that to chance or, at least, must introduce additional sophisticated re-
strictions in order to redistribute the nodes for better uniformity [24].
As far as the interpolation functions are concerned, notice that the
V operation in (10a,b) restricts us to choose element functions with
continuous first derivatives inside the elements. For our purposes the
isoparametric quadrilateral elements with the associated bilinear inter-
polation functions are chosen for 2-D geometries [25], while hexahedron
isoparametric elements constitute a natural extension to three dimen-
sions [26]. One can easily check [27] that with this type of elements the
numerical scheme of (10a,b) is consistent, and also that positioning of
the nodes at the center of gravity of the element ensures the second or-
der accuracy of the numerical approximation. This, in turn, brings us
to some necessary discussion related to the conforming elements them-
selves. In order to keep (11) valid all over the computational domain,
we try to use conforming boundary elements that are large enough to
contain a regular element. However, the selection of these elements
should be such that very large elements will also be excluded. As an
example for the selection procedure, consider the element (B3 E5 EgBy)
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Figure 8 Conforming boundary elements.

of Fig. 3. Obviously, it is not large enough for our purposes, while at
the same time the element (B3 EgE19By) is too large. An additional
element is then introduced, identified with the dashed line in Fig. 3,
where the points EF and Eg are such that the length of the segment
(B3 E?) equals h. Of course, the electric field at the new nodes Eg
and Fg is determined by interpolation. Since the original node H4 no
longer coincides with the center of gravity of the electric element, an
additional magnetic node HJ is positioned at the center of gravity of
the new element and the value of the original magnetic node (if needed)
is computed by extrapolation as in the element under consideration,
or by interpolation as in the element (B E; E4B;) of the same figure.
For smooth, well-resolved geometries, one rarely encounters elements
where such an extrapolation procedure is needed. Hence, the departure
from the second-order accuracy of the solution due to the first-order
accurate extrapolation is very localized and does not affect the overall
accuracy and the stability of the numerical integration. There are also
some electric nodes that are computed by interpolation, for example,
E,;, Es, Es, E3, E; in Fig. 3.

Finally, we must mention that the boundary condition (4) defines
only the tangential component of the electric field for those electric
nodes that lie on the conducting surface. Therefore, the continuity
equation on the conducting surface
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- 6,9_
V.J+5t——0 (14)

is implemented for the computation of the normal component of the
electric field. Using the relations

J=nuxH (15a)
p=n.-D% (15b)
in (14), we get
~tot aD"™"

V(y(ﬁXH )=—ﬁ-

o (16)

where Vj- is the surface divergence, involving derivatives along the
surface of the body only, and % is the unit normal on the surface.
The details about the numerical implementation of (16) for the case of
conforming boundary elements can be found in [18]. In the same pa-
per, a simple technique for treating interfaces between two media with
different dielectric constants was introduced. It is well-known that
at such dielectric interfaces the field components or their derivatives -
are discontinuous. Therefore the interpolation functions over elements

that include the interface must be modified to include the appropriate

discontinuity. Instead of constructing the appropriate interpolation
function (a process that is rather complicated in 2-D and 3-D), ficti- .
tious nodes are introduced on either side of the interface which allow

us to compute the correct spatial derivatives of the fields using central

differences. The values of these fictitious nodes are found rigorously

by using the boundary conditions at the interface. For more details on

the method, the reader is referred to [18].

Before leaving this section, we would like to point out that noise is
introduced by the numerical processing. This numerical noise affects
the high frequency information. This noise is due to the dispersion
introduced by the numerical discretization of the hyperbolic system
of Maxwell’s curl equations. This dispersion effect results in a phase
error, the magnitude of which increases with frequency [28, 29] and
results in a loss of accuracy. In other words, an initial signal that is
not monochromatic will change form as it propagates. Spurious oscil-
lations contaminate the results, particularly when the initial data is in
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Figure 4 Spurious oscillations due to discontinuity in the initial data.

the form of a sharp signal. These oscillations are demonstrated in Fig.
4 where the back-scattered field from an infinite conducting circular
cylinder is presented under the excitation of one half of a Gaussian
pulse, that is, a pulse terminated abruptly at its peak value. Another
type of numerical error that occurs in the discretization of hyperbolic
equations on two- and three-dimensional grids is due to the numerical
anisotropy of the velocity of propagation [29]. That is, the velocity
of propagation of numerical sinusoidal solutions, in addition to being
dependent upon frequency, is also dependent upon direction of propa-
gation. This numerical anisotropy depends on the scheme used for the
space discretization. The expression for the numerical phase velocity in
terms of the size of the mesh, the frequency of interest, and the direc-
tion of propagation can be found by considering the sinusoidal numer-
ical solution to the discretized hyperbolic system. One can show [27]
that for the leap-frog scheme of (10a,b) on a regular two-dimensjonal
square grid of size h the numerical phase velocity for a sinusoidal wave
of angular frequency w and with its propagation vector at an angle &
with respect to the z-axis is
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. 2
=c { [cos asmo((;i:’z;:f!a) cos(0.5wh sin a)]

(7

. sin(0.5whsin a)
+ [sm * 05whsina

2y %
cos(0.5wh cos a)] }

where ¢ is the velocity of propagation in the medium. Notice that for
a well-resolved wave wh — 0 and ¢* — ¢. From (17), one can easily
check that the numerical anisotropy is less than 4% for wavelengths
longer than 8h. This sets an upper limit on the highest frequency in
the spectrum of the propagating pulses or, translated into the time
domain, sets a lower limit on the rise and fall times of the pulses.

Another issue of importance in the numerical discretization is the
ratio of the size of the scatterer to the effective width of the exciting
pulse. It is well-known that the scattering parameters of a structure
can be described in terms of its poles in the complex frequency domain.
The number of the poles is determined by the effective maximum fre-
quency of the exciting pulse, which in turn is determined by the spatial
width of the pulse. Therefore, for accurate information on the nature
of the target, one should decrease the pulse width. This, of course,
results in larger number of spatial and temporal samples and conse-
quently, larger storage requirements and longer computational time.
There is, therefore, a tradeoff between accurate high-frequency infor-
mation and cost of computation.

Finally, another source of error in the numerical solution is the
numerical condition used at the artificial boundary that truncates the
computational domain, and is discussed in the next section.

7.4 Radiation Boundary Condition

The general problem of transient electromagnetic scattering or ra-
diation requires the solution of Maxwell’s partial differential equations
on an infinite domain. However, for computational expediency, one has
to operate within a bounded domain. An artificial boundary is then
constructed and appropriate conditions are sought on this boundary in
order to simulate an infinite domain. It is desirable that no reflections
occur from this artificial boundary back into the domain of interest.
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Radiation
Boundary

Source
Figure 5 Computation of the scattered fleld on the radiation boundary.

This is not possible in general, and special restrictions are imposed in
order to minimize these reflections. There is a large amount of liter-
ature devoted to this subject {30-33]. An exact termination method
implements Huygen’s principle but is expensive both in storage and
computation [33]. From a computational point of view an attractive
absorbing boundary condition is one that involves only local spatial
and time derivative operations consistent with the simple algorithm of
the finite difference or finite element method.

As shown in Fig. 5, a numerical surface T' is introduced in order
to truncate the computational domain. The scheme adopted here for
the numerical computation of the fields on T’ is based on the fact that,
outside a surface enclosing all the sources of radiation, one can always

represent the solution of the scalar wave equation in the following form
[34]

u(t,r,0,¢) = f: é—('t—:-;'?-&ﬂ (18)

i=1

where r,8,¢ are spherical coordinates and ¢ is the velocity of prop-
agation. Moreover, f;’s can be uniquely determined if the radiation
field f; at infinity is known. The result in (18) is for the scalar wave
equation in three dimensions. For the two-dimensional case, one finds
[17] an equivalent expansion
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u(t,p,¢) = Z £t ,+§’¢) (19)

=0

where p, ¢ are polar coordinates. Bayliss and Turkel [40] proposed a
family of differential operators B, constructed in such a way that the
mt? operator will annihilate the first m terms in the above expansions.
In other words, application of the differential operator of order m is
equivalent to enforcing the field continuity of the inner solution with
the m leading terms of the above expansions on the surface I'. The
higher the order of the operator the more terms are included, and the
truncation boundary can be brought closer to the scatterer. As a mat-
ter of fact, the use of a second-order radiation boundary condition for
Maxwell’s equations proposed by Mur [32] has permitted time-domain
finite-difference studies of very large targets implementing grids that
are truncated within only one or two wavelengths from the target [14]
(also see Chapter 8 in this book). Here, we summarize the results for
a simple first-order radiation boundary condition that was found to be
very efficient from a computational point of view, and we discuss its
limitations and the numerical errors associated with it.

If we assume that the surface I is far away from the scatterer so
that the radiation field will dominate, it is expected that the use of the
first term in the above expansions (18,19) will be sufficient to express .
the behavior of the radiation field there. Hence, we can approximately °
write

u(t’ Taos ¢) ~ %fl (t - 'E'ao’ ¢) (20)
e 9)~ 1o (1= 4,9) (21)

and the value of the field on I' can be extrapolated from the knowledge
of the field at a point on I'y (Fig. 5)

u(t, v, 0,) T;E-u (t - ’"—"E’-'La ¢) (22)
r .

3 -
u(t, pr, @) = (%—’) u (t - fl‘_c_"_)f,;_,¢) (23)

r
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In order to simplify further the numerical implementation of the ra-
diation condition, a convenient choice for the interior point p, would

be .

pr = pey + c(61) (24)

where §t is the time step in the numerical integration. The boundary
value at p. can then be updated directly from the value of the field at
pr, at the previous time step.

The above analysis can be applied directly to those field compo-
nents that satisfy the scalar wave equation, i.e., those components that
behave like potentials. For two-dimensional problems, this is the case
for the E, component in the TM-case and the H, component in the
TE-case. As far as the three-dimensional case is concerned, one can
easily show that the quantity (rE,) satisfies the scalar wave equation
in spherical coordinates [35]. Then according to (20), on the radiation
boundary we have

E,(t,1,6,) % =/ (1~ ,0,9) (25)

On the other hand, Fy and E4 do not satisfy the wave equation in
spherical coordinates and a radiation condition for them is not that
obvious. However, starting with Maxwell’s curl equations in spheri-
cal coordinates and assuming that the r—2 dependence of E, and H,
makes them negligible compared to (rEy), (rEg) and (rHg), (rHg) in
the far-field region, one can show [27] that (rE;) and (rEs) satisfy
approximately the one-dimensional wave equation. Therefore, we can
write

rEo fs (1= 5,0,9) (26)

rEy = fo (t - -’ci,e,gs) (27)

Equations (25), (26), and (27) constitute a set of first-order radiation
conditions for the artificial boundary in three dimensions.

From the previous discussion, it becomes apparent that the radi-
ation boundary condition imposed on the truncating boundary is an
approximate one. Actually, in order to make the numerical implemen-
tation of the radiation condition as simple as possible, we assumed
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the far-field behavior of the solution in the vicinity of the absorbing
boundary. We expect then our solution to be reasonably accurate only
if the radiation boundary is indeed in the far-field region for our spe-
cific problem. As stated earlier, a choice of a second-order radiation
condition would allow us to position the truncation boundary closer
to the scatterer; however, its numerical implementation on the finite-
element grid was found to be rather involved compared to the adopted
first-order scheme. In frequency domain, the far-field region (defined
by r > rz,,) for a scatterer with maximum linear dimension dpas, is
given by Fraunhofer’s estimate [36]

&2
Tfar 2> 2_;)1;_:: (28)
where A is the wavelength of the excitation. This is a frequency de-
pendent relation which states that the radiation boundary must be po-
sitioned further and further away from the scatterer as the frequency
increases. In other words, for a non-monochromatic signal, as is the
case of a general time-varying excitation, a fixed radiation boundary
will behave differently for the different frequencies of its spectrum.
More specifically, the reflection will be stronger for the higher frequen-
cies. It seems, therefore, that for best results condition (28) must
be applied for the smallest wavelength in the pulse spectrum. As we
discussed earlier, the minimum effective wavelength on a specific grid
with space increment A is Ajin = 8h. Therefore, for pulse excitation
(28) should be used with A = 8h, unless it is known that the power
spectrum of the incident pulse is negligible above some frequency f,
such that A\s = ¢/fs > Amin. In that case, (28) should be used with
A=A
It is interesting to observe that since the numerical phase velocity
c* is dependent on frequency and direction of propagation, it would
be more accurate to use c¢* instead of ¢ in the radiation condition.
Actually, the error we make by assuming that the numerical velocity of
propagation is ¢ instead of ¢*, could be expressed by using the concept
of a reflection coefficient p{a,w)

c—c*
¢+ c*

pla,w) = (29)

From (17) and (29), we see that such a reflection coefficient is depen-
dent on both frequency and direction of propagation. Furthermore,
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(29) makes apparent the fact that significant reflection occurs for wave-
lengths less than 8h. Notice that this is a direct consequence of the
numerical discretization of the hyperbolic system and reflections at
such wavelengths will be present regardless of how far away from the
structure we position the artificial boundary.

Another important aspect is the effect of the radiation boundary
condition on the overall stability of the numerical computation. A
vast amount of theoretical work has been dedicated to the stability
of the numerical approximation of hyperbolic equations coupled with
boundary conditions on single or multiple artificial boundaries [37-39).
Usually, the instabilities that are due to the presence of the artificial
boundary appear as oscillating modes that support the propagation of
the reflected waves from the artificial boundary back to the compu-
tational domain. A study of such modes can be done by examining
the numerical group velocity of the solution of Maxwell’s equations.
Using the numerical phase velocity c*, as expressed by (17), the group
velocity can be found from the relation

o = d(we*(w))
a7 dw

One can then show [27] that the numerical group velocity becomes
negative for wavelengths shorter than 4h. This tells us that reflections
from the artificial boundary will propagate back to the computational
domain as high frequency noise. Unfortunately, these spurious oscilla-
tions cannot always be suppressed. Nevertheless, they have been found
not to cause any instability in agreement with theoretical predictions
based on energy methods [40].

(30)

7.5 Field Singularities at Wedges and Corners

When Maxwell’s equations are solved in the vicinity of a conduct-
ing wedge, singularities in some of the field components or in their
spatial derivatives will be present. Then, it is very important to know
the manner in which these singular components become infinite for the
numerical evaluation of the fields. This knowledge allows us to incor-
porate the singularity in the numerical algorithm in order to increase
its speed of convergence. In our study of the singular field behavior,
it is sufficient to consider only distances which are small with respect
to the wavelength of interest. As discussed in section 7.2, the effec-
tive wavelengths on the grid are limited to A, =~ 8h, hence, it is
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Figure 8 The grid around a conducting wedge.

reasonable to restrict the distances to be no longer than 2h.

It is well-known that Meixner’s condition must be used in the
vicinity of a conducting wedge in order to have a unique solution for the
specific boundary value problem [35]. Meixner’s condition states that
the electromagnetic energy density must be integrable over any finite
domain even if the domain contains singularities of the fields. We must
mention here that according to our definition for the scattered fields,
the singularities which do occur are in the scattered field components
and not in the incident field.

Let us consider first the TM-case, where the electric field has only
one component along the direction of the axis of the wedge (see Fig.
6). One can show [35] that the behavior of the fields at the tip is

E,(r,¢,t) = A(t)r sinve (31)
H,(r,¢,t) = B(t)r*" cos(1 — v)¢ (32)

Hy(r,¢,t) = C(t)r* sin(l — v)¢ (33)
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where (r,¢) are the polar coordinates with origin at the tip of the
wedge, a is the angle of the wedge, and

T
2T - «

v (34)

Notice that H, and H, are singular for @ < 7. This singular behav-
ior makes questionable the use of smooth interpolation functions over
magnetic elements that are close to the edge for the computation of E,
at the electric nodes inside these elements. (See, for example, nodes
E; and F, in Fig. 6.) In order to check this, three different approaches
were taken. In the first approach, the isoparametric interpolation func-
tions were used for the computation of the spatial derivatives of the
magnetic fields, neglecting their singular behavior. The second ap-
proach was based on (31). For example, the value of the electric field
at node F3 was used in order to update the field at node E; through
the formula

E2 = E, (7’_3)u sin V¢3 (35)

re /] sinvgs

The value at node E3 was found normally from the finite-element al-
gorithm, since the magnetic element that contains the node is away
from the edge and no singularities are present. The third and last ap-
proach was to use the exact results by Keller and Blank [41] for the
electromagnetic scattering of pulses by perfectly conducting wedges.

The above approaches were used to solve the problem of scattering
by a perfectly conducting semi-infinite plane. The geometry is shown
in the insert of Fig. 7a. The incident pulse is a Gaussian with effective
spatial width 15h and of amplitude 1V/m. The early-time electric field
for points A and B is shown in Fig. 7a and Fig. 7b, respectively. We
notice that away from the wedge all three approaches give essentially
the same result. On the other hand, for the point close to the tip of
the wedge, the incorporation of the singularity increased the speed of
convergence giving a better early time result.

The TE-case is considered next. Note that the magnetic field has
only one component polarized along the axis of the wedge, while the
electric field has both E; and E, components. The behavior of the
field components at the vicinity of the edge is [35]
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Hy(r,¢,1) = A1(t) + A2(t)r” cos vg (36)
E(r,,t) = B(t)r" " sin(1 - v)¢ (37)
Ey(r,¢,t) = C(t)r" ! cos(1 — v)¢ (38)

where v is given by (34). Notice that for @ < 7 both E, and E,
become infinite at the edge. Two different approaches were used for
the numerical simulation of the problem and were compared with the
exact result of [41]. In the first approach, the singular behavior of the
electric field was neglected and the leap-frog scheme was used. Only a
slight modification was introduced for the computation of the electric
field at the node that lies on the edge. In order to understand the
motivation for this modification, let us examine (37) and (38) more
carefully. First of all, it is obvious that by trying to calculate some
value for the electric field at the tip we consciously introduce some
error, since from (37) and (38) E; and E, are infinite there. However,
we already decided that we shall neglect this singularity at the moment
and we shall assume that E; and E, have some specific value. From
(37), it is also obvious that as r — 0, E; = 0 on the plane ¢ = 0, and
E, = B(t)r*~1sin(r — @) # 0 on the plane ¢ = 2xr — a. That is, even
if we assume that E, never becomes infinite, we must account for its
discontinuity as r — 0, since it may affect the stability of the numerical
scheme [42]. An ingenious way to take care of such discontinuities in
the solution of hyperbolic systems was introduced by Lax [43]. His
scheme replaces the explicit approximation of the time derivative of
the field at node ¢

0E EM!_Ep
Bt = 6t

1 n "
EP*! - 5 (Bl + E.‘-l)] (39)

ot~ 6t
One can easily show that the last approximation introduces an artificial
diffusion term into the discretized equation which helps the stability
of the numerical scheme. Using this technique, the following discrete

2 L]
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equations are used for the computation of the electric field at the node
at the tip (see Fig. 6)

1 grtd gt
n+l _ = 1
L | B
1 1 HtE gt
n+l _ 1 pn n —_—_ 2 M
= [E > (B5, + Esg)] = . (41)

The second approach avoids the computation of the electric field
at the node at the tip, and makes use of the known behavior of the
magnetic field in order to compute the values of the magnetic nodes
around the edge. More specifically, for the geometry shown in Fig. 6,
the magnetic field at nodes H;, H;, and H; cannot be found using
the numerical algorithm since the electric field at Eg is not known.
Using the known values of the magnetic field at nodes H3 and Hs, the
coefficients A; and A in (36) can be specified. Equation (36) is then
used to compute H, at Hy, H, and Hy.

The above schemes were tested and compared with the exact solu-
tion for the problem of TE-scattering by a square wedge. The geometry
configuration is shown in the insert of Fig. 8a. The results for the mag-
netic field at points A and B are shown in Figs. 8a and 8b, respectively.
We notice that for the point B close to the edge, the incorporation of
the known behavior of the field gives a better result for the early-time
response. The same is true for the early-time response at point A, but
we notice that for later times both numerical schemes give essentially
the same result as the exact solution. It is interesting to notice the
effect of the artificial diffusion term which was used for the computa-
tion of curve 3. Its use gives an ~ 8% error at the peak value of the
field. Experimenting with three-dimensional geometries that feature
sharp corners or conical tips, we found that the use of the artificial
diffusion term results in incorrect values for the fields at the vicinity
of the corner. To cure this, a simple algorithm was introduced [44]
which accounts for the singular behavior of the fields. The results in
[44] demonstrate that in the scattering problem the differences between
the use of the diffusion term and the incorporation of the singularity of
the fields are limited to the region very close to the corner. The reason
the error does not propagate is that the corner field, despite its singu-
larity, only contains small part of the incident power, and eventually
is covered up by fields scattered from other parts of the body.
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Figure 8 TE-scattering by a perfectly conducting square wedge.
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This suggests that in the computation of the far-field the simple diffu-
sion algorithm is quite adequate, assuming that no interfering obstacles
(such as slots) exist in the vicinity of a corner or a wedge.

7.6 Numerical Results

The simplicity and the flexibility of the method of the conforming
boundary elements allows us to study the scattering characteristics of
a wide variety of scatterers. The solution of the finite-element problem
gives the electric and magnetic fields everywhere on the computational
grid. Probably the most useful result for the problem of scattering by
perfect conductors is the induced current on their surface. Once this
is found as a function of time well-known formulas can be used for the
far-field computation [1]. Nevertheless, near-field information is also
useful in many cases, especially in problems involving electromagnetic
coupling effects, antennas on conducting structures, design of lenses,
etc. One can also argue that under the assumption that the truncation
boundary is set far away from the scatterer, the shape of the scattered
pulse there resembles quite accurately the far-field. Our numerical
simulation results showed that this was indeed the case. We actually
found that the limit for rs,, set by (28) was rather conservative. Using
the fact that the lower bound for the wavelengths of the propagating
waves on the grid is approximately A, = 8h as discussed in section
7.2, (28) gives for a scatterer of dyqy = 20k, 774, > 100h. Our results
for a circular cylinder of diameter 20h showed that the scattered pulse
had reached its far-field state at distances of about 40h. Experimenting
with different geometries and different polarizations of the incident
field, we found that computed scattered fields can be assumed to have
reached their far-field state for distances r such that

2dmaz < Tar < ‘f’"‘f” (42)
min

where it is assumed that dpnez > 2Amin. The lower limit 2dpyer

was found appropriate for two-dimensional geometries, while three-

dimensional geometries seem to push ry,, to the upper limit of (42),

possibly due to the resonances associated with the finite dimensions of
the scatterer.

In [18] the simple case of a circular cylinder illuminated by a plane

wave pulse for both TE- and TM-polarizations was considered in order

to compare the performance of the method with the one of the time-



7.6 Numerical Results 273

domain integral equation [45]. A very good agreement was found for
both polarizations with 3%-5% differences in the peak values. Here,
the scattering from geometries with wedges and corners, as well as the
propagation through lens-like media is investigated. For such problems,
the solution through a time-domain integral equation formulation be-
comes rather involved [47].

First, the TM-scattering by a perfectly conducting cylinder with
attached fins is computed. The incident pulse is a Gaussian,

o(t) = exp(~ 00 (43)

with the parameters ¢y, T chosen in such a way that its spatial width is
approximately equal to the diameter of the scatterer. The discretiza-
tion parameters were, h = 0.1 m and §t = 0.7h/c. The response for
broadside incidence (wave vector along ¢ = 0°) is shown in Fig. 9 for
a distance 774, = 2dpmqz. Looking at the response in the backscatter
direction, we see two positive peaks, the first due to specular reflection
from the front side of the cylinder, and the second due to reflection
from the fins. There is also a negative swing. As a matter of fact, this
negative swing is predicted by the physical optics approximation [45],
even (erroneously) for a cylinder without fins. Since the physical optics
approximation becomes better as the relative size of the scatterer’s flat
region increases, it is quite reasonable that its results for the cylinder
with attached fins are more accurate than those for a plain cylinder.
In Fig. 10 the TM-scattering for end-on incidence (wave vector along
¢ = 90°) is shown. Notice the shorting effect of the fin in the backscat-
tered field. By the time-domain reciprocity theorem [46], the scattered
field should be the same if the direction of the incident and scattered
fields are interchanged. Indeed, the field scattered in the direction of
the plane of the fin for broadside incidence in Fig. 9 is the same with
the field scattered off the circular side with end-on incidence in Fig.
10. Results for a variety of two-dimensional structures can be found
in [27].

As far as three-dimensional geometries are concerned, one can,
in principle, apply the method of conforming boundary elements in a
very straightforward manner once the numerical mesh has been gen-
erated. Even though the automated generation of conforming three-
dimensional boundary elements can be quite complicated, there are
two large classes of three-dimensional scatterers that can be solved in
a very simple manner. The first class includes bodies of revolution un-
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Figure 9 TM-scattering by a perfectly conducting cylinder with at-
tached fins (broadside incidence).

der the assumption of azimuthal excitation. Such a problem is readily
solved as a two-dimensional one. The second class consists of bodies
generated by finite portions of infinite cylindrical structures of arbi-
trary cross-sections. The finite-element mesh for such structures can
be generated by stacking two-dimensional grids along the axis of the
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Figure 10 TM-scattering by a perfectly conducting cylinder with at-
tached fins (end-on incidence).

structure. Such scatterers can become more complex by attaching fins
to them.

Here, we present results for scattering by a cross formed by an
electrically thick cylinder and a flat plate. The geometry is shown in
Fig. 11. Experimental results for the induced electric charge and cur-
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Figure 11 Conducting cylinder with attached fins.

rent densities for the geometry under consideration were available [48]
and allowed us to evaluate our numerical computations. The incident
field was a plane-wave sinusoidal with A = 48 cm. For this excitation,
the cylinder of Fig. 11 is a wavelength in circumference and 1.75) high
above the ground plane. Each of the arms of the flat plate is 0.75 long,
0.2125\ wide and 0.0255) thick. The plate is centered at a height of
1.25) from the ground plane. The source used for the experiment was
a dipole inside a corner reflector at a distance 7.5 from the axis of the
cylinder. Hence, the incident wave in the measurements was a spherical
wave instead of plane one as it was assumed in the numerical simula-
tion. The grid size h was chosen to be half the radius of the cylinder
and the flat plates were assumed to have zero thickness. The compu-
tational mesh used was (60k) x (30A) x (50h). Figure 12 illustrates
the magnitude and the relative phase of the induced current density
J, along the flat plate at about 2 cm off the lower edge. The solid lines
are the experimental results while the dots show the computed ones.
We notice a very good agreement. An extensive presentation of the
results and the comparison between theory and experiment is being
prepared for publication [49].

The next example considers radiation from a slot on an infinite
perfectly conducting plane. The infinite conducting plane coincides
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Figure 12 Induced current density J, (amplitude and phase) along the
fin.

with the zy-plane of the coordinate system and the slot is along the
z-axis with its center coinciding with the origin. The length of the
slot is 0.25 m and it is fed at its center by a voltage source. The
excitation is a step voltage which is not abrupt, but it rises to its
final constant value in the sense of a gaussian curve terminated at
its peak, and from then on maintaining its peak value. The time
step used in the computation was 6t = 0.79 ps and the effective rise
time of the step was 21(§t) = 16.59 ps. The radiated electric field
on the zz-plane for different angles and at a distance of 0.5 m from
the origin is shown in Fig. 13. By Fourier transforming the transient
response, we can compare our results with the exact frequency-domain
results for radiation from a half-wavelength slot [50]. The specific
slot is half-wavelength long at f=600 MHz. The comparison between
our numerical solution and theory is shown in Fig. 14. It is worth
mentioning that the theoretical result is for the far-field normalized to
the computed value at 90°, while our numerical result is for a distance
of one wavelength away from the origin. Therefore, we expect that
the effect of the near-field will be present in our result and this should
justify the little discrepancy from the theoretical solution. The next
step was to position a hemispherical Maxwell’s fish-eye lens [35] in
front of the slot. The center of the hemispherical lens is on the z-axis,
0.75 m away from the origin, and its radius is @ = 0.75 m. The relative
dielectric permittivity of the lens
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Figure 16 The y2-plane radiation pattern at f=600 MHz in the presence
of a fish-eye lens.

point source at the focus. Figure 15 demonstrates this focusing effect
comparing the radiation patterns for f=600 MHz. Notice that the
peak of the beam at 90° on the zz-plane is about 9.9 dB above the
one that occurs when the slot radiates in free-space. Finally, Fig. 16
demonstrates the fact that the radiation pattern on the yz-plane is not
isotropic anymore. In conclusion, Figs. 15 and 16 make clear that the
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presence of the lens improved significantly the directivity of the slot in
the direction of the z-axis.

7.7 Discussion

One of the special features in the method of conforming boundary
elements is that instead of generating the appropriate finite-element
mesh, boundary elements are introduced close to the surface of the
scatterer by combining the elements of a uniform rectangular grid with
line segments that approximate the geometry of interest. Therefore,
only the coordinates of these boundary elements need to be stored
at the expense of a more sophisticated software for the construction
of these elements. This, of course, results in big savings in computer
memory, hence making possible the solution of complex problems which
cannot be handled efficiently by the traditional frequency-domain tech-
niques or the time-dependent integral equation approaches. The direct
results of the numerical solution are the electric and magnetic field ev-
erywhere on the mesh at discrete time instants. .

The numerical integration implements a simple explicit scheme,
hence avoiding any matrix inversion. Various types of numerical errors
associated with the discretization of Maxwell’s equations have been
discussed. The need for additional numerical conditions for the compu-
tation of the scattered fields on the truncation boundary was demon-
strated and an approximate first-order radiation condition was dis-
cussed. Relations between the size of the scatterer, the characteristics
of the exciting pulse, and the distance of the radiation boundary from
the scatterer were given for minimizing the unphysical reflections from
the artificial boundary. While second-order radiation boundary condi-
tions are available that allow the truncation boundary to be brought
closer to the scatterer, their implementation in the conforming bound-
ary element algorithm is not as straightforward as in the time domain
finite difference algorithm. In general, the choice of the order of the
radiation condition to be used will depend on the available computer
memory resources. The numerical simulation of the field singulari-
ties at the vicinity of conducting edges and corners was also examined.
Finally, several applications of the proposed method to two- and three-
dimensional problems in radiation and scattering were presented.

From the point of view of the computer simulation technology, the
method was found to be a very powerful and programmer-friendly tool.
Its efficiency is remarkable. A typical three-dimensional problem with
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750,000 unknowns takes four minutes CPU time on a Cray-1 for 300
time steps. The modeling capability is excellent for two-dimensional
geometries as well as three-dimensional ones that can be decomposed
into cylindrical subregions of constant cross-section.
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