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3.1 Introduction

For microwave integrated circuit applications, the characteristics of
interconnects have been investigated for propagation modes (1,2], time
response [3], crosstalk [4], coupling [5], delay [6], etc. In these analyses,
it is assumed that quasi-TEM modes are guided along the multicon-
ductor transmission line. In [1], the analysis was performed for two
asymmetric transmission lines. In [2] and [3], an arbitrary number of
transmission lines were analyzed. In [3], the load and the source condi-
tions were presented in terms of the modal reflection and transmission
coefficient matrices.

To perform the quasi-TEM analysis, the capacitance matrix for
the multiconductor transmission line has to be obtained first. Both
the spectral and the spatial domain methods have been proposed to
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Figure 3.1 Geometrical configuration of M microstrip lines with finite
thickness embedded in arbitrary layers of an isotropic stratified medium.

calculate the capacitance matrix. In the spectral domain methods, two
side walls are used to enclose the whole transmission line structure,
and the thickness of the strip lines has not been considered [7,8]. In
using the spatial domain method [9], the structure has to be truncated
to a finite extent to make the numerical implementation feasible. In
(10], the infinite extent of the structure was incorporated, but only a
two-layer medium was considered.

In practical microwave integrated circuits, the dielectric loss due
to the substrate and the conductor loss due to the metallic strips have
been studied in the analysis of circuit performances[11-13].

In this chapter, we present a quasi-TEM analysis of coupled lossy
microstrip lines of finite strip thickness embedded in different layers
of a lossy isotropic stratified medium as shown in Fig. 3.1. First, a
spectral domain scalar Green’s function in a lossy isotropic stratified
medium is derived. In the formulation, no side walls are introduced,
the transmission structure is not truncated, and the analysis is valid
for arbitrary number of dielectric layers.
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Based on the scalar Green’s function, a set of coupled integral
equations is obtained for the charge distribution on the strip surfaces.
The method of moments is then applied where pulse basis functions
and a point-matching scheme is used to solve numerically the set of
integral equations for the charge distribution, and hence the capaci-
tance matrix. The duality between the electrostatic formulation and
the magnetostatic one is applied to calculate the inductance matrix.
The conductance matrix is obtained by using the duality between the
electrostatic problem and the current field problem. A perturbation
method is used to calculate the resistance matrix.

Finally, a transmission line analysis is derived to obtain the trans-
fer matrix for multiconductor line, which significantly reduces the effort
in treating the load and the source conditions. Transient responses are
obtained by using the Fourier transform. The results for two coupled
lines are presented.

3.2 Integral Equation Formulation

We first formulate the scalar Green’s function in the spectral do-
main in a homogeneous medium of permittivity ¢ with a ground plane
located at z = 0. Thus, we consider a uniform line charge of unit am-
plitude to be located at (z',2') along the y direction, and evaluate
the electrostatic potential at (z,2).

The scalar Green’s function g(7,7') is the solution of the following
Poisson equation :

Vig(7,F) = ~28(F - 7) &

where V2 = §%/0z% + 8%2/02%, T = 2z + 2z, and ¥ = &2’ + 2z'. The
scalar Green’s function can be expressed in the spectral domain as

o(7,7) = / / dkodk ek 25 (R, ) (2)

where k, = &k, + 2k, , and g(i,) is the Fourier transform of g(7,7')
with respect to z and z. Substituting (2) into (1), and using the image
theory, we get

=(T ) — 1 —tkgz' —thk, 2’ —ikgx' ik, 2’
ik = e 1) [ ¢ | (3)
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Figure 3.2 Definition of the local reflection and transmission coeflicients
at a dielectric interface between media (I) and (I — 1).

elkl'l'l

The second term is the Fourier transform of the Green’s function due
to the image line charge at 7y = #z’ — 2z’ which is the image of 7'
with respect to the ground plane at z = 0. The scalar Green'’s function
can then be written as

9(r,7) = // dkydk,etke (=== %

By contour integration in the complex k, plane, we have

ihi(z—2') _ giks(2+2")
4n2e(k2 + k2)

oo ike(z—2')
7 7Y = € [ —lkallz=z'| _ —lkal(z+2")
g(7,7) /:oo dk, yrT [e e ] (5)

The integrand is regular at k, = 0, and the integration is well defined
as T goes to infinity.

Next, we introduce local reflection and transmission coefficients
at a boundary between two dielectrics. Consider a dielectric interface
between media (!) and (I — 1) as shown in Fig. 3.2. We assume that
the spectral domain potential in each region can be expressed as

eik.:e

&1(F, k) = ™ [e—lk.lzz + Rz(‘_l)elk.ln] (6a)
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Figure 8.8 Definition of the global reflection coefficients at the upper
boundaries of dielectric layers (I) and (I — 1).

eik. x

d1-1(F, kz) = ] Tl(l_l)e—lk-lzx-l (6b)

where z; = 21y = z +di—1, Ryg-1) and Tj_,) are constants to be
determined. The z component of the electric field in each region can
be obtained as

Eio(F, ko) =€™* [e—lk'|" - Rl(l—l)e|k.|z'] (7a)
E(l—l)z(Fs kz) =Tl(l-—l)eik.a’e_”'.|z'_l (7b)

By imposing the boundary conditions that the potential and the nor-
mal component of the electric flux density are continuous at z =
—~dj_1 , we obtain

€ — €1
Ryu-y) = P (8a)
2¢
Tiu-1) = I (80)

where R;;_;) and Tj_1) can be interpreted as local reflection and
transmission coefficients, respectively.

Next, consider the two source-free layers (1) and (I — 1) of the
stratified medium as shown in Fig. 3.3, where the potential and the z
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component of the electric field in each layer can be expressed as

R il Y N P
¢;(Fy k) = el [A_.;e *!%i + Bjel* ’] (9a)
E;. (7, k) =gtke® [Aje—lk'lz" - Bjelk'lz"] (90)

where z; = z+4+ d; and j =1, | — 1. We introduce the global re-
flection coefficient R,; defined at the upper boundary of layer (j),
z=—dj_,,as

Bj€|k' |k

uj = AeTelhs (10)

where h; is the thickness of layer (j). By imposing the boundary
conditions at z = —d;_; , we obtain the following recursive relation

—2|k.|hl_1

Ry_1)+ Ry
Ry = 1(1-1) + fLy-1)e

1 + Rl(l—l)RU([_l)e_zlk- thi—y? I=2,...,N (11)

and Ry; = Rjo. Similarly, the global reflection coefficient Rn; is
defined at the lower boundary of layer (j), z = —d;, as

A.
Rn; = _B_;_. (12)

By imposing the boundary condition at z = —d;, we obtain
Ry = Rl(l+1) +Rn(,+1)e_’2|"-|hl+x
" 1+ Rl(l+1)Rn(l+1)e_2|k- [hi41?

I=N-1,---,0 (13)

and RnN =-1.

With the use of the above reflection coefficients, the expression of
the scalar Green’s function in a layered medium can be obtained in a
simple way. For the case where both the line charge and the observation
point are located in the upper half-space, that is layer (0), we have

o gika(z—a')
dmeg J_oo kgl

[e—lk-llzo—z:,l + Rppe~* l(zo+=:,)] (14)

gOO(F, F") =
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where 29 = z +do, 2z = 2’ + do, the uniform line charge of unit
amplitude is located at 7 = (z’,2)), and the observation point is
located at 7 = (z,20). The first term inside the brackets is the direct
term, and the second term can be interpreted as due to the reflection
from the lower boundary at z = —dp.

For the case when both the line charge and the observation point
are both located in an arbitrary layer (I) with I # 0, the Green’s
function can be expressed as

_ _—_1—— /oo etks (z—=!)
gu(r’r ) —47f€l oo dkz Ikz|
[ethelie=sil 4 A(ka)e~elo 4 B(kp)elel]  (15)
where zy = z+d;, zj = 2/ + d;, A(k:) and B(k.) are the unknowns
to be determined. From the definition of Ry; and Rq;, we have
Ry [e—lk-l(zu—z:) + A(kz)e—lk.lzx} = B(ko)e*l, z=h (16a)

R [e—lk.I(Z{—zx) + B(k,)e“"l"] — A(k,)e‘“"lz', z=0 (16b)
By solving (16), we get

Reye V%5 4 R Ryje~*s|(Zhi=2)
1 — RyiRnje2lkalh
RujeVealhi=2) 4 R Rye=lkel(2hi+2)
1 — RyRne kel

A(k,) = (17a)

B(k,) = (17b)

Substituting (17) into (15), we obtain the explicit form of the
Green’s function gy (7,7) in the layer (I) as

1 oo etke(z—2') , 1
X p— / dky S "] e lkallais]
qu(m7) dre J oo |kl + 1 — RyiRqje—2lkell

RyjeVesl@hi=21=2) | o= lkel(zits)

+ RyRye Veel(a=zi+2h) o Rqunze”lk'l(_"“:Hh')] } (18)
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Figure 3.4 Determination of the scalar Green’s function where the source
is in a layer (m) and the observation point is in the layer (I). (a) Layer
(1) is above layer (m). (b) Layer (I) is below layer (m).

The first term inside the brace is the direct term, the other terms
are the summation of the multiple reflections between the two bound-
aries at z = —dj_; and z = —d;. It is observed that (14) is a special
case of (18) with /=0 and Ry = 0.

Next, we consider the case when the source and the observation
points are in different layers. As shown in Fig. 3.4(a), the source is
in a layer (m) and the observation point is in a layer (I) which is
above layer (m). We assume that each spectral field component is
transmitted upward from the source layer (m) to the layer (I) with
the upward transmission coefficient X m . The Green’s function can
thus be expressed as

1 o etke(z—z')
Forfe)=— | dkg——
glm(7'>,7‘<) 47l'€m -/—oo * lkzl
elkelzin 4 R e=lkel(Zhmt2in)
1 — RumRame2lkelhm

Xul,m [e_'h- lll + Rule—"e. |(2hl —z,)

(19)
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where z and 2!, are the local coordinates defined as z; = 2+ d; and
2\ = 2' 4 dm_1 , respectively. Similarly, when the observation point is
located in the layer (I + 1), we have

o, 1 ) e:k.(z z')
I+1)m(F>Te) = / dkz—lk'rxu(l+l),m

47€m J_oo

[e'lk.ht-n + Ru(l+l)e—|k' |(2hz+x—z1+1)]

elk- lz:n + ane_lk-|(2hm+l:,.) (20)
1 — RumRame™2lkslhm

where z41 = z 4 di41 . Imposing the boundary conditions at the in-
terface z = —d;, we get

ke lhigs LT Rugs)
1+ Ry’

l=m~-2,--,0

(21)

Xuim = XU(H—I),me

and for | = m — 1, we have

1+ Rum
1+ Ry(m-—1)e~ 2kalhm-1

XU(m—l),m = (22)

For the case when the layer (m) is above layer (/) as shown in
Fig. 3.4(b), the Green’s function may be expressed as

gike(z—2' )
Gim(T<,T5) = / dks ] ——Xnl,m [Clk'lz' + Rnle—lk'th'“')]

ettt 4 R, emThe(hm=stn)
1- RUmRﬂme_zlk' A

(23)

where Xnm is the downward transmission coefficient, z; and 2], are
the local coordinates defined as z; = z +dj_; and z/, = z' + dnm,
respectively. Similarly, when the observation point is loca.ted in the
layer (I —1), we have

1 eik.(w-—w')
(T, ™) = — dke————Xn(1-
gq l)m( <,7‘>) e, ‘/_m ® k| N(l-1),m

[elk.lza—x +Rn(l_l)e-lk-|(2hl-—l+3l—l)]
e lkalzen 4 RUme_lk'l(zh"":") 04
1- RUmRﬂme-zlk'lh"‘ ( )
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where 2;_; = z+ d;_,. Imposing the boundary conditions at the in-
terface z = —d;_;, we have

—lkathioy L1+ Bog-1
1+ Rpye=2lkalh’

l=m+2,---,N
(25)

Xntm = Xn(l—l),me

and for [=m+ 1, we have

14+ Ram
1+ R(myye2lkelhmi

Xn(m+1),m = (26)

Next, consider M microstrip lines embedded in arbitrary layers of
an isotropic stratified medium as shown in Fig. 3.1. All the conductor
strips are of finite thickness, the permittivity of layer (j) is ¢;,and a
ground plane is put at z = —dy as the potential reference.

Using the scalar Green’s function, the potential in layer (I) can
be represented as

M
Vi =3 /r 0¥ 911 (7> 7)) (27)

=1

where I', is the cross section contour of the p th microstrip line, p,(7)
is the charge density on the pth microstrip surface, L(p) is the layer
where the pth microstrip line is embedded. The cross section of the
microstrip lines can be arbitrary in general. For practical applications,
only the rectangular cross sections are considered.

The potential distribution in (27) satisfies all the boundary condi-
tions that the potential and the normal electric flux density are con-
tinuous across the interfaces between adjacent dielectric layers. To ob-
tain the charge distribution on each microstrip surface, we impose the
boundary condition that the potential on each microstrip is equal to
the impressed voltage. Thus we have

M
Z /r dF' L) (T T )op(F) =V,  TonT, (28)

=1

where ¢=1,---,M.
In the next section, the method of moments is applied to solve (28)
for the charge distributions.
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3.3 Numerical Solution of Charge Distribution

By applying the method of moments to solve (28), we first choose
a set of pulse basis functions for the surface charge density, hence

Ny
pp(T') = Zapippi(F')7 p=1-,M (29)

i=1

where ap; and Py(7') are, respectively, the expansion coefficients and
the basis functions on the ith section of the pth microstrip surface;
and N, is the total number of basis functions on the pth microstrip
surface. The pulse function is defined as

1, TonTy
Pi(F) = (30)
0, elsewhere

where T'p; is the ith section on the pth microstrip surface.
Substituting (29) into (28), we have

M N,

Z Z api /r » A7 9L Le) (T T ) Ppi(F) = Vg, TonTy  (31)

p=1i=1

where ¢=1,---, M.
Next, we choose the center point at each pulse basis as the testing
point to test (31), thus we have

M N,
SN Zgjpiapi =By 1< aSM1<GS N, (32)
p=1 i=1
where
Zgjpi = /P 47 91(q)L(p)(Fair T ) Poi(T') (33)
ps

Bei = Va (34)
and 7g; = (Zgj,2q;) is the center coordinate of I'g;. By solving (32)
for ay;’s, the charge density can be obtained.

The capacitance matrix C of M microstrip lines can be obtained
by solving (28) M times. For the n th time, all the microstrip lines are
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grounded except that one volt is imposed on the nth line. By solving
(32), the charge distribution is obtained. The total surface charge per
unit length on the m th microstrip line is equal to the mn th element of
the capacitance matrix, Cyy,, . This can be observed from the definition
of the capacitance matrix

M
EC@VP = Qg 1<g<M (35)

p=1

By setting V, = 8, , we have Qg") = Cygn with 1 < ¢ < M. Here,
6pn is the Kronecker’s delta function and the superscript (n) in Qg")
is the index of the microstrip where one volt is imposed.

3.4 Magnetostatic Dual Problem

In this section, we briefly review the magnetostatic dual problem.
For nonmagnetic materials, the magnetostatic problem for the geomet-
rical configuration shown in Fig. 3.1 is equivalent to the one where all
the dielectric media are replaced by the free space. The magnetostatic
potential ¥(7) due to a uniform line current at ¥ can be derived in
a way similar to that in Section 2 as

M
EA dslg%q)L(p)(;’—',?l)Jp('I_'l) = ‘¢‘q, T on Fq (36)
p=1 14

where ¢ = 1,---,M; gg'{q)L(p)(F, 7') is the scalar Green’s function;
Jp(™) is the surface current on the pth microstrip surface; and 4, is
the magnetostatic potential measured on the ¢th microstrip surface
with respect to the ground plane, which is equal to the magnetic flux
linkage between the ¢ th microstrip line and the ground plane per unit
length.

Instead of solving (36) directly, a dual electrostatic problem for
the same geometrical configuration in free space is solved. It can be
shown that
gM(7,7) = poeog® (7, 7) (37)
where gB(7,7') is the scalar Green’s function derived in Section 2 with
all ¢ ’s replaced by the dielectric constant in the free space.
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Imposing the same boundary conditions that Vg =, for 1 < ¢ <
M, we have

J(">(F)—£@ 1<p k<M (38)
P - #oo ] _p’ -—

where pp )(r) is the surface charge distribution on the pth microstrip
surface when we impose one volt on the kth strip, and zero volt on

the other strips; J,(,k)(F) is the surface current distribution on the pth
microstrip surface when we impose one tesla-m on the k th strip, and
zero tesla-m on the other strips.

In general, the surface current on the pth microstrip surface can
be expressed as

Jp(F) = Zw‘”m = —Zw""(r) (39)

k=1

Integrating (39) over one unit length on the pth microstrip surface,
we have

I, = ;;e— Z Co,pk ¥k (40)

where I, is the surface current on the p th microstrip line, and Cp i is

the pkth element of the capacitance matrix 50 with all the dielectrics
replaced by free space. Hence, we obtain the conventional result that

the inductance matrix L is proportional to the inverse of the capaci-
tance matrix in free space as

L poGoU (41)

3.5 Calculation of G and R

In this section, the dielectric loss and conductor loss are considered.
The transmission line equa.tions for M coupled microstrip lines are

~3 = [- - zw_] (42a)

~5 = R—-iwL| T (42b)
y = [F-eT].
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where the conductance matrix G accounts for the dielectric loss, and
the resistance matrix R accounts for the conductor loss.

The nth eigen solution to (42) can be represented as
IT=T,e ¥ (43a)
V= Ve (43)

where 7, is the eigenvalue of the n th mode; and I, and V, are the
corresponding eigenvectors. Substituting (43) into (42), we have

Inln = [—_@ - iwﬁ] Vn (44a)
IV = ﬁ —iwL| -In (44b)
and hence
72T, =[G - iwC| - [E-iI] T, (45a)
12V = [ﬁ - iwf] : [ﬁ —iwC| - Vn (45b)

There are in general M eigen solutions to the above equations. The
eigenvalues solved from (45a) and (45b) are the same; and the eigen-
vectors I, ’s and V,’s are related by (44).

For the nth eigenmode, the time-average Poynting’s power Ppr
can be represented as

Pur = —;—Re [TI, : Vn] (46)

where 73, is the transposed, complex conjugate of I,. The time-
average power loss per unit length P, along the transmission lines
can be calculated as

PnL = PnC + PnD = 2anTPnT (47)

where
Pac = (1/2)T, - R -Tn = 2ancPar (48a)
Pap = (1/2)V) .G -V, = 2anpPar (480)
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where P,c and P,p are the time-average conductor loss and dielec-
tric loss per unit length, respectively; anr, anc, and a,p are the
corresponding attenuation constants for the nth mode.

To calculate the conductance matrix which accounts for the dielec-
tric loss, we make use of the duality between the electrostatic problem
and the current field problem. Assume that the geometrical configu-
ration of the current field problem is the same as in Fig. 3.1, and the
conductivity in layer (I) is designated by o; with 0 <1< N. If the
conductivities in the current field problem and the dielectric constants
in the electrostatic problem satisfy the following relation

—_— e s = — (X (49)
then, we have _
G=aC (50)

The perturbation method is used to solve for the attenuation con-

stants a,c and the resistance matrix ﬁ We start from the lossless
eigenvalue equations :

1-—
—Ion
v

I-Ton= 5
n
1
v2
ﬂ

Qll

il
Qll

. Von VOn (51)
where 1, = —ifin; vn = w/By, is the phase velocity for the nth mode;
and C is the capacitance matrix with all materials lossfree. The time-
average guided power can be approximated by the power guided along
lossless lines as

P~ —;—Re [T(',,, : Vo,,] (52)

The power loss per unit length of the nth mode due to imperfect
conductor can be calculated by using the surface current obtained for
the perfect conductor lines. Thus, we have

P =1 ZRks [ Vit ar (53)

k-l

where Ris is the surface resistance per unit area on the kth mi-
crostrip surface, Jnx(F) is the surface current distribution of the nth
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mode on the kth microstrip surface. Here M’ is the total number of

conductors including the ground planes. As defined in (29), pg)(F) can
be expanded in terms of the pulse basis functions as

I3 Nl .
pIF) = Y o) Pem(7) (54)
m=1

where Pi,(F) is the basis function defined in (30). By using (39), the
surface current on the kth microstrip surface can be represented as

Ji(7) = ——Z¢, Z ) P (F (55)

€
Ho€o =1 m=1

where 1; is obtained by solving
M
%i= Y LijIon,; (56)
J=1

where L;; is the ijth element of the inductance matrix f, Ion,; is
the jth element of the eigenvector Iy, . The conductor loss can then
be calculated as

P = ERks(#DGO 2

m=1

Z i af:,),,

=1

/ | P (F)|? @ + Pe

(57)
where Pg is the conductor loss due to the ground planes. To calculate
Pg , we first solve for the magnetic field H, as

M N,

H (1‘) Z E [Z"blag:f)n]/ Pkm(?)‘ﬁl

k=1 m=1

/ dkjee(e z)[ 1 857 (k,,z z)]

(58)

where §Z(k;,z,2') is the Fourier transform with respect to z of
gB(7,7) as defined in (37). Thus, we have

M N M Ng ™M
Po=2Rs3 3 3 S [z ¢.a§;,z,] [z t/aaf,',)m.]
=1 i=1

k=1m=1k'=1m'=1
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d7 Piepn (F') d7"! Prip (7") /co dk cos[k(z' — z")]

le Ph'm’

[_;‘1_039 (k= 2G5 ’)] [__I_Bg (k,,zg,z )] (59)

where Rs is the surface resistance per unit area of the ground planes,
zc is the z coordinate of the ground planes.

Now, set G=0in (45b), we have
(ang — iBn)Vn = [T_z' - iwf] : [-iuﬁ] Vo (60)
Making the approximation that Bn = Bons, Vin = Von , and utilizing
the relation (44) with G = 0, the imaginary part of (60) becomes
M
20ncVonm = 3 Rmklonps 1<n,m<M (61)

k=1

where Io, is the kth element of Ton; and Vonm is the m th element
of Von. The elements of R can be obtained by solving (61).

After obtaining the matrices c , I s G , and _ﬁ; the matrix equa-
tions (44) and (45) can be solved for the eigenvalues and eigenvectors.

3.6 Transmission Line Analysis

The voltage and current along the transmission lines can be rep-
resented in terms of the eigenvectors obtained in the last section as

M M
V(y) = Z Ve ™V 4+ Z bV e’V

n=1 n=1
_?v Ay) - Z+?v A(-y)-B (62a)
I(y)-—Za,J e ™Y Zb I,em™v
n=1 n=1
=5;-Ay)-A-S1-A(-y)-B (62b)
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where Sy is the matrix with the eigenvector V,, as its n th column;
S is the matrix with the eigenvector I, as its nth column; A and
B are the mode coefficient vectors in the forward and backward direc-
tions, respectively; A(y) is a diagonal matrix with exp(—7,y) as its
n th element; namely,

_= (al,az,---,aM)T (63(1)
B = (by, by, -+, bp)T (63b)
A(y) = diag. {e ¥, ™Y, .., 6" MV} (63c)

where the superscript T represents the transpose of a row vector.
The characteristic impedance matrix can be defined as

Zo=3v-51 (64)

From (62), the mode coefficients Aand B can be represented in
terms of the line voltages V(0) and line currents I(0) as

‘=1[§;1-V(0)+§,’1-T(0)] (65a)
5=;[5% 70 -5 - T0) (655)

Next, the line voltages V(1) and the line currents I(I) can be
expressed in terms of V(0) and I(0) through (65) as

V() Ayv(l) Avi(l) V)] _ V(0)
- 1=1= _ o =AM (66)
(1) Arv(l) An(l) 1(0) 1(0)
where i(l ) is called the transfer matrix for the uniform transmission
lines of length !; and the explicit form of the submatrices of A(l) are

yv(1) = 35v- [K) + K(-0)] -5 (67a)
Zvi(l) = %?‘ (A -%-n) .57 (678)
Arv(l) = -;-?, [Bw - K(-)] -5 (67¢)
Aur(l) = %?,- [Eo) +K(-n) - 57 (67d)
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If more than one transmission line section with different characteristics
are cascaded, the transfer matrix of each section is multiplied to obtain
the overall transfer matrix.

_ Imposing a voltage source Vs in series with an impedance matrix
Zs at y = 0, and imposing a voltage source VL in series with an
impedance matrix Zy at y = [, we have

V(0)=Vs — Zs - 1(0) (68a)
V() =V + 21-I(1) (68b)

The line voltages at all ports can thus be calculated as

[f iw(z)-?;‘—'z‘w(z)] [V(t)]

Z, Aul)-Zs -Aw() ) LV

[ Avil)-Z5 Vs ]

1 1 (69)
Zu(l) . -Z_S . V_s + 714 . VL
The transient response can be obtained by using Fourier transform.
For the case of a single microstrip line, we first solve for the ca-
pacitance and the inductance per unit length C and L, respectively.
Next, solving the eigenvalue equations in the lossless medium, we have

4% = g% = —-WiLC (70a)

=1 (70b)

Vo = VI/C (70¢)

The magnetic flux linkage is % = LIp = L, the time-average power
is Pr = (1/2)4/L/C; and the conductor loss per unit length can be
calculated by (57) and (59), hence we have ac = Pc/2Pr. Using
(61), we have R = 2ac+/L/C . The conductance per unit length can
be calculated by using (50). With L, C, R, and G, the eigenvalue
and the eigenvector can be solved from (44) and (45) as

v = V(G — wC)(R — iwL) (71a)
I=1 (71b)
V= zol = 2wl (T1c)

G - wC
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The transfer matrix i(l) for a transmission line of length ! can be
obtained from (67) as

Al = [

cosh vl —Z¢ sinhyl
(72)

—ZE1 sinh y! coshyl

For the case of two symmetric microstrip lines, we first solve the
eigenvalue equations in the lossless medium for the even and the odd
modes, respectively. Thus we have

42 T —B% = —w¥(Ly1 + Ly2)(Ci1 + C12) (73a)
1 1
42 = —ﬂf = —w?(L11 — L12)(C11 — Ch3) (73¢)
T, = ! ] Vo= o 1Lz [ ' ] == Llug
-1 Cu-Cuz | _4 C11 — Ch2
) (73d)

The magnetic flux linkage and the time-average power can be calcu-
lated as

Ve=L T = (L11 + L12) Teo (74a)
[L11 + L1z

Pop = 4| ———= 74b

T Al Ci + Ch2 (74)

ao = f . .Too = (Lu - Lu)joo (74C)
Ly — Ly,

Por =4/ —m—— 74d

= on=Cs (74d)

The conductor loss per unit length can be obtained by using (57)
and (59), thus we have

Qe = PeC/2PzT9 QoCc = PoC'/zPoT (75)

The resistance matrix can be solved from (61) as

_ L1 + Ly L1y~ Ly,
Ry = aecv Cn v Coy + aocv Cii —Cus (76a)
Ly + Ly, Ly — Ly,

= o2 (76)

Biz = ec Cn+Ci FoC Ci1 - Ci2
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The conductance matrix per unit length can be calculated by using

(50). Substituting these L, C R, and G into (44) and (45), we
obtain the eigenvalues and eigenvectors for the even and the odd modes
as

7%= (y11 + v12)(211 + 212) (77a)
[ 1
TC = ’ Vc = Zeje (77b)
| 1
7o = (311 — 12)(211 — 212) (77¢)
[ 1
I,= ] . V.=2zI, (17d)
-1

where
211 + 219 211 — 212
Z, = 1/————— Z, = ‘/——— 78
¢ yi1 + y12’ ° Yi1 — Y12 (78)
y11 = G11 — wChy, Y12 = Gi2 — wCy,

213 = Ryy — wwkly,, 212 = Ry — wkly,. (79)
The characteristic impedance matrix can be obtained from (64) as

=_1 (Z.+ Z,)/2 (2. - Z,)/2
= (80)

(Zc - ZO)/2 (Ze + ZO)/2

Zc = Sv-

u)

The transfer matrix of length ! can be calculated from (67) as

— 1 cosh 9.l + coshv,! coshy.l — cosh+,l
AVV(I) = 5 (81(1)

cosh 9.l — coshv,l coshy.l+ cosh+,l

= 1
Avi(l) = 3

[ —Z,sinh.l — Z,sinhvy,l -2Z,sinhv.l+ Z,sinh~,!

(81d)
~Z,sinh vl + Z,sinhv,l —Z,sinhv.l — Z,sinh ‘yoll
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= 1
vi(l) = 3
—Z7'sinhv.l — Z;1sinhy,l —27sinhv.l+ Z;! sinhv,l

~Z; 1 sinhv 0+ Z; sinhy,! —Z7 ' sinhv.l — Z;? sinhy,l
(81c)

- coshy.l + coshy,l coshq.l — coshv,l
An() = 3 (81d)
coshv.l — coshv,l cosh+,.l + cosh,l

In the next section, we demonstrate how the transfer matrix is applied
to solve the coupled transmission line problems.

3.7 Results and Discussions

First, we check the results of our method in calculating the capac-
itance matrix using the spectral domain Green’s function and compare
it with other methods using the spatial domain Green’s function. In
Tables 3.1 to 3.4, we present the results of capacitance matrix for differ-
ent microstrip line configurations. In Table 3.1, the difference between
our results and those in [9] is about 1% for the self-capacitance, and
is about 0.03% for the mutual capacitance. The difference from those
in [10] is about 0.1% for the self-capacitance, and about 1% for the
mutual capacitance.

In Table 3.2, the difference between our results and those in [9] is
less than 0.7% for the self-capacitance, and is less than 4% for the
mutual capacitance. The difference between our results and those in
(10] is about 0.01% for the self-capacitance, and is less than 0.4% for
the mutual capacitance.

The capacitance matrix for two microstrip lines embedded in the
same and different layers of a two-layered medium are presented in
Tables 3.3 and 4, respectively. The difference between our results and
those in [9] is about 3% for the self-capacitance and about 1% for the
mutual capacitance.

In Fig. 3.5, we present the charge distributions on the broad sides
of a microstrip line with ¢t/h = 0.02 and w/h = 0.1, 1.0, 2.0. We use
24 pulses on each broad side, and 2 pulses on each narrow side. It is
observed that the charge density on the bottom side of the microstrip
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Comparison of Capacitance Matrix Elements (F/m).
element present work (9] [10]
Cin 0.6301 x 1071 0.6233 x 10°1¢ 0.6307 x 10°1°
Ci2 —0.5929 x 10~1? ~0.5931 x 10~*! —0.5866 x 10!
Ca; 0.6301 x 10-1° 0.6233 x 10~1° 0.6307 x 10~1°
P4
4
g — 00
€o

Table 3.1 Comparison of capacitance matrix for two symmetrical strip-
lines of finite thickness.

is about an order larger than that on the top side because the electric
field between the microstrip and the ground plane is stronger than the
electric field above the microstrip. Also, as the width of the microstrip
increases, the edge effect becomes less significant.

In Table 3.5, we present the results of resistance calculation for a
microstrip line compared with those in [12]. The discrepancy is 7.6%
for w/h = 0.1, and 3.4% for w/h = 2.0. The calculation of the
resistance depends on the square of the charge density distribution
which possesses edge effect as shown in Fig. 3.5. Hence, even when two
different methods can predict close capacitance results, it is possible
that the resistance results can deviate by a higher percentage.

Next, we present the frequency response and the transient response
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Comparison of Capacitance Matrix Elements (F/m).
element present work [9] (10]
Cn 0.9225 x 10-2° 0.9165 x 10~1° 0.9224 x 10~?°
Cia -0.8539 x 107! —0.8220 x 10! —0.8504 x 10~!
Ca 0.9225 x 10720 0.9165 x 10~*° 0.9224 x 10-1°

1 3 e 21 3
€0 T L U !
2¢o 0 T
T T IITIIIIIITIIT
g — OO

Table 8.2 Comparison of capacitance matrix for two symmetrical mi-
crostrip lines of finite thickness.

of two symmetrical microstrip lines. The driving voltage is assumed to
have a sinusoidal pulse waveform Vj(t) with duration 7 = 200 pico
seconds as

(1/2)[1 — cos(27t/7)], 0L<t<T
wi(t) = (82)

0, elsewhere

The frequency response and the transient response are presented
in Fig. 3.6(a) and Fig. 3.6(b), respectively, with all the four load
impedances equal to the characteristic impedance of the even mode
Z.0 . In Fig. 3.6(a), V1(0) is the voltage at z = 0 along line 1, V;(I)
is the voltage at the receiving port, V3(0) is the near-end coupling,
and V3(l) is the far-end coupling. The increase of V3(I) with fre-
quency shows that the high frequency components are responsible for
the far-end coupling[16].
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P IIIIIIIIIIFI

g — 00

90 I IPII I I I

-03 -0.1 01 0.3

Comparison of Capacitance Matrix Elements (F/m).
element present work {9l
Cn 0.3827 x 10~1° 0.3720 x 107°
Cia —0.6884 x 10~1? —0.6889 x 10~!
Ca 0.2245 x 10710 0.2169 x 1071°
z
4
1.1 —
20
1.0 -
7 0.7 ¢
7 p 0
2--10.6
0.5
% 6.860
0 .

Table 3.8 Comparison of capacitance matrix for two microstrip lines of
finite thickness embedded in the same layer of a two-layered medium.

In Fig. 3.6(b), the even and the odd modes propagate in different
velocities, and the odd mode propagates faster than the even mode.
Hence, the waveform V;(l) becomes broader than V;(0), and V3(I)
shows the split of the odd and the even modes. The waveforms V;(0)
and V2(0) after t = 800 ps are due to the reflections by the load
impedances at y = [. Since the load impedances are chosen to be the
same as the characteristic impedance of the even mode, only the odd

mode is reflected.

In Fig. 3.7, the transient response is presented with all the four
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Comparison of Capacitance Matrix Elements (F/m).

element I present work l [9

Cn 0.3772 x 10~10 0.3651 x 10~1°
Ci3 —0.1583 x 10~1! —0.1562 x 10~12
Ca2 0.2152 x 10~1° 0.2099 x 10~2°

@ 722" o'
0.5
04 .
4P
6-860 0..2 I /A
—03i i |i fo3 z
AN A A AT 4 4
Z01" 01

o — 00

Table 3.4 Comparison of capacitance matrix for two microstrip lines of
finite thickness embedded in different layers of a two-layered medium.

load impedances equal to the characteristic impedance of the odd mode
Zyp . The split of the odd and the evgn modes is observed again. The
waveforms V;(0) and V(0) after ¢t = 800 ps show that only the even
mode is reflected, and the reflected signal arrives later than that in
Fig. 3.6(b) because the velocity of the even mode is slower than that
of the odd mode.

In Fig. 3.8 and Fig. 3.9, we present the transient responses of
two symmetrical microstrip lines with s = 0.25 mm and s = 0.375
mm, respectively. The load impedances are chosen the same as the
characteristic impedance of the even mode. Compared with Fig. 3.6(b),
it is observed that the coupling signals V2(0) and V3(l) become weaker
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Figure 3.5 The charge distribution on the broad sides of a microstrip
line with finite thickness, ¢, = 11.7, h = 2e¢m, t/h = 0.02, potential on the
microstrip surface is 1 volt, 24 pulses per broad side, and 2 pulses per
narrow side.

as the separation s is increased.

In Fig. 3.10, the transient responses with a complex dielectric con-
stant ¢, = 10 + 0.1 are presented. The signal amplitudes are smaller
than those in Fig. 3.6(b) due to the dielectric loss. In Fig. 3.11, the
transient responses with copper as the conductor material are pre-
sented. The surface resistance is assumed to be 2.61 x 10~7/f ohms.
The signal amplitudes are slightly different from those with a perfect
conductor because the copper itself is good conductor.
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Comparison of Conductor Loss Parameters.
w/h | R(Q/m) | R(Q/m)12] | eZoh/R, (dB) | aZoh/R, (dB)[12]
0.1 0.07125 0.06605 23.713 21.981
0.2 | 0.04477 0.03993 14.899 13.289
0.3 | 0.03398 0.02986 11.309 9.937
0.4 | 0.02795 0.02400 9.303 8.120
0.6 0.02124 0.01848 7.069 6.150
1.0 0.01492 0.01315 4.967 4.376
1.2 0.01308 0.01173 4.353 3.904
1.4 0.01165 0.01063 3.876 3.538
2.0 | 0.00872 0.00843 2.901 2.807
€0 p——w—l | "
h €r€0 r
75777777777777‘”77
o — 00

Table 8.5. Comparison of the conductor loss parameters for a microstrip
line of finite thickness.

Conclusions

The spectral domain scalar Green’s function in a lossy isotropic
stratified medium is derived. A rigorous integral equation formulation
for the charge distribution on the surfaces of the microstrip lines with
finite thickness embedded in arbitrary layers of an isotropic stratified
medium is derived. Using the spectral domain Green’s function, a mul-
ticonductor transmission line analysis is formulated to investigate the
propagation properties of coupled lossy microstrip lines. Both the fre-
quency and the transient responses of coupled lines with different load
conditions can be obtained. An efficient algorithm is devised based on
this approach.
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Figure 3.6 Response of two symmetric microstrip lines, h = 0.2mm,
w = 0.125mm, t = 5um, ¢ = 0.125mm, | = 5c¢m, ¢, = 10, all conductors
are perfect, 7y = Z3 = Z3 = Z4 = Z.o ~ 72.270Q0. (a) Frequency response.
(b) Transient response.
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Figure 3.7 Transient response of two symmetric microstrip lines, A =
0.2mm, w = 0.125mm, t = 5um, s = 0.125mm, ! = 5cm, ¢, = 10, all
conductors are perfect, Z) = Z9 = Z3 = Z4 = Z,0 ~ 45.86200.
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Figure 3.8 Transient response of two symmetric microstrip lines h =
0.2mm, w = 0.125mm, ¢ = 5pm, s = 0.25mm, | = 5cm, ¢ = 10, all
conductors are perfect, 7, = Z3 = Z3 = Z4 = Z.o ~ 66.345Q.
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Figure 3.9 Transient response of two symmetric microstrip lines, h =
0.2mm, w = 0.125mm, t = 5um, s = 0.375mm, | = Scm, ¢ = 10, all
conductors are perfect, Zy = Z3 = 23 = Z4 = Z.o ~ 63.5670Q.
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Figure 3.10 Transient response of two symmetric microstrip lines, h =
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Figure 3.11 Transient response of two symmetric microstrip lines, h =
0.2mm, w = 0.125mm, ¢t = 5um, s = 0.125mm, | = 5cm, ¢, = 10, all
conductors are copper, Z) = Z3 = Zg = Z4 = Zeo ~ T2.2701).
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