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2.1 Introduction

Recently there has been increasing interest in the applications of
polarimetry to microwave remote sensing of geophysical terrain [1-10].
Using radar polarimetry, the copolarization and depolarization return
for arbitrary elliptical polarized incident wave can be measured. Some
of the prominent features in terrain signatures are a pedestal in copo-
larization return, exhibition of partial polarization on averaging of the
return signals, and a phase difference between vv and hh polarized
waves. In this chapter, we model the terrain as discrete scatterers that
are randomly distributed and are governed by orientation and size
distributions. The polarimetric signatures are calculated by using the
vector radiative transfer theory [11]. Two cases are considered: Sparse
nonspherical particles and dense media with appreciable fractional vol-
ume of spherical particles of multiple sizes and permittivities.

In part I we consider a layer of nonspherical particles that are
sparsely distributed and is overlying a homogeneous half space. We
use the vector radiative transfer theory with a general nondiagonal
extinction matrix and a phase matrix that are averaged over particle
sizes and orientations [11-17]. Incident waves with general elliptical
polarizations are considered in the scattering problem. In sections 2.2a
and 2.2b, we discuss properties of the extinction matrix and also give
conditions on the scattering amplitudes that must be satisfied before
they can be used in calculation of the extinction matrix elements. In
section 2.2c we discuss the properties of phase matrix in relation to
polarimetric signatures. In sections 2.2d and 2.2e we list the first order
multiple scattering and second order multiple scattering solution of the
Mueller matrix. The Mueller matrix as calculated in this manner is an
ensemble-averaged quantity due to the inherent nature of the radiative
transfer theory. The copolarization, depolarization, phase difference
and degree of polarization are then calculated using this ensemble av-
eraged Mueller matrix. We also discuss the differences between single
scattering and the first order multiple scattering solution. The solutions
are expressed in terms of the phase matrix and the eigenmatrix of the
extinction matrix. In section 2.2f, numerical results of copolarization
return, depolarization return, phase difference between scattered vv
and hh waves, and the degree of polarization are illustrated. Some of
the salient features of the results are as follows. (i) The inclusion of
the nondiagonal extinction matrix allows the vector radiative trans-
fer theory to yield an appreciable phase difference between vv and hh
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polarizations particularly for aligned scatterers. The phase difference
decreases with increasing variance of orientation of the scatterers. (ii)
The scattered Stokes vector on ensemble averaging is generally par-
tially polarized with a degree of polarization less than unity. There is
a big difference of degree of polarization between the case of aligned
scatterers and the case of randomly oriented scatterers. (iii) There
generally exists a pedestal in the copolarization return when plotted
as a function of ellipticity and orientation angles. (iv) The factors that
affect significantly the polarization signatures are the orientation dis-
tributions of the particles, the differences between the two effective
propagation constants as expressed in the elements of the extinction
matrix, and the contributions of multiple scattering effects for media
with appreciable albedo and optical thickness. In the appendix, we list
the extinction and phase matrices of small spheroids that are uniformly
oriented in Euler angle 4 and follow prescribed distribution in Euler
angle .

In part II, we apply the dense media radiative transfer theory to
study the polarimetric signatures of a medium containing a high con-
centration of spherical particles with sizes governed by a particle size
distribution [11, 18—22]. In a dense medium, the assumption of indepen-
dent scattering, that is used in conventional radiative transfer theory
is not valid [23]. This has been verified by controlled laboratory experi-
ments in which the scattering properties of the medium are measured as
a function of concentration of particles [24—26]. The experimental data
indicate that, in a dense medium with small particles, both the attenu-
ation rate and the bistatic intensity first increase with volume fraction
of particles until a maximum is reached, and then decrease when the
volume fraction further increases [24-26]. To explain the phenomenon,
we used a dense medium radiative transfer theory that takes into ac-
count correlated scattering [11, 18, 19, 22]. The dense medium radia-
tive transfer equations are derived from the Dyson’s equation under
the quasicrystalline approximation with coherent potential (QCA-CP)
and Bethe-Salpeter equation under ladder approximation of correlated
scatterers [18, 22]. The conditional probability of particle positions for
media with identical sizes and media with particle size distributions
are calculated by using the Percus-Yevick approximation [20, 21, 27—
29] which are in good agreement with Monte Carlo simulations [30] and
laboratory simulations [31]. The dense medium theory explains the lab-
oratory data [10]. In section 2.3a, we give the governing equations for
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calculating the effective propagation constants, extinction rates and
scattering albedo for a dense medium with particle size distribution
and multiple permittivities. Correlated scattering effects are included
through the pair distribution functions which are calculated by the
Percus-Yevick approximation. In sections 2.3b and 2.3c we discuss the
dense medium vector radiative transfer equations and the steps of cal-
culating the multiple scattering solutions. The full multiple scattering
effects are studied as the radiative transfer equations are solved numer-
ically. In section 2.3d we compare the results of dense medium theory
with laboratory experiments. In section 2.3e we illustrate numerical re-
sults of radar polarimetry. It is shown that multiple scattering effects
can decrease the degree of polarization. Multiple scattering also gives
rise to a pedestal in the copolarization signature.

i

2.2 Part I. Nonspherical Particles

a. Vector Radiative Transfer Theory for a Layer of Sparsely Dis-
tributed Nonspherical Particles

Consider a collection of sparsely distributed nonspherical particles
with permittivity ¢, embedded in a background medium with permit-
tivity € (region 1) overlying a homogeneous dielectric of permittivity
€3 (region 2). An incident wave is launched from region 0 in direction
(m — 85, ¢,). Region 0 has permittivity ¢ which is the same as that of
the background medium of region 1 (Fig. 2.1).

The vector radiative transfer equation in region 1 is of the following
form (11}, For 0< 6 <7, 0< ¢ < 2r

cos 0-;;7(8, #,z) = —Re(6,9) - I(6, 6, 2)
2x = — -
+ / dd' / 0 sin0B(0,4;0,4)- 10, ¢',2) (1)
(4] (4]

where I(8, ¢, z) is 8 4 x 1 column vector denoting the Stokes parameters
in direction (4, ¢),
I,
1(0,6,2) = | I# (2)
Y U
1 4
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Region 0 €

Region 2 €2

Figure 2.1 An incident plane wave impinging upon a layer of nonspherical
particles overlying a homogeneous half space of permittivity ea.

In (2) I, = (|B?)/n, Tn = (IEal?)/n, U = 2Re(BuE)/n, and V =
2Im(E,E})/n, where the angular bracket ( ) denotes ensemble aver-
aging. Subscripts v and h denote vertical and horizontal polarization
respectively, and E,, Ej, denote the vertical and horizontal polarized
components of the electric field respectively. In (1), %(8, ¢) is a 4 x 4
extinction matrix in direction (4, ¢) that is generally non-diagonal and
direction dependent. The extinction matrix not only describes the ex-
tinction rates, but also contains the propagation constant difference be-
tween the vertical and horizontal polarized waves. In (1), P(6, ¢; 6, ¢')
is the 4 X 4 phase matrix denoting scattering from direction (¢', ¢') into
direction (8, ). The elements of the extinction and phase matrices are
expressed entirely in terms of the scattering function amplitudes that
are averaged over size and orientation distributions of the nonspheri-
cal particles. For a single particle, the 2 x 2 scattering function matrix
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from direction (¢', ¢') into direction (0, ¢) is

I:fw(ga ¢;9’9¢') fvh(oa‘ﬁ;ola‘f”)] (3)
fhv(01¢;ola¢l) fhh(e, ¢;9I’¢I)

The extinction matrix can be expressed in terms of the forward scat-
tering amplitudes [11]

2Im{fov) 0
2emy |0 2Imifi)
k 2Im<fhv) 2Im(fvh)
2Re(f1w) -—2Re(f,,h)

Im( fon) —Re(fon)

Im(fhv) R8<f}w) (4)
Im(fvv + fhh) Re(fuv - .fhh)
Re(fhh - fvv) Im(fw + fhh)

where n, is the number of particles per unit volume and all the
fity 3, £ = v, h are forward scattering amplitudes. Explicitly, f;¢ is
fie(0, ¢; 8, $) denoting scattering from (6, ¢) of polarization £ into the
forward direction (6, ¢) of polarization j. In (4), the angular bracket
< > denotes averaging over orientation and size distributions of the
particles. For example, for ellipsoids with semi-axes a, b, ¢ and orien-
tation Eulerian angles a, 3, v, the averaging for any g is performed as
follows

(9)= /da/db/dc/da/dﬂ/d'yp(a,b,c,a,ﬁ,'y) g (5)

where p(a,b,c,a,B,7) is the probability density function for the quan-
tities a, b, ¢, a, 3, and 1.

__ In terms of the scattering function amplitudes, the phase matrix
P(0, 40, ") is [11]

'ﬁ—:(e, ¢) =

; e
P(0,4;0',¢') =no | , Re(;:,, fr) 2 Re(;:;; )
2Im{fou fr,)  2Im{furfly)

Re(fvuf:h) —Im(fuvf:h)
Re(fhvf}:h) _Im<fhvf;:};>
Re(fvvf}:}, + fvhf;:u> "Im(fvvf}:h - fvhf}:,,)
Im(fwfih + fvh.f}:.,) Re(.fvvf;:}; - .fvhfi:v>
(6)
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where n, is the number of particles per unit volume. In (6), all the
fits 3, £ = v, h are bistatic scattering amplitudes. Explicitly, f;¢ is
fit(0,9;0',¢') denoting scattering from a general direction (¢', ¢') of
polarization £ into direction (8, ¢) of polarization j.

In (1), we can distinguish between upward going Stokes vector
1(6,¢,z) and downward going Stokes vector I(x — 6, ¢,z) with 0 <
0 < 7/2 and 0 < ¢ < 27. The boundary conditions for the vector
radiative transfer equation are as follows. At z =0,

I(x —0,¢,2z = 0) = I,6(cosf — cos 0,)6(¢ — ¢,) (7
and at z = —d
1(6,¢,z = —d) = R(0) - I(x — 0,6,z = —d) (8)

for 0 < 6 < #/2. In (8), I, = [Loy I, U,, V,] is the incident Stokes

vector, R(6) is the 4 x 4 reflectivity matrix for the interface separating
between region 1 and region 2 and is given by

|R,(6)2 0 0 0
Foy=| 0 IROF 0 0
- 0 0 Re(R,(0)R;(0)) —Im(R,(0)R}(9))
0 0 Im(R.(0)E;(6)) Re(R.(9)R;(9)) ®

where R,(0) and Ry(6) are the Fresnel reflection coefficients for verti-
cally and horizontally polarized waves.

€2 cos 0 — e[ez /€ — sin? §]1/2

R,(6) = 10

) €2 cos 0 + ¢[ez /€ — sin? 9]1/2 (10)
__cos8 — [ez/e — sin? §]1/2

Bn(6) " cos 8 + [ez/€ — sin® §]1/2 (11)

Given the vector radiative transfer equation (1) and the boundary
conditions in (7) and (8), the solutions for I(6, ¢, z) for 0 < 6 < x can
be calculated either numerically or iteratively. Once that is solved, the
overall scattered Stokes vector in direction (0,,¢,) that is observed by
the receiver is

In(on¢a) =I(0u¢nz = 0) (12)

for0<6,<x/2,0< ¢, < 27.
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Since the vector radiativg_ transfer equation is linear, I, = [Toss
I4,,U,, V,] is proportional to I, with the coupling represented by the

4 X 4 Mueller matrix M(0,,8,; 7 — 6,, $,) [9] as follows

T:(en é:) = ﬁ(au ¢o;x - 907 ¢o) * To (13)

We note that the Mueller matrix as calculated here is an ensemble
averaged quantity due to the ensemble averaged nature of transport
theory. In actual experiment, the Mueller matrix is measured as a func-
tion of time and the results are then time-averaged. Thus by solving
the vector radiative transfer equation of (1) subject to the boundary
conditions (7) and (8), the Mueller matrix can be calculated. In this
paper, we shall illustrate the results for backscattering direction with
6, =68, and ¢, = ¥ + ¢,. The following polarimetric signatures are of
particular interest.
The phase difference between vv and hh waves ¢, is defined by

M3 — M34)

14)
M3z + My, (14)

$on = tan™? (

where M;; is the ij element of M.

For a completely polarized incident wave, with ellipticity angle x,
~45° < x < 45° and orientation angle ¥, 0 < ¥ < 180°, the incident
Stokes vector with unit total intensity is defined by

(1 — cos2x cos 2¢))/2
(1 4 cos2x cos 29)/2 (15)
— cos 2x sin 2y
sin 2y

T,=

This definition is a result of assuming an incident wave in the 2’ di-
rection with incident field E; = 2'E, + §'E, and letting E; = Ep,
and E, = —E,,. Thus the notation of the Stokes parameters is as in
reference 11. However the 2’ direction is taken to be horizontal po-
larized while the §’ direction is in the negative vertical polarization
direction. The orientation angle ¢ and ellipticity angle x is defined
with respect to Z’ and j'. The normalized co-polarized received power
in backscattering is that the receiving antenna polarization is the same
as transmitting antenna polarization.

Pn =%(2Iua-[vo + 2IhsIho - Uan + V.Vo)
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=—-(1 — cos 2x cos 29) + —-—(1 + cos 2) cos 2¢)
+%. cos 2y sin 29 + -‘;- sin 2x (16)
The backscattering co-polarization coefficient is
o =4rcosf,P, (17)

For depolarization, we consider polarization that is orthogonal to the
incident polarization. The backscattering depolarization coefficient is
defined as

o4 =4rcos b, [%—'—(1 + cos 2x cos 2¢) + %—'—(1 — cos 2 cos 2%)
G cos 2x sin 2¢) — L4 sin 2x}
2 2
=47 co8 0,(Iys + Iny — Pn) - (18)
The degree of polarization for the scattered Stokes vector is

2 2 211/2
m = (GHVEVD)

(19)
where Q, = I,,, — Iy, and I, = I, + Ip,.

b. Eztinction Matriz and Eigenvalues and Eigenmatriz of Co-
herent Propagation

The extinction matrix in terms of the forward scattering ampli-
tudes is expressed in equation (4). The following points are important
with regard to the extinction matrix and its calculation.

(a) The forward scattering amplitudes in the extinction matrix is to
be averaged over orientation and size distributions with averaging
as indicated in equation (5).

(b) The extinction matrix is derived from Foldy’s approximation [11,
p.138-140 and p.458-461]. Thus it is consistent with Foldy’s inte-
gral equation for sparse concentration of particles.

(¢) The extinction matrix is a generalization of the optical theorem
for a sparse concentration of independent scatterers.
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(d) In order to make use of the forward scattering amplitudes f;.(6, ¢;
0, ¢) to calculate the extinction matrix, it is important that f;,
(8, 9;0,¢) has to be evaluated to sufficient accuracy. Since the
extinction matrix elements are in terms of both the real part and
the imaginary part of the forward scattering amplitudes, the rule
of thumb is to calculate f;¢(6, ¢;0, ¢) up to the leading term of the
real part and the leading term of the imaginary part. For example,
the usual formula for scattering amplitude for Rayleigh scattering
by dielectric sphere is not accurate enough to be used in the ex-
tinction matrix. In that case, it is easily shown that for real ¢,,
Imfy, = Imfr, = 0. Thus to apply the results to the extinction
matrix a more accurate formula for f;4(9, ¢; 6, ¢) is required. For
Mie scattering, exact solution for f;,(8, ¢; 0, ¢) is available and can
be directly used in calculating the extinction matrix. For general
nonspherical particle when scattering amplitudes are usually cal-
culated approximately, this point is particularly important.

(e) Although called extinction matrix, the extinction matrix contains
the phase difference between the vertical and horizontal polarized
components. This is evident by noting that the real parts of the for-
ward scattering amplitude are also used in the extinction matrix.
The 34 and 43 elements of the extinction matrix are particularly
important in this regard.

(f) The extinction matrix represents coherent wave propagation in di-
rection (8, ¢) with two characteristic waves with two corresponding
complex characteristic propagation constants. These are generally
dependent on direction (#, ¢). There are also two characteristic po-
larizations which can be neither vertical nor horizontal polarized
waves. In the special case that f,(0,$;0,9) = fa.(0,¢;0,0) =0,
the vertical and horizontal polarization can be the characteristic
polarizations. For the general case, the two characteristic propa-
gation constants are

Ky =k + 7 [no(fon(0: 430, 8)) + nolfua(6,6:6:4)) + B] (20)
Ky=k+ %[no(fvv(e: ¢’; 9, ¢)) + no(fhh(a7¢; 69 ¢)) - R} (21)

where

R = n,{[(£0u(6,:6,8)) — (fn(0: 66, )]
F a0 80O a0 50,00} (22)
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where the sign of square root in (21) is chosen such that

sgn Re(R) = sgn [(fou) — (fhn)] (23)

The sign convention ensures that when fi,(0,9;0,¢) = for(8, ¢;
6,¢) = 0 in (21), Ky and K, will correspond to vertical and hori-
zontal polarizations respectively.

(g) For coherent wave propagation, we consider the equation,

ar  _
-a"‘; = _Ee Tc (24)
for the coherent Stokes vector I . By using solution T’ proportional
to ezp(—fs), it readily follows from point (f) that there are four
eigenvalues of 8 with

,31 =2ImK,; (25)
B2 =2ImK, (26)
Bs =i(K] — K3) (27)
Bs =i(K3; — K1) (28)

Note that 3, and B, describe the extinction rates of the two char-
acteristic polarizations. On the other hand 33 and 34 are complex
conjugates of each other, and describe the phase and attenuation
differences between the two characteristic polarizations. The cor-
responding eigenvectors can be represented in the eigenmatrix E
which obeys the equation

il

Ezie

|

(29)

where E is a diagonal matrix with the ii element equal to f;,
i = 1,2,3,4. The eigenmatrix E, in an unnormalized form, can
be expressed as follows

1 [62]2 b2 b3
bz 1 b b
2Reby 2Reb, 14 b;bz 1+ b1b;
~2Imb, 2Imby i(1— blbs) —i(l— byb3)

E(6, ¢) = (30)
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where
by = 2no(ffw(09 ¢§ 9’ ¢)> (31)
no(fuu(ey ¢; 6’ ¢)) - n0<fhh(9a ¢; 9) ¢)) +R
b 2no(fvh(ea &; 8, ‘»6)) (32)

2 T {fou(0, 3 0,8)) + no(fan(0, 636, 9)) — B

In equations (23) to (32), we have suppressed the (4, ¢) dependence

of R, E, B, b1, and by. The eigenmatrix is useful in formulating
iterative solutions of the vector radiative transfer equation.
(h) For the special case that

(fhv(ea & 99 ¢)) = <fvh(0: é; 90, ¢)> =0 (33)

(e.g. geophysical terrain that have statistical azimuthal symme-
try), then the eigenvalues and eigenmatrices can be simplified as
follows.

Ky =kt onglfon (6,430, 4) (3¢)

Ky = b+ onglfun(0: 416,9)) (35)

with 81, B2, Bs, and By, given by (25)-(28) and

(36)

0 0
= 0 0
E= 1 1
P .

LR —
OO MO

ot 4

In the Appendix, we list the extinction matrix elements for small
spheroids that are uniformly oriented in Euler angle 7y and are
governed by a prescribed orientation distribution in Euler angle 3.

¢. Phase Matriz and Properties

In this section, we discuss some of the properties of the phase
matrix that have important consequences for polarimetry.

It is first important to verify energy conservation for the vector
radiative transfer equation especially for cases when the scattering am-
plitudes are calculated approximately. For the case when permittivity
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of the particles ¢, is real, implying zero absorption, the following energy
conservation relations must be obeyed [11, p.148]

2n L
K'ell(o, ¢) = ./; d¢,/0 dal sin ol[Pll(ol, ¢I; oa ¢) + P21(0,, ¢I; 0’ ¢)]
(37)

2n »
kera(0,8) = /o d¢ /o do' sin 0'[Pya(8', 830, 8) + Pa(0', 830, 6)]
(38)

2x "
kas(0,) + w0, 8) = [ a¢' [ a0’ sin
[Pls(ola d’l; 01 ¢) + P23(0,) ¢,; 09 ¢)] (39)

2% ~
Ke1a(6, 8) + Keza(6, ) = /0 d' /0 a8’ sin 8’
[Pua(6', 4'36,8) + Pou(8,4:6,8)]  (40)

Equations (37) and (38) represent extinction of the first two Stokes
parameters while the equations (39) and (40) represent extinction of
the third and fourth Stokes parameters.

Next we investigate the conditions on the phase matrix elements
such that a single scattering of a completely polarized wave by a con-
glomeration of particles will also give a completely polarized wave. Let

L.(0s,4:) = P01 643 0:,6:) - T (41)
The degree of polarization of incident wave I, is 1 so that
AL, I, = U2 + V2 (42)
Then,

4Ichho = 4(13111-1«0 + P12Iho + P13Uo + P14Vo)
(P21lvo + Paz2lpo + Pa3U, + Pa4Vs,) (43)

Making use of (41) and that I, is completely polarized (equation (42))
gives

U‘z + ch =(P321 + P421)I3o + (sz + P422)Ilfo
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+2(P35 + P34 + Pl + Pi)loolno

+2( P31 Pss + Py1 Ps3)yoUs + 2( Py Pag + Psy Pag) 1,0V,

+2( P33 P33 + PyaPy3)InoU, + 2(PsyPag + PaaPag)In,V,

1
+5(Ps1Pa2 + PuPiz + P2 - P, + PL — PL)U?

1
+~2-(P31P32 + Py Py, — Py + P}, — PL + PL)V?

+2(Ps3Ps4 + Py3Pua)U,V,

(44)

Equating (43) and (44) gives the following conditions on the elements of
the phase matrix such that a single scattering of a completely polarized
wave by a conglomeration of scatterers or a random medium will still

give a completely polarized wave
2(Py Py + PiaPn) = P+ Pl + P + P4,
4P, Py = P, + P}
4Py P = Pjy + P},
2(P11Pp3 + P31 Pig) = Py Pag + Py Py
2(P11P24 + P Piy) = P31 P3g + Py Pyy
2(P12P2s + Py2P13) = PayPag + Pya Py
2(P12Py4 + Pp3Pi4) = P33 Pag + PyaPyy

1
4P13Py3 = §(P81P32 + Py Py + P — Pl + P — PL)

1
4P 4Pyy = §(P31P32 + Py Py — P33 + P}, — Pl + P,)

2(Py4Pa3 + Pi3Pay) = P33 Pay + Py3Pyy

(45)
(46)
(47)
(48)
(49)
(50)
(51)
(52)

(53)

(54)

An example that the conditions (45)-(54) are obeyed is Rayleigh
scattering by small spheres that can be governed by a drop size distri-
bution [11,p.157]. In spite of the size distribution, the complex ratio of
the scattered vertical polarized wave to that of the horizontal polarized
wave is constant for all scatterers. Another example that the conditions
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(45)—(54) are obeyed is the phase matrix as calculated for a random
medium by using the Born approximation [11,p.164]. An example that
(45)-(54) are not observed, as shown by the results in this chapter, is
a conglomeration of spheroids that are randomly oriented. A sufficient
condition that (45)—(54) are obeyed is that the scatterers are identical
and are aligned.

d. First Order Solution of Mueller Mairiz

By making use of the eigenmatrix of the extinction matrix, the
vector radiative transfer equation (1) and the boundary conditions (7)
and (8) can be cast into integral equations [11]. The first order iteration
of the integral equations gives the first order solution of the Mueller
matrix. The first order solution of the scattered wave in region 0 for
the two layer medium of Fig. 2.1 contains four terms which can be
physically interpreted as follows
(a) areflection by the boundary at z = —d, followed by a single down-

ward scattering by the particles and further followed by a reflection

off the boundary at z = —d, which then proceeds upward to the
receiver,
(b) a downward single scattering by the particles that is followed by a

reflection off the boundary at z = —d.

(c) a reflection by the boundary that is followed by a single upward
scattering by the particles, and
(d) a single upward scattering by the particles.

Between scattering by particles and reflection by boundary, the
waves propagate with the coherent propagation constants as discussed
in section 2.2b. Thus polarization phase differences are preserved in the
theory. The first order solution of the Stokes vector is given in p.244 of
reference 11. From that, one can readily calculate the Mueller matrix.

=1
The first order solution of the Mueller matrix F )(0, &7~ 05, d5)
is listed below

Mtj(l)(ov ¢; T — 00’ ¢o) =
S sect {E(0, 0D (416, OsecO) B (0, EO)E(x - 0,0))

X k

X {:E=_1(1l' -8, ¢)?(T - 8,¢;0,, ¢o)f(0ov ¢o)}

ki
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1-— e‘ﬂh(1—0,¢)d3ec0-—ﬁ;(9,,qso)d”coo — _
80, b0 ) B(0
e AT LR TR

B (% = 00, $0)D (—B(7 — 8, )dsec0,)E (7 — 6o, ¢,,)}

27

+3 sech {“’E"(a, $)D (~B(6, d)dsecO)E (6, )E(6)E(r — 0, ¢)}
X

Lk

=1 e =
X {E (13' - 9) ¢)P(1t’ - 9’ 9537’ - 9,,, ¢0)E('K —~ 8o, ¢o)}
e—Pr (x—0,¢)dsect—B:(x—8, ,$,)dsect,

=1
X Bi(x — 85, ¢,) sec 8o — Br(m — 6, p)secb {E (= - 00,%)}‘5
+ sect Z flh(es ¢) {ﬁ-l(ea ¢)?(0’ ¢; oo, ¢o)§(‘9¢n ¢o)}
ki

ki

ki
e—Pu(6,8)dsec8—L:(0,,4,)dsect, i“l . =
X Bi(00, ¢0) sec b, — Pr(0, d)sect { (605 $0)R(6,)

e B(7 = 00, $0)D (~B(7 — 00, ¢o)d sec e.,)‘_E‘“l(w —8,, ¢o)}

Iy

2

+ secd Zflk(a, qS) {"—E?—"‘l(g, ¢)=ﬁ(9’ @7 — b5, ¢o)§(ﬂ' — 85, 4’0)}

s ki
1 — e—Br(8,d)dsecd—Bi(x—08, po)dsect, i*l .
8 Br(0,¢) sec @ + Bi(x ~ b,,P,) sec b, { (x — 0, ¢o)} ~

£

(55)

The four terms in (55) correspond respectively to the physical inter-
pretations (a), (b), (c), and (d) above.

Our first order solution is different from the conventional single
scattering solution. The conventional single scattering solution is usu-
ally regarded as a single volume scattering from the medium with-
out considering the attenuation of the incident wave nor reflection by
boundaries. The first order solution in (55) has four terms and in-
cludes the effects of boundary reflection. Also, the attenuation of in-
cident wave is taken into account as exhibited by factors of the form
(Brsecd + Bisech,)~! in equation (55). Because of the differences in
propagation constants between polarizations, these factors contribute
to interesting polarimetric signatures.
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e. Second Order Solution of Mueller Matriz

The expression of the second order solution for a two layer medium
is very complicated. In the following we give the expression for the case
of half space with d — oo in Fig. 2.1. The second order theory consists
of the sum of the first order solution and the second order solution
of the vector radiative transfer equation. The first and second order
solutions correspond respectively to the first and second iterations of
the integral equation.

Mmj(ea ¢ 7 —0,, ¢o) = M,S:J)(aa o7 —0,, ¢o) + My(:j)(oa b —6,, ¢o)
(56)
with

M,(:;,)(os ¢;T - 0,, ¢o) =
32 080k (6,8) {E (0, F(0, 7 — 0, 60) Bl — 00, )
k

'Y Fet
E.'EI(T — 05, 95)
X Bi(6,9) <080, + Bi(% — By $o) cos 6,

(57)

M,(:}(o’ &7 —05,0,) =
cos O, EZ (7 — 05, 0,)
Z Emu(o) ¢) ﬂ”(o, ¢) cos 00 .: ﬂ‘-(ﬂ' — oo’ ¢°) cos 00

nk,i

x x/ —_ _ —
x / ’ d¢' / ' ' sind [{E 1(0,¢)?(0,¢;0’,¢')—E(0',¢')}
0 0 nk

v {f“(o', )VP(8',4'37 b0, $0) E(x ~ 6, "’°)}
cosd,

X ﬁk(ol’ ¢') cos f, + ﬂi(w - 6,, ¢o) cos ¢/
+ {i“(e, $)P(0, ;7 — ', ¢')E(x — 0’,¢')}
nk

ki

X {f—l(r —8,¢\P(x — &, 8';7 — 06,8,)E(r — 0°’¢°)}

x cos @ ]
Bn(0,0) cos 8’ + Bi(x — 6',¢') cos §

ki
(58)
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f. Numerical Results of Radar Polarimetry

The formulation of vector radiative transfer theory in sections 2.2a
to 2.2e is applicable to general nonspherical particles with arbitrary
sizes and orientation distributions. In this section, we illustrate the
numerical results of radar polarimetry of a layer of small spheroids
overlying a homogeneous half-space. In the appendix, we list the ex-
tinction and phase matrix elements of spheroids that are uniformly
oriented in Euler angle 4 and are governed by orientation distribution
in angle .

In Figs. 2.2 to 2.5, we illustrate the numerical results when the
orientation in f is uniform between 3; and ;. Hence the averaging is
taken as follows:

1 ﬂzd . o
~ cos Py — cos By Jg, Asinfig (59)

(9)

For the case of §; = 0° and B, — 0°, the spheroids are aligned
with axis of symmetry in the z direction.

In Figs. 2.2(a), (b) and (c), we illustrate the results for aligned
oblate spheroids. In Figs. 2.2(a), 2.2(b) and 2.2(c) the backscattering
copolarization coefficient, depolarization coefficient and degree of po-
larization are plotted respectively as a function of ellipticity angle x
and polarization orientation angle 1. The oblate spheroids are aligned.
The layer thickness is optically thin. The parameters chosen for dis-
crete scatterers and dielectric permittivity of the lower half space rep-
resent typical values of leaves in vegetation [4,32]. The case of x = 0°,
1 = 90° represents incident vertical polarization and the case of x = 0°,
1 = 0° represents incident horizontal polarization. Horizontal polariza-
tion produces larger return than vertical polarized waves while circular
polarization produces negligible copolarization return. In Fig. 2.2(b),
we note that the depolarization coefficient is largest for circular polar-
ized incident waves. In Fig. 2.2(c), we plot the degree of polarization.
The degree of polarization for the scattered wave is close to unity for
all incident polarizations. This is because the particles are identical
in sizes and orientation and the layer is optically thin so that under
the single scattering approximation as discussed in section 2.2c, the
phase matrix has the property of preserving the degree of polarization
to be unity. In Figs. 2.3(a), (b) and (c), we illustrate the results for
randomly oriented spheroids with g, = 0° and 8, = 90°. We note in
Fig. 2.3(a) that the copolarization return has less variation than that of
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Figure 2.2a Polarization signatures based on first order theory as a
function of ellipticity angle x and polarization orientation angle 3 of a
layer of aligned spheroids with frequency = 1.225GHz, ¢, = (6.5+10.5)¢,,
a = 2.5¢cm, ¢ = 0.25¢m, fractional volume = 0.0055, d = 2.5m, €2 =
(15 + i2)e,, and 6, = 35°. Orientation distribution is governed by 3, = 0°,
and B; — 0°. (2a) copolarization coefficient (¢ = 7.882x 102 at ¢ = 180°,
x =0°).

Fig. 2.2(a). There is finite copolarization return for circular polarized
waves and less difference between the returns of vertical and horizon-
tal polarized incidence. The copolarization also exhibits a pedestal.
Thus the results illustrate the effects of heterogeneity of scatterers
because although the scatterers are identical in size and shape, they
are oriented in different directions and thus have different scattering
properties from the point of view of the transmitter. In Fig. 2.3(b),
we illustrate the depolarization signature. In Fig. 2.3(c), the degree of
polarization is plotted. We note that the degree of polarization is no
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Figure 2.2b Depolarization coefficient (¢q = 5.245 x 10~2 at ¥ = 180°,
X = —45°).

longer equal to unity as a result of averaging over the orientation of the
spheroids. Comparison between Figs. 2.2(c) and 2.3(c) indicates that
there is a big difference of degree of polarization between the case of
aligned scatterers and randomly oriented scatterers.

In Fig. 2.4, the phase difference (14) between vv and hh waves are
plotted as a function of 8; with #; = 0. Two angles of incidence of 35°
and 60° are considered. We note that there exists a finite phase differ-
ence for aligned scatterers. This is because, for aligned spheroids, there
exist two effective propagation constants that are appreciably differ-
ent. The phase difference is also larger for a larger angle of incidence.
However, as (; increases representing an increase in the variance of ori-
entation, the phase difference decreases which implies that the effective
anisotropy of the medium decreases.

In Fig. 2.5, we plot the degree of polarization of the scattered
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wave for a left hand circular polarized incident wave as a function of
B2. We note that as 3, increases, the degree of polarization decreases
as a result of differences in scattering between different scatterers. We
note that for the case of aligned scatterers, the degree of polarization is
not equal to unity in spite of the fact that the scatterers are identical.
This is because the first order solution is more than single scattering.
It includes the difference in attenuation between the two polarizations
as exhibited in a circular polarized incident wave.

In Figs. 2.6 and 2.7, we compare the results between first order
theory and the second order theory for a half space medium with less
lossy aligned scatterers. The degree of polarization is generally less
than unity for both first order theory and second order theory because
of the phase differences and attenuation rate difference between the
two propagation constants. We note that multiple scattering effects as
exhibited in Fig. 2.7 generally show less polarization contrast than first
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Figure 2.8a Polarization signatures based on first order theory as a
function of ellipticity angle x and polarization orientation angle 9 of a
layer of randomly oriented spheroids with frequency = 1.225GHz, ¢, =
(6.5+10.5)€,y @ = 2.5¢cm, ¢ = 0.25¢m, fractional volume = 0.0055,d = 2.5m,
€2 = (15 + #2)¢,, and 6, = 35°. Orientation distribution is governed by
B1 = 0°, and B; = 90°. (3a) copolarization coeficient (¢ = 5.161 x 10~? at
¥ = 180°, x = 0°).

or«ier scattering in Fig. 2.6.

2.3 Part IL. Dense Media Radiative Transfer Theory

a. Effective Propagation Constants, Extinction Rates and Albedo
for Dense Medium with Particle Size Distribution and Multiple
Permittivities

To study the propagation and scattering of waves in dense me-



2.8 Part Il. Dense Media Radiative Transfer Theory o7

ol%

R
RN
RN
AT,
W ‘\\\\\‘\‘\\\\‘ N
Wt a
g ORI
Tt
\“‘\\\:\\\\‘
W, W
AN

D
NN

AR
\\:,.

Figure 2.3b Depolarization coeflicient (04 = 3.646 x 102 at ¢y = 180°,
x = —45°).

dia, we have derived dense medium radiative transfer equations from
the Dyson’s equation under the quasicrystalline approximation with
coherent potential (QCA-CP) and the Bethe-Salpeter equation under
the ladder approximation of correlated scatterers [11,18,19]. The en-
ergy conservation is satisfied exactly under the combination of these
two approximations. The dense medium transfer equations take into
account the correlated scattering effects and correct the deficiencies of
the conventional theory. We have also extended our treatment of dense
medium transfer theory to media consisting of multiple species of par-
ticles [20-22]. The multiple species refers to the fact that the medium
is a mixture of particles with different sizes and permittivities. This
is particularly important because particle sizes in geophysical terrain
generally follow a size distribution and can also consist of different con-
stituents. Three important quantities for this theory are the effective
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propagation constant, extinction rate and albedo. They are computed
from the input physical parameters of the model which are the back-
ground medium permittivity, the particle permittivities and their size
distributions. The pair distribution functions for media with multiple
species of particles are calculated by using the Percus-Yevick approx-
imation [27-29] which are in good agreement with Monte Carlo and
laboratory simulations [30,31].

Consider a medium with densely distributed particles with mul-
tiple sizes and permittivities. Let there be L species and let s;, s; =
1,2,-++, L, be the species index. The volume fraction f,; = 4xn,;a} /3
of the s; species can be appreciable and the wavenumber k,;, = w, /ey
of particles of species s; can be substantially different from the back-
ground wavenumber k. The quantities a,; and n,; are respectively
the radius and the number of particles per unit volume of species s;.
Hence, the effective propagation constant K of the medium may be
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Figure 2.4 Phase difference ¢,; in degrees (equation (14)) based on
first order theory of a layer of spheroids as a function of orientation
distribution (3 in degrees for §; = 0°. At 83 — 0° spheroids are aligned.
Two angles of incidence 8, = 35° and 6, = 60° are considered. Other
parameters are frequency = 1.225GHz, ¢, = (6.5 + i0.5)¢,, @ = 2.5¢cm,
¢ = 0.25cm, fractional volume = 0.0055, d = 2.5m, and €3 = (15 + i2)¢,.

very different from k of the background medium.

The propagation of coherent wave in a medium is characterized by
the effective propagation constant. The effective propagation constant
K is generally complex with the imaginary part accounting for the at-
tenuation of the coherent wave due to both absorption and scattering.
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Figure 2.5 Degree of polarization based on flrst order theory of a layer
of spheroids as a function of orientation distribution 8; in degrees for
B = 0° At B33 — 0° spheroids are aligned. Two angles of incidence
8, = 35° and #, = 60° are considered. Incident wave is left hand circularly
polarized. Other parameters are as follows. frequency = 1.225GHz, ¢, =.
(6.5+40.5)€,, @ = 2.5cm, ¢ = 0.25¢cm, fractional volume = 0.0055,d = 2. Sm,
and €3 = (15 + i2)e,.

Generally, K’ = Re(K) 3» Im(K) = K". For the case of small spheri-
cal particles, ka,; < 1, the effective propagation constant K under the
quasicrystalline approximation with coherent potential is governed by
the relation [20,21]

K*x~K"? + 2K'K"

3K? & 2K3
:kz D(K ) Zf'lyu(Ko)x {1+ 3D(K )[ ?zyu(Ko)
20=1
+ Z Yo; (Ko)a3 ny,87°Hyy, (p = 0)} } (60)
85=1
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Figure 2.6a Polarization signatures of a half space of aligned spheroids
based on first order theory as a function of ellipticity angle y and polar-
ization orientation angle 9. Other parameters are as follows. frequency =
1.225GH z, €, = (6.5+10.05)¢,, @ = 2.5cm, ¢ = 0.25¢m, fractional volume =
0.0055, d = 2.5m, €3 = (15 + i2)¢,, and 6, = 35°. Orientation distribution
is /; = 0° and (B — 0°. (6a) copolarization coeflicient (¢ = 0.479 at
¥ = 180°, x = 0°).

where K? satisfies the following equation

K2 &
K=k + 1—):?(?0;5 Y foeved(Ko) (61)

s=1

which is also equivalent to the dielectric mixing formula [20,21]



102 2. Scatterer Signatures Based on VRTT

X 3
BRI
3
ety
R

24704y ",
0 ,;uln,,;:: &
Yey ln”,,," e,
117000000008

L
€, — €
3¢, . z
cffg;lf” Beeps + €, —€
€efy = €+ I (62)
€, — €
1- ~ !
.;f’ Seess +esy —€

The effective permittivity e.z¢ is given by €.5¢/e = K2/k?. Physically,
K, indicates the propagation constant when particle sizes are so small
that the scattering attenuation rate can be ignored. In the above equa-
tions (60) and (61), y,,(K,) and D(K,) are functions of K, defined



2.3 Part II. Dense Media Radiative Transfer Theory 103

0N
OO | £
"\\ Lyl [/
o‘s\\\\\\\\\\‘,,/ I
OOXRN
X

ot \)
I,"h"'t”"\‘\ \

\ AN
N AR
‘\\“\\\\\\\‘\\\."'»'z'-""'""'~’~"~“~“~‘\:\‘\‘\‘w

0%

X

waeet =

WK DO
NRADADAXXS W
R

LN

Figure 2.6¢c Degree of polarization.

as
k2, ~ k2

Ys; (KO) = 3K3 T (kgi — kz) (63)

L
D(KO) =1- Z fa;ya,' (Ko) (64)

;=1

The quantities H, ,,(P) in (60) are related to the Fourier trans-
forms of pair distribution functions by

Ha,‘n(ﬁ) = ﬁ /_: dr eii.;ha,‘u(i) (65)

and
ha,- 7] (F) = Gsjs: (?) -1 (66)
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Figure 2.7a Polarization signatures of a half space of aligned spheroids
based on second order theory as a function of ellipticity angle y and po-
larization orientation angle ). Other parameters are as follows. frequency
= 1.225GH z, €, = (6.5 + i0.05)¢,, a = 2.5cm, ¢ = 0.25¢m, fractional volume
= 0.0055, d = 2.5m, €3 = (15 + i2)¢,, and 6, = 35°. Orientation distribu-
tion is B; = 0°, and f8; — 0°. (7a) copolarization coefficient (o = 0.649 at
¥ = 180°, x = 0°).

where g,.,,(7) is the pair distribution function of two particles of
species s; and s, separated by 7. The multiple species pair functions can
be computed by the Percus—Yevick approximation [20,21,27-29]. The
total correlation function h,,,,(7) is generally non-zero over a range of
a few particle diameters.

The Fourier transforms H,,,,(p = 0) in (60) can be calculated by
solving the L x L matrix equation

Ul
Ul

H(p=0)=C(p=0)+0(p=0)H(p=0) (67)

where the matrix elements H, s:0; (P = 0) and H,,,,(p = 0) are related
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by :
ﬁ‘i‘j (p = 0)
@) ey

Equation (67) is the matrix form of the multicomponent Ornstein—

Zernike relation {27,29] at p = 0. The matrix 5(;; = 0) in (67) is
defined by a similar equation to (68) for the direct correlation function
Case;(7) [29], and C,,,,; (p = 0) takes the following form

Huli (P = 0) = (68)

i85

~

C',‘.,,. (P = 0) = :
x (Ra; + Rq )3 3RliRﬁ' 62(83. + Rf,)
- 6\/";3”:; 1—-6 + (1 — £3)2
4 3R% R} &i(R,, + R,,)) + 9R. R & + R} RS 6o
(1 —&)?
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Figure 2.7c Degree of polarization.

9R}, R} €3(R,, + R,,) + 6R3 R} &16; N 9R3 RS &3 (69)
(1-¢&)° (1-&)t

where R,,,; is the sum of radii a,, and a,,,
. . R“‘i — a.‘ + a'i (70)

and the parameters £, are defined by

L
m = 3;. 3 ny;(2a,,)" (11)

85=1

for m = 0, 1, 2, 3. Thus, given the species radii a,; and number densities
Ny, 5 Co; +; (p = 0) can be computed from equations (69)—(71). Then, the
elements H,,,(p = 0), for s;, s; = 1,2,---, L, are calculated by solving
the matrix equation (67) and making use of the relation (68).
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The extinction rate and albedo are calculated as follows. For a
medium with multiple species of particles, the extinction rate x, is

Ke = 2K (72)

where K” = Im(K). The albedo & for the multiple species medium is
given by [11,22]

2|K, |4 L
ZHIJ'(T(‘T)F > fotn(Ko)

8s=1

w=

L
{ai y:; (Ko) + Z Ny; a?j y:; (KO)SWSH:M (p= 0)} (73)

85 =1

where K, is given in (61). For the case of medium with lossless particles,
it follows that K,, y,,(K,) and D(K,) are all real and K, = K'. The
extinction rate k., becomes

2kt &
R = D(K.) D fote(Ko)
° 8:=1

L
{af‘y,‘(Ko) + Z n,, afj Ys; (Ko)87%H, ., (p = 0)} (74)

8;=1

In this case, the extinction is totally due to scattering and albedo & is
equal to unity. It is noted that both the attenuation rate and albedo
are expressed in terms of the physical parameters of the medium: sizes,
concentrations, and the dielectric properties of the particles. This al-
lows us to study the electromagnetic responses of the medium directly
through the target characteristics.

In the studies of remote sensing of geophysical terrain, very often
the ground truth data are given in terms of a histogram of particle size
distribution. The multiple species model is applicable to a medium with
size distribution. A general expression for particle size distribution is
the modified gamma distribution [11,34,35]

n(a) = K1a¥ exp (—K2a%) (75)

where a is the size of particle and n(a)da gives the number of particles
per unit volume having sizes between a and a + da.



108 2. Scatterer Signatures Based on VRTT

The modified gamma distribution defined in (75) is a four-para-
meter distribution function. The four constants K;, P, K3, and Q are
positive and real. The behavior of this distribution function for small
size is governed by the power law of a”, and for large a, exp (—K2a?)
contains the dropoff at large particle size. The normalizing factor K,
is mainly dependent on the total fractional volume f;,; occupied by
particles per unit volume. This is obtained by multiplying n(a) by
(4/3)xa® and integrating over the entire range of size (from 0 to co)

fue = AT KL~ (P14
The parameter K is related to the mode size a. at which n(a.) is a
maximum in the distribution, where a. can be found by setting the
derivative of (75) with respect to a equal to zero.

G = (KI:Q)% (77)

One may construct a great variety of specific distributions based on
the general formula (75). Usually, the constants P and Q can be fitted
empirically to the slopes of an experimentally obtained particle size
distribution.

For a medium with particle size distribution, we can discretize the
continuous size distribution into a histogram of L different sizes to in-
corporate the results shown above. Given the sets of L discretized sizes
a,; and number densities n,,, the process of computing the effective
propagation constant K, the extinction rate s, and the albedo & is
summarized as follows.

«Step 1. Obtain the corresponding fractional volume f,; for each of the

L species by making use of the relation f,, = 4#n,, afj /3.

Step 2. Compute the effective propagation constant K, by solving
(61) and the functions y,;(K,) and D(K,) from (63) and (64).
Note that (61) is a nonlinear equation of K, because both y,, (K,)
and D(K,) depend on K. We can cast equation (61) into a polyno-
mial equation of K2, generally, the coefficients of this polynomial
are complex. The complex roots are readily solved by using some
FORTRAN subroutines (e.g. IMSL). Actually, there is only one
solution which has the correct physical meaning of effective prop-
agation constant. Substitute the correct solution of K, into (63)
and (64), y,, (K,) and D(K,) can be calculated.

(76)
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Step 3. The Fourier transform quantities H,,, (p = 0) in (60) are
calculated by using equations (67)~(71). The elements C.. 5(p=10)
are firstly evaluated from (69)-(71), the matrix equation (67) is
next solved and H,,,,(p = 0) are computed by using (68).

Step 4. Once H,,,;(p = 0), y,;(K,) and D(K,) are obtained, we can
proceed to calculate the effective propagation constant K by using
(60).

Step 5. The extinction rate k. and albedo @ are calculated by using
equations (72) and (73) respectively.

In this manner, the effective propagation constant K under QCA-

CP can be calculated and is numerically illustrated in Fig. 2.8.

In Fig. 2.8, we illustrate the normalized attenuation rate x./k as

a function of the total fractional volume of particles. The permittivity

chosen for particles is 3.2¢,. The results are also compared for two

sets of size distribution parameters, P = 6, Q = 4, fiot = 0.2, and
ac = 0.1em, and 0.125¢m. The size distributions have been discretized
into thirty different sizes and the pair functions are also calculated. We

note that the attenuation rate first increases with fi.:, then rises to a

peak and decreases when f;,, further increases. This indicates that the

medium appears more homogeneous as f;,; further increases beyond

a certain value. It also indicates that the medium with more large

particles (larger a.) can have significantly larger scattering attenuation

rates.

b. Vector Radiative Transfer Theory for Dense Media

Consider the same geometric configuration as Fig. 2.1 with region
1 now occupied by densely distributed multiple species of spherical
particles (Fig. 2.9). The slab is of thickness d (region 1) and lies above
a homogeneous medium with permittivity of e; (region 2). A plane
wave of angular frequency w is incident from region 0 upon the two-
layer medium in direction (7 — 6,,¢,). The propagation and scattering
of waves in region 1 is governed by the dense medium radiative transfer
equation [11,18,22]. For 0 < <wand 0 < ¢ < 27

2% ®
cos 0—‘—1-7(0, #,2) = — kI(0,,2) + / d¢'/ dé'
dz 0 0
sind' P(6,4;0',¢') - 1(¢', 4, 2) (78)
where I(6,4,z) is the Stokes vector in the direction (6,¢). The ex-
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Figure 2.8 Normalized attenuation rate x./k as a function of fio, for

(1) ac = 0.1cm and (2) a, = 0.125¢m, with P = 6, @ = 4, ¢, = 3.2¢, and
frequency = 17TGHz.
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Region 0 €

Region 2 €2

Figure 2.9 An incident plane wave impinging upon a layer of densely
distributed spherical particles overlying a homogeneous half space of
permittivity es.

tinction rate . and albedo @ are given by (72) and (73), respectively.
The dense medium radiative transfer equation (76) resembles that of
conventional radiative transfer equation [23,34] except that the expres-
sion for k. and & are different because of correlated scattering and the
effective propagation constant K is also taken into account [11,18,22].

The elements of the 4 x4 phase matrix ?(9, ¢;8',¢') are [11, p.155—

158]

Py3 =

Py = 3::0 [sin@sin 8 + cos B cos & cos(¢ — ¢'))* (79)
P, = 3‘;‘0 cos? 8sin*(¢ — ¢') (80)
3w

- [sin @ sin 6’ + cos 8 cos 6’ cos(¢ — ¢')] cos O sin(p — ¢') (81)

3k 0

Py == cos? &' sin?(¢ — ¢') (82)
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3k ’
Py = o cos®(¢ — ¢') (83)
Py3 = —32::5 cos 0’ sin(¢ — ¢') cos(¢ — ¢') (84)

Py = — 3:;40 cos 8’ sin(¢— ¢')[sin 8 sin 6’ + cos 8 cos 8’ cos(p—¢')] (85)

Py = 3:;w cos  cos(¢ — ¢') sin(¢ — ¢') (86)

Prs = 222 ein hsin g ') + cosfcos 8 cos2(¢ — ¢')] (87

58 = o [sin @ sin 6’ cos(¢ — ¢') + cos B cos §' cos2(d — ¢')]  (87)
ke, , .. o ' .

Py = Py [sin@sin &’ cos(¢ — ¢') + cos 6 cos €] (88)

Py =Pyy = P34 =Py =Py =Py3=0 (89)

The phase matrix is identical to the Rayleigh phase matrix of the con-
ventional radiative transfer theory [11]. This is because of the small
particle assumption and that the pair distribution functions are only
correlated for the range of a few diameters which are less than a wave-
length.

In the original derivation of the dense medium radiative transfer
equations, the electric field has been decomposed into a coherent part
and an incoherent part. To obtain (78), the coherent and incoherent
intensities are added together to form the total Stokes vector. At the
boundary between region 0 and region 1, the Snell’s law can be applied
so that the transmitted angle of the coherent wave in region 1 is § =
sin~!(ksinf,/K') where K' = Re(K) is the real part of the effective
propagation constant in region 1. The boundary conditions for the
Stokes vector are, at z = 0 for 0 < 6 < 7/2, [11,33]

T(T - 0, ¢, z = 0) = ?01(0,,) 'TO(W~ 00, ¢o)+ﬁ1o(a) -7(0, ¢, z = 0) (90)
and at z=—~dfor 0 < 0 <~x/2,

1(0, ¢,z = —d) = Ry5(6) - I(x — 6, ¢,z = —d) (91)

where I,(7—0,, ¢,) is the incident Stokes vector in direction (x—8,, ¢,),

I,(x — 0,8) = T,6(cos8 — cosb,) §(¢ — ¢,) (92)
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with To = [Lyo, Inos Us,y Vo). In equations (90)-(91), 7(8, ¢, z) and I(x —
6, &, z) represent respectively the upward and downward going Stokes
vectors in region 1. The transmissivity matrix To;(6,) represents the
coupling from region 0 to region 1 for the Stokes vector, and the re-
flectivity matrix R,o(6) represents the coupling from upward-going in-
tensity into downward-going intensity at the interface of region 0 and
region 1. Similarly, R;,(6) represents the reflectivity matrix of Stokes
vector at the boundary z = —d.

The reflectivity and transmissivity matrices in boundary condi-
tions (90)—(91) follow also from the ladder approximation of Bethe-
Salpeter equation [11]. They are basically those of Fresnel relations
using ¢ for region 0, the effective permittivity ¢, for region 1 and ¢, for
region 2. The 4 X 4 coupling matrices Rp,(6) and To;(6,) in (90)-(91)
take the forms, for p, ¢ = 0, 1, 2, [11,33]

| Rupq(9)]? R 00 ,
5 0
RM(O) = 0 I hpt(})( )]
0 0
0 0
0 0

Re(Rupg(8)Rjq(6)) ~Im(Rupg(8) R}, (6)) (93)
Im(Ropg(0) R}, (0))  Re(Rupg(6)R;,,(6))

and
tv(6,) 0
= €1 0 trh(6,)
To01(6,) = —
o1(6e) | O 0
0 0
0 0
0 0

B(00)Re(To(80)T5(00)) ~B(86)Im(T(6,)T5(80))
B(8o)Im(To(65)T3(60))  B(00)Re(To(00)T3(6o))
(94)
where R,,(6) and Rp,q(0) are respectively the Fresnel reflection coef-
ficients for vertically and horizontally polarized waves,

€q €08 8 — €p[e,/€p — sin? 0]1/2

Rp0(0) =
va(6) €q €08 0 + €p[€g/€p — sin? 6]1/2

(95)
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cos 8 — [e,/€p — sin? 0]1/2

R”Amzcme+kd%—afmuz (96)
and
to(60) = 1 = | Rooa (06)° (97)
th(6o) = 1 ~ | Rho1(6,)[? (98)
To(0o) = 1+ Roo1(6,) (99)
Tn(0) = 1+ Rro1(6,) (100)
p(e) = 2= (:f)ﬁ;‘o) sl (101)

for 0, less than the critical angle, otherwise T,(6,) = Tx(6,) = 0. The
effective dielectric constant ¢; in region 1 is given as

€ K:z
k2

(102)

€ =

Once the dense medium radiative transfer equations are solved
subject to the boundary conditions, the scattered Stokes vector in the
direction (4,, ¢,) in region 0 is obtained as

fs(gn ey 2 = 0) = ?10(93) ’T(On Peyz = 0) (103)

where I, = [I,,,In,, U,,V,] and T19(4,) is the transmissivity matrix of
the Stokes vector from region 1 to region 0 and is the expression of (94)
with interchange of 1 and 0 and the angles in the two regions related by
Snell’s Law. The Mueller matrix M which couples the scattered Stokes
vector I, and incident Stokes vector I,, is calculated by the equation

T,(0., ¢3) = zﬁ(en s — b5, ¢o) . -To (104)

with I,(0,,8,) = I,(0,,4,,z = 0) as in (13).
The bistatic coefficient yg4(0,,#,; 00, ¢o) and the backscattering
coefficient 0gq(6,), at 8, = 0, and ¢, = 7 + ¢,, are defined as [11]

cos G:Iﬁa(eu st)

7&,(9,, ¢‘c§ 00’ ¢°) =4r cos 0,1,

(105)
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0’50,(99) = cos b, 15,,(30, T + P03 eos ¢o) (106)

where a, 8 = v or h.

c. Multiple Scattering Solutions

The dense medium radiative transfer equation has a similar form
to that of the conventional radiative transfer equation. Thus, the same
numerical technique, discrete ordinate-eigenanalysis method [11,34],
can be used to solve for the dense medium radiative transfer equations
including Stokes vectors and Mueller matrices. All orders of multiple
scattering within radiative transfer theory are included in this numer-
ical solution. ,

We first expand the Stokes vector I(6, §, z) and the phase matrix
P(0,¢;¢',¢') into Fourier series in the azimuthal direction to eliminate
the ¢-dependence from the dense medium radiative transfer equation
(78). They are [10,11]

1(8,¢,2) = Y [T"°(8,2) cosm(d — ¢:) + I"" (8, 2) sinm(¢ — ;)]

m=0
(107)
and

Pt M ¢
P(0,4:0,4)= ) [P (6,8)cosm(¢ - ¢)

m=0
+P7(0,8)sinm(¢ - ¢)]  (108)

where superscripts mc and ms indicates respectively the mth order
harmonics of cosine and sine dependences in the azimuthal directions.

We note that for Rayleigh scatterers the phase matrices ?M(&, ¢') and
?M(&, ') become zero as m > 3 and the upper limit in (108) is M = 2
for Rayleigh scatterers [10,11]. Thus, the phase matrices ?mc(ﬁ, ¢') and
?‘m'(e, ¢') for Rayleigh scatterers are

=me 3 _|P 0
P (6,0)= —ko| ¥ —m
(6,6') = ke o (109)
=m 3 . [ 0 P ]
P ° Y = e 12
(9,0 ) = 3 Kol '.'----111,._.._21 0 | (110)
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where the submatrices ?:: (3,7 = 1,2 and m = 0,1,2) are defined by

=0 sin? §sin? @’ + 1 cos?fcos? @' 1cos?
Pu=| A % (111)
=0 0 0
Paz = [0 cos&cosﬁ'] (112)
=1 2sinfsind cosfcosd 0
Py, = { A 0] (113)
=1 _ |sinfsing’ 0
Py = [ 0 sin&sin@'] (114)
=2 Lcos?0cos?® —1cos? 9]
P,,=12 2 (115)
n —1cos?¢ 3
=2 sfcosf 0
Py, = ["" 0 0] (116)
=1 cosfsindsingd’ 0
=1 ~2sinfsin® cosd 0O
By, = [ i 0] (118)
2 _ Tcos?fcosé’ 0 (119)
271 ~lcosé’ 0
=2 — cos @ cos? ¢’ 0
P, = [ co o $ °°g } (120)

Substituting (107)-(108) into the dense medium radiative transfer
equation (78), carrying out the integration with respect to ¢’, and col-
lecting terms with the same cosine or sine dependence in the azimuthal
direction, we have, for m = 0,1,2and 0 < ¢ < =,

cosG%Tnc(E, z)= -k (8,2) + (1 + é'm)r/ df’' sin6’
()

X [“ﬁ’“‘(e, 0)-T™(0,2)~F (6,6)-T™(#,2)] (121)



2.8 Part IL. Dense Media Radiative Transfer Theory 117
and

cosO-;;Tm'(O,z) ==k " (0,2) + (14 6m)7 / do’ sin 6’
0

x [F7(6,6)-T7(0',2) +P(6,0)-T™@,2)]  (122)

where §,,, equals 1 as m = 0, and equals 0 otherwise. Equations (121)
and (122) are the expressions of mth order Fourier series expansion
for the dense medium radiative transfer equation (78). It is noted that
I™(8,z) and T"°(0,z) are coupled in (121) and (122). However, by
considering the even and odd properties of ?6(0, ¢') and ?"“(a, 6),
we can define two quantities I (6, 2) and I (8, z) as [10,11]

(6, z) I™s(6, 2)

17<(6,2) (6,2
0= [Um65) s T = | gD | ()

vme(6, z) Vmcw: 2)

such that T (0,2) and I (0,z) can be solved independently. The
symbols e and o are used to denote the even and odd terms, because
the first two elements in T (0, 2) and T (9, z) are related to cosine
and sine functions of azimuthal angles respectively.

We further let T"“"(o,z) and T"%(x — 0, z), a = e,0, and 0 <
6 < /2, represent the intensities propagating upward and downward
respectively. Equations (121) and (122) can be decomposed into

n/2
cos OdizT"a(O, z) = -k (6,2)+ (1 + 6m)1r/ d¢' sin 6’
0

x [P(6,0) T8, 2) + P (6,7 — ) - T"(x - ¢, 2)|
(124)

and

d —ma /2
cos BE;I (x—8,2)= -k T (x—0,2)+ (1 + 6,,.)7r/ df’ sin6’
- Jo

X [—ﬁma(w -0,0).T°(6,2) + ?M(w — 0,7 —0).-T % (x—¢, z)]
(125)
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for m = 0,1, 2. The matrices _Fna(é‘, ¢’) can be defined in terms of ?::
of (111)—(120) as

=m 3 "?m :ﬁ:m ]
P (0,0)= —keo | =M A2 (126)

’ 8w | Py, Py |

=—me 3 - [ ::}?m :}-.5:;;"
(6,6') = =k | L R (127)

87 | —Pyy Py

The corresponding boundary conditions without ¢-dependence can
be derived by expanding the incident Stokes vector I(7 — 8,,¢,) into
Fourier series [10,11],

I,(x—0,9) = I,6(cos6— cosGo)Z

m:=0

[(1+5m) cosm(¢ — %)} (128)

Substituting the above expression (128) into equations (90) and (91),
the boundary conditions become, for 0 < 8 < /2 and m = 0,1,2, at
z=90

T™(x—8,z = 0) = To1(0,)-To*(m—0,)+ Ry0(8)-T"%(6, z = 0) (129)

and at z = —d
T™%(0,z = —d) = Ry3(0) - T"*(x — 6,2 = —d) (130)
where L
T;na(qr - 9) = mf:mﬁ(cosé ~~ CO8 30) (131)
with )
Ivo 0
e |1 0
o=l =\y (132)
Lol v,

To solve the radiative transfer equations numerically, the total in-
tensity is decomposed into reduced intensity and diffuse intensity [34].
In doing so, we were able to overcome some numerical difficulties en-
countered in matching boundary conditions for discretized intensities.
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We also find some differences in numerical results between the total
intensity approach and the decomposition approach. We can write
™ =T"+13° (133)

where T, and ._I:,n “ represent the reduced and diffuse intensities respec-
tively. The reduced intensity for the incident Stokes vector I,(7—6,, ¢,)
of (128) can be obtained as

1 = =
T = —Kezf cosd . —2K.d/ cos
I.; (6,z) —(1+6m)7re F(6) - Ry2(0)e
%01(00) -T,%8(cos 8 — cos b,) (134)
and
FMay _ 1 n.z/cosﬂ’: T Fma _
I; (x—06,2)= _-_—(1+6m)7re F(0)-To1(0,) -1, 8(cosb — cosb,)

B (135)
where F(0), a matrix which characterizes the effect of dielectric slab
on the incident intensity, is defined as

F(0) = [T - Fuol0) - Bua()e 2%/ =] ™ (136)

with T being the identity matrix.
Then, the diffuse intensities satisfy the following equations for 0 <
6<x/2

cos o%f{,"“((), z) =

x/2
—keI;(0,2) + (1 + 6m)1r/ d¢’ sin ¢’
0
x{P(6,0)-T7°(8, )+ P (0,7 —6)-T;"(x - 0',2)}
+ ’S"l”“(o, op)e—n.z/ cos 6, + ?;na(e, op)en.z/ cos b, (137)
and

— cos 0—‘—12—7:,”(7!' -0,z)=

d
Fma /2
— Kk Iy (1r—0,z)+(1+6,,,)1r/ dd' sin ¢’
. (1]
x (P (x - 6,0)-T3%(0,2) + P (x~ 6,7~ 0)-Tg"(x - ¢,2)}
+ 87 (% — 8,0p)e™ "=/ <80 4 TR (x — 0, 0,)e"e > <% (138)
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where 0, is the transmitted angle in region 1 for the incident angle
0 from region 0 upon the slab. The matrices 57 and S, in (137)
and (138) account for the scattering of reduced intensity into the dif-
fuse intensity. They represent source terms propagating upward and
downward respectively. They are

—ma €, cos B, =m
51 (6,0) = 5, °F " (6,0,) - F(6,)
lz(gp)e—-mc.d/cosﬂ, .%01(00) _T:na (139)
a €, €08 8,=m = = e
506 =3 cos 6, 2P (0,7 0,)- F(8,) - Tar(6:) - I (140)

where €; is the real part of the effective permittivity in region 1. It
is seen from (139) and (140) that 7 and 5 are closely related to
the polarization state of incident waves. The corresponding boundary
conditions for the diffuse intensities are

T7%(x — 0,2 =0) = R10(6) - T3 (6,2 = 0) (141)
for0<f8<=x/2at z=0,and
I;%(6,z2=-d) = Rus(8) - I;"(x - 6,2 =~d)  (142)

for 0 < § < x/2 at z = ~d. In past remote sensing applications
where either vertical or horizontal incident polarized waves are used,
it is sufficient to just solve the radiative transfer equation with even
a. However, for polarimetric applications, all possible polarizations of
incident waves will be considered and the Mueller matrix with 4 X
4 elements are also calculated. Both radiative transfer equations of
a = e,o0 are to be solved numerically for four independent polarized
states of incident Stokes vectors, viz. vertical, horizontal, linear with
45° orientation, and left-hand circular polarizations.

The set of equations (137) and (138) without ¢—dependence are
solved using the method of Gauss’ quadrature [11,34]. The integrals
in the transfer equations are replaced by appropriately weighted sums
over 2N intervals between the 2N zeros of the even-order Legendre
polynomial P,n(8). Thus, for each harmonic index m (m < 2 for
Rayleigh scatterers), the system of first-order differential equations can
be solved by using the discrete ordinate eigen-analysis approach and
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by matching the boundary conditions (141) and (142). The solutions
are evaluated only at the Gauss’ quadrature angles 6;, j =1,2,.--,N.
A self consistent intensity interpolation scheme [11,34] is then used to
calculate the scattered intensities and Mueller matrices at all other
angles. Once the solutions are obtained, we can reconstruct their ¢-
dependence and calculate the scattered intensities in direction (6, ¢)
by using equation (107).

d. Comparison with Laboratory Ezperiments

A major objective of the dense medium radiative transfer theory
(DMT) is to provide an adequate theoretical approach for studying
the characteristics of dense discrete random media and the effects on
electromagnetic waves propagating and scattering in such media. The
purpose of this section is to validate our theoretical models by compar-
ison with data from controlled laboratory experiments [24-26]. There
are at least two advantages in controlled laboratory experiments. First,
all the parameters of the target scatterers are known. Second, one can
study the electromagnetic response by varying one particular physical
parameter of interest while keeping others constant, which is generally
difficult in field experiments. For this purpose, the results of coherent
wave attenuation rates and bistatic scattered intensities as functions
of particle concentration from controlled laboratory experiments are
compared with theoretical computations.

The experiments were conducted by Ishimaru and Kuga [24-26].
The laboratory discrete random medium comprises of a collection of
Latex spheres suspended in a spectrophotometer cell with water. The
indices of refraction for Latex spheres, water and glass container are
1.588, 1.33 and 1.47 respectively. The experiments were performed by
using a He-Ne laser light (A = 0.6328um) and attenuation rates and
bistatic intensities were measured over a wide range of concentrations
from 0.001% to 30%. The measurement data of attenuation rates and
bistatic intensities were normalized in a proper way. The attenuation
rate was normalized by the value of attenuation rate of independent
scattering at fractional volume of 100%. The bistatic scattered inten-
sities were normalized by the total transmitted intensity of laser light
through the water and the glass container in the absence of Latex
spheres.

The numerical solutions from the dense medium radiative trans-
fer theory are used to interpret the controlled laboratory experimen-
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tal data. The intensity interpolation scheme [34] was used to compute
bistatic scattered intensities at arbitrary scattered angle, since the laser
light is normally incident upon the sample cell containing scatterers
embedded in water and the detector scans the bistatic scattered flux
over a small range of angles around the backscattering direction in the
experiments. The present theoretical computations are limited to sin-
gle size particles, an equivalent diameter of 0.078um is used. A loss
tangent of 10~¢ is introduced to account for a slight absorption loss in
the Latex spheres. Bistatic intensities are illustrated in linear scale, the
. backward flux density received by the detector with a particular field
of view (FOV) is calculated by using the formula F = 782I, where I is
the bistatic intensity, and 6, is the half angle of FOV. In this numer-
ical calculation, 8, = 0.1° and the thickness of the scattering layer is
10mm. For comparison, we also show the numerical calculations based
on the conventional radiative transfer theory (CRT) which assumes the
independent scattering between scatterers.

The measured and calculated attenuation rates and bistatic scat-
tered intensities are shown in Figs. 2.10 and 2.11 respectively, where
the circles represent the measured results and solid lines denote the
theoretical results of CRT and DMT. Fig. 2.10 illustrates the attenua-
tion rate as a function of fractional volume of particles. Equation (60)
with L = 1is used for the calculation of DMT attenuation rates. All the
calculated results of DMT and CRT are normalized in the same way
as those in the experiment. It is seen that the measured attenuation
rate reaches a maximum at about f = 10%, and then decrease as the
fractional volume further increases. This indicates that the medium
appears more homogeneous when the fractional volume of inhomo-
geneities increase beyond a certain value. The results of DMT are in
good agreement with these experimental features while CRT predicts
a monotonic increase with concentration and higher attenuation rates
than both DMT and the experiment.

Fig. 2.11 illustrates the bistatic scattered intensity as a function
of fractional volume. In Fig. 2.2 of reference [26], the backscattering
intensities are plotted as a function of observation angles for different
concentrations (from 0.302% to 28.95%). We plotted here the bistatic
intensities as a function of concentration at a fixed observation angle
(4°) "A similar behavior is observed for the bistatic intensity. With
increasing fractional volume greater than 10%, the measured bistatic
intensities at observation angle of 4° begin to decrease as shown in



2.8 Part II. Dense Media Radiative Transfer Theory 128

102
DMT - dense medium RT
CRT - conventional RT
2 O -~ C.L. experiment
a !
C
2 o
& DMT
2 | S
O
1 O o
0
1950 101 102

Fractional Volume f.

Normal lzed attenuatlion rate for DMT & CRT
Compared With Con Lab Experimental Data

Figure 2.10 Normalized attenuation rate as a function of fractional
volume of Latex spheres. The dense medium radiative transfer theory
(DMT) and conventional radiative transfer theory (CRT) results are
compared with the experimental data (o). The wavelength of laser light
is 0.6328m, the index of refraction is 1.588 for Latex spheres and 1.332
for water, and the equivalent diameter of Latex spheres is 0.078um.

Fig. 2.11. The results of dense medium radiative transfer equation con-
tain these experimental features. On the other hand, the results of con-
ventional radiative transfer theory predict a monotonic increase with
concentration. The reason for choosing a 4° bistatic angle instead of
0° is that there is a backscattering enhancement in the exact backscat-
tering direction with a small angular width of about 0.2° which is due
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Comparisons of DMT & CRT With C. L. Ex. Date
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Figure 2.11 Normalized bistatic intensities as a function of fractional
volume of Latex spheres. The dense medium radiative transfer theory
(DMT) and conventional radiative transfer theory (CRT) results are
compared with the experimental data (¢). The wavelength of laser light
is 0.6328um, the index of refraction is 1.588 plus a 10~° loss tangent
for Latex spheres and 1.332 for water, the equivalent diameter of Latex
spheres is 0.078m, and the slab width is 10mm.



2.8 Part II. Dense Media Radiative Transfer Theory 125

(%) EXP DMT CRT

linear dB linear dB linear dB

0.302 | 0.1256 | —-59.2 | 0.1488 | —58.46 | 0.1502 | —58.42
0.603 | 0.1858 | —57.5 | 0.2060 | —57.05 | 0.2082 | —57.01
1.206 | 0.2507 | —-56.2 | 0.2584 | —56.07 | 0.2595 | —56.05
2.413 | 0.2813 ; -55.7 | 0.3027 | -55.38 { 0.2980 —55.45
4.825 0.3156 -55.2 | 0.3219 —55.11 0.3215 —55.12
9.650 | 0.3229 | -55.1 | 0.3227 | —55.10 | 0.3317 | —54.98
19.30 | 0.3084 | —55.3 | 0.3014 | —55.40 | 0.3340 | —54.95
28.95 | 0.2748 | —55.8 | 0.2715 | —55.85 | 0.3341 —54.95

Table 2.1

to the including of cyclical scattering terms [11]. In Tab. 1, the experi-
mental data and the numerical results of bistatic intensity of DMT and
CRT are also listed in both linear and logarithmic scales. As shown in
the table, a good agreement can be found between the results of the
dense medium radiative transfer theory and the experiment.

From these results, both the attenuation rate and bistatic scattered
intensity show nonlinear behaviors that strongly relate to the changes
in particles concentration. These features cannot be explained by the
conventional radiative transfer theory.

e. Numerical Results of Radar Polarimetry

In this section we illustrate the numerical results of radar polarime-
try for a slab of snow medium with ice particles having size distribu-
tions. The ice particles in snow usually have sizes ranging from 0.01mm
to 2mm. The parameters chosen here represent some typical values in
the microwave remote sensing of snow media. The ice particle size is
assumed to follow a modified gamma distribution described by equa-
tion (73). The input parameters for this model are indices P, Q, mode
size a., and total fractional volume of particles f,,;. The size distribu-
tion is discretized into thirty different sizes and the pair distribution
functions are also calculated.

In Figs. 2.12(a), (b) and (c), we plot the copolarization signature,
depolarization signature and degree of polarization respectively as a
function of ellipticity angle x and orientation angle 4 of the incident
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Figure 2.12a Polarization signatures of a layer of densely distributed
spherical particles based on the dense medium radiative transfer theory
as a function of ellipticity angle x and polarization orientation angle .
Other parameters are as follows. frequency = 1TGHz, ¢, = (3.2+10.002)¢,,
d = 27cm, €3 = (6+140.6)¢,, 8, = 40.8°. The particle size distribution is de-
scribed by P = 6, Q = 4, a. = 0.1cm, and fi,: = 0.2. (12a) copolarization
coeflicient (¢ = 0.196 at ¥ = 180°, x = 0°).

waves at 0, = 40.8°. The particle size distribution has a mode radius
at a, = 0.1em and fi,; = 0.2. We note that the horizontal polariza-
tion produce larger return than the vertical polarization, while circular
polarizations give minimum return which is independent of orientation
angle. The copolarization also shows a pedestal that has been observed
in SAR polarimetric radar data [9]. In Fig. 2.12(b), the depolarization
coefficient shows a maximum for circular polarizations. In Fig. 2.12(c),
the degree of polarization is plotted. The values of degree of polariza-
tion demonstrate that the multiple scattering mechanism produces the
unpolarized wave return.

In Figs. 2.13(a), (b) and (c), the mode radius of size distribution
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Figure 2.12b Depolarization coeficient (04 = 0.165 at ¥ = 180°, x = —45°).

is changed to a higher value a, = 0.125¢m. The copolarization signa-
ture in Fig. 2.13(a) shows a larger pedestal than in Fig. 2.12(a), while
the degree of polarization is decreased dramatically in Fig. 2.13(c).
This is because the larger particles can contribute significantly to the
scattering effects and increase more the unpolarized power return. In
Figs 2.14 and 2.15, the polarization signatures and the degree of polar-
ization are plotted for different incidence angles §, = 69.1° and 17.2°
respectively. It shows that for larger incidence angle the polarization
coefficients and degree of polarization exhibit larger variations.

2.4 Conclusions

In this chapter, we have demonstrated the usefulness of the vec-
tor radiative transfer theory for studying polarimetric signatures of
random discrete scatterers. In the case of sparse concentration of non-
spherical particles, we have used the non-diagonal extinction matrix
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Figure 2.12c¢ Degree of polarization.

to account for the attenuation rate, propagation constant and phase
difference between the two characteristic polarizations. This permits
the explanation of the phase difference between vv and hh signatures
that have been observed experimentally in data of polarimetric remote
sensing. We have studied the effects of orientation distributions. We
have shown that the increase of variance of orientation corresponds
to the increase of heterogeneity of scatterers and directly contributes
to partial polarization of the return signal. We have also studied the
effects of second order scattering.

For the case of dense medium with appreciable fractional volume
of particles, we have included the effects of correlated scatterers and
have corrected the deficiencies of independent scattering that is inher-
ent in the conventional radiative theory. The dense medium radiative
transfer theory explains the fehtures of dependence on concentration
observed in laboratory controlled experiments. We have studied the ef-
fects of multiple scattering and effects of correlated scatterers governed
by particle size distribution. We have shown that generally multiple
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Figure 2.13a Polarization signatures of a layer of densely distributed
spherical particles based on the dense medium radiative transfer theory
as a function of ellipticity angle x and polarization orientation angle 1.
Other parameters are as follows. frequency = 17TGH z, ¢, = (3.2+i0.002)¢,,
d = 27em, €3 = (6 + 0.6)¢,, 0, = 40.8°. The particle size distribution is
described by P = 6, Q = 4, a. = 0.125¢m, and f;o¢ = 0.2. (13a) copolar-
ization coefficient (o = 0.440 at ¢ = 180°, x = 0°).

scattering can cause a pedestal in return signal and can also decrease
polarization contrast.

Appendix

In this Appendix, we list the extinction matrix elements and phase
matrix elements for small spheroids that are uniformly oriented in the
Eulerian angle 7.

Consider a spheroid with semi-axes lengths a,b = a, and c re-
spectively in %3, %, and Z, directions. The (%3, s, Z5) natural axes
directions are related to principal coordinates direction (Z,§, ) by the
" Euler angles a, 3, and v [11,p.158-160]. The scattering amplitudes
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Figure 2.13b Depolarization coeficient (04 = 0.397 at ¢ = 180°, x = —45°).

f;e(6,8;6',¢'; B,7) will be independent of a. In line with the reasoning
in section 2.3 concerning the extinction matrix, we calculate the scat-
tering amplitudes and include the leading term in the real part and
the leading term in the imaginary part. Thus

Fool6,8:0,858,7) = 52z {Ta(0-8) + (To ~ T+ )5 8}

(A1)
For(8,8:0,838,7) = 52 {Ti0- ) + (To - T)(@- 3)(5- )
(A.2)
Fro(6,830,838,7) = 5oz {Ti(3- )+ (To - T)(3- 2)(5 - )]
(A.3)
Fon(6,8,0,838,7) = 5z {Tu(d- &) + (To - T)($- 4) (8- )}
(A.4)

where [11, p. 193]
To = ity — tg (A.5)
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Figure 2.13¢ Degree of polarization.

Ty = ity — t? (A.6)
2 k®a%c (e, /e - 1)
=3 (1 + vad.) (A.7)

2 k3a%c (e, /e - 1)
i =—

(A.8)

The usual scattering amplitudes of small spheroids (A.1)~(A.8) only
contain the first term in (A.5) and (A.6) for Tp and T;. However, in
applying the extinction matrix formulas, we need the leading term of
the real part and the leading term of the imaginary part. Thus, the
second terms in (A.5) and (A.6) are necessary.

In (A.7)-(A.8)

1 A
lo=— -3 (A.9)



182 2. Scatterer Signatures Based on VRTT

050

Figure 2.14a Polarization signatures of a layer of densely distributed
spherical particles based on the dense medium radiative transfer theory
as a function of ellipticity angle x and polarization orientation angle .
Other parameters are as follows. frequency = 1TGHz, ¢, = (3.2+40.002)¢,,
d = 27em, €3 = (6 + 10.6)¢,, 6, = 69.1°. The particle size distribution is
described by P = 6, @ = 4, a, = 0.125¢m, and f;x = 0.2. (14a) copolar-
ization coefficient (¢ = 9.951 x 10~2 at ¥ = 180°, x = 0°).

where for oblate spheroids (a > ¢)

2 [va—a | _ Ja—a
A= Gayn | T T (A.10)
and for prolate spheroids (¢ > a)
VeI~ a2 VeI _ g2
A, = 2 2v/c2 —a tIn c ct—a (A.11)

(c? — a?)3/2 ¢ c+ Ve —a?
In (A.1)~(A.8), v4 = a®c(e,/e — 1)/2 and
Zy = — cos vy sin & + siny sin 8§ + cos B2 (A.12)
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Figure 2.14b Depolarization coeficient (¢g = 8.801 x 10~2 at ¥ = 180°,
x = —45°).

is the direction of the symmetry axis of the spheroid, (9, g?z) are the
spherical unit vectors in direction (8, ¢) and (#',4') are the spherical
unit vectors in direction (&', ¢').

The Eulerian angles are as defined in reference 11, p.158. The angle
7 is the azimuthal angle of the symmetry axis while the angle 3 is the
angle that the symmetry axis 7, of the spheroid makes with the 2 axis.
We assume that the spheroids are uniformly distributed in 7 between
0 and 2x. Hence, an averaging over function g is performed by

W= [ ar [ de)s (A13)

The averaged forward scattering amplitudes assume the following form.
3 .
(fou(8, 956, 9)) =57k {T1 + (To — T1) [sin’® 6(cos’ B)

+$9;—2€(sm2 ,3)1 } (A.14)



134 2. Scatterer Signatures Based on VRTT

A0

3
QRN
ettty Y
SRR At
Ay

Aratas i
AN
LOITRII
R

A

Wned

Figure 2.14¢ Degree of polarization.

(m(ordi0,0) = o {1+ D)} (aas)

and
(fvh(a’ #;6,8)) = (fro(0,9;6,9)) =0 (A.16)

According to section 2.2b, the characteristic polarizations for this case
are vertical and horizontal polarized waves. The expressions in (34),
(35) and (36) can be used respectively for propagation constants K3
and K, and eigenmatrix E respectively.

By taking products of the scattering amplitudes in (A.1)—(A.4)

and taking averaging, the phase matrix elements can be expressed as
follows:

— =0 2 —=mce
P(0,4:0,¢) =P (0,6)+ Y [P cosm(¢—¢)
m=1

+?m‘(9, ') sinm(¢ — ?51)] (A-17)
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Figure 2.15a Polarization signatures of a layer of densely distributed
spherical particles based on the dense medium radiative transfer theory
as a function of ellipticity angle x and polarization orientation angle .
Other parameters are as follows. frequency = 17TGHz, €, = (3.24+i0.002)¢,,
d = 27cm, €3 = (6 + i0.6)¢,, 6, = 17.2°. The particle size distribution is
described by P = 6, Q = 4, a. = 0.125¢m, and fi;r = 0.2. (15a) copolar-
ization coeflicient (o = 0.338 at ¥ = 180°, x = 0°).

where

R

o gy — | f2r faz

P 6,6 = 0 o 0 0 (A.18)
L 0 0o 0 P,
Pl 0 0 0

=lc , 0 o0 O 0

P (8,60") = 0 0 Pl Pk (A.19)
L 0 0 P} Pk
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Figure 2.15¢ Degree of polarization.

. 4
+ L, [(SLJQ cos? 8 cos? @' + (cos* B) sin® @ sin? ¢’

.2 2
LSE'BzLS'B)(cos2 0sin? @' + sin® 0 cos? 9')]

2 2 gt
+aks [“”’ B) sin? @ sin? &' + (sin? ﬂ)M]

4
(A.23)

Plf = sin0sin @' cosf cos ¢’ [2}31 + ng(sin2 B cos? B) + 2L4] (A.24)

s04
P = %cos2 0 cos® 6’ [Ll + LzM + Ls(sin® ,6)] (A.25)

P, = ngz_o + L, [(83114 ﬂz cos’6 + (sin® B cos? B)

. 2
3 2 sin 0]
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2
coz 6 (sin® B)

+ L3

_cos 29

P12 = {Ll + ~—(sm ,3) + Ls{Sln ,3)}

Pl? = sinf@sin 6 cos 8 [L]_ + La(sin® Bcos® B) + L,,}

. . 4 . 2 .
‘P = cos? § cos 6’ [%4—1}2 (sin® B) +L3(sm ﬂ}]

8 2

P!} = sinfsin 6 cos 6L

_-L
21 1 4

2
+ Lagﬂ%—@- cos® ¢’

cos? ¢’

y
P21_-

[L1 + I, <"'m (8i078) | Ly(sin? ﬁ)}

L in4 in?
P2°2= _51_+L2<smﬁ> +L3<81112 ﬁ)

L,y

P22=—+ ( 4ﬂ)+L<smﬂ)

2
Pl = -5 % 14 Dint ) + Lo ﬂ)]

P;! = —2sinfsin ¢’ cos ¢’ [Ly + Ly(sin? B cos® B) + Ly

P = -—2cos0cos 0'[ (sm A) 3(sinzﬁ)]

8 2
P} = cosd [Ll + L, (sin”f) ’B) + Lg (sm ﬁ)]
P35 =sinfsiné’ [L, + Lz(sinz B cos® B) + Ly]

. s
P = cosf@cos ' [Iq + L, (31114 B) + Lg(sin? ﬁ)}

cos2 ¢’ + I, {(sin‘ p) cos? ¢’ + (sin’ 182‘3032 B) sin

(A.26)

(A.27)

(A.28)

(A.29)

(A.30)

2 ef}

(A.31)

(A.32)

(A.33)
(A.34)
(A.35)

(A.36)

(A.37)

(A.38)
(A.39)

(A.40)
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P}¢ =sinfsin6'Lg (A.41)
P}l =25in@sin® cos ¢ Lg (A.42)
.P43 = -2 sin@sin@'Ls (A.43)
P2, = cosfcos 8 [Ly + L3(sin’ B)] (A.44)
P} =sin@sin 6’ [L; + Ly (A.45)
with Ly, Ly, L3, Ly and Lg defined by
M, 19
Ll - Zk—lell (A-46)
L= o 1y (A.47)
2= 4k21 o — T1 .
In,
Ls = k2 —Re(T\(Tg - T%)) (A.48)
9n, . 2 1,.9
Lsy= 4k2Re (T1(T5 — T7)) |{cos* B) + -2-(sm B) (A.49)
9n, * * 2 1. ;
Lg = mIm (TW(Tg — T7)) |{cos* B) — —2-(sm B) (A.50)
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