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6.1 Introduction

The purpose of this chapter is to investigate the propagation
of low-frequency electromagnetlc pulses generated by thunderstorms
which mainly occur in the troposphere at equatorial latitudes, and
to clarify the misconcept often involved. It is well-known that low-
frequency electromagnetic waves can propagate in the terrestrial wave-
guide between the Earth’s surface and the bottom boundary of the
ionosphere. It is also well-known that part of the low-frequency en-
ergy can penetrate into the ionosphere under appropriate conditions,
travel approximately along the Earth’s magnetic field lines until the
bottom boundary is reached in its return path and then re-enter into
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214 6. EM Wave (Whistler) Propagation in Terrestrial Environment

the terrestrial waveguide, constituting what are called whistlers. Peo-
ple interested in low-frequency electromagnetic wave propagation in
the terrestrial environment belong to two categories. People of one
category are interested in it because of its applications in communi-
cations, navigation, standard time signal broadcasting, etc. People of
this category generally consider only the terrestrial waveguide prop-
agation, neglecting the whistler mode propagation altogether. People
of the other category are interested in whistlers and their propaga-
tion because of their relevance to the study of the ionosphere and
magnetosphere, which will henceforth often be referred to collectively
as the ionized atmosphere. They generally consider only the whistler
mode propagation, neglecting the terrestrial waveguide propagation al-
together. This overlook leads to the erroneous conclusion that whistlers
cannot be received below certain latitudes. If the terrestrial waveguide
propagation is taken into proper consideration, the usual conviction
that whistlers cannot be received below certain latitudes is clearly un-
warranted.*Also if this conviction were true, then by reciprocity, we
would get the conclusion that the sources of whistlers must occur at
sufficiently high latitudes, but factually, the thunderstorms which gen-
erate whistlers mostly occur in equatorial regions. Moreover, if the ter-
restrial waveguide propagation is considered, it is clear that the source
and the receiving point need not to be mutually magnetic-conjugate. In
whistler investigation, it is therefore necessary to study the combined
effect of the terrestrial waveguide propagation and the whistler mode
propagation, and in this study, it is crucial to examine the conditions
and regions of the boundary surface suitable for the penetration of
the whistler component into the ionosphere and for its re-entry from
the ionosphere back into the terrestrial waveguide. Penetration from
the terrestrial waveguide into the ionosphere is possible only at re-
gions on the boundary surface where the matching conditions ensure
that the square of the radial component of the propagation vector is
greater than zero. Otherwise, the wave will be evanescent and decrease
exponentially. Furthermore, only those component whose refractive in-
dices squared are greater than zero along its whole path of propaga-
tion in the ionized atmosphere can constitute whistlers receivable at

* B. X. Liang and C. T. Bao of Wuhan University, China, have done
extensive work in receiving and analyzing whistler signals at many
places in southern China. Their results fully testify the feasibility of
whistler detection at low latitudes.
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the magnetic-conjugate point. It is often assumed that there are fila-
mentary structures of electron density, the so-called ducts, along the
Earth’s magnetic field lines to account for the quasi-longitudinal prop-
agation of whistlers. However there has been no direct experimental
evidence of such structures obtained as yet. According to our view, it
is the requirement on the matching conditions that causes the appar-
ent existence of ducts. The difficulty of the matching problem lies in
the fact that in the terrestrial waveguide, the field is convenient to be
expressed as the summation of wave modes but not convenient to be
expressed in rays, while in the ionized atmosphere it is convenient to
use the magneto-ionic theory which in essence a ray theory, but it is
not convenient to express the field in modes. A method of matching
the fields in the regions on the two sides of the bottom boundary of the
ionosphere needs careful consideration. The whole treatment involves
several intricate points.

6.2 Electromagnetic Field in the Terrestrial
Waveguide

Let us consider a coordinate system S(z,y,z) or equivalently
(r,0,¢) with 2 = rsinfcos¢, y = rsinfsing, z = rcosf such
that the z-axis is coincident with the Earth’s magnetic polar axis
pointing northward, and another coordinate system S'(z’,y’,2’') or
equivalently (r,6',¢') with 2’ = rsin6'cos¢’, ¥y’ = rsin@'sing’,
2/ = rcos @', which is obtained by first rotating the coordinate system
(#,y,2) about the z-axis through an angle ¢o and then rotating the
coordinate system thus obtained about the new y’-axis through angle
0o , as shown in Fig. 6.1. The transformation relation is as follows.

sin @’ cos ¢’
sin @' sin ¢’
cos ¢’
fcosfp 0 —sinby cosgp singg 0 sin @ cos ¢
= 0 1 0 —singp cos¢go O sin 0 sin ¢
[ sinfp 0 cosfp 0 0 1 cos @
[cosfpcosdy cosbpsingy —sin 807 [sin6 cos ¢
= —sin ¢y cos ¢o 0 sin @ sin ¢
i sinfgcosgo sinfpsingg cosby cos @

(1)
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S(r8,¢) = S'(r.0.9)

Figure 6.1 Transformation of coordinate systems.
Hence,

sin 6’ cos ¢’ = cos G sin 8 cos(¢ — @o) — sin by cos 8
sin 6’ sin ¢’ = sin 0 sin(¢ — @) (2)
cos @' = sin g sin @ cos(¢ — ¢o) + cos fp cos §

We assume that the vertical electric dipole of moment p generated by
the thunderstorm is situated on the, 2’ -axis at a distance ro from the
origin, i.e., at §'(ro,0,0). In the terrestrial waveguide taking into con-
sideration of only one Fourier component with e~*** time dependence,
in MKS units, we have

fo—iwuo_f_f:() 3)
VxH+iweE =7

where J is the current density of excitation due to the vertical electric
dipole of moment p at 7, and the dielectric constant of the neutral
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atmosphere is approximately assumed to be equal to that of vacuum
€0 - We can let

F = —iw€oV X ﬁ

(4)
where II is the Hertz vector potential. Then,
V x (E - k2IT) = (5)
where k2 = w?egpuo . We can let
E=kKI+ Ve

(6)

where ¢ is an arbitrary scalar function of 7 still free to be specified
Except at the source point

E=VxVxII

(7)
Let us stipulate that II has only r component and write
=7 (8)
Then,
H = —iweV x (TT) (9)
E=kiT + V¢
=V x V x (7T (except at the source point) (10)
Now,
_ . 1 6T .0r
v x (i) = osinea— IRET
1 0 or 1 8T
VxV )= -7 | —— -
XV x (7T) " [r sin 6 00 (SIRGBH) + rsin20 3¢2]
.10 0 3 1
+ 0—————(1' )+

rs1n0 3433 ( I) (11)

where 7, 0, ¢ are unit vectors in the directions of increasing r, 0, ¢
respectively. Letting ¢ = 0(rT')/0r, we have

(V2r+k01‘)_r[ ;22( T)+ ——1—?—( 31‘)

r2sinf 06 0:9_9_
1 8T
12
+r2 sin? 0 0¢? + kol‘] (12)

~|

wio
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We see therefore that our stipulation that IT = 7T' is justified, and

pomr 18 n, L 8 (. o
VTR = 1530+ ims e \ 2%
1 or
- k2
r2 sm206¢2+ T
J
T iwegro (13)
I _ - Goar - 6I‘
H——om—es-*-(ﬁlwéo-a—o
= .[ 1 &, 6, or 1 8Tr] .18 8
E=-% rsinﬁ%(smoﬁ -*-rsinz0af¢2 +e r 80 Or ') (14)
+ o2 0y
rsm03¢3r
. [ 8% 2 1 09
=* |5t FRT| 40l by 9g5-("")

It is expedient to write I' as the sum of I'; pertaining to the
primary field, that is the field which would be produced by the source
if the medium were infinite in extent and no other objects present, and
', pertaining to the secondary field due to the presence of the Earth
and the jonized atmosphere. It is well-known that the primary field
can be expressed as

p  etkali=ol

p =

4meory |F — Tol
P 1ko je(koro)h, ' (kor) , r> 1
2t +1 Py(cos b
47('60 To Z;( ){htl)(kOTO)]t(kor) l( )’ r < 1o
(15)

We have already shown that cos 6’ = sin 6, sin 6 cos(¢—@o)+cos Oy cos 8
and we can prove that

Py(cos@’) = E ( (cos 8p) P;™(cos ) e™($-¢0)
m——t
t .
= Z (—1)™P;™(cos §) P;"(cos §) e™é—%0 (16)

m=-{(
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Where
-m m(l - m)! m
P ™(cosfp) = (-1) +m) P*(cos bp) (17)
Hence,
' P 1’00 m (1)
1)™(2¢0+1 koro) h, * (kor
Ires To gm;l( ™ ) je(koro) hy ” (kor)
I = '"‘(cos 00)P;"(cos 0)eim(#—¢o), r> 7o

p =

2o $5 S (1ymat+ 1)K (koo elhor)

4z € To
=0 m=-¢
{ P;™(cos o) P;*(cos ) e'm($-9o), r<ro
(18)
T, satisfies the homogeneous equation, that is, (13) with J = 0. By
the method of separation of variables, the solution can be written

I, = p tko z Z (=1)™(2L + 1) [Atmh(l)(kor) +B¢mh( )(kor)]

47eg T
070 4—om=-t

P; ™ (cos ) P" (cos §) e™(#%0)

(19)
where A;n and By, are constants to be determined. Hence,
p_iko
I—TZ E (-1)™(2¢+1)
=0 m=—¢
je(kora) b (kor) (1) (2)
. ) + Agmh; '(kor) + Bemhy ' (kor)
{ hgl)(koro) je(kor) ¢ t
-m m im(p— T>To
P;™(cos o) P (cos b)e (#=¢0), r < 1o (20)

At low frequencies, the Earth’s surface can be approximately consid-
ered as perfectly conducting, and therefore, at r = a, where a is the
Earth’s radius, Eg = E4 =0, i.e.,

8
()| =0 (21)

r=a
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From (20), we have
' 1 ' 1
Atm [hgl) (koa) + k—hgl)(koa)] + Bim [hﬁ” (koa) + rh?)(koa)]
0a oQa
. 1
= _hgl)(koro)[yg(koa) t s ],(koa)] (22)

Substituting (22) into (20) for the case r > ro, we have

r- 285 S e

0 t=0om=-
{ekoro)h’ )(kgr)
ji(koa) + ghzie(koa)
K (koa) + i KB (koa)

R (koro) B (kor)

BV (koa) + ghzh{) (koa)
+Am hgl)(kor)‘ (2): ©) (2) kor)
(koa) + k—h (koa) *
- P;™(cosfp)P;"(cosf)e em(d—do) (23)

In the investigation of whistler propagation, we are only interested
in the part of ', I't, which corresponds to the field components ca-
pable of penetrating into the ionosphere at some regions of its bottom
boundary and capable of propagating through the ionized atmosphere
to the magnetic conjugate point without becoming evanescent.* TI't
can be written

* As far as the field in the ionized atmosphere is concerned, it would
not be changed if the bottom boundary of the ionosphere is replaced
by an artificial boundary layer which is totally obsorbing at regions
where the wave cannot penetrate but selectively transparent according
to the sense of polarization at the remaining regions. The field in the

terrestrial waveguide, however, is changed by such artificial boundary
replacement.
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ik
4:[1011'002 z:( 1 2£+1

je(koro)hSD(kor) | b (1) t (2)
+ Al KD (kor) + B hGP (kor)
{h( B (kora)je(kor) em e

P;™(cos 8o) P (cos 0)eim(¢_¢°), r>To

r<ro (24)

Equation (22) still holds if I', A¢m and Bym are replaced by T, Al
and B}m respectively, so that for the case r > rg,

P iko — m
47reo roz Z( —1mEe+)

(=0 m=—1
- {e(koro)hV (kor)
_ ii(koa) + kﬁjt(koa)q
R (koa) + AP (koa)

tm?

B (koro)h$) (kor)

Y (koa) + 2 h{(k
+ 4} [hﬁl)(kor) (2)( o1t e (z)( o2 B (kor)
ht (ko )+mhl (koa)
P;™(cos o) Py (cos 6) e'm(¢-¢0) (25)
and
H! =0 (26)
t _ _ ‘I:WE(] ?F_'
™ sin@ 9¢
p Uko 1 m
47r 0 51110Z Z —1)7(2+ 1)m
=0 m=—{(
. {jt(koro)hsl)(kor)

. 1 .
__ilkoa) + gogielkos) iy o)
2 1L ,® ¢ (koro)h” (kor)

hl ‘ (koa) + -E()—ahl (koa
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K (koa) + 1 B h{) (koa)
(2) kor)
K (koa) + k—h(z)(k a) |

P;™(cos 8g) Py (cos 8) e"™(#=¢0) (27)

ort
06

=P ko oz Z( ~1)™(2L +1)

41r 7o
(=0 m=~-¢

+ 4} [h"’(kor)

Ht = tweg—

. { je(koro)h{) (kor)

ji(koa) + ggie(koa)
hgz)‘(koa) n 7cl_h(‘a’)(k a)
ay )
2 ’
B (koa) + },ahﬁ”(k 3
P, ™(cos 80) Py (cos ) ei™($—%0) (28)
[ 1 9 o@)+ 1 ot
rsin0 6 " 08’ rsinlg 07
82
= ﬁ(rr?) + k2rt
_P_tk Z Z (=1)™(2L + 1)¢(¢ + 1)

41re ror
0707 t—om=—t

K (koro) AP (kor)

+ A}, [hgl)(kof)

E!=—

{ je(koro)h{) (kor)

ji(koa) + gLz ie(koa)
K (koa) + gLz A (koa)
h{Y' (koa) + L=k (koa
+ A [hgl)(k"r) ) foe (z)( : ) 2)(’%")]}
hl (k a) + 'ko—ahl (koa)
P;™(cos 8p) P (cos §) ™(#—#0) (29)

) (koro) P (kor)




.2 Electromagnetic Field in the Terrestrial Waveguide 2238

410 90
Ey = r<908r(r)

4”0 o smoz Z( 1)™(2¢ +1)

(=0 m=—L

. ' 1
]((ko?‘o) [hsl) (ko‘r') + k—o;hgl)(kor)]

ji(koa) + gizie(koa)

: h$(kor)
B (koa) + ghz A (koa) ¢

' 1
["22) (kor) + z—h{" (kor)
kor
' 1
+ A}, [hgl) (kor) + rhgl)(km-)
oT

K (koa) + h(l)( koa)
B (koa) + p;ahgz)(koa)

' 1
(K ko) + -,;;h&z’(kor)]]

P;™(cos 8) P} (cos 8) e™(#=#0) (30)
{1 89
Es= reme rs1n08¢8r )

= 41ruo rosm0 Z Z (-1)™ (2t +1)m

{=0 m=-1

. ' 1
{]l(koro) [hgl) (ko‘l‘) + -,;;;'hgl)(kor)]

jilkoa) + gLzje(koa)
B (koa) + gLz AP (koa)

K (koro)

' 1
[hﬁ” (kor) + ;c;hﬁ”(kor)]
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1 1
+ Al [ B (kar) + 2D (ko)

B (koa) + LA (koa)
B (koa) + L2 (koa)

[ K (kor) + 3 h(z)(k r)

P;™(cos 8p) P (cos §) e"™(#=#o) (31)

It is well-known that functions expressed in series expansions
in terms of spherical harmonics converge very slowly and that un-
der certain conditions they can be converted by the so-called Watson
transformation into new series expansions which converge much more
rapidly in the shadow region than the original expansions. In our case,
since associated Legendre polynomia.ls are involved and if we write
t=v-1/2, PP(cosf) =P™ 1/2(cos 6) are not even functions of v,
the Watson transformation cannot be applied and (24)-(31) have to
be used as the basis for numerical computations.

6.3 The Propagation of Low-Frequency Electromag-
netic Waves in the Ionized Atmosphere

The ionized atmosphere can be considered as a cold magneto-
plasma. For simplicity, we assume that only electrons need to be con-
sidered and that the effect of collisions can be neglected. Taking into
consideration of only one Fourier component with e~** time depen-
dence, we have the following fundamental equations

|
V X E —iwpoH =0
V x H + iwegE = —Nev (32)
—~imw¥ = —e(E + T x By)

where —e is the charge of the electron, m its mass, v the velocity of
electrons, N the electron density and By the magnetic induction of
the Earth’s magnetic field. We further assume that the Earth’s mag-
netic field and, except near the bottom boundary of the ionosphere,
the electron density of the ionized atmosphere can be considered as
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locally homogeneous. From the third equation of (32)

eBogv, + tmwvg — eBo, vy = eEy
—eBogv, + eBo,vg + imwuy = eEy

imwv, — eBogve + eBogvy = ek,
} (33)

v = —igts yiy (Y — 1)E, + (VYo + iY3) Ee + (Y3Y, — iYo)Ect]
Y% = ~imp yioT (Y,Y, —iYy)E, + (Y§ — 1)Eg + (Yo¥s + iY¢)E¢]

vy = —iﬁwl_—l (Y4,Y + ZYo)E + (Y0Y¢ - 1Y, )Eo + Y¢ - 1)E¢
(34)

Y2-1

-{r[(Y,’ - 1B, + (WYo +i%)Bo + (VY. - ¥)E,]
[(Y Ys — iY3)E, + (Y2 — 1)Eg + (YaYs + i) Eq ]

+$[(Y¢Y,+m)3,+(m’¢ iY;)Eo + (Y —1)E¢]}

(35)
where x 2/ 2 ) )
= w; /w? = Ne? /meow
Y = Q/w = eBy/mw
Y, = eBy, [mw (36)
Yb = eBoa/mw
Y4, = eBo¢/mw
Hence VX B iwpol = 0
twpoH =
V x H + iwege - _E—=0} (37)
and

VXxVXxE-kZ.E=0 (38)
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where
L-XFD xR xNn
R B ¢0.=  CRIS T ¢ S @ 03/5 4 (39)
XN Mk xfo
In the ionosphere, Yy 22 0, as we shall see later, we have approximately

Y3-1 Y, Y, - XY
1-Xpog —X¢5% 1y3_1

= | xpt 1-xBR s | @
i ek
E(7) can be expressed approximately as
E(7) = E,(7) e [ KT (41)
Then,
iE(i") = |iK, (F)—a—-lnE i(F)| E;(F) 2 iKi(F)E;(F) (42)
Oz, 7V k Oz}, °" A 7

where it is assumed that 5%— In E,j(T) can be neglected in comparison
to iK(7). Therefore

& {K(F) = ikon(F)K (F) (43)
where n = K /¢y and K(r) = K/K. Hence, we have
Y2 -1 . Y,Yo+i¥y . .
[1 - Xyr— (- K,’)n’] E. + (—Xﬁ— + K,Kgnz)Eg
YyY, —i¥y . .
+ (—Xiy—;T" + K¢K,.n2) E4=0
Y -1iYy . . Y,z -1 N 2
(—Xyz—_l + K,K,n’)E, + [1 X -a- K3)n?|Eq
YeYy +iY, .
+ (—X—']—,ﬁ_—l + K,K¢n2)E4, =0

YoYy — 1Y,

(_XY.;sYr+1Ya ¢
Y“-1

Y2 1 + K¢an2) Er + (_-X + Kak¢n2) Eo

Y¢2'1 72y, 2
+[1—X}T__1-(1—K¢)n]E¢=0
(44)
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Therefore
1- XI_;;::_: _X:'r:: tilY! _X‘Y,::::y!
~1-Ek*n?*  4+K,Kon? +R Ko
—Xf'—;}}‘r’ft 1- X—',—?’:: -X.Y':ﬁt:r' S0 )
toEon (- KDn 4+ KeKgn?
_X.Y!YY:t‘lYO _‘X‘Y‘;"\;::Y, 1 _ X:’:Q:;
S X
(X - 1) - Y? + XY} + 2 XY}
nt4+2 2 n
X-1+Y?— XY?
(x-yex-v2-v?
txoirvioxyz 0
(46)
a1 X(X-1)
- Y
1 1 3
X-1+3Y7 7 [;Yf +(X - 1)=YL2]
1 H 1
+ [—YT“ + (X - I)ZYE] (X —1)2 - ZY3
4 2
- I 47

+ EY; +(X - 1)2YL2] T _o(x-1)- %YT’

where Y2 = (Y . K)?, Y2 = Y2 — Y2 . The upper and lower signs cor-
respond to the ordinary wave and the extraordinary wave respectively.
Equation (44) is the well-known Appleton dispersion formula.

n? must be positive in order to make propagation possible. If
n? < 0, we have evanescent wave which diminishes exponentially. For
the ordinary wave, the numerator of (47) is always positive and propa-
gation is possible if and only if [1/4YA+(X —1)2Y2])/2 > X -1+1/2Y#,
ie,ff 0< X <1 or

YZ-1

X > '}—,;2_—1 (48)



228 6. EM Wave (Whistler) Propagation in Terrestrial Environment

H
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P4 " | YE'1
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1
[
Figure 6.2a

provided X > 1. Let 7 be the acute angle between K and B, or
-B,, then

tan21'=Y—'2<(X—1)(1—-l—) (49)
g Y}

For the extraordinary wave, if X > 1, the denominator of (47) is
always negative and propagation is possible if and only if [1/4Y} +
(X —1)2Y2]3 > (X = 1) — 1/2Y}, i.e.,

X-1<Y (50)

Using (47), we can draw the curve of n? vs X for both the
ordinary wave and the extraordinary wave.For Y > 1, if Yr # 0, YL #
0, the curve is as shown in Fig. 6.2a and if Y7 = 0, Y7 = Y, the curve
is as shown in Fig. 6.2b. The whistler wave corresponds to the part
of the curve marked by (0) with X > (Y2 - 1)/(Y# — 1) in the
upper right portion of Fig. 6.2a. It has an asymptote whose equation
is n? =1+ X/(Y —1). This part of the curve is separated from the
part of the curve marked by (X) with 0 < X < 1. The two parts
of the curve become closer as propagation becomes more longitudinal.
As propagation becomes truly longitudinal, i.e.,if Yr =0,Y; =7, as
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-

1-Y 0 1

1+Y\

Figure 6.2b

shown in Fig. 6.2b, these two parts of the curve form a straight line with
0 < X < 00. Under the condition of quasi-longitudinal propagation,
if the longitudinal approximation is sufficiently good, there may be
appreciable coupling between the waves corresponding to the two parts
of the curve due to the so-called tunnel effect as the wave nature and
the gradient of electron density are considered. When X is greater
than (Y2 —1)/(Y? —1), the curve of n? vs. X can be approximated
by its asymptote and propagation is essentially longitudinal with

——— ]l 4 — (51)

Considering the variation of electron density with altitude above the
bottom boundary of the ionosphere, we see the following picture during
the process of penetration of the wave from the terrestrial waveguide
into the ionosphere. We distinguish between two cases. In Case 1, at the
boundary the electron density jumps abruptly (in comparison with the
wavelength) to a value such that X > (Y2 —1)/(Y7 — 1), then, if the
boundary condition suitable for penetration is satisfied, a portion of the
wave will penetrate from the terrestrial waveguide into the ionosphere
as an ordinary wave propagating approximately longitudinally. In Case
2, the electron density at the bottom boundary of the ionosphere is such
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that X < 1, then, if the boundary condition suitable for penetration
is satisfied, a portion of the wave will penetrate from the terrestrial
waveguide into the ionosphere as an extraordinary wave, but in order
to ensure further propagation to form a whistler wave, the propagation
must be very close to longitudinal (if not exactly so) so that the tunnel
barriers is sufficiently thin to give appreciable coupling.

In the lower ionized atmosphere, i.e., in the ionosphere, we as-
sume that the Earth’s magnetic field can be approximated by the field
produced by a magnetic dipole at the Earth’s center parallel to the
magnetic polar axis pointing southward. Then, at point (r,6, ¢)

= _ .2poMcosf . poMsinf
Bo = -# 473 -6 473 (52)

where M is the moment of the magnetic dipole. Let § be the acute
angle between B, and —7 or 7. Then

2poeM cos @ )
Y, = - ST
4rr°mw
Y0=_poe]\£sm0
4rrnmw
Yo=0
Y:”—ozﬂiv1+3coszt9
41; mw > (53)
_ oo 1
tan&-:tBor —:i:ztanO
ging = —5n8
v/1+ 3cos?8
V14 3cos26 J

where the (+) and (—) signs correspond to the northern and southern
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hemispheres respectively. We also have

Y| =YL = Y. K, + Yy Ko, for propagation from }
the southern to the
northern hemisphere

=-Y = —(K.K, + Ygf(o), for propagation from
the northern to the }  (54)
) X southern hemisphere
Y2 =Y? - (YK, + YoKo)?
= (Y, Ko - YoK,)* + Y2k}
K2+ K2+ Kki=1

s

In the following, as the criteria of quasi-longitudinal approximation,
we assume that

YiY?«1
Y.Ko - Y3K,)? /Y2 < 1
(‘r ('] [ r)/ < (55)
K3,<1
|(Y1-I;~’0 - YOKr)K¢|/Y <1
so that
|Y|—(Y=—Y=)%—Y(1--sz,+---)ﬂ1’
JE= T)" = 2y = (56)
K+ K;=1-K;=1

In the ionosphere, (44) can be rewritten approximately as

[1 - X};f__ll -1+ 7‘—’(_—1)(1 - i{,’)] E,

+ [—XY}:'}_’OI +(1+ ?{—l)ffrffa] Eq

+ [z?"fYT‘l + (1 + 7’%)1@1{] E4=0
[—XY—IZ'—}_-"—I + (1 + ?{—I)KKa] E,.

Y2-1 X X
+ [1-XI7%T— (1+ ﬁ) (1—K3)]E.
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XY, X . a
. r - E, =
+[1Y2_1+1+(1+Y_1)K0K¢] ¢ =0

. XYy X B
[—lm + (1 + ﬁ) K¢K,.] E,.

XY, X . s
+ [ + (1 + ——)KaK¢]Ea

‘Yro1 Y -1
XY

Solving for E, and Eg in terms of Ey , we get to the first order
approximation,

E, = oy {i[(X ~1)Y - (1 + y{—l) (Y. Ko - Ydj{r)j(r]
+(14 ¥5) YK, } By |
Eg = (x_—11W {—i [(X -1)Y, + (1 + y{—l) (Y. Ko - Yoi(r)f(o]
+ (1+ YJ{T) YI'{,I'(,,,} E, )
(58)

By the first equation of (37) and (43), also to the first-order approxi-
mation, we have

1
_faf,. X \i(Ye, .
Hy = po(1+Y—1) (1.YK¢ K,.)E¢
1

(59)

Where the upper and lower signs apply respectively to the case of
propagation from the southern to the northern hemisphere and to the
case of propagation from the northern to the southern hemisphere.

6.4 The Penetration Problem

Let us examine the conditions for penetration from the terrestrial
waveguide into the ionosphere at the point (b,6,¢) on the boundary
surface, b being the radius of the boundary surface. Equating the
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expressions for Eg, E4, Hg, and Hy on the two sides of the surface,
we get to the first order approximation.

t 1 9090 1+ -
Es rmb- ~ bsinf 9¢ Or T b Es rebt (60a)
10 0
E} = =—(rT't) = Ey
6 r=b— b 39 67' r=b— r=bt
= {[-i(X -
X0y ) [-i(X - 1),
( ) Y, kg —Yoff,)ifa]
(1 + —) YK9K¢,} Ey (60b)
r=b+
t zweo BI" _
Hy reb- “sinf 8¢ b =He pbt
- |8 X )V (X
= o ( + Y—l) (1YK¢ K)E¢ " (60c)
oTt
H! = twep—— =H
¢ r=b— 90 r=b— ¢ r=bt
9 (1 + : E (60d)
=T,/ — —_—
T Ho Y -1 ¢ r=bt
From (60a) and (60b)
0 1
(1t = —— v{i_; —
50 ar(rI‘ ),-=1, ra 1Y{ (X -1)Y,
(e 2 (Y, Ky - VoK, )K
Y -1 ril g gy )Ng
X - 1 00
el e — (!
+ (1 + Y -1 )YK0K¢}sin0 0¢ 3r(rr ) r=b(61)
and from (60c) and (60d),
or! =+ ( K, + Yo K ) smﬂa—rt (62)
99 |, ¢ 86 |,
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Since Ey,E4,Hy and Hy are continuous for b > r > a, so are It
and 8T'!/8r, and therefore (62) can also be written as

Y 0
= rt 63
6¢3(r) , :I:(zK+YK¢)sm0308(r )r=b (63)
From (63) and (61),
. Y, X 1 . .
{—2 [(X - 1)? + (1 + “m) ?(YrKO + YoKr)Ka]
X N .2 Yy -
- K, +2
+ (1+Y—1) K9K¢} (2 + YK¢)
= +(X - 1) (64)
By equating the real and imaginary parts respectively, we get
X 1 . A\ s
(X - 1) K + (1 + Y—l) Y (Y,.Ko - YgK,.) K.Kg=%(X-1)
Y,.Yo X Yy L\ -
-5+ (14 5755) 3 (Bko - Yoke) Ko
(1+Y—X——)KK, or K¢=0 (65)

In the first equation of (65), the upper and lower signs apply to the
case of propagation from southern to the northern hemisphere and to
the case of propagation from the northern to the southern hemisphere
respectively. In the former case,

Y, 2cos8 > . southern : )
v = -—m < 0, in the i thern hemisphere
Yo sin @ <0
Y vV1+ 3cos?4  (66)
k.20, in the SOUtherny . icphere
Kg<0 J
and in the latter case,
Y, 2cosf > southern : )
v = m < in thenorthem hemisphere
E _ sin 6 <0
Y~ \1+3cos?6 ( (67)
I:( >0 in the?gﬁﬂgg hemisphere
Kg>0 ),
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When Ky # 0 but K4 = 0 (65) can also be transformed to the
following form approximately

.- X-1 Y-1

3 _ =
K} - Kot Yo =0 o

. XYy . X-1 Y-1Y21Y, (68)
KS_ K ] =
FTXrroiExiy-1 v v, 0

jfg = q:(l - j{z)%

Many conclusions can be drawn from the examination of the first
equation of (65). Since at the bottom boundary of the ionosphere, X
is much smaller than Y so that 1+ 7{—1 is essentially equal to 1, the
first equation of (65) can be written approximately

2cosé N
+(X-1)(1+ =257 k&,
( )( V14 3cos?d )

2 cosf N sin@ B & 7
={- Ko+ K,.) K.Ky (69
(-7 VI+3cos0 ¢ (09
ie.,
[(X - 1)? - k4k3] tan? 6 + 4K2Ko(X — 1+ K})tano
Fa[(xX -1 - KX -1+ k3] =0 (0)
Hence,
g = g KeKe(X —1+ K3) | KEKF(X 1+ K3)?

T4 T NS 2
(X —1)? - K2k} [(x - 12 - k23]
(X -1 -KXX -1+ K})? 12
(X - 192 - KK
_HK(X -1+ K]) ,  KelX-1]
(X -1)2 - K2k2 (X -1)2 - kKiK?

[1‘{3(1 yE) (X1 I‘ff)’] : (11)
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If K¢ =0,then 6 =0 or = and L, =1. Hence the magnetic poles
are always possible points of penetration. If K¢ # 0, in order that
|tan 6| be real and positive, we must have

(X -2 - K23 [(x-1-K)? -k <0 (12)
i.e.,
1+ K(1+K.)>X>0 (73)

From the above derivations, we see that X has a maximum value of
about 3, the higher the value of X, the higher the value of K, and
that penetration occurs in narrow ranges of magnetic latitude (except
at the isolated magnetic poles).

In order to determine the constants Azm in the series expan-

sions of I' and of the field components, we make use of the fact that
whistlers are pulse signals and that penetration occurs in narrow ranges
of magnetic latitude, one in each hemisphere, besides at the magnetic
poles. We know that

t _11 8090
E¢ r=b- " bsin@ 8¢ Or (rT%) b
oo 4 ‘
= z Z (th + GlmAIm)PF(COS 9)6’"‘(4"‘4’) — E,
=0 m=-!¢ -
" _ _iwe or+
o b~ sinf 8¢ |,_,-
o ¢ |
= Z E (Kem + Lth:m)PZ"(COS 0)3‘"‘(‘#'—4’0)
(=0 m=—!
€0 X .
=—.J— 11+ —-—) K,E
Ho ( Y -1 ¢ r=bt
(14)
where from (31) and (27)
k2
Fon = = g (12 + 1)m

4meg rosin

, . 1
{ je(koro) [hgl) (kob) + mhgl)(kob)]
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reidkoa)

2 (koa) + —~—h( )(koa)

jé(koa) +

h( )(koro [ h(z)(kob)] } P;™(cos )
___p K (1) (1)
Gem = " 4meg o smo( ™2+ 1)m {h (kob) t 13 h (kob)

B (koa) + ko—ahgl)(koa)

- 1
K (koa) + Ehgz)(lc(,a)

(' (kob) + —h(z)(kob)] } ™ (cos fp)

_Pwk 1 - )
Kim =i o S(=1)™(2¢ + 1)m je(koro)h{"(kob)

) 1 .
Je(koa) + k—Jt(koa)

D (koro) RSP (kob) $ P7™ (cos 6p)
(2)(k a)+ (2)k a

___p_w_ko 1 m (1)
Lim == 2250 Lo (1) (at 4 1)m ) KD kob)

he (ko) + kl—ahgl)(koa)
0 WD (kob) § Py™(cosBo)  (75)

- — 0
B (ko) + mhﬁ”)(koa)

Multiplying the both sides of the equations of (74) by z—e"m(¢’ ¢o)
and integrating with respect to ¢ from, 0 to 21r and again multiplying
the both sides of the equations of (74) by (1+ 3 %—;—Z%PZ“(COS 6) sin® 9
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and integrating with respect to 6 from 0 to =, we have

L
Fim + GimAl,, = (e+ ) EH’";,

t (t-m)! [e X \:
Ktm'*'leAtm = (t+ ) (£+m) o ( +_'—"‘Y 1

K.E4(b,6)
. P[*(cos 8)sin® § A9

E4(b,0)Py™(cos 8) sin? § A9

(76)
where 8 is the magnetic co-latitude of the central line of the range of
magnetic latitude suitable for penetration. Hence,

1

K + Lem A} ( X )
"'=—1/ 1+ ——) K,=-Q(b,0 7
Fim + GemA} po \" Y -1 °wbs (M

im
and Kim + Fim@(b,6)
At _ im Iim ) 78
tm Lim + Gem@Q(5,6) (78)
6.5 Ray Tracing
Following Haselegrove [2] and Budden (3], we define
oo _ (B-B)
G(7,p) = ——= 79
() = T (79)
where .
-_K . ..
P==Kn=pp=pn (80)
0
Then, the propagation of the ray is governed by the following equations:
r_oG
¢ 0p 81
508G (81)
c OF

where, in Cartesian coordina.tes,

('9’0 =1,2, 3) (82)
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In spherical coordinates, letting

= (rio ¢)
Zpnal (83)

F
P v,%)

we have
P = p(2sinycosy + §sinysinv + 2 cosy) = #p, + Opg + dps (84)
It is easy to show that

p=n
= p[sin 6 sin y cos(¢ — ) + cos @ cos ]
= p[cos @ sin vy cos(¢ — ) — sinf cos 7]
Py = —psinysin(¢ — ¢)

(85)

The temporal variations of 8 and ¢, § and (}5, constitute a rotational
motion with angular velocity vector

Q=00+ 3¢ = ¢ + (7 cos 6 — Osin )¢ (86)
Then,

[¢0 + (fcosf — Osm0)¢] X 7= 00 + ¢ppsind
[¢a + (Feosf — 031n0)¢] = —#+ dpcosh (87)
= [4)0 + (fcos b — 0sm0)¢] X ¢=—0¢cosf — #¢psind

= ## + 0r6 + ¢r¢sm0
= rp, + p,.(00 + ¢dsin ) + 0pe + pe(— #0 + ¢ cos 6)

+ ¢p¢, p¢(0¢cos 6 + #¢sin 0) ] ) (88)
= #(pr — pob — pg¢sin) + (s + pr0 — py cos 6)

+ @(py + prpsind + pe¢ cos )

Hence,

oG  .0G . 0G

60— _— 89
+ 3Po+ Opy (89)

l(i-i +6ré + &sréssino) = f—
c apr

ie.,
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*_ 0G ‘
c Op,
6 108G
<=7 ops b (90)
b_1 o6
¢ rsind dpy )
Also,
< |7 (B — Pob — ps¢sin) + 6(p + pr0 — pyd cosb)
+ $(pg + Pr$sin 0 + pogh cos 6)
.1n .,16n - 1 0On
’TEEJ“ ;';%-'-d,rnsinﬁgtz (91)
ie.,
pr_10n 8 ¢ _10n  ps8G  ps 8G
c _n3r+pa +p¢sm0 n6r+ r 3p9+ r (9p4,
Po_10n 6 ¢ _10n p, 8G  pycotd 8G
c tmog Pre +p¢cosﬂc “rndd r Ope r  Opg
Bo_ L On 0% ppcose?
¢ rnsinf 0¢ p,.s1n0c pgcosﬂc
__ 1 9n_ p +pecotd G (92)
~ rnsinf 8¢ r dps

For whistler ray, assuming quasi-longitudinal propagation, we have ap-
proximately,

(p? +1p} + p3)3

(93)

[N

1+ X
[ Y.pr + Yopo + Ygpy |

1
(p? + p§ + P})>

-1

After some manipulations, we can show that

6G _p 1 X Yz
apr +2n5(iYL|—1)2|Y |[(P0+P¢) (Y0P0+Y¢p¢) ]




6.6 Re-Entry Problem 241

8G ps 1 X Yo [,

Oon  nZ ' omb - Y.p,
Opy n? + 208 (| Yg | -1)2| YL | [(sz +;)Ys — (Yops + Yo p:)ps
0G _ Dby 1 X Y

Opg m? 2w (Vg | —1)?|Ys]

(8 + E3)Ys — (Yops + Yapo)pdz] (94)

If X,Y and P as functions of 7 are known, then by using (90), (92)
and (94), we can perform ray tracing in the ionized atmosphere by
numerical methods, considering the ionized atmosphere as locally ho-
mogeneous. This can be done comparatively easily in the ionosphere,
but in the magnetosphere, the Earth’s magnetic field is much distorted
by the solar wind, the configuration of the Earth’s magnetic field and
the electron-density distribution are rather complicated, quite vari-
able and not well known. To calculate the change of intensity of the
whistler beam as it travels along the path, we need to know the atten-
uation caused by the collisions of electrons with other particles and to
know the divergence of the beam and its change during the first half
of the path and the convergence of the beam and its change during
the second half of the path. In this chapter, the effect of collisions is
neglected. To determine the change of intensity due to the divergence
and convergence of the beam, we can calculate the paths of four or
more neighboring rays by ray tracing to find the change of the cross-
sectional area of the beam, the intensity of the beam being inversely
proportional to the square root of the cross-sectional area if absorption
is neglected.

6.6 Re-Entry Problem

Suppose that there is a whistler ray which penetrates at the point
(b,0, ¢) in a certain narrow range of magnetic latitude on the boundary
surface and after propagating through the ionized atmosphere as pre-
dicted by the method of ray tracing arrives at the point (b;,6;,¢;) on
the boundary surface which is approximately the magnetic conjugate
point of (b,8,¢). After re-entry, the field in the terrestrial waveguide
is given by equations similar to (14), namely,

H = —iwegV x (7T) = —0 —) —— + ¢wep —

A iweo or - or
sinf 8¢ 06
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2
E:VxVx(FI‘):f[%(rI‘)+k3rI‘] + 0

1 o0 9
rsind 3_¢ E(rI‘)

o 0
39 3 (7T)

+¢

(95)
where
0 L |
r=2 X [C‘"‘hgl)(k"” D‘m"gz)(’%')] P*(cosf)e™  (96)
{=0 m=-L

Ce¢m and Dy, being constants to be determined. On the Earth’s sur-

face which is perfectly conducting, 387(1'1") = 0, we have

r=a

1)’ 1 . a 2)' 1 (2
Ctm [hg Y (koa) + .ko_ahg )(koa)] + Dim lhg Y (koa) + mhg )(koa)] =0

(97)
so that
' 1 1)
w ¢ K (Roa) + — A (koa)
r=Y % Cum [hﬁ‘)(kur) -— ko . hﬁ”(kor)]
=0 m=—t ' (koa) + —h$P (koa)
koa
PJ"(cos §)e'™¢ (98)
and
H.=0
_ _iweo 0T
sin 6 0¢
_ weo
" sind Z z Cem

=0 m—1

(1) (ko a)+ (1)(koa)
B (kor) - Be) (kor)
B (koa) + mhﬁ”(kw)

- P*(cos 8)e'™?
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or
Hy = iweg— ]
) L
= —iweg sinoz E Cim
=0 m=—¢
, B (koa) + ih‘”(koa)
A (kor) — — . hf’(kor)]
KD (koa) +3 h( )(Koa)
- P (cos §)e'™®

82
E, = W(rl‘) + Icg(rI‘)

) L
- %Z S Comt(t +1)

{=0 m=—¢
(1) 1,0

) h; 7 (koa) + koah‘ (koa) )

by (kor) - — Tyt (ko)
hy (koa)+k.7h¢ (koa)

- P*(cos §)e'™®

1098
r 86 Or 5 ("D

= —ko smﬁz E Cgm{h( ) (kor) + —h(l)(kor)

£=0 m_—l

Eq =

h(" (koa) + — h“’(koa)

) (koa) + ——h( )(koa)

[hgz) (kor) + k_m,'hsz)(ko")] } - P (cos §)e’™®

1 80
Ey = rsm0(9¢<9r
LRSS Z C,,,,m{ Y (kor) + —h(l)(kor)

sin @
n =0 m=—¢

5. (rT)
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1)’ | e
B (koa) + 1 (ko)

1
R (ko) + e (koa)
. 1 )
. [hﬁz) (kor) + ;o—rhgz)(kor)] }P;"(cos 6)eime (99)

In all the above equations, we put » = b, § = 6, and ¢ = ¢;.

Similar to penetration, re-entry occurs in narrow ranges of mag-
netic latitude. Equations of the same forms as (60), (61), (62), (63),
(64), (65), (68), (71) and (73) hold. If the point (by, 61, ¢1) is situated
within the range of magnetic latitude suitable for the re-entry, then the
wave constitutes a whistler signal which can be received at any point
in the terrestrial waveguide if the point is not too distant from the
point of re-entry to cause the signal becoming too weak in the course
of propagation in the terrestrial wavegmde The constant Cy,, can be
determined in a similar way as A

6.7 Modifications Due to the Consideration of Elec-
tron Density Profile in the Lower Ionosphere

The effect on penetration and re-entry of the electron-density pro-
file of the lower ionosphere is not negligible. In the following, we shall
give a more accurate treatment of the problem. For the convenience
of mathematical analysis, let us introduce a rectangular coordinate
system (£,7,() such that the origin is at the point (b,6,#)in the co-
ordinate system S, the (-axis is parallel to 7. the ¢-axis parallel
to 6§, the 7 -axis para]lel to ¢ and = (¢ + &+ 7)17 Obv1ously,
E( hasd E,-,Ee id EO’E_ Aand 81-’ 8{ > Em and 3; hnd Eln_3¢ Similar
to (40). € of the ionosphere can be written as

3_
1-Xpvp —X98%  igek

=(=\ __ Y?_
P =| —xi5% 1-p5 -igg (100)
. XY . XY, X
-tyisi 2 e U A o 6

In the lower ionosphere, while the Earth’s magnetic field is regarded
as locally homogeneous, the spatial distribution of the electron density
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as a function of ( is considered. We assume that X({) obeys a form
of Epstein distribution [4].

X)) = Gtanha?c (101)
where G and a are positive constants which can be chosen to fit
approximately the observational data of the lower ionosphere. Here, we
are only interested in the part of the field pertaining to the ordinary
wave that can penetrate into the lower ionosphere. In the following, it
is implied that all the field components written are meant to be those
pertaining to this part of the wave. By making use of the equation
K = Kon, K = —iV, it is easy to show that this part of the field
satisfies the following equation approximately

B, 9E, [ . X0, _
5e2 T gz T ko [Hy-l]E"‘o (102)

By the method of separating of variables, letting

E, = E1(£)E»(¢) (103)
we have
1 d*E, 1 d’E, G ol
— — k2 (1 — ] =
E, d£2+E2 d42+0<+y_1tanh2) 0 (104)
We can let \
i + k§sin“ yE; = 0 (105)

where sinx is approximately equal to sin§ = sin 6/v1+ 3cos28.
Therefore

El — e:Fikofsinx (106)

where the upper and lower signs apply to the case of propagation from
the southern to the northern hemisphere and to the case of propagation
from the northern to the southern hemisphere respectively. Also,

d’E,
d¢?

G al
k2 2 _ _— —
+ 0<cos x + _1ta.nh 2)Ez 0 (107)
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Let us introduce

u=—e* (108)
and .
- 5 (109)
where f(u) is a function to be determined. We have
-
= T o = —au[fw) 3 + )]
d;g’ = ou?f(u) % + [2a W f(u) + a uf(u)] 2
+ [?u? £ (u) + cPuf'(u)] v (110)

Hence,

do | [22’_@ + 1] N [f”(u) L L)

a * [* fw fw) "W
2
G et | EEL I o)

Equation (111) can be transformed into the hypergeometric differential
equation of the form

iz_ti (A+B+1)udv AB v
du? u(l — u) du  u(l-u)

=0 (112)

where A,B,C are constants. Comparing (111) and (112), we have

flu) C-11 A+B-C+1 1
flu) 2 u 2 l1-u

(113)

whence,
A iB C+1

f(u) = fouT (1 - ) (114)
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Hence

') 11, K3 (coszx_ G 1+u)

fu)  u f(u) + a?u? Y -1

Y-11-u
_ 1(0—1_A+B—C+1)2_A+B—C+1 1

4 u 1-u 2 u(l — u)
_A+B—C+1 1
2 (1-u)?

k2 . G 1+4u
+a2u2(cos X_Y—ll—u

AB

- 11
u(l — u) (115)

By reducing to the common denominator and equating the coefficients

of 4% u! and u? in the numerator on the both sides of the equal sign,
we have

k2 G )
—1)2 =0 2y —-———) =
(C-1) +4a2 (cos X Y—l) 0
ki G
—B)2 4420 2 — | =
(A-B) +4a2<cos X+Y—1) 0 >
2 k3 2 G
(A+B)*-2C(A+B)+2(C-1)—-4-(cos’x -~ —— ) =0
Qa2 Y-1

(116)
Solving we get

D
o

_ .ko 2 G
C—1+z2a (cos X—Y—l)

_ .kO 2 G
A= 1+t; [(cos X—Y——l)

_ ko 2 G
B—1+za [(cos X_Y—l)

Hence,

[

- (',OS2 -—G— %
X+Y—1 Y (117)
1
(erersy)]
Y-1) ||

E; = fou it (1 — u) Yy (118)

where v is the hypergeometric function. The hypergeometric differen-
tial equation has three singular points 0, 1, and oo . For each of these

[N
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points there are two fundamental series expansions convergent in its
neighborhood, namely,

about u=10
v, = C1F(4,B,C,u)
v, =Cou' °F(A-C+1,B-C+1,2-C, u)
about u=1
vz = CaF(A,B,A+B bt C+1,1 - u)
vy = Cy(1 — u)(€—4-B)
F(C-A,C-B,C-A-B+1,1-u)
about u = o0
vs = Csu 4F(4,A-C+1,A- B +1,u™)
ve =Ceu BF(B,B-C+1,B—-A+1u™}) (119)

where C1, C2, C3, C4, C5 and C6 are constants and

I'(C) i T(A+ k(B +E)
(A)T(B) K!'T(C + k)

F(4,B,C,u) = = (120)

k=0

Although the functions are given in the form of series expansions which
are convergent only within their own appropriate definite intervals,
each of these series defines an analytic function by analytic continu-
ation which is a solution of the hypergeometric differential equation
extending beyond the convergent interval of the series. Since any three
solutions of a linear differential equation of the second order always
are linearly dependent, there is between these three functions a lin-
ear relation, this relation holds for the analytic function obtained by
analytic continuation and therefore for all values of u which can be
assigned to the three functions. Therefore it is legitimate and for our
purpose more convenient to write the u’s in (114) and (118) as —u
then v; —vg are expressed as

about u =0
vy = C1F(4,B,C,—u)
vy = Co(—u)' °F(A-C+1,B-C+1,2-C,—u)

about u = -1
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v3 = C3F(A,B,A+ B - C+ 1,1 +u)
vg = Cy(1 + u)¢~4-8
F(C-A,C-B,C-A-B+1,1+u)
about u = —o0
vs = Cs(—u) ™ F(4,A-C+1,A-B+1,-u?)
ve = Ce(-u) " PF(B,B-C+1,B- A+1,-u"t) (119

where

T(A+E)T(B + k)
F(4,8,C,—u) = F(A B)Z E'T(C + k)

(~u)* (120

We are interested in knowing the relation between v3, v4and vs. It
can be proved that [5]

I'(A- B +1)I(C — A— B)
T(1- B)I(C - B)

F(A,A-C+1,A-B+1,-u!)=

(—u)AF(A,B,A+ B - C + 1,1 +u)
I'A-B+1)I(4+B-C) A-C+1(_ 1 _ . \C-A-B
TATA-Cc+1) W (1=
.F(1-B,1-A,C -A-B+1,1+u) (121)

When ( becomes very large, u — oo and

F(A,A-C+1,A-B+1,—u™)
~ Clfo(~u)*T*F(A, A~ C+1,A- B+1,-u")
o G foekotteo xt v (122)

where C{ = Cs(— 1) . From (106) and (122), we have

ik [:FE sin x+5(cos? x+ ci )*] . ., ,
o Y1 _ CéfoezK(:Fesmx +¢cosx')

(123)

E,, i Céfoe
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where

Y -1
sin y snx
1 —G :
(1+753)
G \3
(cos2 x + 7—1)
cosx' = 7 (124)

G 3
(1+7%5)
From (58) and (59), letting X — G, we have
1 . G
B~ G-y | ¥|(€ - DY~ |1+ 57 | (ke - Yek) K,
+(1+ G )YKIQ}E
Y -
Ee e { (G—1)Y+(1+i (YeKe — Yk )K
¢ (G-1)Y ¢ Y -1 ¢ae £8¢)Le
(14 % vk E
Y—]. ¢8¢ n
1
% G\ (Y, ..
3 (75 (e

1

€0 G B
H, _,4:1/#0( +Y—1) E, (125)

where ( =0, u= -1, from (121)

T(A- B+ 1)I(C - A~ B)

F(A,A-C+1,A-B+1,-u"') > I'(1 - B)I(C - B)

(126)

From (122), (125) and (126), we have on the bottom boundary of the
ionosphere, wrltmg Y,., Yy, K., K, K¢, E., Eg, E4, Hg and Hy
for Y¢, Y, K(, Kg, K,,,E(,Eg, E,,H; and H, respectively,



6.7 Modifications Considering Electron Density Profile 251

T(A-B+1)I(C - A- B)

By = Cfo T(1 - B)I(C — B)

G A
+ (1 + ?_—1) YKd,K,.} E4,

G

E = ) (Y. Ko - Yof(r)ffr]

1 . G . " s
Eqy = (G’ NG {—1 [(G -1)Y; + (1 + ﬁ) (Y-Kq - YOKr)KO]

1
Hy = Ak (1 + i) ’ (iﬁff‘t - if,.) E,

— G \?
Hy = Fi o (1+Y—1) Ey (127)

Comparing equations of (127) with equations of (58) and (59), the
former equations can be obtained by replacing the X ’s in the latter
equations by G . Similarly, we can get the equations corresponding to
(61) to (73), especially, corresponding to (65), (71) and (73), we have

(G-1) Effr + (1 + —9——) L (erfo - Yoffr) K.K¢ = +(G-1)

Y-1)Y
Y, Y, G\ Yo N .
(G-1) 37 (1 + Y—) 7% (Y Ko — Y,K,) K
G 7 ]
= (1+5 kKEy o Kuy=0 (65)

K3Ko(G -1+ K2)

tanf = —2 . o
- 1
Ke|G-1 . N . 2
racg 1‘), L [K3(1+K3>—(G—1—K3)’] 11y
C1) - kiR
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1+ K.(1+K.)>G>0 (73)'

It is interesting to note that our modified treatment leads to similar
final results. Therefore, in our modified treatment, the penetration
prolem, the re-entry problem and the determination of the constants
A}m and Cyn can all be solved by following similar procedures as
before. It is probably not necessary to point out that if our treatment
is made only for the purpose of studying the penetration problem, the
re-entry problem and the propagation in the lower ionosphere, then
beyond the lower ionosphere, we can still use the expression X ) =
G tanh “—2{ to signify the electron density and still regard the Earth’s
magnetic field as the same as in the lower ionosphere near the bottom
boundary, but beyond the lower ionosphere, the expressions for the

field components given in (127) are not meant to give the true values
there.

6.8 Conclusions and Discussions

By our theory of whistler propagation, the following interesting
conclusions are obtained.

1) Since both the terrestrial waveguide propagation and the whis-
tler mode propagation in the ionized atmosphere have to be considered,
the common conviction that whistlers cannot be received below certain
latitudes and that the receiving point and the source position must be
mutually magnetic conjugate points are clearly not warranted.

2) Since our derivations show that whistler rays have a very small
angular divergence and that both the penetration from the terrestrial
waveguide into the ionosphere and the re-entry from the ionosphere
into the terrestrial waveguide occurs in a narrow range of magnetic
latitude (except at isolated points, the magnetic poles), one in each
hemisphere for penetration and similarly for re-entry, these facts ex-
plain the apparent existence of ducts. The postulate that there are
filamentary structures of electron density along the Earth’s magnetic
field lines is not only still lacking in direct experimental evidence, but
is also not quite necessary for the explanation of the quasi-longitudinal
propagation of whistlers.

3) Since penetration and re-entry require that the values of X and
G on the bottom boundary of the ionosphere be less than 3, whistlers
mostly occur before sunrise and to a lesser degree after sunset.

4) Since X and G are inversely proportional to the square of
frequency and the higher the value of X or G, the higher the value of
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K, , the penetration of the components of lower frequencies occur at
higher magnetic latitudes than those of higher frequencies, and simi-
larly for re-entry, so that the former components travel through longer
paths and suffer longer delays than the latter components. This effect
enhance the differential delay of arrival time caused by dispersion in
the ionized atmosphere. For the same reason, whistlers with spectra of
discrete frequencies may exhibit traces in fine successions.
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