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9.1 Introduction

Due to the great interest in Flat Periodic Structures (FPS) for
antenna and microwave applications, suitable numerical tools are re-
quired to analyze and design such structures. The design is based on
extensive use of analysis data for different geometrical configurations.
Thus, the computational efficiency in analyzing each geometrical con-
figuration is a critical requirement of the design procedure.

A survey of different techniques for the analysis of FPS can be
found in [1]. Only two techniques appear to be useful to analyze FPS
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316 9. A Scheme to Analyze Scattering

with patches of arbitrary geometry including losses. One of them, (2],
is based on the Moment Method (MM) and has the disadvantages
inherent to it: the requirements of computer time and memory become
prohibitive in many problems. The other technique is based on the
Conjugate-Gradient and the Fast Fourier Transform Method, [1,3-5],
and is rather more efficient than the MM.

The CG-FFT method is applied to solve problems formulated in
terms of operator equations such as

LI=Y (1)

where L is an integrodifferential operator and I and Y are the un-
known and excitation functions, respectively. For the Electric Field
Integral Equation the operator L has a convolution nature. The Con-
jugate Gradient Method (CGM) performs operations like LW or L*W
in each iteration, where W is a known function and L? is the adjoint
operator of L. These computations are carried out efficiently using
FFT. A general discussion of the application of the CG-FFT method
to finite size problems or periodic infinite size problems can be found
in [7].

The discrete Fourier transform (or the FFT for fast computation),
is specially well suited for FPS problems. That is because it takes
advantage of the discrete nature in the spectral domain of the fields
and currents, [1,3-5]. In [3] the EFIE is sampled by expanding the
induced currents in terms of rooftop functions [8,9], and testing the
fields with the same functions. Nearly all the computations involved in
the EFIE convolutions are performed in the spectral domain including
the EFIE derivatives. In the spectral domain the number of Floquet’s
harmonics considered in [3] is limited by the size of the FFT consid-
ered (K™®* the highest frequency considered is K** = 7N, /T, and
Kp** = 7N, /T,, T. and T, being the side lengths of the generating
cell of the periodic lattice). This limitation in the spectral band is jus-
tified from the fact that the resulting Floquet’s series in this approach
are convergent. As reported in [3] the asymptotic form of Floquet’s
harmonics follows

1 1

D P S S— L 2
rw“z(rrzz-+-n2)l/2| | 'n(mz-{-nz)l/21 vl @

where (m,n) is the harmonic order, and |J**| and |JJ*"| are the
spectral amplitudes of the induced current components for this har-
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monic. The CG-FFT approach proposed here is in part similar to [1]
and [3], but with two main differences:

As first difference the efficient numerical technique of [8,9] to treat
mixed-potential EFIE, [10], is incorporated in the present CG-FFT
scheme. The technique of [8,9] was also applied in [2] to solve FPS using
MM. In [4,5] a CG-FFT scheme using this technique was outlined. The
advantage of this scheme is that, as shown in [2], Floquet’s harmonics
decrease as

1 1
Jonn or Jmn 3
mn (m? -{-'n"’)l/2 < mn (m? —{—nz)l/2 | v ’ (3)

Now absolute convergence in Floquet’s series can be guaranteed a pri-
ori. Although the approach of [4,5] has in the spectral domain the same
band limitation with [1] and 3], the convergence rate obtained is better
since the magnitudes of Floquet’s harmonics decrease faster following
(3) than (2).

The second main difference between the present approach and that
of [3] is of practical and theoretical importance. In the numerical ap-
proach the fields are sampled in the real domain at discrete points and
therefore the Fourier Transform of the sampled field is periodic, with
a period proportional to the inverse of the sampling interval, [11,12].
In addition the length of this period agrees with the bandwidth of the
FFT considered. These facts allow, as it is demonstrated in the paper,
to perform the EFIE convolutions without limitations in the spectral
band, improving the quality of the results and the convergence rates.

This paper is arranged as follows: In Part 2 the EFIE is formulated.
Green’s function of this EFIE takes into account the periodic charac-
ter of the fields and currents. This EFIE is sampled in Part 3 using
“rooftop” functions to expand the current and “blade-razor” functions
to smooth the fields. The smoothed fields are discretized by consider-
ing explicitly a sampling function, [12], (a train of impulse functions).
Part 3 ends with expressions for the sampled EFIE where all the inte-
grals required to compute the induced fields are expressed in terms of
only one kind of convolution. This convolution is computed efficiently
using the FFT as shown in Part 4. The fields have a discrete and
periodic nature in both domains (real and spectral). In the spectral
domain the fields are obtained from the product of two discrete and
periodic functions. One of them is the FFT of the discrete function
that forms the coefficients of the expansion of the induced current in
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terms of rooftops. The other function is obtained from a series, which
terms include values of the Continuous Fourier Transform (CFT) of
the Green’s function considered. Part 5 deals with three approaches to
compute this series. Results of current distributions, convergence rates
and reflection coefficients for several FPS are given in Part 6. All these
results have been obtained using the Conjugate Gradient algorithm
that appears in [13]. The paper ends with an Appendix with complete
expressions for the sampled operator.

9.2 Formulation of the Continuous Operator Equation

The first step is the continuous operator equation formulation.
Figure 9.1 shows the problem to be solved. A plane wave is incident
upon a periodic lattice with a rectangular generating cell of area T,T,.

The induced current on the metallic patches can be obtained by
solving the following operator equation [4],

ixE(F) =2 x {KI/ GF (7-7) T (7) ds'
Sy

-KcV [ GF (7-7) VT (7) ds'}; for €S, (4)
Sy

where E' is the incident field shown in Fig. 9.1, K; = jwu/4r, K¢ =
1/(jwedr),

Sp is the conducting surface of the generating cell and GF is a Green’s
function that takes into account Floquet’s harmonics.

GF () = i i G (F — Umn ) exp (—jf(_i . ﬁmn) (5)

m=-—00 N=—00

where
G(r) = exp(—jK,r)/r (6)
Umn = mT.2 + nT,§ (7)
K" = kog + koy) + Koz (8)

K, = w\/pe (9)
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where K is the incident wave vector defined in Fig. 9.1.
Expressing the induced current on the reference cell as

J(7) =T (7) ¢(7) (10)
where
¢ (7) = exp (—jkozz — jkoyy) (11)
Equation (4) can be put in a more compact form as follows
E,=EJ +E for 7€, (12a)
E,=E,’ +E;  for T€S, (12b)
where
Ea=Eaa + Boa (13)
and
Egi = Lia‘]; (14a)
E3§ = LSpJ3 (14b)
Lia=Kr [ GF(F-7)¢(7)ds (15)
Sy
S, = Koo GF (r-7)¢(F) -—a——jk,g ds  (16)
b da Js, o

9.3 Formulation of the Discrete Operator Equation

Now the continuous system of equations of (12) will be sampled.

So the induced current, J*, is expanded in terms of rooftop functions,
T, and T’ as follows

N,-1Ny-1 .
RE=> Y J2G0)TIF), for a=zory  (17)
i=0 ;=0

where JP(i,j) is a discrete function. Definitions of 72’ and T can
be found elsewhere, [8,9]. Figure 9.2 shows an example of a rooftop
function. Figure 9.3 shows the approximation to the geometry using
these basis functions. It should be noticed that the continuous geom-
etry of the plates is approximated by a set of small rectangles of size
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Figure 9.1 Geometry of the Flat Periodic Structure.

Figure 9.2 Example of rooftop for the z-component of the current.

AzAy = (T./N.)(T,/N,). Rooftop functions T2 and T, have their
centers located at the points

7 = iAzz + (j — 1/2)Ayy,  for TV (18a)
7 = (i-1/2)Azz + jAyy, for T) (18b)

The discrete functions J2(,5) and JP(i,j) must be zero at the
point (%,7) such that its corresponding rooftop function is located
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Figure 9.3 The continuous geometry of an arbitrary patch is approxi-
mated by a set of small rectangles.

outside the metallic plates. To take this into account we define the
geometrical discrete functions g*(i,5) and g¢¥(4,j) to be equal to zero
when the corresponding rooftop function is located outside the metallic
plates and equal to unity otherwise. A more detailed description of
these geometrical functions can be found in [13].

For the sake of coherence in the formulation the following functions
will be defined

JPAG,5) = (J2(5,5) + T2 (i - 1,7)) (19a)
JPA(4,5) = (JP(id) + T (4,5 - 1)) (19b)
J”%u: = (JP(i,5) - J2(i - 1,4)) /A= (20a)
JP8(i,5) = (JP(3,5) v TP (4,5 - 1)) /Dy (205)

where 1 =0,1,2,...,N,— 1, and j=0,1,2,...,N, -1

All the discrete functions defined here are considered periodic with
a reference cell of size (N, Ny).

“Blade razor” functions, R, and R, have been considered to
smooth the fields. These functions are defined as follows

1 fi < Az/2 =0
T LR ek

(21a)
0, elsewhere
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1, for |y| < Ay/2, z=10

(21d)
0, elsewhere

R, (7) = {
Discrete functions are obtained from the impressed and scattered
fields by first performing a convolution of these fields with R, or

R, and then by sampling at discrete points the resulting continuous
functions. For instance for the impressed fields we have

EP(7) = III (F7") / E: () R (F—7) ds' (22)
Sp

where III(77'") indicates the two dimensional sampling function:

o0

oIFE™) = 3 Z §(z—23™) o (y ~ ya™) (23)

m=—00 n=—00

where § indicates the impulse function.

Applying (22) to the plane wave excitation indicated in Fig. 9.1
we have

E:D(7) = III (™) [qS (7) AaEiasinc(KmAa/2)] (24)

The sampling procedure proposed in (22) can appear surprising
and confusing at first glance, but in fact in [1-5] and in almost all
the MM applications, a sampling with III(r) is implicitly made. In
(22) authors only write explicitly a quite commonly used sampling
procedure.

The following discrete system of equations is obtained from (12)
by the sampling process indicated in (22):

E;D (F) = —E’fD (7); for ¢*(m,n) =1 (25a)
EP(F)=-E;P(F); for g¥(m,n)=1 (250)

where
ESD ESD + ESDC a=zory (26)
ES? = EPT+ BDC (27)

The terms ESDI ESDC are developed next. For ESP! we have
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ESPI(7) = ITI (™) / R, (F-7) Es (7)) ds’
S

~ III (™) AaESL (7) = III (FT™) AaLl,J

N,-1Ny-1
~ III(FT™) AaLl, > > J2 P (F)ds'
=0 j=0
= III (F™™) Ac
N-—l Nv"l
/ & F-F)o() S 3 JPPI () ds/(28)
Sy i=0 j=0

where P™"(F) is a two-dimensional pulse defined over a small rectangle
of area AzAy centered at ¥7". To obtain the last expression in (28)
we have assumed that ESI is constant for all the points where Rq
does not vanish and equal to its value at the center point of R,. The
rooftop T has been approximated by the pulse Py’ that has the
same volume and center point that T.’. These two approximations
are justified in [8].
The terms E3DPC or Efgc are developed as follows

ESDI(F) = III(73™) /S R.ESS (7)ds
P

et )
= [II(FT™) /,; -V (7) $(7) da

=II(F™) [V (FE) ¢ (7E) - V (72) ¢ (7))

~ ITI(75™) ¢ (7)
7t 7=
[V (2) -V (73) - iKeaba L 21TV a)] (29)
where
AT 923& (30)
4G EX (F),/_; GF (F - "I) ¢ (1_") (3% - jKoﬁ) JE (F') ds'

N.—l Ny_l

L &0 F—7)¢(F
~ %56 [, CT -0 3 3

m!'=0 n'=0
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(988 (', ') - jKopABIR™ (i, n)] d’ (31)

where PS, o 18 a two-dimensional pulse function over the small rectan-
gle of area AzAy with center at 7 = (m'—1/2)Az& + (n' —1/2)Ayj.
¢* represents the complex conjugate of ¢.

9.4 Computation of the Convolution Integrals Using
FFT

All the integrals required to compute the scattered fields of (25)
have been written in terms of convolution integrals as indicated in (28)
and (29)-(31). These convolutions can be expressed as

We (F) = III F™™) W (7) (32)
where
T =z +y"g=(m-1/2)Azz + (n—1/2)Ayy (33)
m=0,1,2,...,N.—1; n=0,1,2,...,N, -1
W= [ 6F(r-7)5 () ds (34)
P
Ne-1Ny-1

SFE)=¢() > D $P6HPY(F) (35)

i=0 ;=0

In (35) P‘j(f'_) is a two-dimensional pulse function of area AzAy,
centered at 7/, and SP(i,5) is a discrete function.
The function W¥(¥) can be computed by following the procedure

W (7) = QIT)ZF‘I (F(III(F™)) ® F (W (7))} (36)

where F(F~!) denotes direct (inverse) continuous Fourier transform
F(f@) = [ fz)e s (37)
and the symbol ® indicates convolution.

Using the properties of the sampling function III, [11,12], the
convolution of (36) can be computed as
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VoK) = 5om FUTLE™) © F (W (7)
= A;Ay }oi i W (K, - m'TX, K, - n'T,S) (38)
where~ meenT
W(K) = F (W (7)) (39)
TX = 27 /Ao a=z or y (40)

W (7) is obtained from a convolution integral, so we have
W(E) = GF(K)S(K) (41)

where GF and § are the continuous Fourier transforms of GF and
S, respectively. -

Analytical expressions for GF can be found in the literature. For
instance from [4] we have

- _ @) e 2
GF (Ko Ky) = e (K™ -X) [(K3+K;—K3)”2] 4

where
E™ =KI'é + KJ i = (2rm/T,) & + (27n/Ty) §
= m (TK/N2) &+ (T/N,) §
for m,n=+1,%2,...,400 (43)
It can be noticed that GF vanishes at all the spectral points except

at K=K —'I?i; so to compute W in (41) we only need to compute
S for these points. It can be found that

§(®™ - K') = B (™) §°(m,n) (44)
where
P (K., K,) = AzAysinc (K,Az/2)sinc (KyAy/2) (45)
N.-1N;-1
§D(m,n) = Z Z $P(i,5) exp (-j (KiAz + K;‘jAy))
i=0 =0

= NN, DFT (5P(3,5)) (46)
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The DFT indicates the Discrete Fourier Transform with a period of
size (N, Ny)

A more useful expression for W(f) can be obtained by written
the discrete variables (m,n) in (42)-(46) as follows

m=m,+ tN, (47a)
n =n, + zN, (470)

where m,, n,,t and z are integer variables and the first two of them
must be:

OsmoSNz_l (48(1)
0<n, <N, -1 (48b)

Using the above variables W(XK) can be expressed as follows:

(=2} o0

W(K): Z Z §(Kz — (K™ — Koz)) 6 (Ky — (K™ — Koy))

m=—00 N=—00

we (m/N.,n/N,) $P(m,n) (49)
where

W (m/Nz,m/[Ny) = W® (mo/Nz + t,n,/Ny + 2)
_ () AeAy(-1Y(-1)y
T.Tyn?(m, /Ny + t) (no/Ny + 2)
27 sin(wm,/N,) sin(xn,/N,)

([(mo/Nz + t)Tf - Koclz + [("O/Ny + Z)TJ{ - Koy]z - KE)

(50)

X

172

§P(m,n) = §P(mq,n,) (51)

Relating (50), (51) and (38), we can write W¥(K) in the following
form

1 ) o0 oo

Azhy > c"5(1(,-(K"*—A(,,))

m'=—con'=-

6 (K, — (K™ ~ Ko,)) WP(m,n) §(m,n) (52)

WH(EK) =
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where
W?P(m,n) = WP(m, + tNg,n, + zN,) = WP(mq,n,)

E Z we (mo/N,, - m/,n, /Ny — n') (53)

m/=—oon'=—oc0

As we could infer from the fact that W¥(F) is obtained by sampling
a periodic function in the real domain, WS(K) is discrete and has a
periodic nature, with a periodic cell of size (N, N,) for the variables
(m,n). So in this numerical approach we are dealing with functions
that are discrete and periodic in both domains.

From (52) and (53) we can write W*(F) as

wé (r) = F {W* (B)}
N,—-1N,-1
= Gt ® X 3 S -v)

DFT"! (W”S‘D) (54)

where DFT~! indicates inverse discrete Fourier transform, with a pe-
riod of size (Ng, Ny). It can be noticed that the convolution integral
of part 3 of this paper can be computed efficiently by using only two
FFT’s, the direct FFT indicated in (46), and the inverse FFT of (54).

9.5 Computation of the Spectral Series
In this part the computation of the series of (53) is discussed. A

first approximation to (53) is to consider only the first term (m' =
0,n' = 0) in the series and to force W? to be periodic

W?(m,n) ~ W¢(m,n), for {g : ;n<<]<r\’//22 (55a)
WP(m,n) = WP (m + tNy, n+ zN,) (55b)
WP(m,n) = WP(—-m, —n) (85¢)

This approximation is considered in [1,3-5]. In [1] and [3] the con-
volution is made with the source function S expanded in terms of
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rooftops instead of pulses as in (35) but only the corresponding first
term of the spectral series is considered.

A second approximation to (53) is to consider the first (2M)x(2N)
terms in the series

M-1 N-1

WP(m,n) ~ Z Z W* (mo/N, + m', n,/Ny + n') (56)
m'=-Mn'=-N

Examining the expression for W given in (50) it can be observed
that in (53) the first four terms have the same sign and the other terms
form a two-dimensional alternating series that decreases as

1™ (-1)"
S C) i (57)

W?(m,n) can be computed accurately using an appropriate algo-
rithm for this series. To do so, we have considered an algorithm due
to van Wijngaarden, [14], and based on the Euler’s transformation for
alternating series.

Table 9.1 shows a comparison for WP(m,n), when this function
is computed following (55), (56) with M = N = 3, and with the
just mentioned algorithm, for the case Az = Ay = 0.1, N, = N, =
16, K, = 27, K, = K,y = 0. In this table the following values of
(m,n) have been considered: m = n = 0,1,2,...,15. It can be ob-
served that for the values of (m,n) corresponding to the low spectral
frequencies (for instance m = n = 0,1,15) the three approximations
to WP give nearly the same values. However for the central values
of (m,n) (say m = n =7,8,9) large differences appear between the
computation of W? using (55) and using van Wijngaarden’s algorithm.
However the differences between the computation using (56) and van
Wijngaarden’s algorithm are not significant. So it can be concluded
that taking only one term for the series, as in (55), ripple problems
can arise in the solution to the problem and these ripple problems can
be made nearly negligible taking a few terms of the spectral series.
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me=n Using (55) M=N=3 Exact
0 .391E-2 + j.000 .391E-2 + j.000 .391E-2 + j.000
1 .825E-2 + j.000 .825E~2 - j.164E-4 .825E-2 - }.111E-4
2 .000 - J.254E-2 .000 - J.259E-2 .000 - J.258E-2
3 .000 - J.152E-2 .000 - j.141E-2 .000 - Jj.151E-2
4 .000 - §.993E-3 .000 - j.111E-2 .000 - j.109E-2
5 .000 - j.650E-3 .000 - j.914E-3 .000 - J.892E-3
6 .000 - j.461E-3 .000 - j.811E-3 .000 - J.786E-3
7 .000 - j.325E-3 .000 - j.762E-3 .000 - j.736E-3
8 .000 - J.226E-3 .000 - j.747E-3 .000 ~ j.721E-3
9 .000 - §.325E-3 .000 - j.762E-3 .000 ~ J.736E-3
10 .000 — j.461E-3 .000 - j.811E-3 .000 - j.786E-3
11 .000 - j.650E-3 .000 - §.914E-3 .000 - J.892E-3
12 .000 - j.993E-3 .000 - j.111E-2 .000 - j.109E-2
13 .000 - J.152E-2 .000 - j.141E-2 .000 - j.151E-2
14 .000 ~ j.254E-2 .000 - j.259E-2 .000 - j.258E-2
15 .825E-2 + j.000 .825E-2 - j.164E-4 .825E-2 - j.1l1l1E-4

Table 9.1 Comparison of results of computing W? using three approxi-
mations.

9.6 Results

Three types of results are given:

— Current distributions on the square plate of a periodic lattice with a
reference cell that is also square. A convergence study of the form of
the current is included for different numbers of samples to represent
the current and for different numbers of terms to compute the spectral
series.

- A convergence study of the number of iterations required to obtain
a fixed relative error for the periodic lattice considered in [15]. The
relative error, ¢, is defined as follows

_ LI -]

7] (58)
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Figure 9.4 Amplitude of the co-polar surface current on a square plate
of the lattice shown. All the dimensions of the lattice sketch are in wave-
lengths. The CG-FFT method is applied using 7 x 8 = 56 basis functions
to represent each component of the current (J, and J).
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Figure 9.5 Results of a convergence study using CG-FFT method for
the AA’ cut in Fig. 9.4.

where ||A|| indicates the norm of A.
- A comparison between reflection coefficient values resulting from our
methods and measured or computed values taken from [16].

All the CG-FFT results for the current distributions and reflection
or transmission coefficients were obtained with a relative error, less
than 10~2 All results except those of Fig. 9.7 have been obtained using
(56) with M = N = 3 for the computation of the spectral series.

A FPS-164 Array Processor with a VAX/750 has been used in
all the computations presented here. The word length is 64 bits. The
theoretical peak speed of this system is about 11 Mflops.

a. Current Distributions

Results for two current distribution cuts obtained using CG-FFT
and MM, (2], are compared in Fig. 9.4. A plane wave is normally inci-



332 9. A Scheme to Analyze Scattering

E

N

s

< ¥ % % * 56 Samples

—l A A A A 240 Samples
————— 882 Samples

o

X ow

o DAt b—er

o T T T T 1

.00 .03 .06 .08 .12 .15

L/ A

Figure 9.6 Results of a convergence study using CG-FFT method for
the BB' cut in Fig. 9.4.

dent upon the periodic lattice shown in the figure. A similar number
of basis functions was considered with both methods. The CG-FFT
results were obtained by using (56) with M = N = 3. For the same
situation Figs. 9.5-9.6 show a convergence study for the current dis-
tribution, using different numbers of rooftop functions but maintain-
ing the number of terms considered to compute the spectral series,
(M =N =3). It can be noticed that far from the plate edges the cur-
rent for both cuts has a nearly stationary behavior when the number of
rooftops is increased. As it is expected, near the edges the asymptotic
behavior of the current is obtained better when the number of rooftops
is increased. Fig. 9.7 shows the current distribution for the BB’ cut
considering three approximations in the spectral series computation.
It can be noticed that the ripple in the curves is minimized when the
number of terms in the series computation is increased.
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Figure 9.7 Comparison of current distributions for the BB’ cut in Fig. 9.4
considering three approximations in the spectral series computation.

b. Convergence Study for the Number of Iterations

Figure 9.8 shows a comparison between the number of iterations
required to obtain a relative error of .01 with our CG-FFT scheme
and with those of [15], for the problem indicated in the figure. The
best convergence rate is obtained with the present CG-FFT scheme
that takes advantage of the efficient numerical technique developed in
[8] to solve mixed-potential EFIE. Using this technique the Floquet’s
harmonic amplitudes for the induced current decays more fast.

Figure 9.9 shows curves of the evolution of the relative error ver-
sus the number of iterations for the problem indicated in Fig. 9.4.
These curves show the typical behavior of the convergence evolution
observed by author’s in all their numerical experiments with this CG-
FFT scheme. In short, it can be said that the number of iterations
N; required to obtain a fixed error is approximately proportional to
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Figure 9.8 Comparison between the number of iterations required to
obtain a relative error of 0.01 for the problem indicated. A grid with
N, x Ny =16 x 16 is considered.
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Figure 9.9 Results of a convergence study of the relative error for the
problem indicated in Fig. 9.4 and considering three size for the discrete
grid (N; x Ny).

(NoN,)!/2. The computation time per iteration T; is
T; = AN,N,log(N.N,)

So the total computation time to solve a problem with a given fixed
relative error follows the law

t = A(N.N,)*?log(N.N,)

The CPU time is about four minutes using the computer system previ-
ously indicated when N, = N, = 64. On the other hand, the memory
requirements for the CG-FFT method is only several vectors of dimen-
sion NpNy. Therefore the CG-FFT scheme is efficient in computation
time and memory requirements.
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c. Reflection Coefficients

Figure 9.10 shows data for the reflection coefficient of the lattice
indicated, at normal incidence, as a function of the frequency. The com-
parison is made with the computed and measured values that appear
in [16]. It can be observed that the agreement between both computed
values and the experimental results is good.

Figures 9.11-9.14 show the variations of the reflected TE and TM
wave coefficients as a function of the angle of incidence , when a plane
wave is incident with ¢ = 60° as indicated in Fig. 9.11. The CG-FFT
results are compared with computed values by Chen, [16]. It can be
observed in general a good agreement between both computed values
for the magnitude of the TE and TM reflection coefficients. This is
not the case for the phase of the reflection coefficients. Chen’s phase
values have a sharp change of nearly 180 for values of § near 40°.
This sharp change does not appear in the CG-FFT results. Authors
are more confident on the CG-FFT results because those have been
obtained considering nearly all the spectral band instead of a limited
band as in [16].

9.7 Conclusions

A CG-FFT scheme to analyze FPS structures has been described.
This scheme mainly presents two new features. First, the efficient
scheme developed in [8,9] to solve mixed-potential EFIE is applied
to FPS using the CG-FFT method. Second, the sampling of the fields
in the real domain at equidistant points is explicitly recognized and
used to avoid ripple problems that could appear otherwise. The results
obtained show that this scheme is efficient and accurate for the purpose
of designing FPS devices.

Appendix

Complete expressions to compute the scattered field and the inner
products are given here.

The scattered fields ESP and ESD, (25)-(31), can be expressed
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Figure 9.10 Comparison of results for the reflection coeflicient of the
problem indicated. The CG-FFT results were obtained using a grid-size
with N, x N, =32 x 32.
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Figure 9.11 Comparison of results for the magnitude of the TE reflection
coefficient as a function of the angle of incidence when a TE plane wave is
incident upon the structure indicated with ¢ = 60°. The CG-FFT results
were obtained using a grid-size with Ny x Ny, = 32 x 32.

as
N,-1N,-1

ESP =% 3 6(z-27)8(y-va) Ei(myn) (A1)

m=0 n=0

where a = z or y aad E? is a discrete function that can be computed
as follows

[E:]ZF_I [C£+c$(1 F2(5)) (Fa(i) - 1)
Ey ¢ (1~ F2(3) (Fy(i) - 1)

cd (1 - Fy(5)) (Fe(3) - 1) ] w(i,)F (JP)
¢l +08 (1- (7)) (BG) - 1) [y up)| @2

F(F~') indicates direct (inverse) Fast Fourier Transform, and

(1) ()
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Figure 9.12 Phase results, for the reflection coefficient, case TE-TE, for
the problem indicated in Fig. 9.11.
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Figure 9.13 Magnitude results for the reflection coefficient, case TE-TM,
for the problem indicated in Fig. 9.11.
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Figure 9.14 Phase results for the reflection coefficient, case TE-TM, for
the problem indicated in Fig. 9.11.

- () (o)
Fo(i) = exp (j27i/Ng) — j K oaAax (A.5)

F is the complex conjugate of F,

WP is given in (53) and J?2, Jf are given in (17).

The inner product computations required in the CGM algorithm

can be evaluated as follows

<J“,E(Jb)> = <J:,E,(J")> + <J;‘,Ey(.]b)> - (J;,E:) + <J;,Ef,>

(A.6)

where the scalar inner product of J and E! is

2,8 = [

L (B)"ds
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N,—-1N,-1 B
-/ (Z Y JP(,5) T2 (F))
N.-—IN:—l "

x Y, D b(=—2%)8(y-v'a) B (i 5)ds

i'=0 j'=0
N,-1N,-1

=3 Y J2P(,5) B (i,) (A7)

=0 j=0

J3D and E¥ are obtained by expanding J¢ and E! as shown in
(17) and in (A.1), respectively.
Finally the discrete adjoint operator is given by

[ 2'“?] _ 1 |G+ 08 (- R()(F(0) - 1)
Eped ) ¢y (1 - Fy(i)(F2(5) - 1)
C" (1 - F(i))(Fy(4) - 1) ] W? (i, §)F(JP)
eI + 6§ (1 - FG)FG) - 1] [W"‘(i,j)F(Jf)] “49)

where EX*Y means the adjoint of Ef.
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