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2.1 Introduction

Microstrip antennas represent the latest development in the pur-
suit of low cost, very thin flat antenna structures. These antennas con-
sist of metallic patches printed onto a substrate backed by a conducting
ground plane. This definition of a microstrip antenna may admit a wide

range of the thickness and the dielectric constant of the substrate.
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Microstrip antennas have several advantages compared to the con-
ventional microwave antennas. Some of the principal advantages are:
light weight with planar configurations and low fabrication cost. Due
to the low volume of microstrip antennas, they can be mounted onto
aero-space vehicles making them flush with the vehicle surface. They
may also be used as the feeds of reflector antennas or as the elements in
an array. Some disadvantages are: limited band width and low power
handling capability.

There are several analytical techniques available in the literature
[1-3] for the analyses of microstrip antennas. Among them the transmis-
sion line model [1] is the simplest. This model was proposed by Munson
[4] and Derneryd [5,6] separately to analyze a rectangular patch an-
tenna fed at the center of a radiating wall. In this model, the rectangu-
lar patch is considered to be a section of a uniform microstrip transmis-
sion line loaded with impedances at the two ends. These impedances
represent the radiated power that emanates from the open ends and
the stored energy in the fringing fields. These impedances are normally
calculated by considering a radiating wall to be equivalent to a nar-
row rectangular grounded slot. The length of the slot is assumed to be
equal to the width of the patch and the width of the slot is taken as
the thickness of the substrate [6]. The conventional transmission line
theory is then employed to determine the input impedance of the an-
tenna. The radiation patterns of the patch are assumed to be the same
as that of an array of two narrow slots separated by a distance equal
to the length of the patch [1,2,6].

The above transmission line model is very simple conceptually.
However, the model has a few limitations. These are:

(i) the model is applicable for rectangular patches only
(ii) mutual coupling between the radiating edges is ignored
(iii) effects of substrate on radiation are not considered

"The effect of dielectric substrate can be incorporated in the model
if the radiating slots are considered to be located inside the dielectric
layer of a grounded dielectric substrate [7] instead of considering them
lying on a ground plane. Also, the mutual coupling between the two
edges can be incorporated to a certain extent by taking the active
conductance (instead of self wall conductance) of the radiating walls.
as done in [6). In order to determine the active conductance, the ratio
of the aperture fields should be known. In [6], the ratio is assumed to be
equal to unity. This assumption is valid for a rectangular patch etched
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on a very thin substrate, when operating at the resonant frequency.
Away from the resonance and with a thicker substrate the ratio will
be different from unity and the model will yield inaccurate results.

In [20] Pues and Van de Capelle improved the transmission line
model of a rectangular patch by incorporating the mutual coupling ef-
fect into the equivalent circuit of the patch. They introduced two volt-
age dependent current generators at the two ends of the patch which
take care of the coupling. Numerical results show good agreement with
the experiment.

The limitations of the conventional transmission line model are
overcome in a newly proposed model [8] known as the Generalized
Transmission Line Model (GTLM). Contrary to the conventional trans-
mission line model (CTLM), the GTLM can be applied to a host of
microstrip patch antennas normally used in practice [8]. In addition,
this new model considers the mutual coupling aspect between the ra-
diating apertures systematically in its exact form without any approx-
imation or assumption. Moreover, the effect of dielectric substrate can
be incorporated easily in the GTLM.

In this chapter the theoretical background of the generalized
transmission line model is reviewed. Analyses of various microstrip
antennas using the GTLM are considered briefly. Finally, theoretical
and experimental results of some useful microstrip antenna structures
are presented.

2.2 The Generalized Transmission Line Model

The generalized transmission line model (GTLM) consists of a
section of transmission line representing the lossless patch. The power
radiated through the radiating apertures (walls) is taken into consider-
ation by means of radiation impedances terminating at the two ends of
the transmission line. The mutual coupling effect between the radiating
apertures is taken care of by means of an additional impedance joining
the two ends of the transmission line. The transmission line together
with the above impedances yields the equivalent circuit of the structure
from which all informations regarding the radiation characteristics are
obtained. The GTLM, in principle, can be applied to the microstrip
patches which have seperable geometries. The majority number of the
practically used patches comes under this category. The theoretical
background of the model is considered in the following subsection.
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a. Theoretical Background of the GTLM

Two different types of possible microstrip patch configurations
with separable geometries are shown in Fig. 2.1. The patch in Fig.
2.1(a) has two radiating edges defined by u = u; and u = uy in terms
of the curvilinear coordinate (u — v) system. On the other hand, the
patch in Fig. 2.1(b) has four edges given by u = uy, u = uz, v = v; and
v = vy, respectively. The annular ring is an example of the first kind
(Fig. 2.1(a)) and a rectangular patch is an example of the second kind.
The circular patch has only one radiating edge and comes under the
first kind when the inner radiating contour (v = u;) has vanishingly
small area (converges to a point).

In order to develop the model, we start with the field config-
urations under the patch metallization. The longitudinal component
(z-component) of the electric field underneath the patch is a solution
of the following wave equation (a time dependence e/t is assumed):

VIE, +KE,=0 (1)
where V2 represents the Laplacian operator and k; is the wave num-
ber inside the substrate on which the patch is etched. In a practical
microstrip antenna, the thickness, h, of the dielectric substrate is very
small compared to the wavelength, )., in the dielectric medium (typ-
ically h < A./50). The z-directed electric field, E;, therefore can be

regarded as a constant along z. Equation (1) then can be written in
the curvilinear coordinate system as [9]

1 3 h2 OE, 8 hl aEz 2 _
s P2 [au (h1 Bu) * % (hz Bv )] thE=0 (2
where h; and h, are the scale factors along u and v—directions, respec-
tively and are

o7 or

du ov

7 being the position vector. It is assumed that the patch configurations
under consideration are separable, i.e. the solution for E, in (2) can be
expressed as

hy = y h2

)

E;(u,v) = fi(u) f2(v). (3)
Substituting (3) in (2) and dividing the equation by fi(u) f2(v), one
obtains
L (10 (10R) 10 (hOR))
h1 h2 [fl 311. (h]_ du + f2 av hg v + k1 =0 (4)
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Figure 2.1 General configurations of microstrip patches with separable
geometry. (a) Two edges (b) Four edges.
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Let hy/hy = p(u,v) and hihy = g(u,v). Then equation (4) becomes

2 2
p O 10pdfi 1 8 1 (L?z)@z+k;q=0(5)
p? Ov

o TR oudn  Fp 002 F B

The above bivariate equation can be separated out into two single
variable differential equations if either

(i) pluv) = g(u) f(v)
and p(u,v) g(u,v) = [ma(u) + ma(v)] f(v) (6a)

or (i) p(u,v)=g(u)/f(v)
and g(u,v)/p(u,v) = [m1(u) + ma(v)]/g*(w)  (6D)

Apparently (6a) and (6b) appear to be two distinct criteria for the
separability of (5). However, if one solves for h; and h either from
(6a) or from (6b), one can see that they assume similar forms. There-
fore, without the loss of generality, one can consider that (6a) holds.
Equation (5) can then be separated as

9*9fi 9 89 0h

s 2 — a2
7 Bu T F, Bu Bu + ki mi(u) =a (7a)

2 —_
FE T T FRowey A= ()

where a is a constant, independent of u and v. Equations (7a) and (7b)
can be rewritten as

Bzfl 1 89 3f1 k;"ml—az _

W+§EE+(_g_ﬂ_)fl_0 (8)
and 0*f, 10fof

g _-Z1T722 2 2\ £2¢ _

5vr " Fov oo T Himat ) fifa =0 ®)

Equations (8) and (9) are second order non linear (in general) differen-
tial equations. Each of them will have two independent solutions. Let
z1(u) and z5(u) be two solutions of (8). The general solution for E,
will be then

B = { 20 ) (10)

:cz(u)
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With E, determined as above, the magnetic field components inside t&e
structure is obtained through the Maxwell equation V X F = —jwuH.
The magnetic field components are given by

0E, 1 ,

—junHa = - 5 = = hlw) () (1)
1 8E, 1,

—jwpHy = -1 = —h—1f1(u) fa(v) (12)

where a prime indicates the derivative of the function with respect to
the argument.

b. Transmission Line Equations

It has been stated earlier that a patch can be made equivalent
to a transmission line section. The transmission line voltage and the
transmission line current will be defined here.

In accordance to the GTLM, the transmission line is taken along
the line joining two radiating apertures. The direction of the transmis-
sion line in the case of a patch with two edges (Fig. 2.1(a)) is unique
(along u-direction). However, for the patch configuration shown in Fig.
2.1(b) there may be two possible directions of the transmission line;
along the v = constant contour (joining two apertures at u = u; and
u = uy) and along u = constant contour (joining two apertures at
v = vy and v = v). In principle, one can select any one of the above
two directions. The effect of radiation of two connecting apertures will
appear in the equivalent circuit through terminating loads. The ef-
fect of the other two apertures can be incorporated by considering the
transmission line to be leaky. However, in order to simplify the analy-
sis, one should consider the transmission line joining the two apertures
which radiate major portion of the power. It is not difficult to make
out which of the apertures are radiating less power, because it can be
easily ascertained from the aperture field distribution (see example in
Section 1.6a).

b.1. Transmission line in u-direction

In order to characterize a transmission line, the transmission line -
voltage and the transmission line current should be defined. The defi-
nitions of these quantitites should be such that they follow the trans-
mission line equation pair (telegraphic equations). For a transmission
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line in the u-direction, the line voltage is defined as
V = Ey(u,) = fi(u) fa(v) (13)
and the line current is defined as
I = —hy H, (along the positive u — direction). (14)
Substituting in (12), one has

= — ha < fl(u v
r= ) ) (15)

Differentiating (13) with respect to u, one gets

A . El_
B fi(v) fa(v) = —jwpg I
or

oV jwp jwp

5 LT e (19)

Combining (8) and (13), we can have

PV 1090V, (Kim - o)

fu? g Ou Ju g2 V=0
* a (0 (k2 %)
|4 im —a _
5u (g 3u) + p V=0 (17)
- . ov
Substituting the expression of B from (16) to (17) one has

oI f(v)(k¥mq — a?)
9 _ _ V=0 18
Ou jwpg(u) (18)

Equations (16) and (18) are the transmission line equations. The trans-
mission line parameters are:

| [Km(w) - o] £(v)

shunt admittance/length = -
leng jwpg(u)

(19)

series impedance/length = (pr (20)

g(u)f(v)
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The parameters being functions of u, the equivalent circuit of
the patch is a non-uniform transmission line. Expressions of f(v), g(u)
and m;(u) are dictated by the geometry of the separable patch. The
constant a, however, depends on the ‘mode’ of operation. The value
of  is obtained from the solution of (9) with appropriate boundary
conditions. When the radiating contours are closed as in Fig. 2.1(a),
the function f,(v) must be a periodic function of v and the values of
are discrete in nature. Each a is associated with a mode. Therefore, a
transmission line mode is designated by a single index (corresponding
to the value of a). When the radiating contours are not closed (as in
Fig. 2.1(b)), the value of a, in general, will be complex due to leakage
of power through the apertures at v = v; and v = v,. Determination of
the complex o will be considered later in an example. The line voltage
and the line current of a transmission line in the v-direction will be
considered next.

b.2. Transmission line in v-direction

For the transmission line in the v-direction, the line voltage is
defined as V' = E, and the line current is defined as

hyH,
f(v)

Combining (9), (11) and (21), we have

I=- (along the positive v — direction) (21)

& = junf)1 (22)
and
% = —;—E}% (K2ma(v) +a?) V (23)

Therefore, the definitions of the line voltage and the line current
follow the transmission line equations in the v-direction. The line pa-
rameters of the non-uniform transmission line can be obtained from
(22) and (23).

In the preceeding sections, the line voltages and the line currents
of two possible transmission lines are defined. The equivalent circuit of
a non-uniform transmission line section will be obtained in the section
that follows.
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Figure 2.2 (a) A non uniform transmission line section. (b) Equivalent
II-network of the section.

c. Equivalent Circuit of a Non-upiform Transmission Line
Section

In this section, the equivalent II-network of a transmission line
section will be obtained. We shall concentrate on the u-directed trans-
mission line here. The equivalent II-network of a transmission line in
the v-direction can be obtained in a similar manner.

A transmission line section confined in the region u; < u < ua
(non uniform, in general) and its equivalent II-network are shown in
Fig. 2.2. Elements of the equivalent II-network are obtained from the
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Y-matrix of the transmission line. The Y-matrix is defined by

I Ynu Y| (V1 }
= 24
[Iz] [Y21 Yoo | [ V2 (24)
where I, I are the port currents at the two ports of the transmission
line. Directions of these currents are shown in Fig. 2.2. V;,V; are the

port voltages. The elements of the Y-matrix are obtained from the
following equations:

Y11 = I1/V;1 (when V; = 0)
Y12 = I /V2 (when V; = 0)
Yy, = I,/V; (when V3 = 0)
Y22 = I /V, (when V; = 0)

Here, V is the line voltage and is given by

V =E, = {4z:(u) + Bzz(u)}fg(v) (25)
and the line current along u is given by

1 hy , ,
1=t {4ei(w)+ Bzy(u)} f2(v) (26)

where A and B are two constants, and z1(u) and z3(u) are two inde-
pendent solutions of (8). Now, Va = V(u = u3) = 0 demands that

B/A = —z1(uz)/z2(u2)

The expression for Y7; thus becomes

Yy = L _ I(u=u) ___h {232(1!2)2,1(‘&1) - zl(uz)z'z(ul)}
i V(u=1w) jwphy | z2(u2)z1(u1) — 21 (uz)zz(ur)
(27)
Similarly,
Yy = —‘{,((12222)) (whenV(u = uy) = 0)
_ L ke [2zo(w)2)(us) — 21(w1)25(u2)
= | e - e (2)
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Figure 2.3 Equivalent circuit representing the patch.

Note that the value of hy/h; in (27) should be evaluated at u = u;
in the case of (27) whereas the above quantity should be evaluated at
u = uy in the case of (28).

The expression for Yj, is given by

_ I(u=u)

Y1, = m (when V(u = u,) = 0)

Now, V(u = u;) = 0 yields B/A = —z1(u1)/z2(u1). The final
expression for Y, then becomes

SR hy {-’3'1(“1)1'2(“1) - fcl(“l)‘c'z(ul)}
jwp hy | z2(ur)zy(uz) — z2(u2)z1(uy)
_ 1 zl_z_ W(ul)
T jwp by {z2(u)21(u2) — 22(uz)zi(w)}
where W (u) is the ‘Wronskian’ of (8). In Appendix A, the Wronskian
is determined and is found to be equal to W(u) = C/g(u), where C

is a constant which depends on the choice of #1(u) and z2(u). The
expression for Yj, thus reduces to

Y12 =

—m{m(ul)zl(uz) — z3(uz)e1(w1)}” (29)

In a similar way, one can derive the expression for Y2; and can
verify that

Y12 = Y21 (30)
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The above relation confirms the transmission line section to be
a ‘reciprocal’ device and therefore a II-network model of the device is
possible. This relation also justifies the definition of the line voltage
and line currents used in equations (13) and (14), respectively. When
a patch is excited by a source placed at u = u,, the patch is equivalent
to two transmission line sections confined in the regions defined as
u < u < u, and u, < u < uy, respectively. Each of the transmission
line section will have a II-network as shown in Fig. 2.2. The elements
of Y-matrix for the section confined in the region u; < u < u, can be
obtained by replacing u; by u, in (27), (28) and (29). Similarly, for the
section in the region u, < u < uy, the matrix elements will be obtained
after replacing u; by u, in these equations. The equivalent circuit of
the patch with the source is shown in Fig. 2.3.

In this section, the equivalent network of the patch is developed.
This network takes care of the power stored under the patch metalliza-
tion and the dielectric loss for an imperfect dielectric substrate and the
loss of power due to the leakage through the side walls at v = v;, and
v = v2. In order to incorporate the radiated power through the main
radiating apertures, the circuit should be terminated with appropriate
radiation impedances. This will be considered next.

d. Effects of Radiation

The effect of radiation through the two main radiating apertures
(at v = u; and at u = u,) can be incorporated into the equivalent
circuit of Fig. 2.3. A radiating aperture may be characterized by an
equivalent admittance, the susceptance being due to the stored energy
in the fringing fields and the conductance is due to the radiation loss.
In order to determine the wall admittance the magnetic current model
may be used. In the magnetic current model, an aperture is replaced by
its equivalent magnetic current. The electromagnetic fields radiated by
the equivalent magnetic current are the same as that of the aperture.
Since we have two apertures, in general, there should be two equivalent
magnetic current sources. The active wall admittance on the wall at
u = u; will be
o _ _T(wm)
= V(ul)

(31)

where I;(u;) is the total induced line currents on the aperture at u = u,
due to the magnetic current sources at u = u; and u = uj, respectively.
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According to the definition of the line current in (14), we have
I(u1) = —hg Hye(u1)

where H,(u, ) is the total induced magnetic fields along v on the aper-
ture at u = u;. This field is a summation of the self magnetic field,
H,,(u1), which is generated by the source at u = u; and the coupled
field, Hym(u1,uz), which is generated by the source at u = u; on the
aperture at u = uy. Therefore,

Hvt(ul) = Hua(ul) + va(ul, 'U.g) (32)
The active wall admittance thus becomes

a __ ha ch(ul) h2va(u1au2)
N TR (w) E.(u)

Let us define the self admittance of the radiating wall at u = u; as

(33)

s haHy,(u1)

= 34
and the mutual admittance between the two walls as
h va H
ym = PaHum(t1,u2) (35)

Ez(ul)

The negative sign in (35) is taken since the equivalent magnetic
currents at u = u; and at u = uy are oppositely directed. In addition,
from the expression of the mutual admittance, defined in (34), one can
obtain the self admittance as a special case, when u, approaches u;.
Using (34) and (35) in (33), one has

s 'mEZ 11.2) s m V2
Y1 = Y1 — y21E‘z'E‘1‘;;j =0~ Yn 71 (36)

where V; and V; are the line voltages at port 2 and port 1, respectively.
Rearranging (36), one has

Vi -V
L ym (37)

.'/f=(yf—y¥i)+'—vl“‘ 21
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Figure 2.4 Complete equivalent circuit of the patch antenna for a given
transmission line mode.

Similarly for the port 2 (at u = uy), we will have

v = (- 9) + g (39)

2

The ‘reciprocity’ demands that y]3 = y3;. Therefore, (37) and
(38) lead to an equivalent circuit shown in Fig. 2.4. This circuit can
be used to determine the input impedance seen by the source I, and
aperture voltages (voltages at u = u; and u = uy) from which the
radiation characteristics of a patch can be determined. Note that the
equivalent circuit in Fig. 2.4 represents a single mode (for a given value
of a in (8)). Each mode will have a circuit shown in Fig. 2.4. The source
current I, is related to the feed current, and the mode of operation.
The input impedance seen by the feed is proportional to the impedance
seen by I,, for a given mode of operation.

In order to determine the input impedance seen by the source I,,
the circuit in Fig. 2.4 can be simplified using the star-delta and delta-
star transformations as necessary. The impedance seen by the feed
current will be obtained if the relation between I, and the feed current
is known. This relation will be established in the following subsection.
Expression for the input impedance will also be considered.
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2.3 Input Impedance

Figure 2.4 yields the impedance of a single mode seen by the
source current I,. The impedance seen by the feed current will be
obtained once the relation between I, (called the source current for a
given mode) and the feed current is known.

Suppose zIp(v) is the feed current distribution (assumed to be a
surface current lying on the ficticious surface defined as u = u, where
Io(v) is a function of v only). The magnetic field will be discontinuous
at u = u, due to the presence of the feed current. For a given mode,
let the magnetic fields at v = u} and at u = u; be

H(uh) = AL f5(v) (39)
H)(u]) = A7 f5(v) (40)

where fz(a)(v) is a solution of (9) for a given a. The discontinuity of
the magnetic fields yields

S HS (uF) - HE(4)] = Io(v) (41)

-3

Now —th,(,a)(u;") is the line current supplied by the source to

the region u > u, and th,(,a)(u,‘) is the line current supplied by the
source to the region u < u,. Therefore,

I, = —hy H{(uf ) + ho H(®(u] )
= —hy [A} — A7) 1(v) = —h2Bo f{(v) (say)  (42)

Now the total current supplied for various a should be equal to the
feed current Ip(v). Therefore,

=Y Ba ££7(v) = Io(v) (43)

It has been shown in Appendix B that the set of functions fga)(v)
for various a form an orthogonal set and

/ " F(0) £2(0) £ (@) dv = 0 when a # of (44)
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Using this orthogonality property, one can have

8o [ 10 [A70] do= [7 10 At

v

or
v3

f(v) £ (v) To dv
B, =-*% (45)

[ [#9w)] d

Substituting B, in (42), we get the relation between the source current
I, and the feed current Ip(v). In particular, when the patch is excited
by a probe, the function Ip(v) may be approximated as

Io(v) = Io8(v — v,)/ ha(v)

where (u,,v,) is the feed location. In that situation, the value of B,
will be

L) £7)(v,)
[C i [#7w)] @

I, = c‘)("’)IO f(va) £ a)(v.)
/ v)[ £ ]

The input impedance seen by the feed is then

hE,(u,v) _E, (_hI,) _ R,

Bo = -

and

(46)

Zip = — Z, (47)

I, I, \' T, Iy

where Z, is the impedance seen by I, in Fig. 2.4. The expression for
I,/Iy can be substituted from (46) to (47) to obtain the impedance
seen by the feed current Ij.

Equation (47) yields the input impedance seen by the feed cur-
rent Iy when only one transmission line mode is present. In order to
obtain the total input impedance, individual impedances for all possi-
ble modes should be added together. However, if the resonant frequen-
cies are not very close to each other as compared to the bandwidth
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of the operating mode, the contribution of the off-resonant modes will
be negligible near the resonance of the operating mode. On the other
hand if some other modes are very close to the operating mode, those
mode-impedances are to be added. A typical example of this kind is
considered in section 2.6.b.

In order to determine the impedance seen by I, in the equivalent
circuit shown in Fig. 2.4, the self and mutual admittances are to be
known. General expressions for these admittances will be obtained in
the following section.

2.4 Self and Mutual Wall Admittances

In section 2.2.d, it has been mentioned that the magnetic current
model can be used to determine the wall admittances of a patch an-
tenna. In the magnetic current model [1], a patch is replaced by the
equivalent magnetic current source at its periphery. The wall admit-
tances of the patch is equivalent to the radiation admittances of the
magnetic currents.

The mutual admittance between two edges is defined as

ym — _hz Hgm(ul,uz) — h2 va(uZaul)
12 E.(u2) E:(u1)

(48)

where E,(u,) f2(v) and E,(uz) f2(v) are the aperture electric fields at
u = uy and u = uy, respectively. H,,(u1,u2) f2(v) is the magnetic field
at u = uy produced by the equivalent source at u = u;.

The v-directed magnetic field H,,, at u = u; generated by the
magnetic current source at u = uy can be determined using the Green’s
function technique. The expression for the magnetic field will be

Fm(uz,ul) = // M, -E(rz/rl)dsl

L3}

where M, is the equivalent magnetic current _on the aperture located
at u = u; and is equal to E,(u1)(2 X @4). G is the dyadic Green’s
function which relates the magnetic current to the magnetic field and
81 is the surface area of the aperture at u = u;. One can use the free

space Green’s function in (48) to determine the mutual admittance.
However, in order to include the effect of dielectric substrate, Green’s
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function of a stratified media should be used. For a thin substrate and
with low dielectric constant (h,/e,/Ao < .04), the effect is negligibly
small and the free space Green’s function yields a good approximation
to the mutual admittance.

In order to compute the mutual admittance one can use (48).
However, to obtain an accurate result for the mutual admittance, one
should use the stationary expression. Equation (48) does not yield a
stationary expression for y[3. The stationary expression for the mutual
admittance will be

m_ (11, u2)
N2 = R PE,(u1) B, (u2)

P= / [£2(0)] av

In (49) h is the substrate thickness and (uj,u;) is the mutual
reaction between the two magnetic current sources placed at u = u;
and u = uy, respectively. In Appendix C the stationary character of the
above expression in (49) has been proved. In addition, since (uj,uz) =
(u2,u1), ¥73 = y5;. Equation (49) gives the mutual admittance when
the radiating apertures are located at u = u; and u = uy curves. If
the radiating apertures are in the location v = v; and v = wvj, the
stationary expression for the mutual admittance becomes

(49)

with

v = no2) (50)

h E,(v1) E,(v2) / N );12((:)) du

where E,(v1)fi(u) and E,(vz)fi(u) are the electric fields at v = v; and
v = vy, respectively. Equation (49) should be used when the transmis-
sion line is along the u-direction and (50) should be used when the
transmission line is along the v-direction. For the self admittances,
one should use the self reaction instead of the mutual reaction in the
numerators of (49) and (50).

2.5 Radiation Patterns

The radiation patterns of a patch can be determined once the
aperture fields are known. The aperture fields are obtained from the
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Ay

Figure 2.5 Geometry of a rectangular patch antenna.

equivalent circuit of the patch. The principle of equivalence is then
employed to obtain the equivalent magnetic currents on the apertures.
Using the Green’s function technique one can derive the expression
for the far radiated fields. For a thin dielectric substrate, the effect of
dielectric on the radiated field will be negligibly small and one can use
the free space Green’s function in order to determine the far fields.
However, when the substrate thickness is large (h > A/20) the effects
of the dielectric on the radiation pattern is substantial. In such cases,
the Green function in the stratified media should be used. It is shown
by Kong [10] that the effect of the dielectric substrate on the radiated
field can be taken into account by multiplying a factor to the result
obtained if the effect of the substrate is ignored.

So far, we have presented the theory of the generalized transmis-
sion line model. The application of the model for linearly and circularly
polarized patch antennas will be considered next.

2.6 Applications

a. Rectangular Patch

Rectangular patch antennas have been analyzed by a number of
investigators [4, 5, 11]. Here we shall demonstrate the application of
the GTLM to that patch.
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The geometry of the patch is shown in Fig. 2.5. Suppose the patch
is operated near the resonance of the TMp; mode. In that case, the
maximum radiation takes place from the aperture at y =0 and y = b
and the apertures at 2 = 0 and ¢ = a radiate very little amount of
power.

According to the present model, the transmission line should be
considered along the y-direction. The leakage of power from the walls
of z = 0 and 2 = a can be attributed to the complex propagation
constant which is estimated in the following way.

The electric field component E, inside the patch metallization can
be expressed as

E, = A(e’**® 4 Be~ike=)(e?*v¥ 4 CeIHvv) (51)

with k2 + k2 = k}. The magnetic field components H, and H, are
obtained from the Maxwell equation

F=-LvuxE (52)
jwp

The propagation constant k. can be determined from the impedance
boundary conditions at the transverse walls. Using that, we have

H,
ye= -
z

— _Hll

(53)

z

atz=0 atz =a

where y; is the transverse wall admittance. Combining (51), (52) and
(53), we have

ke [1 — B] ke [eik-a - Be‘-""‘-"] (54)

= wp |1+ B| ~ wp | etkse + Be-ikea
When y; is known, we can solve for k, from (54) using a numerical it-
eration technique. However, for a thin substrate, we can approximately
obtain the expression for k, in the following manner. When the thick-
ness of the substrate is small, y, is also very small and the value of B
is approximately equal to unity. Equation (54) reduces to

_ Ik
Y = op tan(k.a) (55)
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Again, it is assumed that the small radiation from the transverse

walls yield a slight perturbation to k, from the zero value. Then we
have

k2 = —jwpye/a

The propagation constant in the y-direction, k,, is then
jwu 1/2
ky = (kf - y,)

The imaginary part of y; is very small compared to k? and therefore,
k, can be approximated as

]188 gt
a./ép

kyﬁkj_-l-

(56)

where g, is the real part of y;.

In order to obtain the equivalent circuit of the patch, we set u = y,
z1(u) = ™% and z,(u) = e~?** in (27), (28) and (29). The input
impedance seen by the coaxial feed is obtained as

Z,'ﬂ = Zh/a (57)

where Z is the impedance seen by the source current, I,, in the equiv-
alent circuit of Fig. 2.4. This current is related to the feed current, Iy,
through equations (47) and for the TMj mode, the relation is given by

I, =-Io/a (58)

In order to determine the input impedance Z, seen by I, in Fig.
2.4, the expressions for the wall admittances y{, y3 and y[3 are to
be known. These admittances can be obtained using the near field
integration technique, coupled with the stationary expression. By using
that procedure [12], the mutual admittance, y{3, is obtained as

jh//f(z)f(z’)%iﬁ [(1 + jkr)(2 - 3—r%3) + k’d’] dz'dz

iz = (59)
21rwp/f2(:c)da:
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Figure 2.6 Input impedance of a rectangular patch antenna for the
dominant mode (¢ = 6.858 cm, b = 4.14 cm, ¢ = 1.016 cm, & = 2.62,
h = 0.159 em) GTLM, ---- Transmission Line Model of Derneryd
[5], @ # @ Experimental R, o 0 o0 Experimental X.

where 72 = (z—2')2+d? and f(z) is the electric field distribution at the
radiating wall separated by a distance d. For the wallsat z = 0 and z =
a in Fig. 2.5, and for the TM( mode, f(z) = 1. The self conductances g{
and g3 can be obtained by setting d = 0 in (59) and retaining the real
part. However, the self susceptances cannot be calculated using (59) as
the apertures were assumed to be infinitely thin in deriving (59). The
self susceptance can be estimated from the equivalent extension of the
fringing fields. For the transverse conductance, g;, used in (56), we set
f(2) = cos(wz/b), d = 0 and integrate along the side wall.

The input impedance obtained from the GTLM was compared
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with the measured data in Fig. 2.6. The dimension of the patch was:
a = 6.858 cm, b = 4.14 cm, ¢ = 1.016 c¢m, ¢, = 2.62 and h = 0.159
cm. In the theoretical calculation, a probe reactance of 14 ohms was
used !. The diameter of the probe was 0.125 cm. Also shown in the
figure are the computed values based on the earlier transmission line
model [5]. From the figure, it is found that there is a closed agreement
between the measured result and the result obtained from the GTLM.
The discrepancy between the earlier transmission line model and the
GTLM is due to the mutual coupling effect between the two radiating
walls.

The GTLM can also be employed for a nearly square patch nor-
mally used to generate a circularly polarized radiated field. In such
a case, two spatially orthogonal modes being excited, two different
transmission lines (along z-direction and along y-direction) should be
considered representing these two modes. The input impedance in this
case will be the sum of input impedances due to both.

b. Circular Geometry

The separability criteria in (6) being satisfied for a circular geom-
etry, the GTLM can be employed to determine the radiation character-
istics of an annular ring patch antenna [13]. The earlier transmission
line model [4, 5], on the other hand, is not applicable to analyze circu-
lar patches. The geometry of an annular ring is shown in Fig. 2.7. The
scale factors (cylindrical coordinate system) are

hy =1
hs=p=u

and
ml(u) = Jn(klu)
232(1.&) = Yn(klu)
where J,, and Y,, are respectively the Bessel and the Neumann functions

of order n and k; is the wave number in the substrate medium. The
v-dependence (v = ¢) of the field is

f2(v) = cosng

The probe reactance is calculated from the relation z, = wu,h
In(4/vk1d), where v = 1.781 and d is the diameter of the probe.

1
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Figure 2.7 Annular ring patch antenna.

By using equations (27), (28) and (29), the lumped circuit elements in
Fig. 2.4 are obtained. These are given by (in the region b < p < ¢)

9= Yii + Yoz = - s lkibAi(b,) +2/7]  (60)
2j
J
=Y =
g3 22 + Y12 wHA(s, b)[kchl(Cs b) + 2/x] (62)

with
A(b, C) = Jn(klb) Yn(klc) - Yn(k1b) Jn(klc)
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Figure 2.8 Input impedance of annular ring seen by a coaxial feed near
the TM;; mode. (a =3 cm, b = 6 cm, ¢ = 3.4 cm, &, = 2.2) R, ----
X, ocoo R (measured), x x X X (measured).

and
Aq(b,c) = T} (k1b) Yn(kic) — Y,i(k1d) Jn(k1c)

where the primes indicate derivatives with respect to the arguments.
Expressions for the lumped elements in the region @ < p < ¢ can be
obtained by replacing b by ¢ and ¢ by a in (60), (61) and (62). The
mutual wall admittance yJ3 is derived as [12]

2=

m jabh / e—dkr .
= 2(1 k
Y12 DY cosa 3 (143 r)‘cos a+

(becosa—a)(b—acos a)

)
(k% r? — 35kr — 3)|da (63)

with
r? = a® + b? — 2abcosa
The self conductance can be obtained from (63) by setting b = a
and retaining the real part. The self susceptance is obtained from the

equivalent extension formula [1].
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The equivalent network in Fig. 2.4 was simplified in [13] using the
delta to star and star to delta transformation and the input impedance
was obtained. In Figure 2.8, the computed results for the input
impedance are plotted against frequency. Also given in the figure are
the measured impedances. The agreement between the theoretical and
experiment results is good. In calculating the total input reactance,
the reactances for the neighboring modes (TMoz and TMs;) are also
added to that of the TM;; mode. The input resistances, however, were
estimated from the TM;; mode alone [13].

The GTLM was employed to determine the radiation character-
istics of an annular ring patch antenna with an ear at the outer pe-
riphery. If the ear is placed at an angle 45° with the feed location, a
circularly polarized radiated field in the broad side direction can be
achieved. Due to the asymmetry of the structure caused by the ear,
the two modes (even and odd) degenerate and a 90° phase difference
between the amplitudes of the aperture fields is obtained which gives
rise to a circularly polarized wave. In order to analyze this structure,
two equivalent circuits for two modes (even and odd) are to be consid-
ered [14]. The input impedance seen by the feed is equal to the sum
of the individual impedances. The effect of the extended ear comes
through a reactance loaded at one end in the equivalent circuit of the
even mode. For the odd mode, the effect of the ear is negligibly small
since the odd mode field has a null at the location of the ear.

The methodology was applied successfully and the computed in-
put impedances were compared with the experimental data. Figure 2.9
shows the comparison. A feed reactance of 23.5 ohms (inductive) has
been subtracted from the experimental input impedance. Two peaks of
the resistance curve are due to the presence of the two modes (TM;;
even and odd). The radiation pattern of the antenna was also mea-
sured. The measured result [14] is shown in Fig. 2.10. The measured
pattern shows a very good circularly polarized wave in the broad side
direction. Away from the broad side, the axial ratio of the circular po-
larization deteriorates which is basically due to the difference in the E
and the H-plane patterns of the ring.

Annular and circular sector microstrip patch antennas were also
analyzed [15] using the GTLM. The leakage of power from the side
walls was accounted from the complex order of the Bessel and the
Neumann functions [15]. Experimental results for the input impedance
and radiation pattern show a good agreement with the theory. The
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Figure 2.9 Theoretical and experimental input impedance of an annular
ring antenna with an ear at the outer periphery (for the TM;2 mode of
operation). a =1 cm, b =3 em, ¢ = 1.5 em, ¢; = 45°, ¢, = 2.52, h = 0.159
em, w = 1.0 cm, £ = 0.4 cm. R, ---- X (Theory), eee R, x x x X
(Measured).

semicircular annular sector exhibits a larger bandwidth as compared
to a circular sector and circular patch antenna

c. Elliptical Ring

The separability criteria is satisfied for elliptical geometry and
therefore the GTLM is applicable for this kind of patch shapes. This
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Figure 2.10 Measured radiation pattern (using rotating linear antenna
for circular polarization measurement) of the annular ring described in
Fig. 2.9. f = 4.9 GHz.

model was used to obtain the radiation characteristics of a confocal
elliptical ring microstrip antenna [16]. This patch shape supports two
types of modes (even and odd) which are symmetrical about the minor
and the major axes, respectively. Each mode has its equivalent circuit
shown in Fig. 2.4. For the even mode, the expressions for g1(u) and
z2(u) were

21(u) = BG) (cok1, €) (64)
z2(u) = RG) (cok1,€) (65)
where k; is the wave number in the free space, co is the distance of

focii from the center of the ellipse, and { = coshu. R is the radial
Mathieu’s function and the subscript e stands for the even function.
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Figure 2.11 Geometry of a confocal elliptical ring antenna.

The superscripts (1) and (2) represent the first and the second kinds,

respectively. The circumferential variation of the electric field for the
even mode is

f2(v) = Sem(cok, cosv) (66)

Expressions for the Mathieu’s functions are given in reference [17]
in the infinite series forms. For the odd modes, the radial variation of
the electric field consists of odd Mathieu’s functions [16].

From the theoretical results, it was found that if the ratio between
the minor and the major axes of the outer ellipse is in the range of 0.98
to 0.99 and for the inner ellipse the ratio lies between 0.92 to 0.96, a
good circularly polarized wave can be achieved. The feed location for
a circularly polarized wave, however, should be at an angle of about
45° from the major axis (Fig. 2.11). An experimental pattern of an -
elliptical ring is shown in Fig. 2.12. The axial ratio in the broad side
direction is less than 1 dB. The directive gain of the radiation is about
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Figure 2.12 Measured radiation pattern (with rotating linear antenna
as the receiver) of an elliptical patch antenna. a; = 1.45 ¢cm, b; = 1.34
cm, az = 4.0 em, bz = 3.96 cm, a, (the major axis of the fictitious ellipse
on which the feed is located) = 2.0 cm, ¢, = 45°, ¢, = 2.55, h = 0.159 cm,
f=3.84 GHz.

10 dB, which is 3 dB larger compared to an elliptical patch 2 (which
also gives a circularly polarized wave) [18]. The axial ratio band width
of the elliptical ring is larger than an elliptical patch (Fig. 2.13).

A very important difference between the elliptical patch and ellip-
tical ring antenna was noted. In order to obtain a left handed circularly
polarized wave from an elliptical patch, the feed location should be at
an angle +45° with the major axis [18]. The above angle is —45° for
an elliptical ring [16]. The reason behind this difference is explained
from the resonant frequency of the even and odd modes. In the case of

2 This is due to the fact that the elliptical ring has two radiat-
ing apertures whereas an elliptical patch has only one radiating edge.
Moreover, the size of an elliptical ring is larger than that of an elliptical
patch for the same resonant frequency.
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Figure 2.18 Variation of axial ratio with frequency for elliptical patch
and elliptical ring antennas, ---- Elliptical patch, Elliptical Ring
(Theory), o o o (measured, elliptical ring).

an elliptical patch, the even mode has a lower resonant frequency than
that of the odd mode, so that at the center frequency (mid frequency
between two resonances) the odd mode leads in phase. On the other
hand, for the elliptical ring, the odd mode resonates before the even
mode and at the center frequency the even mode leads in phase. There-
fore, if the relative location of the feed is +45° with the major axis,
the two structure yield two opposite types of polarization. In addition
to the above difference, the elliptical ring is superior to an elliptical
patch in terms of gain and band width [16].

2.7 Conclusions

In this chapter, we have discussed the mathematical foundation of
the GTLM. It is also demonstrated with example, how this model can
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Figure 2.14 Some microstrip patch configurations with separable geom-
etry where the GTLM can be applied.
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be employed to determine the impedance and radiation characteristics
of various patch shapes. A few more patch geometries for which the
GTLM is applicable are shown in Fig. 2.14. These are: circular and
elliptical disks with one or more sectors removed, parabolic shaped
disks, elliptic sector, parabolic sector, etc. The model can be extended
to analyze patches on a cylinder as on a sphere, which satisfy separa-
bility criteria. In addition to these geometries, the GTLM is applicable
to the following cases:

i) Patch with slots and shorting pins: For some special applications,
such as obtaining a circular polarization from a linearly polarized
patch antenna, a slot is cut on the patch metallization. The cavity
model is not suitable for analyzing such kind of slotted patches.
The GTLM can be employed to analyze these structures. The
slot is replaced by an equivalent magnetic current source. The
modal current and modal voltage will be discontinuous at the
location of the slot, due to the presence of the magnetic current.
From the discontinuity, the equivalent II-network of the slot can
be determined using the procedure given in the literature [19].
The equivalent II-network of the slot together with the equivalent
circuit of the patch yield the equivalent circuit of the slotted patch
antenna. Equivalent circuit of a patch with a shorting pin can be
obtained in a similar manner.

ii) Non-separable patches: The application of the GTLM can be ex-
tended to these patch shapes which can be approximated by the
shapes with separable geometries. As for example, an isosceles
triangular patch with an angle less than 60° can be approximated
as a circular sector which has a separable geometry. In order to
have an accurate result, the radius of the sector should be chosen
in such a way that the area of the triangle becomes equal to that
of the circular sector. Except for some selective angles, the cavity
model cannot be used to analyze triangular patches [1].

To sum up, the GTLM described here is capable of analyzing most of

the microstrip patches with a good accuracy. Although it is a piece-

meal approach (mutual admittance and self admittances are deter-

mined separately and included in the equivalent circuit) compared to

the integrated approach of moment method, the GTLM provides a -
clear picture of mechanism of radiation and the influence of various

parameters on the antenna characteristics.
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Appendix A: Wronskian of equation (8)

Let 2;(u) and z3(u) be two independent solutions of (8). Then
each solution will satisfy the differential equations and therefore,

6%z, 1 8g 9z, (k¥m; — a?)

——au2 7 0u Bu g2 1 = 0 (A.l)

and
6222 + }_ gg_ 6232 (kfml - az)
Ou? g Ou Ou g2

Multiplying (A.1) by z, and (A.2) by z; and subtracting we can derive

Ty = 0 (A.2)

A ) = A.
du + oy Wy 0 ( 3)

where W is the Wronskian of (8), defined as

and

Wi(u) = Ae~Sords = A (A.4)

where A is a constant. Substituting the expression of g(u) from (6a),
we have

Wi(u)=C %—;— f(v)

Appendix B: Solutions of equation (9) are orthogonal

Let fél)(v) and féz)(v) are two solutions of (9) with eigenvalues
a; and as, respectively. These solutions either follow the magnetic wall
boundary conditions at v = vy, and v = v (Fig. 2.1(b)) or they are
periodic functions of v (in the case of Fig. 2.1(a)). The orthogonality
can be proved if any one of the above two conditions are satisfied.
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Substituting fa(v) = 2(‘)(1;) and a = ; in (9) we obtain

92f V) 1 9f5fV
s ‘?55 L Bmt eV =0  (Ba)

Similarly, substituting fa(v) = fgz)(v) and o = az, we have

32f(2) 1 af f(z)

302 f 8v Ov s (kfmZ + a%)fz '.£2) =0 (B.2)
Multiplying (B.1) by f, (2) and (B.2) by f; ( ) and subtracting them one
gets
é (F
B (7) +@3-o)f VAP =0 (B-3)
where @) )
0 i}
F)= 020 _ o0 (B.4)

Integrating (B.3) with respect to v (from v; to v;) we have

Z—a2) [ D) fD(0) do = — E2) | Flu1)
@ -od) [ PP =-ZH+ 7 @)

If the contour is closed (Fig. 2.1(a)), v; and v; are equal and the right
of (B.5) is zero. This yields

/ £ £00) £P(v)dv = 0

indicating that fgl) and fgz) are orthogonal.

If the contours are not closed as in Fig. 2.1(b), the magnetic wall
boundary conditions at v = v; and v = vy is assumed. In such a
situation,

3f(1)
Ov

of"
- Tov

_af
T v

_ o

ov

v=v; v=v3 v=v; v=v3

and therefore F(v2) = F(v;) = 0, which also proves the eigenfunctions
51) and fz(z) are orthogonal.
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Appendix C: Expression for y7} in (49) is stationary
Let f;(v) be the exact field distribution on the apertures at u = u;
and v = uz. Then by definition,

ym — —hy va(uI,UZ) _ ha va(ubul)
12 E.(uz) E(u1)

(C.1)

where f(v) Hym (t1,u2) is the v-component of the magnetic field on the
aperture at u = u; produced by the aperture at u = u,. E,(uz2)f2(v)
is the electric field at u = u,.

The expression for Hym(u1,u2) can be obtained using the Green
function technique. Using that, one can have

f2(0) Hom (41, uz) = hEy(u3) / ? W)@ -G 8)hy(v) AV (C.2)

where G is the dyadic Green’s function which relates the magnetic
current to the magnetic field. ¥ and 9’ are the unit vectors along the
v-direction on the apertures at u = u; and u = uy, respectively. Com-
bining (C.1) and (C.2), we have

-h hz('v)/va fz(v’)(iﬂ . E— . f))hz(v’) dv'

y]'.'; = f2(v) (0’3)

Now let us assume that the trial aperture field distribution differs
slightly from the actual aperture field distribution. Let the trial field
distribution be

O(v) = f2(0) + Afa(v)

If we determine yJ} using (3.3) and substitute f(v) = f;‘)(v), we
will end up with some error in y73. The error in yJ} (first order) is given
by the following equation:

A)AYE + RS = ~hha(o) [ AR -T-8)hlv)dv
or

m __ _A.f2(v) m _ hha(v) [* o' - G - Vo (v)do'
Y12 = fZ(v) Y12 fZ(v) oy Afz( )( G )hz( )d (C'4)
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Note that the error in y]3(Ay]3) is of the same order of A f,. This
indicates that (C.1) does not yield a stationary expression for y75.

We now examine the error in y7} if it is calculated from (49). The
mutual reaction if given by

(u1,uz) = —h / Hom(u1, u2) f2(0) Es(u1) fa(v)ha(v) dv

= —thz(ul)E,(uz)// f2(v) f2(v')(@' - G - b)
ha(v)ha(v') dv'dv
Therefore, yI% becomes

~h / £2(0) F2() (' - G - )ha(v) ho(v') d'dv
Y1z = (C.5)

/ f3(v)dv

If we replace fa(v) by f2(v) + Afa(v) in (C.5), we can have the
following equation for the first order error in y75.

273 / f2(v)AFa(v) dv + Ay / f2(v)dv

—-nf / Afo(0) fo(v/)(' - G - 9) ha(v) ha(v') do' dv

v !

—h / / £(0)Af(0)(5 - T - 8) ha(v) ha(v') dv'dv

The dyadic Green’s function being symmetric with respect to v
and v', the two integrals on the right of the foregoing equation are
equal. Therefore,

Ayu/fz (v)dv= —2y1z/f2(” A fa(v) dv

—2h // F2(v")Afo(v)(' - G - ) hy(v) ha(v') dv'dv
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Rearranging the above equation, one has
av3; [ Bt =-2 [ afw) [fz(v)yf; +{n [ 1)

(+'-G - z‘;)hz(v')dv’}hz(v)] dv (C.6)

Now if we combine (C.3) and (C.6) we obtain
Ay =0

which indicates that the first order error in y3 is zero. This proves
the stationary character for the expression of ¥} in equation (49). In
a similar way expression in (50) can also be proved to be stationary.

References

(1] Bahl, I. J., and P. Bhartia, Microstrip Antenna, Artech House,
1980.

(2] James, J. R., P. S. Hall, and C. Wood, Microstrip Antenna, Theory
and Design, Peter Peregrinus, 1981.

[3] Carver, K. R., and J. W. Mink, “Microstrip antenna technology
(invited),” IEEE Trans., Vol. AP-29, 2-24, 1981.

unson, R. E., “Conformal microstrip antennas and microstrip
4 M R. E., “Conformal mi i d mi i
phased arrays,” IEEE Trans., Vol. AP-22, 74-78, 1974.

(5] Derneryd, A. G., “Linearly polarized microstrip antennas,” IEEE
Trans., Vol. AP-24, 846-851, 1976.

(6] Derneryd, A. G., “A Theoretical investigation of the rectangular
microstrip antenna element,” IEEE Trans., Vol. AP-26, 532-535,
1978.

[7] Bhattacharyya, A. K., and R. Garg, “Spectral domain analysis of
wall admittances for circular and annular microstrip patches and
the effect of surface waves,” IEEE Trans., Vol. AP-33,1067-1073,
1985.



84 2. Microstrip Antenna — A Generalized Transmission Line

[8] Bhattacharyya, A. K., and R. Garg, “Generalized Transmission
Line Model for Microstrip Patches,” Proceedings of Ins. of Elect.
Eng., Vol. 132, Pt. H, No. 2, 93-98, 1985.

[9] Morse, P. M., and H. Feshback, Methods of Theoretical Physics,
McGraw-Hill, New York, 1953.

[10] Kong, J. A., Electromagnetic Wave Theory, Wiley-Interscience,
New York, 1986.

[11] Lo, Y. T., D. Solomon and W. F. Richards, “Theory and exper-
iments on microstrip antennas,” IEEE Trans., Vol. AP-27, 137-
145, 1979.

[12] Bhattacharyya, A. K. and R. Garg, “Self and mutual admittances
between two concentric, coplaner, circular radiating current sour-
ces,” Proc. Inst. of Elec. Eng., Pt. H, Vol. 131, 217-219, 1984.

[13] Bhattacharyya, A. K., and R. Garg, “Input impedance of annu-
lar ring microstrip antenna using circuit theory approach,” IEEE
Trans., Vol. AP-33, 369-374, 1985.

[14] Bhattacharyya, A. K., and L. Shafai, “A wider band microstrip
antenna for circular polarization,” IEEFE Trans., Vol. AP-36, 157—
163, 1988.

[15] Bhattacharyya, A. K., and R. Garg, “Analysis of annular sector
and circular sector microstrip patch antennas,” Electromagnetics,
Vol. 6, No. 3, 229-242, 1986.

[16] Bhattacharyya, A. K., and L. Shafai, “Theoretical and experimen-
tal investigation of the Euiptical Annular Ring Antenna,” IEEE
Trans., Vol. AP-36, 1526-1530, 1988.

[17] Abramowitz, M., and I. A. Stegun, Handbook of Mathematical
Functions, Dover, New York, 1968.

[18] Shen, L. C., “The Elliptical microstrip antenna for circular polar-
ization,” IEEE Trans., Vol. AP-29, 90-94, 1981.

[19] Silver, S., Microwave Antenna Theory and Design, (Edited book),
Chapter 9, 1949.

[20] Pues, H., and A. Van de Capelle, “Accurate transmission-line
model for the Rectangular Microstrip Antenna,” Proc. Ins. Elect.
Eng., Pt. H, 334-340, Dec. 1984.



