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5.1 Introduction

low

Design optimization for high power density electrical machinery at
cost with a high degree of reliability in operation requires accurate

performance prediction at the design stage. This in turn requires the

— 159 —



160 5. Electromagnetic Field Analysis for Electrical Machine Design

determination of the magnetic field distribution in detail in the ma-
chine geometry. The finite-element method offers an efficient and accu-
rate means of performing this task, taking full account of nonlinearity
of the iron material; and induced currents in electrically conducting
parts. This method requires the formulation of the field problem in
terms of partial differential equations expressed in variational terms or
by means of a weighted residual function. In the former, an energy-
related expression called a functional is minimized with respect to a
set of trial solutions. This chapter describes the application of the
finite-element method for magnetic field analysis to aid in the design
of electrical machinery and devices with distributed material proper-
ties and excitation sources. Some of the applications described include
utility generators, transformer windings with skin effect, eddy-current
loss determination in busbars, and others.

With increasing demand for high power densities, optimal effi-
ciency, low cost, and operational reliability of electrical plant and ma-
chinery, it is imperative that accurate and sophisticated methods are
employed for improved performance prediction during the design pro-
cess. Some of the performance indicators of interest to the designer
are excitation requirements on no-load and full-load conditions, re-
actances, transient characteristics, short-circuit forces, iron and stray
load losses, end-region fields, eddy-current effects in conducting parts,
dielectric stresses in insulating materials etc.

In order that these parameters are evaluated with the desired de-
gree of precision, one must accurately and in detail predict the elec-
tric and magnetic fields produced under various operating conditions.
Closed from analysis methods [1] and analog techniques [2] have been
found to be of limited use and application to simplified geometries and
boundary conditions. The need for improved analysis techniques was,
therefore, recognized even in the early days of electrical machine de-
sign. With the advent of digital computers, numerical methods have
become popular and are proving effective for determining the field dis-
tribution in electrical apparatus. Some of these currently used methods
fall into three principal categories: (i) divided difference schemes [3],
(ii) finite-element methods based on projective and variational formu-
lations [4, 5] and (iii) integral equation techniques [6]. Many variants of
the foregoing and hybrid methods have also appeared in the technical
literature. All of the above methods address the electric and magnetic
field problems in terms of mathematical models, their solution, and
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processing of the results to obtain design parameters.

The term modeling in this context refers to the formulation of the
physical problem in mathematical terms from Maxwell’s equations and
obtaining the relevant differential or integral expression which describe
the inherent electromagnetic relationships. The solution step consists
of finding an approximation to the true solution which satisfies these
equations so as to minimize the error in a prescribed or acceptable
sense. Several approaches are possible for the choice of the solution
approximation and the error norm.

This chapter describes (i) the method of modeling the electromag-
netic field problem in terms of potential functions, (ii) the derivation
of the governing partial differential equations, (iii) the subdivision of
the field region into finite elements, (iv) the construction of an approx-
imate solution in terms of interpolatory basis functions, (v) the setting
up of an error norm by variational methods and (vi) minimizing the
error in a least squared sense to obtain the potential solution.

The principal differential equations considered in this chapter for
modeling purposes are: (i) vector Poisson equation for linear and non-
linear magnetostatic problems, (ii) diffusion equation representative of
steady-state or transient eddy-current and skin-effect problems, and
(ili) scalar Poisson equation for permanent magnet fields. The ge-
ometries modeled include two-dimensional, axisymmetric, and three-
dimensional representations of the field region. A second-order method
of quasi-linearizing the nonlinear equations resulting from finite el-
ement discretization and functional minimization is described. Their
solution by efficient computational methods is discussed. These include
the Newton-Raphson algorithm, variants of the Gaussian elimination
method, and the pre-conditioned conjugate gradient equation solver.
Post-processing of the field solution results, in terms of flux plots and
parameters such as flux densities, voltages and currents etc., are illus-
trated.

The chapter presents several applications of the analyses described
above to a variety of engineering design problems. These range from
no-load and load analyses of utility generators (7, 8], skin effect in bus-
bars [9], eddy-current losses in transformers [10], no-load and starting
performance in induction machines [11], dc machine fields [12], perma-
nent magnet device performance prediction [13], eddy-current nonde-
structive evaluation [14], and electrostatic field applications [15] and
others. Comparison of finite-element analysis results with test values
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where available are also presented.

a. Two-Dimensional Non-linear Magnetostatic Field
Vector Poisson’s Equation and the Functional

In a number of electrical machinery applications, modeling of the
geometry of the two-dimensional cross-section is found adequate for
design studies. Admittedly this representation neglects end-effects and
induced currents in metallic parts. Emphasis is placed exclusively on
magnetic saturation of the iron members. Nevertheless, after valida-
tion and calibration by tests, the 2D model in many instances has been
found to be a useful design tool contributing to engineering productiv-
ity and for minimizing prototyping and extensive production testing.

With the foregoing assumptions of time-invariance of the field
quantities and of a single valued B-H characteristic, the magnetic field
problem may be formulated in terms of the nonlinear Poisson’s equa-
tion

CurlyCurlA =7J (1)
where:
v : reciprocal permeability which is position and field dependent

A : vector potential function with only a ‘2’ directed component

J : source current density also ‘2’ directed

Expressing the partial differential (1) in terms of a variational ex-
pression called a functional, one obtains as shown in Appendix I

B - 24
F=/ / vB.dB-T.7 dv—qu—dr )
v 0 r on

where

B : flux density
n : unit normal to the bounding surface

An approximation to the field solution is sought which makes the
functional in (2) stationary, a condition both necessary and sufficient
to obtain the correct solution in a least squared sense. Homogeneous
boundary conditions of the Dirichlet or Neumann type are satisfied
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by setting the line integral in (2) to zero (see Appendix I). This is
one of the principal advantages of the finite-element method, wherein
no special prescription for imposing natural boundary conditions is
necessary. Examination of (2) reveals that it has the dimensionality of
energy.

An alternate approach to solving the partial differential (1) which
yields the same result as functional minimization is the so-called
weighted residual method or the Galerkin method. In this approach,
the residual vector of (1) is weighted by a polynomial basis function
and integrated over the field region. The resulting expression is trans-
formed by Green’s theorem into a volume integral and a surface integral
in the same manner as for the functional.

b. Finite-Element Representation

The finite-element procedure consists of subdividing the field re-
gion into a discrete number of subregions or elements, and prescribing
an approximate solution in each of the subdivisions. This approxima-
tion is obtained as a linear combination of solution values at a set of
nodes, usually the vertices and interior points weighted by interpo-
latory functions. The geometrical shape of the element and the ap-
proximate solution defined in it describe the finite element. A variety
of element shapes are available ranging from the simple planar trian-
gular or quadrilateral elements to the more sophisticated curvilinear
isoparametric elements of the first and high order interpolation. In a
majority of cases, only function continuity at the nodes and edges of
the elements is required.

Figure 5.1 shows first-order triangular and quadrilateral elements
which are used in discretizing the field region. The potential solution
is defined in terms of the interpolatory functions of the triangular or
quadrilateral geometry and the nodal values of potential.

Thus,

A= i AeAk (3)

k=1

where:

Ak : weighting or shape function
Ay : potential at the kth node
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Figure 5.1 Discretization of the fleld region into triangular and quadri-
lateral elements.

Figure 5.2 First-order elements and weighting functions.
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Triangular Element (First Order)

(ak + bkz + cry)

AL =
" 2.A

k= isj,m (4)
A = triangle area
a; = Z;Ym — TmY;
bi =y — Ym
G =2Tm — T
i,j,m in cyclic

modulo 3

Quadrilateral Elements (First Order)

/\k=(1+p6)4(1+qn) §=z/a; n=y/b (5)

a,b are half sides

p = 1 for nodes i,n
= —1 for nodes j,m
g = 1 for nodes i,j

= —1 for nodes m,n

The interpolation functions should satisfy the following require-
ments: (a) that the function corresponding to a node has a unit value
at the node and has a zero value when evaluated at the other nodes,
(b) their sum must always equal unity. The solution surfaces for typical
first order elements are shown in Fig. 5.3.

¢. Magnetic Field Solution

The solution to the field problem is obtained by either minimizing
the functional or by the weighted residual method. In the former, the
stationary value of the functional is found by setting its first derivative
to zero with respect to each of the values of the approximate potential
at each node. For a quadratic functional of the form of (2), the station-
ary value of the functional is also its minimum value. This procedure
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Figure 5.3 Solution surface for first-order elements.

may be formally stated as

oF,
3Ak k=1,2,n.

The minimization is carried out over all the finite elements of the
field region and the respective matrices are assembled to form a global
matrix equation, the solution of which yields the unknown potential
A. the matrix equation may be formally stated as

[S][4] = [T] (7

In the weighted residual procedure, one applies the Galerkin crite-
rion to the differential Eq. (1) in terms of the interpolation functions
AisAjs...An and the expansion for A is given by Eq. (3) such that

/[,\‘.. curl v curl ZA;,A;.] dV—/,\;-Jde 0 (8)

It can be shown that the successive expansion of Eq. (8) over each
of the nodes i,j,m...n of the finite element yields the same matrix
equation as that obtained by functional minimization in Eq. (6). In the
following sections, therefore, further reference to the weighted residual
method will not be made.

=0 (6)
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d. Nonlinear Equations and Iterative Solution.

Equation (7) is nonlinear and matrix [§] is symmetric, sparse
and band structured. This equation represents the discretized version
of the differential Eq. (1), obtained by a variational procedure. It is
quasi-linearized by a quadratically convergent Newton-Raphson algo-
rithm and the resulting set of linear equations is solved directly or it-
eratively. The reluctivity (reciprocal permeability) is updated in each
iteration with respect to the B-H characteristic of the material. The
N-R algorithm and the solution of the linear equations are described
in Ref.[5] as follows.

Value of the vector potential at the (k+1)st iteration is obtained
from the value at the kth iteration by the application of the recursive
relation

AR = A* _[J]71[S A% - T (9)

where [J] is the Jacobian matrix of partial derivatives of the iteration
function [§A* — T).

In Ref.[16], the N-R algorithm was directly applied to the func-
tional formulation instead of the residual vector, such that

9F 17'[oF
R+l _ pk
AT=4 [aAe-aAj] [aA.-] (10)

The above formulation has the attractive feature of providing the
theoretical formulation for high order elements.

The set of linearized equations resulting from Eq. (9) is solved
by Gaussian elimination technique with node-renumbering [17], profile
storage [18], and wave-front solution methods [19]. Recently, however,
the pre-conditioned conjugate gradient method has been successfully
applied [20] with utmost storage economy and fast execution time.

e. Application to Electrical Apparatus

(i) Two-dimensional vector potential analysis (z-y) in device cross-
section

An application of the finite-element method to a single-phase
transformer on no-load was described in Ref. [5]). A quarter section of a
single-phase inductor was considered with nonlinear magnetic charac-
teristics for the iron core. The analysis was carried out with first-order
elements.
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Figure 5.4 Variation of peak flux in the inductor with coil current.

The results of the analysis were compared with search coil test
data, as shown in Fig. 5.4. The flux distribution for this case is illus-
trated in Fig. 5.5.

Application of the nonlinear magnetostatic analysis to a 50 MVA
turbine- generator is described by Minnich et al. [8]. The magnetic
flux distribution for the no-load condition is illustrated in Fig. 5.6(a).
A comparison of test values of open-circuit voltage with finite-element
results is shown in Fig. 5.6(b).

During load operation of a rotating electric machine, the axes of
symmetry of the magnetic field depart a good deal from the polar and
interpolar axes. Under these conditions, the vector potential at any
point along the pole axis equals the magnitude at the corresponding
point a pole pitch away, but is of opposite sign to the former. This
is commonly known as the periodicity condition which can be viewed
as an additional boundary condition. Thus the coefficient matrix and
forcing function of Eq. (7) are modified such that the sign of the off-
diagonal terms corresponding to the points where the periodicity con-
dition applies is reversed. This process is implemented by means of a
connection matrix described in Ref.[21]. Figure 5.7 illustrates the shift
in the magnetic axis on load for a dc generator shown in Ref.[12].
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Figure 5.5 Predicted flux distribution in the inductor.

s-section on

Figure 5.6a Flux distribution in the 50 MVA generator cros

no-load.
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Figure 5.6b Comparison of measured open-circuit voltage with computed
values.

Figure 5.7 Magnetic flux distribution in a dc generator on load.
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80 MVA GENERATOR-ON LOAD - CONVENTIONAL
FINITE ELEMENT FLUX DISTRIBUTION PHABOR TRIANGLE

Figure 5.8 Flux distribution in the 50 MVA generator cross section on
load.

Minnich et al.[8] applied the finite-element method for analyzing
the field distribution in a turbine-generator on steady-state operation
for various power factors. A typical flux plot obtained for a loaded
generator is shown in Fig. 5.8

Since the time variation of flux is sinusoidal, the induced voltage
relates linearly to flux linkages and, hence, also to the vector poten-
tial. The flux-linkages in the direct and quadrature axis are calculated
in terms of the vector potential which should accurately yield the di-
rect and quadrature components of voltage. In general, this is a two-
step process. Brandl, Reichert, and Vogt[22] suggested an alternative
scheme employing the N-R technique. In this method, the constraint
conditions on the terminal quantities are imposed explicitly.

() Aziperiodic Scalar Potential Analysis

In special applications of electrical machinery, one needs to deter-
‘mine end-leakage effects such as end-leakage reactances, and forces on
windings. Whereas a full-fledged three-dimensional analysis is desir-
able, a more economical solution such as by axiperiodic analysis may
suffice. In this section we shall illustrate a scalar potential axiperi-
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odic formulation and its application to the end-region of a turbine-
generator.

The partial differential equation which governs the field distribu-
tion in the axisymmetric geometry of the device with an axiperiodic
excitation is given by Eq. (11a).

V.-B =V.pH =-V.uVé=0 (11a)

The corresponding functional formulation is described by Eq. (11b).
Minimization of Eq. (11b),

1 OF\? OF\* nug _,
5—'2_/// [/‘rr (5;) + K2z (E) + P2 F

yields a set of matrix equations, which when solved by an N-R proce-
dure yields the required potential solution. The gradient of the scalar
potential yields the magnetic field distribution. At discontinuities such
as the excitation current source, a jump in the magnetic field is essen-
tial with the scalar potential formulation.

Traditional methods of imposing branch-cuts are cumbersome and
complicated. A new development known as a “gap-element” adequately
models the jump discontinuity in the magnetic field at the air-
conductor interface. The excitation source is decomposed into a set
of harmonics, each of which requires a separate finite element solution.
These solutions summed over all the harmonics yield the desired result.

The above method is described in detail in Ref.[23], wherein its
application to the end-region of a turbine generator is illustrated. Fig-

ure 5.9 shows the scalar potential distribution in the generator cross-
section.

v (11b)

5.2 Modeling of Permanent Magnet Devices

In the magnetic field analysis presented in this section, the follow-
ing assumptions are made in deriving the associated partial differential
equation:

e The magnetic field is time invariant and stationary.
e The source function is represented by a constant current density
distribution in ideal conductors carrying current. In the case of the
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Figure 5.9 Equipotential Contours.

permanent magnets, the source function is represented either by
current sheets or moment distribution.

o The permeability is isotropic and either a constant or a function
of the vector potential. The B-H curves are assumed to be single
valued and hysteresis is neglected.

¢ In the case of samarium cobalt magnets and ferrites, the magnetic
moment is assumed to be unidirectional and uniform over the pole
cross section. In the case of Alnico magnets, the moment distribu-
tion is considered non-uniform, having more than one component.

¢ A vector potential formulation is employed for two-dimensional
fields and a scalar potential formulation is employed for three-
dimensional problems.

Subject to the above assumptions, the following Maxwell’s equa-
tions hold.

The flux-density B, the magnetizing force H, and the intrinsic
magnetization M of a permanent magnet material are related by

B = uo(H + M) (12)
It is convenient to represent the intrinsic magnetization by

M :XH + Mo (13)
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where M, is the remanent intrinsic magnetization of constant magni-
tude in the anisotropic direction and x is the susceptibility, which is
a function of H in a nonlinear material. By combining Eqs. (12) and
(13) and using the nomenclature u, =1+ x, we have,

B
—=uH + M, (14)
Ho
Re-writing (14) yields
v
H =vB - —M, (15)
Vo
where v is the reciprocal permeability equal to ;‘-:1‘: and v, is the

1

reluctivity of free space which equals _-

a. Vector Potential Formulation

We may choose a vector potential function defined as
B =CurlA (16)

Substituting for B, in Eq. (15) for the value given in (16)
H =yCurlA - —M, (17)
Vo

If there are discrete source currents present, then Ampere’s law holds.
Thus,

CurlH = CurlyCurlA — curlyiMO =1, (18)

o

where J, is the source current density.

Equation (18) represents the vector Poisson equation for the per-
manent magnet machine or device which can be specialized to the
different regions as follows:

¢ Source free region
VoCurlCurlA =0 (19)

e Source free region external to the magnet

Curly(A)CurlA =0 (20)
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¢ Magnet region

Curl (A)Curl A — Curlui(A)Mo =0 (21)

o Source region external to the magnet
v,CurlCurl A =, (22)
For a set of partial differential equations represented by
DA =4 (23)

where D is a symmetric operator, the variational formulation is de-
fined by the functional

F = (AT|DA) - 2(47|9) (24)

where the inner product <> represents the integration and superscript
T denotes transposition. Substituting the curl curl operator of (18) for
D and then performing the indicated operations of (24), one obtains
the expression for the energy related functional as

F ﬁ[Ax(H+H’) ds+/“/ (B——) dB]dQ

- / (A-3,)dQ (25)
Q

It can be shown that after setting the surface integral of (25) to
zero, the Euler equation associated with the functional, i.e., the inte-
grand of the volume integral in (25), yields the curl curl Eq.(18).

According to the calculus of variations [24], the vector function
A, which extremizes the above functional, is a solution of the associ-
ated differential Eq. (18) subject to the natural boundary conditions
obtained when setting the surface integral in the functional expression
of (25) to zero.
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b. Two Dimensional Fields

(i) Field Problem in Cartesian Coordinates. The functional minimiza-
tion process described above yields a matrix equation for the two-
dimensional problem in Cartesian coordinates, as

OF _
8 A k=i,j,m
v JA
v Z SklAl + _"—(Moybk - Momck) - = |k=i,j,m =0 (26)
— 2v, 3
1=i,5,M
where A is the triangle area,
beb1 + crer
Sk = ———
k1 iA
br = ¥; — ym and
Ck=2Tm —2j
In matrix notation Eq. (26) becomes
Si Sij Sim A;
v Sii Sim | | A
sym Smm y (27)
C; b; 1
v M, 4 Moy JlAI
w2 g e [Pt
Yo Cm ° bm 1

Equation (27) represents the general two-dimensional representation
of the permanent magnet device in Cartesian coordinates. The mag-
net moment is expressed with both its components in the zy-plane
and, therefore, is of general application to a wide variety of permanent
magnet materials.

The advantage of this formulation is that, even if the magnet has a
complex profile, the user does not have to calculate equivalent currents
or make special efforts at modeling.

If however, the magnet is uniformly magnetized, representation of
the field problem by Eq. (27) will be identically the same as modeling
by equivalent current sheets.
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(i) Azisymmetric Problem. Substituting for B the value equals
%1" - —6— ("‘E-") 2} in (25) and implementing (27) after setting the

surface 1ntegra.l to zero, one obtains the expression

im0 [ L5 (69 2

+ Q(, (6(;.) (6@)] i — rgg,-g,-zp,-}drdz

where A = \/r¢ and M = /r¢
When the minimization (26) and (28) are carried out over all tri-
angles and the individual terms are evaluated, the following set of

equations is obtained.
[S)[A] = [R] (29)

(28)

¢. Applications

The two-dimensional magnetostatic Finite Element analysis was
applied to a radial permanent magnet motor of novel design [25], a
magneto-fluidic seal of axisymmetric geometry and an illustrative ex-
ample of a magnetic clutch.

(i) Radial PM Motor. The outline, finite element triangulation, and
the flux plots for the no-load and load conditions for a radial two-pole
permanent magnet machine are shown in Figs. 5.10 through 5.13.

(¥) Magnetic Fluid Seal. The axisymmetric finite element field anal-
ysis was applied to a positive pressure gas-to-gas magnetic fluid seal
[26] for large-diameter high-speed shaft applications. The objective is
to determine the effectiveness of the seal by computing the radial and
tangential forces from the magnetic field distribution. The seal is de-
signed to operate in a 10-inch diameter shaft, at peripheral speeds of
4000 fpm or more, to withstand pressure up to 7 psig, to operate un-
der large circumferential variations of the stator-rotor gap (from 0.03
to 0.01 inch), and with background axisymmetric magnetic fields of
flux-densities up to 0.5T.

The cross section of the magnetic fluid seal, the two-dimensional
model outline, the flux-distribution obtained without the background
field, and the plot of the radial lux density variation along the rotor-
stator gap are illustrated in Figs. 5.14, 5.15, 5.16, and 5.17, respec-
tively.
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Figure 5.10 Outline of the two-pole motor.

Figure 5.11 Finite Element Triangulation of PM motor cross section.
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Figure 5.12 Flux-Distribution on no-load for the PM motor.

Figure 5.13 Flux-Distribution in the PM motor on load.
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Figure 5.15 Axisymmetric model outline of the seal.
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Figure 5.17 Radial flux-density in rotor-stator gap of magnetic fluid seal
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Figure 5.18 Two-Dimensional cross section of a portion of a magnetic
clutch.

(i) Magnetic Clutch. The principle of the Rotating Magnetic Clutch
is illustrated with respect to the developed view of the two-dimensional
cross section of a portion of the clutch, shown in Fig. 5.18. The ob-
jective of this analysis is to determine the shear force variation with
the clutch angle that was measured from the axis of the clutch. This
section describes the flux-distribution obtained for several angular po-
sitions of the moving parts of the clutch, the method of computing the
shear force by the Maxwell’s stress tensor, and the results obtained.

The flux-distributions obtained for several angular positions for
the permanent magnet rotating clutch are shown in Figs. 5.19 through
5.22.

d. Forces on the Permanent Magnet Clutch

The tangential and normal forces on the magnetic clutch are ob-
tained by integrating the Maxwell stress tensor over the respective
surfaces.

The stress tensor is given by diadic [27]

F =V (BB -1/21B?) (30)
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Figure 5.23 Shear force distribution in the magnetic clutch.

The shear force f, on the magnetic clutch is given by

fs= /ﬂrﬂaHzHydzdy (31)

Where H, and H, are the components of the magnetizing force.

The shear force variation with the clutch angle is shown in Fig.
5.23.

5.3 Analysis of the Eddy-Current Diffusion Problem

a. Two-dimensional Fields

The first application of the eddy-current diffusion analysis by finite
elements, for geophysical prospecting, was described by Silvester and
Haslam [28]. A similar formulation was presented in Ref.[29] for linear
eddy-current problems in magnetic structures. The governing differen-
tial equation and functional for two-dimensional problems are given as
follows. The functional is derived in Appendix IL

vdiv(grad A) = jwocA - J, (32)

F = // [v(grad A)? + jwoA - A - 27, -A] dedy (33)
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Figure 5.24 Flux plots for 0.1 Hz d-axis current. Left: real component;
right: imaginary component.

The minimization of the functional in Eq. (33) leads to a complex
matrix equation

[S){A] + [C][A] = [T] (34)

The above analysis was applied to semi-infinite and finite width
conducting slabs and the results were compared with test values, with
good agreement, as shown in Ref. [29].

Another application of the method to a utility generator for obtain-
ing operational impedances was described in Ref. [30]. The flux plots
obtained at 0.1 Hz are shown in Fig. 5.24. The steady-state diffusion
equation solution was also applied to the nondestructive evaluation of
a crack in a rod of aluminum as illustrated in Figs. 25(a) and (b).
Donea, Giuliani, and Philippe [31] presented the analysis of an electro-
magnetic induction heating problem in axisymmetric geometry with a
“§» directed vector potential Ag(r,z).

Foggia et al. [32] described the solution of the saturated magnetic
field problem in a linear induction motor. The partial differential equa-
tion was modified to include a velocity term V so that

8 (104N & (18A\ OA . 0A
a:(ﬁa‘:)*a—y(m)-"‘éf“’a—z (35)

An alternative to the functional minimization process was presented
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Figure 5.25a Real part of eddy-current profile in cross section of round
bar without crack.
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Figure 5.25b Real part of eddy-current profile in cross section of round
bar with crack.

using the weak Galerkin formulation with the result
64 8A A0V BA8V
/n (E + VE) é(z,y)dzdy + /{;pu (—5;3_33 + 7’?—0?) dedy =0
(36)

where ¢ is required to vanish whenever essential boundary conditions
apply to A on the boundary. Substituting the finite-element approxi-
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mation of A in Eq. (36), yields the time-dependent matrix equation

(M) 5 (4] + [N][4] = 0 (57)

which was solved by a time-stepping technique.

Csendes and Chari [33] described a general variational formula-
tion for the diffusion problem, including the rotational terms. This
generalization of the eddy-current problem is suited for analyzing the
asynchronous performance of rotating electrical machines.

In this method, the partial differential equation and its functional
formulation are given by

vdiv(gradA) = o (%—}: +V x B) -7, (38)
0A 0A
— 2 L p=
F = /};(gradA) db'ﬁ+apw/;2 (y 52 2 3y) dR
+japw/ AzdR—2/ A.J,dR (39)
R R

The above technique was applied-to a simplified generator cross
section discretized by first order triangular elements.
b. Skin Effect by Integro-differential Method

Konrad and Chari [9] described the skin-effect problem by an in-

tegrodifferential formulation of the form

I+jwofJA-ds

Jds

vdiv(gradA) — jwoA = —

(40)

The corresponding functional is given by

F= / [(gradA)2 + jwoA? - juoA. . 2;&‘;’] dv— / 2J-AdV (41)

The solution obtained for a transmission line bundle conductor ar-
rangement is shown in Fig. 5.26.
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Figure 5.26 Flux distribution in a five-wire bundle conductor arrangement.

¢. The Superposition Method

As an alternate to the integro-differential formulation method de-

scribed in the previous section, one may consider a superposition
method.

In the event of having NV conductors with N known total currents
Ii(i=1to N), one can arrive at a solution by solving the differential
Eq. (32) N times. Each time, a different conductor is assumed to carry
a unit current density, in place of J, while all other conductors are
assumed to carry no net current. Let the vector potential solution so
obtained be designated Aj;.

The finite element procedure to obtain A; has already been de-
scribed, as one of approximating A; by a linear combination of a com-
plete set of interpolation polynomials defined over a two-dimensional
triangular finite element. The operator of Eq. (32) was discretized to
yield a symmetric complex matrix equation, which is then solved for
A;.

The solution to the original field problem can be expressed as a
linear combination of the different solutions for A; obtained by in-
puting unit current density in each of the sheet windings successively.
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Thus the total solution is given by

N
A=) CjA; (42)

j=1

Equation (42) represents a straightforward application of the prin-
ciple of superposition. It remains only to determine the N constants
C; such that the integral form of condition of Eq. (42) holds for the
i-th conductor (i =1 to N), i.e.,

N
I.-=//Jt.--ds=//J,.~-dS—jwa,-ZC,-/ A;-dS  (43)
=1

It must be noted that the last integral represents the eddy currents
induced in terms of the vector potential solution obtained in Eq. (42).
The procedure described by Eq. (43) leads to a system of N equations
in N unknowns that can be solved for C;. The integrations in Eq. (43)
are over the conductor cross-section. In matrix form, Eq. (43) may be
expanded as follows

Ja-th ! Econdrl A;-ds
Jo2 - . o2 Econdrz Ay-ds
: —Jjw .
[ ] .
JJN ¢ DN ON zcondrN AI . ds

71 Zcondrl Az-ds um 01 Econdrl Ay -ds T
62 Zcondrz Az * ds tee 62 Econdrz AN ¢ ds

ON EcondrN Az-ds --- ON EcondrN AN - dsl

C I
C, I,
a = | ]
: H
Cn Iy

(44)

where O represents the area over the winding; J,;,J,2... are source
current densities which are input in the superposition analysis,

01,02...N are conductivities; A;, A,... are the vector potential solu-
tions obtained with successive excitation of the windings. For example,
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A; refers to the vector potential solution obtained in the first wind-
ing due to excitation by the source current density J,;-C1,C3... are
the unknown coefficients; and I ,I,,...Ix are the respective currents
(total).

Once the C;s are determined, the vector potential solution is ob-
tained from Eq. (42).

d. Aziperiodic Analysis

We calculate the eddy current effects in the end region of a gener-
ator using a vector potential formulation for the magnetic induction,
B:

B=VxA (45)

It should be noted here that B refers only to that part of the mag-
netic induction which varies with time in the rotor coordinate system.
It is assumed to be a perturbation on the DC components. The asso-
ciated magnetic field, H, is related to the magnetic induction by the
reluctivity tensor:

H, Vep 0 0 B,
H,|=10 v,, 0 B, (46)
Hy 0 0 g By

As in the magnetostatic case, the orthotropic properties model
laminations, teeth, and intrinsic material properties. However, here
the properties are taken in the incremental sense, i.e., they represent
small excursions on the magnetization curve [34].

Using a gauge in which the scalar electric potential is set to zero,
the electric field, E, is

E = —jwA (47)

and the eddy current density (not source current density) is

Iy oy O 01 TlE,
Ll=|0 e. 0]|]|E (48)
Jo 0 0 wo¢] [Es

The conductivity tensor, like the reluctivity tensor, models geomet-
ric effects (e.g. laminations and teeth) as well as material properties.
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Again, we decompose the potential in a Fourier series. Since the so-
lution is complex, we combine the sine and cosine parts in one complex
term which represents a rotating field:

N
A= Zej"an(r,z) (49)

n=1

As before, we deal with each term in (49) separately. Unlike the
magnetostatic case, the incremental permeabilities are not functions of
the solution, and so iteration is not needed.

The functional for the finite element analysis is [23]

_1///ur_r.F 0F\* (0F _OF)’
5_2 r2 ’"‘_’az Ve 9z  Or

2
+ %‘ (Fo + 7‘% - j"Fr)

or
_9F.J! + F,J° + FyJ}

Avo 8F. 8F, . 2
+r—2(F'+’ar e, +’"F")

(50)

dav

where J? is the source current density, which we assume to be eddy-
free. The last term in (50) is a penalty function with an adjustable,
dimensionless parameter, A. It enforces

V.F=0 (51)

which is simply the non-divergence of E in the absence of volume
charges. Equation (51) is valid only within material volumes. At ma-
terial interfaces, the tangential components of E and the normal com-
ponent of J are continuous.

We use gap elements, which we call in this case “continuity ele-
ments,” to enforce continuity of the respective fields. As before, two
nodes are created at the same physical location. The material interface
is rotated at some angle in the (r,z) plane. (see Fig.5.27.)

Continuity of the tangential components of E is satisfied by

cos(¢i; ) Fjr + sin(¢i;) Fj. = cos(¢ij) Fir + sin(¢i;) F; . (52)
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Figure 5.27 Continuity element.

and

Fjo = Fig (53)

while continuity of the normal component of J is satisfied by

- Sin(¢ij)aj,rrpj,r + cos(¢ij)o'j,zsz,z = (54)
- Sin(¢ij)ai,rrFi,r + cos(¢ij)ai,zzﬂ,z

Using (52) and (53), we eliminate the variables at node j in favor
of the variables at node i (assuming the conductivity is greater at
node j).

Figure 5.28 shows the eddy distribution as calculated with our
software in a metallic object similar to a retaining ring. The lengths
of the arrows are proportional to the current density. Where current
seems to be diverging near the top of the object, it is actually turning to
the peripheral direction, which is out of the plane of the figure. Once
the eddy current solution has been calculated, our thermal analysis
program can automatically extract the power losses.
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Figure 5.28 Eddy currents near corners.

5.4 Three Dimensional Fields

a. Vector Potential Formulation

The three-dimensional nonlinear magnetostatic field problem ob-
tained by a vector potential function can be formulated by the following
partial differential equations derived from Maxwell’s equations

CurlvCurlA =7J (55)
divA =0 (56)
The functional expression for Eqs.(55) and (56) is given in terms
of a penalty function A as

F= / [v(Curl A)? + AV(divA)? - 2T - A] dV (57)

Triangular and rectangular prisms are employed for subdividing the
field region. The vector potential approximation is defined in terms of
the vertex values and weighting functions as

A= Z AAp (58)

A\ (ar + bkz + Cry)(1 + r7)
k -
4A

(59)
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Figure 5.20 No-load fleld distribution for the 50 MVA generator.

For a first-order triangular prism

3, = (P60 + gn)(1+ r7)
k= 2

For a first-order rectangular parallelepiped

ak, by, &, n are as described for the 2-dimensional elements.

7 = £ where c is the 1/2 length in the Z direction.

r takes a value +1 according to the vertex for which the shape
function applies.

The solution obtained is applied to an octant of the 50 MVA gen-
erator referred to in an earlier section. The equipotential plot of A and
vector plot of flux densities are illustrated in Figs. 5.29 and 5.30.

(60)

b. Scalar Potential Formulation

We had described earlier two-dimensional finite element solutions
for evaluating the magnetic field distribution in permanent magnet
machinery. Since magneto- mechanical device topologies are essentially
three-dimensional, two-dimensional solutions may not yield the desired
accuracy for certain applications.

A three-dimensional field distribution which uses a magnetic scalar
potential function may be obtained by using finite element analysis [35].
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Figure 5.30 No-load vector plot of flux densities for the 50 MVA gener-
ator.

Figure 5.31 Triangular prism element used in discretizing the three-
dimensional fleld region.
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The magnetic field distribution in a permanent magnet device can
be obtained from the relation described in an earlier section as

B
—=uH+ M, (61)
Ho

Taking the divergence of both sides of Eq. (61), and noting that
DivB = 0, there is

Divy,poH + p,DivM, = 0 (62)

Since H can be represented by a scalar potential ¢ in
H = —grad¢ (63)

Equation (62) becomes

Divy, p.gradg = p,DivM, (64)
Equation (64) is the scalar Poisson Equation for the three-
dimensional field problem in terms of the potential function ¢, the
remanent intrinsic magnetization M,, and the permeability pu,pu, of
the permanent magnet material or ferro-magnetic parts. As for the
vector potential case, this equation can be specialized to the different

regions as follows.
Source free air-region

Divgrad¢ = 0 (65)
Source free iron particles
Div p,pogradg = 0 (66)
Permanent magnet region
Div prpograd ¢ = p,DivM, (67)
Stator current region

Divgrad¢ =10 (68)
grad ¢, — grad ¢, = sheet current density J, (69)
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¢. Functional Mintmization

The energy related functional is obtained following the procedure
described earlier as

F= [ pobo(grad a0 + 2 [ podDivModft - {f Gprprograd g ar
1] 0 r

(70)

For samarium cobalt and ferrite magnets, Div M, exists only on

the top and bottom pole surfaces. Then the functional reduces to the
form

— 2 _ . - .
F= [ ponolerad#)a0-2ff poMog-ar—ff gupogmad s-ar (1)

Setting the surface integral to zero, yields natural boundary con-
ditions implicit in the functional formulation.

d. Finite Element Discretization, Shape Functions, and
Functional Mintmization

The three-dimensional scalar potential field region may be dis-
cretized by triangular prisms shown in Fig. 5.31.

Within each element, the potential function is prescribed in terms
of the nodal values and some weighting functions ({;,({3--- such that

b= ). G (72)

i=1,2,-n
where
1+
G = ,\,-( 2’” ) (73)
_ (@i + bz + ciy)
X = oA (74)
T = z/c,and A is the triangle area (75)
a; = T1Y2 — T2 (76)

b; = y2 — y3 and ¢; = z3 — z in progressive modulo3  (77)

The value of the scalar potential solution is found by minimizing
the functional defined by (71), by setting its first variation with respect
to the nodal potentials to zero. From (71) one obtains

————0—///;1,;10V¢8¢.V¢dV / M8¢. -dl'  (78)
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By substituting £(;¢; from (72) for ¢ in (78), one obtains

Z [ tenotve- veionrav - 3 [ porafci-ar o)

=1
The above process is carried out for each of the nodal potentials
#1,02... for every finite element, and the corresponding matrices are

assembled together. The resulting set of equations for all the elements
in the entire region reduces to the form

(5]- (4] = [B] (80)

e. Application to a Disc Machine

The three-dimensional finite element field solution method de-
scribed above was applied to the disc-type permanent-magnet machine
[13] shown in Fig. 5.32. For convenience, the sections over one pole
pitch are illustrated. In this instance, it is assumed that the windings
are unexcited and carry no current.

Equipotential and vector plots of the scalar potential solution for
¢ are shown in Figs. 5.33 and 5.34. The vector potential solution uses
cones for representing the point values in flux-density in magnitude
and direction. The flux-density variation along the radial lineover the

midplane of the pole and its comparison with tests are illustrated in
fig. 5.35.

[. Derivation of Design Constants

This least emphasized area is perhaps the most important one in
electrical apparatus design. We shall discuss the evaluation of some of
the principal parameters from the vector potential function A.

The generated voltage in a conductor is given by

V=w'¥A-dl (81)

The self-inductance may be obtained by determining the total en-
ergy stored and dividing the same by the square of the existing current.
In the finite-element method, energy is obtained accurately from the
expression
_ [AF7S][4)

v 2

(82)
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Figure 5.32 Disc permanent magnet machine.

Inductance L = %

Force on a conductor is obtained from the Lorentz force equation
F=/Jdev=/(JxVxA)dv (83)
v v

From the above expression, the torque in a moving element is easily
calculated. There are, no doubt, other equally accurate methods of
determining forces and torques such as Maxwell’s stress tensor, virtual
work method, and others.

The losses due to induced currents may be evaluated from the

following expression.
. *
P = / J ; P v (84)

In the case of electrostatics fields, the electric field and capacitance
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& —

Figure 5.33 Scalar equipotential plot along the radial line over midplane
of magnet.

are obtained from the following expressions.

ov
Ez = _g—‘z/:
E, = __8-37 (85)
_ 2[vITIs]iv]
C = —'——‘/2—'

5.5 Conclusion

In this chapter, the finite-element differential equation approach
for describing the electromagnetic field distribution in electrical ma-
chinery is presented. The application of the method to practical engi-
neering design problems is illustrated. Numerical methods, in general,
perform a complementary function to help the design process. It is em-
phasized that the designer and the analyst pay careful attention to the
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Figure 5.34 Vector plot of flux density over one pole-pitch of the disc
machine.
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Figure 5.35 Flux-density variation along the radial line over the midplane
of the pole.
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modeling aspects of the field problem and to the appropriate choice of
one or the other of the solution techniques available.

Appendix I. Non-linear Poisson Equation and Functional

Let us consider the curl curl equation:
curlveurl 4 =7 (1)

It is well known in variational calculus that equation (1) can be solved
by minimizing the appropriate energy related functional. We might
consider the following energy expression

W = % / 7 Adv (2)
Rewriting (2), we have
W:/?-Zdv—%/?-]dv 3)
v
From Ampere’s law one has
curlH =7 (4)
By the constitutive relationship
H=vB (5)
And the assumption of a vector potential such that
B=VxA (6)
one obtains by substituting (4), (5) and (6) in (3)
W=‘/"7-z—%/‘:z-curlucurlz-dv (7
From vector identities

div(PxQ)=P-.curlQ — curlP.Q (8)



204 5. Electromagnetic Field Analysis for Electrical Machine Design

Substituting o
A for P; and vcurl 4 for Q in (8)

div(Ax veurld) = 4. (curlv curl 4) — (curlA-vcurld) (9)

From equations (7) and (9), one obtains after some algebraic manipu-
lation and transposition

W= %/u(curl?f-curli)dv+/7-2dv+/udiv(zx v curl 4) dv

(10)
For two dimensional magnetostatic fields with a single 2z’ directed
component of vector potential, there is, in cartesian coordinates

curl 4 = 6—A—‘;- Q-{l—h'

Ay Oz

One can, therefore, write

- - [0A\? [08A\?
curlA-curlA—($> +(6_y)

and
Zx:zcurlZ:Aa—A;;'—i-A—aA%:Aa—A-fz (11)
Oy z
substituting the results of (11) and (10) and after converting the last of
the integral into a surface integral by divergence theorem, one obtains
the functional expression for (2) as

1 8A\? [8A\? - - 84

We have yet to show that the minimization of (12) yields the required
vector potential solution that satisfies the differential equation (1). It
is shown in reference {21] and in text books of variational calculus, that
if the Euler equation to (12) yields the differential equation (1), then
A satisfies the differential equation.

The Euler equation may be written as

o oF OF [ OF OF
a(aﬁ)*%(m)“a‘z-" (13)
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Where F is the integrand of the first two volume integrals in (12) and

A 84
Az = -5;, Ay = a—y (14)
Now )
v 84 8A - —
F=? (a) +(8—y) _7.4 (15)
Therefore

oF 0A 3F BA oF -~

Substituting the results of (16) in (13), we have

0 0A 0 (0A

(== — = 17

Bzy(az)+3yu(6y)+" 0 (17)
If we expand equation (1) in two-dimensional cartesian coordinates
and know that both A and J have only unidirectional ¢z’ directed

components
i) 0 0A. OA. -
(223 x(a_y,_a_m) ;o
> o (04, 0 (04
Rewriting (19) and dropping k throughout
i} 64 8 [(0A
a—zv (-5;) + —a;l/ (531—) +J=0 (20)

We observe (17) and (20) are identical and conclude that the func-
tional expression of (10) is the required functional. Now let us examine
equation (10). Since

B =curl4

the first term represents the stored magnetic energy.

= %/vﬁ-ﬁdv (21)



206 5. Electromagnetic Field Analysis for Electrical Machine Design

For a general nonlinear case, the integrand f = vB - B/2 of (21) can
be written as foB vBdB so that (21) becomes

W = / [ / quB] (22)

Therefore, we may rewrite the functional expression for the nonlinear
magnetostatic problem as

W= /U deB]dv—/J Adv-fA 24 (23)

Boundary Conditions

Now let us examine the surface integral term. If there is no vari-
ation in A such as by specifying a zero or a constant potential, the
surface integral can be set to zero since its derivative with respect to
each Aj will be zero. This is called a flux tangential boundary condi-
tion or in general the ‘Dirichlet’ boundary condition. If on the other
hand we set the boundary integral to zero even if A is not zero or a
constant, then it will necessarily meant that %% = 0. This corresponds
to a flux normal boundary or in general terms called the Homogeneous
Neumann boundary condition.

Appendix II. Functional for the Eddy Current Problem in
Conductors with Eddy Current Free Source

=%/T~Zdu+%/7-?dv (1)

J=J.+17, (2)

Where J, is the source current density and J. the eddy current den-
sity. From the 2nd Maxwell’s equation (Faraday’s law of induction) for
time harmonic fields and with the assumption B =curl4.

Now

CurlE = —jwB = —jwcurlA (3)

Therefore dropping the curl’s on both sides of the equation (3) one
obtains

E = —jwA (4)
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Using Ohm’s law we have
Je =0E = —jwocA (5)

Substituting (5) in (2) and the result in (1), one obtains for the eddy
current part of the functional

W, = %/—jwaT cAdv+ % / —jwoA- A dv (6)

= /—jva-Tdv (7
Now for the non-eddy current region where J, = 0, as in the case
of magnetostatic analysis and following the same procedure one can
obtain the functional for the linear case as
W, = —/g(cmlT)-(cle)dv-f-/ff,-Zdv
+/g—(curlA)-(curlA')dv+/27-1‘(10 (8)
Since W = W, UW, we have

W=-— / v(curl 4) - (curl A*)dv — / jwoA . A dv
v

+/27:.Zdv+/27,-z‘dv (9)
Minimization of W with respect to each nodal value of A, yields

ow 0 —
A = /u(curlA)aA‘(curlA )dv—/gwaA OA‘A dv

(]
8
+/2J.'0—A;A dv=0 (10)

Similarly

ow

ryviaie /u(curlr)a%(curlfl) dv

. 0
—-/]waA o4, —Adv +/2J'8A Adv (11)
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Equation (10) will result in a symmetric matrix in terms of AandJ,
free of conjugate terms such as A" and J, . Similarly (11) will be free of
AandJ, and therefore their coefficient matrices will be identical and
one may solve for Aor A° with the appropriate source term. Without
any loss of generality we can write the functional with new variables
¥and $ (so called Galerkin Functional) which when minimized would
yield the same coefficient matrices as (10) or (11).

W = —-/u(curl‘Il)-(curl‘I!)dv—/jwa‘ll-\lldv+/2<§,-‘lldv (12)

When ¥ can be either A or A° and & can be J, or 7: .
Also for two-dimensional problems (curl ¥ - curl ¥) is identically
the same as (grad ¥ - grad ¥) and hence (12) reduces to the form

W=+ / / [(vgrad 9)? + jwol - ¥ - 28, - 'I'] dedy  (13)

If we substitute back A for ¥ and J, for ®, one obtains the func-
tional as :

W = // [u (gradm2 +jP0A-A-2J7, -Z] dzdy (14)

Equation (14) is identically the same as equation (32) in the text.
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