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8.1 Introduction

Future generation of satellite and ground antennas will require to
radiate elliptical beams. One way to achieve an elliptical beam is to use
reflector antennas with projected elliptical apertures. It is the purpose
of this chapter to present a new mathematical/numerical method for
the diffraction analysis of antennas with elliptical apertures.

For circular apertures, Jacobi-Bessel expansion methods [1,2] as
well as Fourier-Bessel series techniques [3,4] are established and give
very accurate numerical results. However, for elliptical apertures, the
Fourier-Bessel technique has not been introduced yet even though the
Jacobi-Bessel expansion method has been used already to produce sev-
eral numerical results [5]. It is worthwhile to mention that the Jacobi-
Bessel expansion is related to the well-known Zernike polynomials as
presented in [6,7]. Although the Brute-Force FFT technique [8] is an-
other possible method for elliptical apertures, it does not explicitly
employ the elliptical geometry.

As shown by Rahmat-Samii in 5], the Jacobi-Bessel method works
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294 8. Analysis of Antennas with Elliptical Apertures

very well for circular and low eccentricity elliptical apertures even if
the aperture size is very large. However, for a high eccentricity ellipti-
cal aperture, the convergence behavior of the far field pattern is slowed
and the computational efficiency is lowered. In this chapter, we develop
the Fourier-Bessel expansion technique for elliptical apertures. The el-
liptical coordinate system is introduced and the radiation integral is
expressed in terms of radial and angular Mathieu functions. Expression
of the radiation integral in terms of radial and angular Mathieu func-
tions is undesirable for machine computation, since it is a laborious
task to evaluate the Mathieu functions. Direct use of this form of the
radiation integral is less efficient than use of the Jacobi-Bessel method.
However, the initial integrals can be simplified by use of the properties
of the Mathieu functions and their relationships with the Bessel func-
tions. The final integrals are written in terms of Bessel functions only.
This result allows the Fourier-Bessel technique to be very efficient and
useful, because, the Fast Fourier Transform (FFT) routines which are
used to find coefficients of a Fourier series are very efficient nowadays
and because we can calculate Bessel functions without the limitation
of parameters.

The accuracy of the Fourier-Bessel algorithm is strongly dependent
on the number of Fourier series terms. For a high eccentricity elliptical
aperture, the Fourier-Bessel method is very efficient because it needs
small number of series terms. However, for a large aperture, it requires
many series terms which could result into long computing time.

Another purpose of this work is to compare the Jacobi-Bessel and
Fourier-Bessel techniques and to find the convergence behaviors of both
methods for various sizes and shapes of the elliptical aperture. The pro-
cedures discussed in this chapter are also applicable for any elliptically
shaped aperture-type antennas with known aperture distributions.

8.2 Formulation of the Problem

For the theoretical analysis of the Fourier-Bessel technique, we
start with the formula for the radiated far field pattern of a reflector
with arbitrary projected aperture. That formula was reported in [2,4,5]
and repeated below:

_— , 2 - e—jk"
E = —jkn(} - #)-T(6,) (1)
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where
T(9,¢) = / / J,e%7tds (2)
S
p=2zz+ gy + 2z (3)
7 = &cos¢sinf + ysingsinf + 2 cosd (4)

In the above expression, T(6, ) is the radiation integral, J, is the
induced current on the reflector surface (typically the physical optics
current) and 7 is the free space impedance. To solve (2), the surface
Jacobian transformation is introduced, i.e.,

(6, ) =//A7.\/1+ (.gg)z N (g_:)ze;km,a

x elkl(u—uo)z+(v-vo)y] ejk("°z+"°y)d3dy (5)

where (ug,v9) = (cos@osinbp,sin@osinfy) is the anticipated main
beam direction, (u,v) = (cos @sinf,sin ¢sin@) is the space represen-
tation, I is the identity dyadic and A is the projected area in the
zy -plane.

The offset parabolic surface description can be written as

yo EHHE+Y

Va F (6)

where F is the focal length of the paraboloid and H is the offset
height parameter as is shown in Fig. 8.1. By substituting (5) and (6)

into (2) and using the Taylor’s series expansion, (5) can be expressed
as

T(6,¢) = > _ T,(6,¢) (7)

p=0
where
NP .
Tp(e, ¢’) = I% (%) (cos 0 — cos BO)PeJk(f—:—F)coso
X // chq eik[(u—uo+ 5 (cos 8—cos b0 ) )+ (v—vo Jy] dzdy (8)
A
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fi, fa: foci of an ellipse
h: half distance between foci
{o: boundary of an aperture in ellipitical coordinate system
t=(tst,,t,): a feed location
semi-major axis=h cosh ¢
semi-minor axis=h sinh ¢
a=h cosh §, = o

b=h sinh §

: feed

e

!

Figure 8.1 Geometry of an offset parabolic reflector antenna with an

elliptical aperture. The projected aperture is located in the zy-plane
and a feed is located at t = ({z,%y,?;). Both the rectangular and the

elliptical coordinates systems are used.

and

— —_ 62 2 6: 2 1—'—(&:’+y’)cosoo
o ()
x eik[(uo+% cosoo)z+voy](z2 + y2)p (9)

Now, the truncation function R is defined as

{ 1, inside the area A (10)

k= 0, outside the area A
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Then, pJ, can be expressed as

pJeg=RT (11)

where § is a vector function whose value is equal to pJeq inside the
area A. And its value outside the area A is extrapolated from the
value of ,J., inside the area A [4]. If § is expanded in a Fourier
series in a rectangular area of 2a by 2b dimensions, we have

oo oo
pjeq =R Z Z P?mn e—j(TaH.Ty) (12)
m=-0o n=-00

where the Fourier coefficients ,g,,, are independent of (6, ¢).
Substituting (12) into (8) produces
P! 4F
[> <] o0
X R Z Z pgmn Ron (13)

m=-o0 Nn=—00

] P . 2
Tp(6,¢) = L (Jk) (cos 6§ — cos Bo)Pe”‘(‘fT-F)coso

where
Ron = /:/ ejk[(u—u,+%(cos?—-cos 0o)— 2 )+ (v—vo — 3T )¥] dzdy (14)
A

For the elliptical aperture shown in Fig. 8.1, we use the elliptical
coordinate system [9]. First, parameters B, and ®,,, are defined as
follows:

Bpn =

H mr 2 nw 2
x/<u—uo+ﬁ(cosﬂ—cos%)—ﬁ) +(v—vo—ﬁ) (15)

& = tan~? ( bl 3 ) (16)

u—ug+ %’F(cosﬂ-—cosﬁo)— =

By substituting (15) and (16) into (14), Rmn can be expressed with
the elliptical coordinate as follows [10]:
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fo p2rx . L
Ron = / / ejkBm,.h[cosh{ cosncosPmn+sinhésinnsinPmn)
h2
X —-(cosh 2§ — cos 2n)ddn

o p2m
= h2/ / Z [—Ce?.r(s) qmn)ceh(’?a Qnm)cezr(an’ q"m)

r=0

Ce2r+1 (6, an)cle+1 (7” an)ce2r+1(§mna q”m)

2r+1

Se2r+2(£, an)332r+2(77’ an)362r+2(§mn’ an)

2r+2

+ 82] : S€2r+1(£a an)332r+1 (77’ an)332r+1 (anm an):l
+

X (cosh 2§ — cos2n) dédn (17)

where Ce,({,¢mn) is even radial Mathieu function, Se,(§,gms) is odd
radial Mathieu function, ce,(7,¢msn) and se.(7gmn) are even and odd
angular Mathieu functions respectively, p, and s, are joining factors
which are defined in [10], A is the half distance between the foci of the
ellipse and

1
tun = SR BN (19)
The solution of (17) is derived in the Appendix A and is given below

Rmn = szz E A(2 )Ce2r(§mn, an)Cezr(£0, an)/pzr (19)

where prime denotes differentiation with respect to £o.
Now, if one uses the following mathematical relationships between
Mathieu functions and Bessel functions [10],

Cez, (£0a qmn)cezr(émn’ q"m)
P2r

Z( 1)'Agf ) cos 2iady(2)  (20)
1=0
where '

z= kBm,,h\/ cosh? £ cos? &,,,, + sinh? £osin? 3, (21)
o = tan-1 ( sinh £ sin ®,,,, )

cosh £g cos P, (22)
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and the orthogonality properties of angular Mathieu function [10]:

5 AP0 AE) - {1/2, ifi=0 (23)

0, otherwise

R,.. can be expressed very simply as follows:

27abJy (lc\/u.2 a? + vznbz)

Bomn = ky/u2, a? + v2, b2 (24)
where

Umn = Bmn €08 B mn (25)

VUmn = Bmn Sin ®mn (26)

As shown in (24), R,,, is now expressed in terms of Bessel functions,
only. This is a generalization of expressions given in [3].

8.3 Numerical Analysis

In this section, we present several numerical results which compare
the computational efficiencies of the Fourier-Bessel and the Jacobi-
Bessel methods of performing the physical optics integrations. Here,
the feed patterns are approximated by linearly polarized cos?(6) type
pattern [11). The values of ¢, for elevation zz-plane and ¢, for az-
imuth yz-planes are adjusted to provide the desired aperture taper.

In the previous section, we expressed the final results with a triply
infinite sum but we must truncate the infinite series to finite sums
for numerical computation. For the Fourier-Bessel technique, the trun-
cated form is

P .
T(9,¢) = E L (i’f—)p(cosé? — cos )”e""(ﬁ"”"“’
YT £ pt \ 4F 0
p=0

M/2-1 N/2-1

xB Y Y GmnRmn (27)

m=-M/2 n=—N/2

where P is any positive integer but M and N should be integral
powers of 2 because the FFT subprogram is used to find coefficients
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of a Fourier series. The FFT algorithm is well established and very
efficient nowadays. For the Jacobi-Bessel technique, the formula was

expressed in [5]. Here, we just modify that into the truncated form as
follows:

P ] 1 M N
T(6,¢) =27y ab e"’“(“’“"")p(jk)”(w ~wp)? Y DG
p=0 ) m=0 n=0

X [,,‘é,,m cosn® + pﬁmn sin n@]

X v/2(n+ 2m + 1)M (28)

kB

where P, M and N are positive integers and

B = y/a%(u - ug)? + b2(v — vp)

@ e tan_l M
a(u — ug)
H2
Ze = E - F
w = cos @
wp = cos (29)

Figures 8.2 and 8.3 show that the results from the Jacobi-Bessel
and the Fourier-Bessel expansion techniques agree with each other for
a circular aperture (a/b = 1.0) and an elliptical aperture (a/b = 2.0),
respectively. Usually the Fourier-Bessel technique requires more series
terms than Jacobi-Bessel does but the FFT subprogram used in the
Fourier-Bessel program is much faster than the integration subprogram
used in the Jacobi-Bessel method. Thus, their computing times are
comparable. For example, to produce the plots in Fig. 8.3, the Fourier-
Bessel algorithm (P = 2, M = 16, N = 8) required 0.53 minutes
execution while the Jacobi-Bessel algorithm (P =2, M =16, N = 8)
needed 0.67 minutes with an IBM 3090 in the UCLA Computer Center.

Figures 8.4 and 8.5 illustrate how each series term contributes to
the radiated far field patterns. In Fig. 8.4, we can see the dominant
term (m = 0,n = 0) has maximum values at boresight but other
terms also contribute to the gain at boresight even though their values
are much smaller. However, Fig. 8.5 shows that the Jacobi-Bessel series
behaves very differently. Patterns of dominant terms of both methods
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Figure 8.2 Comparative study between Fourier-Bessel and Jacobi-Bessel
algorithm as applied to an offset parabolic antenna with a circular aper-
ture, a = 15X, a/b = 1.0, F = 30\, H = 18\, q1 = 7.14,¢q; = T.14,t =
(—18X,0,0), P, M,N = (1,16,16) and (1,7,7) for Fourier-Bessel and
Jacobi-Bessel algorithm respectively; (a) ¢ = 0°, (b) ¢ = 90°.

are similar but patterns of other series terms are very different and only
the dominant term (m = 0,n = 0) of the Jacobi-Bessel expansion
contributes at boresight.

For a large elliptical aperture (a = 50A), the Fourier-Bessel
method requires large values of M and N but the Jacobi-Bessel
method doesn’t as is shown in Figs. 8.6 and 8.7. Also, the values of M
and N for the Fourier-Bessel technique should be integer powers of 2
and those values are proportional to the area of the aperture. Thus,
for a large and low eccentricity ellipse, Fourier-Bessel requires much
longer computing time than does Jacobi-Bessel as is shown in Table
8.1. However, for a high eccentricity ellipse (a/b = 5.0), Figs. 8.8 and
8.9 show that the Jacobi-Bessel has very slow convergence behavior
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Figure 8.3 Comparative study between Fourier-Bessel and Jacobi-Bessel
algorithm as applied to an offset parabolic antenna with an elliptical
aperture, a = 151, a/b = 2.0, F = 30\, H = 18X, q1 = 7.14, q2 = 44.9,t =
(—18A,0,0), P, M, N = (1,16,8) and (1,7,7) for Fourier-Bessel and Jacobi-
Bessel algorithm respectively; (a) ¢ = 0°, (b) ¢ = 90°.

and takes twice as long as does Fourier-Bessel. If a feed is not located
at the focal point of a parabolic reflector, we can see in Figs. 8.10 and
8.11 that the convergence behaviors of both methods are slowed. Even
if the value of P is increased, the accuracies drop in regions far from
boresight, especially for the Fourier-Bessel algorithm.
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Figure 8.4 Contributions of three major series terms to the radiated
far-field pattern, a = 15X, a/b = 2.0, F = 30\, H = 18), ¢; = 7.14,¢q2 =
44.9,t = (—18),0,0), P, M,N = (1,16,8) for Fourier-Bessel algorithm;
(a) ¢ = 0°, (b) ¢ = 90°.
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Figure 8.5 Contributions of three major series terms to the radiated
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Figure 8.8 Convergence behavior of Fourier-Bessel Technique for a large
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Figure 8.8 Convergence behavior of Fourier-Bessel Technique for a high
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Figure 8.10 Convergence behavior of Fourier-Bessel Technique for a low
eccentricity elliptical aperture when a feed is not located at focal point,
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not pass through the peak.
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Fourier-Bessel Jacobi-Bessel
Figure 6 Figure 7
P=2 M=64 N=32 329 min || P=2 M=7 N=7 0.60 min

P=2 M=32 N=16 0.68 min | P=2 M=5 N=5 0.40 min

P=2 M=16 N=8 0.37 min [|P=2 M=3 N=3 0.30 min
Figure 8 Figure 9
P=2 M=32 N=8 0.66 min | P=2 M=9 N=9 1.20 min

P=2 M=16 N=4 0.30 min | P=2 M=7 N=7 0.86 min

P=2 M=8 N=2 0.8 min[[P=2 M=5 N=5 0.46 min
Figure 10 Figure 11

P=3 M=32 N=16 1.92 min [[P=3 M=9 N=9 '1.23 min

P=3 M=16 N=8 0.73 min || P=3 M=7 N=7 0.84 min

P=3 M=8 N=4 049min|P=3 M=5 N=5 0.62 min

Table 8.1 Comparison of computing time between Fourier-Based and
Jacobi-Bessel algorithms with an IBM 3090.

8.4 Conclusion

In this chapter, we have developed the Fourier-Bessel expansion
method for reflector antennas with elliptical apertures. It is shown that
the final result can be expressed in terms of Bessel functions only, even
though, initially, the radiation integral is written in terms of Mathieu
functions. The numerical convergence behaviors are discussed and com-
pared with those of Jacobi-Bessel method. Each shows superior com-
putational efficiency to the other for certain applications. For large and
low eccentricity elliptical apertures, Jacobi-Bessel shows its superior-
ity. Whereas, for very high eccentricity ellipses, Fourier-Bessel is much
faster but is more sensitive to the location of a feed than Jacobi-Bessel.

The computer program of the Fourier-Bessel algorithm is quite
similar to that of the Jacobi-Bessel method. Most of the subprograms
are exactly identical. Thus, it is not difficult to write a program which
can implement either algorithm. If this is done, one can harness the
strength of each algorithm and can get accurate results very efficiently
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for every type of reflector antenna with an elliptical aperture. Also, the
techniques discussed in this chapter can be used for any elliptical-type
aperture antennas.

Appendix A

For the elliptical projected aperture, the elliptical coordinate sys-
tem is introduced and radial and angular Mathieu functions are used
in the integral as expressed in (17). To evaluate (17), we have to use
some of the properties of the radial and angular Mathieu functions
which are well described in [9]. First, Ce;(£,qmn) and Se;(£, gmn) are

solutions of the Mathieu differential equation, i.e.,
%X
Fro (¢ — 2¢mncosh26)X =0 (30)

where ¢ is the eigenvalue for a given ¢.,. From (30), we obtain the
following equation:

€o ¢ €o
X cosh2¢£df = X d§
0 2¢mn Jo
1 [0X((=¢6&) OX(€£=0)
2qmn [ 3 9¢ (31)
Similarly, since ce;(£,¢mn) and se;(£,¢mn) are solutions of
%Y
T + (¢ ~ 2¢mn c0s2n)Y = 0 (32)
the following equation is obtained.
No c o
/ Y cos2ndn = / Y dn
(] 2¢mn Jo
1 [0Y(n=mo) 8Y(n= 0)]
- 3
¥ 24 [ on on (33)

Finally, the angular Mathieu functions can be written as Fourier series
ie.,

cezr (M gmn) = D AS") cos(2i)n (34)

1=0
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cezr+1(M gmn) = Z A(zfrll) cos(2i + 1) (35)
1=0

se2r+1(My qmn) = Z Bgfﬁl) sin(2¢ 4+ 1)n (36)
1=0

sezr+2(7; gmn) Z Béf;’;” sin(2i + 2)7 (37)
i=0

where A{” and B{") are expansion coefficients of Mathieu functions.
The properties of Mathieu functions described before are used to
produce the following useful equations:

2n
/ Ce?f(n’ an)d'f] = 27I’Agzr) (38)
0
2x
/ ce2r(7,gmn) cos2ndn = _ClAgz,-) (39)
0 Gmn

and

27 27
/ Ce2r+1(7l, an) dn = / 382,.+1(1], an) dT’
0 0
2r
= / sezrt2(Mgmn)dn =0  (40)
1]

27 27
/ cezr41(7,gmn) cos2ndn = / se2r41(7 gmn) cos2ndn
0 0

2n
/ -’62r+2(’7,9mn) cos 2ndn
0
p (41)

Also

) d€

Ce’Zr(EOa q'mn) (42)

éo
/ Ce2r(6, an)
0

Imn

If (38) through (42) are substituted into (17), we get (19).
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