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3.1 Introduction

Acoustic and electromagnetic scattering problems are often for-
mulated as integral equations and it is this form which serves as the
starting point for most numerical solutions. Typically the integral op-
erators which occur are boundary integrals when considering scattering
by impenetrable objects and domain integrals for penetrable scatter-
ers. These operators are invariably non-selfadjoint which complicates
most numerical approaches. In a large number of cases the integral
equations may be put in a Hilbert space frame work. In abstract form
the equation is

Lu=f (3.1)

where L is a bounded linear operator, not necessarily selfadjoint, which
maps a Hilbert Space H into itself. The space will be equipped with a
norm ||-|| and inner product (:,-), linear in the first entry. The right-
hand side of (3.1), f, is an element of H and is known in terms of a
prescribed incident field. Throughout we assume that L is bounded,
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68 3. Iterative Methods

i.e., ||L|| < oo and (3.1) is uniquely solvable for every feH which
means that L~! exists and ||L~?|| < oco. Furthermore a number of
useful properties for the operator L and its adjoint L* hold:

Iz =02, 1L~ =1L (3.2)

1 1
L= [l
If in addition L is selfadjoint and positive (that is (v, Lv) > 0 for every

v € H) then L1 is also selfadjoint and positive and (e.g., RIESZ and
NAGY, 1955, p. 266)

inf)j)=1 || Lv]| = infjjy=1 || L 7] = (3.3)

supjjp|j=1(vs Lv) = || L], Sup|jyi=1 (v, L 1) = ||L_1|| (3.4)

infjj = 1{v, Lv) = infjj, = 1{v, L~ v) (3.5)

IIL 1P IILII

The prototype Hilbert space is L, but of course this is not nec-
essary. Furthermore with the conditions imposed on the operator L
another inner product is defined by

(u,v)2 = (Lu, Lv) (3.6)
If L is selfadjoint and positive yet another inner product is defined by
(u,v)3 = (u, Lv) = (Lu,v) 3.7

Each of these inner products generates a norm ||u||; = 4/(u,u); on H.
We will use the subscript 1 to denote the original inner product and
norm on H. Note that if L is non-selfadjoint then replacing L by L*L
in the definition of (-,-)3 yields the same inner product as (-,-),. Hence
in the following we will employ (-,-)s only when L itself is selfadjoint.
We denote the spectral radius of any operator A by o(A) where

o(4) = lim ||A™|~ (3.8)

In many specific examples the operator L is of the second kind, L =
I — K, where K is compact.
In this chapter we will consider iterative solutions of (3.1) of the

form

U arbitrar
0 Y, (3.9)
Up = Up-1 + Qp¥p, n 21
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We also introduce the residual
th=f—Lup, n2>0 (3.10)

in terms of which the functions v, will subsequently be defined. Note
even before explicitly defining v, we may use (3.9) and (3.10) to obtain
the iterative relation

Tn = Tn-1 — QnLlv, (3.11)

Alternatively (3.9) and (3.11) may be employed successively to obtain
the following series representations

U, = ug + Z O Um (3.12)
m=:1
and n
Ta=to— Y amLvp (3.13)
m=1

While these representations may be useful for some purposes, the ex-
pressions in (3.9) and (3.11) are preferable from a numerical view point
as they do not require storage of all the a,, and v,,.

Different choices of a,, and v,, give rise to different iterative schemes
and we will consider a number of them. Each method will be demon-
strated in a numerical example and for this purpose we choose the
problem of scattering of a plane wave normally incident on a slab of
finite width. This example is the same as that introduced in Chapter 2
(see also Mur and NICIA, 1976; KLEINMAN, ROACH, SCHUETZ,
SHIRRON and VAN DEN BERG, 1990; KLEINMAN, ROACH and
VAN DEN BERG, 1990). In this case (3.1) has the explicit realization
in which

f=e* (3.14)
where k = 3T is the (constant) wave number of the surrounding me-
dium, A is the wavelength and

ik [ ez
Lu = u(z) - —215/0 e*le=="l y(z') u(z') d=' (3.15)

where x denotes the contrast of the slab with respect to the surround-
ing medium and is defined as

x(z) = k—fkg;—) -1 (3.16)
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Figure 8.1 Plane-wave scattering by a slab.

in which k,(z) is the spatially dependent wave number in the slab. In
this example we choose the Hilbert space H to be L;(0,!) and observe
that the adjoint of L in this space is given by

ik b Flemat
L*u = u(z) + —:—3('(2:)/0 e~ ===l y(2') de! (3.17)

where the overbar denotes complex conjugate.

In the numerical examples considered in the following sections a
number of different iteration schemes will be illustrated. However in
order to have a uniform basis for comparison the figures will all plot
the normalized residual error, '; , where r, = f — Lu,, will have been
obtained using different iterative processes. The integrals occurring in
the operator expressions and in the inner products of the different iter-
ative schemes are computed numerically with the aid of a trapezoidal
integration rule. Numerical results are presented for the homogeneous
slab with a normalized width of i = 0.5. The number of integration
points (in our example this ranges from 20 points for x=0.5 to 400
points for x=32) is chosen such that the numerical discretization error
is less than the error made in the resulting approximation of u, so that
further increase in the number of discretization points will not change
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the value of the residual error. All computations have been carried
out in double precision, while the residual r, in the equation at each
step has been determined by substituting the approximation u, in the
definition (3.10) and not by using the recursive relation (3.11).

3.2 Neumann Iteration

The simplest iterative procedure we consider results from the choice
an=1, v,=r,1 (3.18)

in (3.9) and (3.11). This gives rise to the well-known Neumann or
Picard-Poincaré-Neumann iteration

Up =Up-1 +Tp-1=f+ (I - L) Un-1
Tn =Pp-1 — Lrn—l = (I - L) Prn-1 (3.19)

from which we may deduce that

n-1

tn = ST =LY f 4 (I~ L) uo
m=0
rn=(I - L)"rg (3.20)

It is well known that a condition sufficient to ensure convergence of this
iterative process is o(I — L) < 1. It should be noted that this is not
a necessary condition since there exist examples where the Neumann
series converges but o(I — L) = 1 (PATTERSON, 1974). Nevertheless
for most operators of interest in scattering problems the Neumann
series does not converge; one notable exception is the Born series for
weak scatterers (e.g., KLEINMAN, ROACH and VAN DEN BERG,
1990).

The numerical performance of this method in this case is illus-
trated for scattering by a slab ((3.14)-(3.16)). Figure 3.2 shows that
the method converges for sufficiently low contrasts but diverges when
the contrast increases sufficiently. WESTON (1985) has shown that for
the homogeneous slab problem of Section 3.1 a sufficient condition for
convergence is kl|x| < 2. From Fig. 3.2, we observe that for the value
of § =0.5,x = f, = % and the Neumann series is still convergent, so
that the theoretical bound is seen to be overly restrictive.
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3.3 The General Iterative Procedure

All of the methods considered subsequently in this chapter may
be considered as generalizations of the Neumann iteration based on
more elaborate choices of a,, and v, in (3.9) and (3.11). These choices
will be guided by the desire to minimize the error in approximating
u by u, in one of the norms described in Section 3.1. Denoting by u
the exact solution of (3.1) the error is then given by ||u — uy||;. It is
straightforward to verify the following identity

(=t W) |2 [ = ey w2
Tl w2

1=t — 202 = Jlu— | = [Zlj0]ls -

for every complex number z € C and w € H. We now prove one of the
essential theorems underlying many approximation methods including
those considered here. Let M denote a subspace of H. Then we have
Theorem 4.1: u,, minimizes ||u—uy,||; on M if and only if (u—un, w); = 0
for every w € M, that is

lu — unlli < |lu — up — w|j; Vw e M <= (u — up,w); =0Vw e M
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Proof: 1t is easily seen that
=t = 202 = [ = wn? = 2Re{Z(u = tmy w)s} + |22 fwl}? (3.22)
Thus if (4 — un,w); = 0
llu = wun = zw||} = Jlu— unll? + |2 |lwll? > [lu - uall} (3.23)

and this remains true if z = 1.
On the other hand if

e = up — w||2 > lu—us? VYweM (3.24)
then, replacing w by 2w,
It = up — zw||2 > |lu—up|? Ywe MandzeC (3.25)

But on using (3.21) it then follows that

Z||wll; -

B 2 _ |2
(u un,w).‘ _ u— un, w)if >0 VzeC  (3.26)

[[wlls llwli?

In particular choosing
(u — Un, w)i

zZ= Tl (3.27)
we have
(u—un il (3.28)
llwll; - '
which implies that
(u—up,w); =0 (3.29)

This completes the proof.

The iterative processes we will consider consist of minimizing
||u — un||; on some subspace M for some values of n.

We now specify more explicitly the nature of the functions v, which
occur in our general iteration of (3.9)—(3.11). As in Chapter 2 we define

" = T'I‘o

n-1
3.30
Up = Trp1 + Z YnmUm, n > 1 ( )

m=1
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where T is a linear operator and q,,, are constants, all yet to be chosen.
Choosing v,, in this way is clearly equivalent to

n-1

vy =Tr._; + Z Cam Trm—_1 (8.31)

m=1

where the constants ¢,,, and v, are related. The iteration process
can then be written

ug arbitrary

n
3.32
Up =Up—1 + Z anmTrm_1, n2>1 ( )

m=1

where ann = Qny Opm = AnCpm, m < n. The residual satisfies the
recursion relation

n
Pp = Pp_1 — Z nm LT (3.33)

m=1

Various choices of the constants a,,, and the operator T will result in
a number of iterative procedures.

Yet another representation of v, may be obtained from (3.30) by
observing that there exist constants d,, such that

n
Vn =Y dom T(LT)™ 1o, n > 1 (3.34)
m=1

This may established by mathematical induction as follows. Clearly
(3.34) holds for n = 1 with dy; = 1. Now assume that (3.34) holds for
n < N. Then with (3.13) we have, for n < N,

n m
ta=ro— Y amLd duT(LT)'ry (3.35)
m=1 =1

and since

i f: Al = z": 2": Qi (3.36)
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it follows that for 1 < n < N,

n n
Th=To— z Z Ot At (LT ro (3.37)
I1=1 m=l
or "
tn=r0— Y Bn(LT)'ro (3.38)
=1
where n
Bri =) Amdmi (3.39)
m=l

Substituting (3.34;) and (3.38) in (3.30) with n = N + 1 we obtain

N N m
vns1=Tro— 3 BniT(LT) ro+ Y Ivt1m Y, dmt T(LT)' 1o

=1 m=1 =1
(3.40)
and with some rearrangement we have the desired result
N+1
oNp1 = ), Ay T(LT) v (3.41)
=1
where
N —
1+Em=1 7N+l,mdm1, =1
ANy = —BNj-1+ Zﬁ=l YN+1,mdmi, 2ZI1IZN, (3.42)
—BNN, I=N+1

Thus is established the validity, not only of (3.34) but also of (3.38) for

n > 1. Moreover, using (3.34) together with (3.12) and (3.39) enables
us to rewrite the n'b iterate as

Un =0+ »_ B T(LT) o (3.43)
=1

Equation (3.38) shows that this general iteration leads to a represen-
tation of the residual error at the n*® step which lies in the subspace
spanned by {(LT)™re, m = 0,1,--+,n}. Such subspaces spanned by
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iterates of a particular function are known as Krylov subspaces, e.g.,
GOLUB and VAN LOAN (1983, p. 324).

We now examine a number of different examples of this general
iterative technique.

3.4 A Stationary Over-relaxation Method

The simplest generalization of the Neumann series results from the
choice an = a = const in (3.9) and Ynm = 0 in (3.30) which means
¢nm = 0 in (3.31). Then (3.9) and (3.11) become

Un = Up_1 + aTrny =alf+ (I — aTL)u,_4 (3.44)
Po = oot — aLTra_y = (I — aLT)rn_, (3.45)

from which we may deduce that

n-1

un= Y (I—aTL)™aTf + (I - aTL)" up (3.46)
m=0

rn=(I—aLT)"rg (3.47)

In this case the constants 8, in (3.38) and (3.43) become

Bt = (-1)*" 5 nla’ (3.48)

(n-1)!

Convergence of this method is assured if (I — aLT) < 1. The question
of whether it is possible to choose a such that this condition holds de-
pends on o(LT), since o(I—-aLT) = {1-a\|)\ € ¢(LT)}. KLEINMAN,
ROACH, SCHUETZ, SHIRRON and VAN DEN BERG (1990) have
shown that for L non-selfadjoint and 7' = I there will exist such an «
if o(L) lies in an angular wedge shaped domain in the complex plane
with wedge angle less than 7 excluding a neighborhood of the origin.
That this property of o(L) is met depends on the particular operator
L. If L is the domain integral operator which occurs in scattering by
a penetrable inhomogeneous object then (L) meets these conditions
(KLEINMAN, ROACH and VAN DEN BERG, 1990). Of course even
if it can be shown that there exist values of a for which o(I-aLlT)<1
holds, there remains the problem of actually determining such values.
It has been proposed that a be chosen to minimize llu — u||; on the
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subspace Mp = sp{Tro}. (Recall the definitions of the various norms
and inner products in (3.6), (3.7) et seq). Then Theorem 3.1 implies
that

(v —u1,Tre)i =0 (3.49)
and with (3.44)
(u—uo— aTrg, Tro); =0 (3.50)
hence ( Tro)
U — UgyLT0)i
a=——" (3.51)
T roll?

It should be pointed out that because u is not explicitly known since
it is the solution we seek, this value of a cannot be computed for all
cases, e.g., when ¢ = 1 and T' = I. However explicit results are available
in a number of cases as summarized in Table 3.1, where the quantity
minimized, ||u — u,]|;, is exhibited in terms of the original norm and
inner product on H.

il TI Functional Minimized I | Iteration

[e 4
2 —_ *
T Uy = Un_1 +al™rq_,
1|1 s = ﬁ*—"rlll—!,

Ty = rp_1—aLLl*r,_;

7o, L7 Up = Up-1 + ATq 1
2| 1 Il {o ) "

Th = Ta-1—alr,

L*roll? | Un = Un—1+aLl*rq_y
2| L* i el " "

1‘0“ Tn =Ta_1 —aLl¥rn_4

if L is selfadjoint and positive

2 —
70 Upn = Up—1 + QTpr_1
31 I (v — vy, L(u — uy)) 7o, L7o R

Table 8.1 Stationary over-relaxation methods.

The choice of a given in Table 3.1 for ¢ = 2 and T = I was
shown to be remarkably effective both in domain scattering, where it
is known that a exists for which ¢(I-al) < 1 (KLEINMAN, ROACH
and VAN DEN BERG, 1990), and in rigid body scattering, where the
existence of an appropriate a is not yet proven (KLEINMAN, ROACH,
SCHUETZ, SHIRRON and VAN DEN BERG, 1990).

The situation is much different if L is selfadjoint and positive. In
that case o(L) is real and since (3.1) is always uniquely solvable then
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Figure 3.3 Results of the stationary over-relaxation method with i = 1
and T = L*; homogeneous slab with % = 0.5.
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Figure 3.4 Results of the stationary over-relaxation method with i = 2
and T = I; homogeneous slab with % =0.5.



3.4 A Stationary Over-relaxation Method 79

10° S
107t
|
(o]
15
&
©107RL 4
n
= X=0.5
o
1073} 4
~4 N N " " i N N " el A . s s 1 N ) N "
1075 5 10 15 20

Number of Iterationg ————»

Figure 3.5 Results of the stationary over-relaxation method with i = 2
and T = L*; homogeneous slab with 7{- = 0.5,

there always existsana (0 < a < "%") for which the iteration converges
for i =2 and T = I (BIALY, 1959; KLEINMAN and ROACH, 1988).

If L is not selfadjoint then the existence of « for which the iteration
scheme ¢ = 2 and T' = L* indicated in Table 3.1 converges, is assured
because of unique solvability and we have convergence if 0 < a <
H'L_EZT[' In effect we solve the equation L*Lu = L* f rather than (3.1) but
they are equivalent since (3.1) is uniquely solvable for all feH. While
it is easier to establish convergence of this iterative scheme than when
T = I, since less information is needed about o(L), the disadvantage is
the appearance of the operators L*L and LL* which negatively affect
the rate of convergence.

The first three iteration schemes in Table 3.1 are illustrated in
the test problem of scattering by a homogeneous slab. Although the
same quantity is minimized in different norms, the figures plot the
normalized residual error, H, in order to have a uniform basis for
comparison. The results presented in Figs. 3.3-3.5 show that all three
methods represent an improvement over the Neumann iteration of Sec-
tion 3.2. There the iteration diverged for x = 1 while all three methods
of this section converge for this and even larger contrasts. Of the three
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methods, the case when ¢ = 2 and T = I gives demonstrably better
results as can be seen by comparing the case when x = 2. For higher
contrasts, e.g., X = 8, all three methods are roughly equivalent for the
first 20 iterations. It should be noted however that not only does the
method resulting when i = 2 and T = I converge more rapidly for
low contrasts, but the operation count per iteration is one half that
required in the other cases.

If there exists an o for which any of the iteration methods defined
in Table 3.1 converges, then in fact there will be a domain of a val-
ues which ensure convergence and an optimal value which maximizes
the rate of convergence. Failure to be close to optimal can have seri-
ous numerical consequences as is illustrated in (KLEINMAN, ROACH,
SCHUETZ, SHIRRON and VAN DEN BERG, 1990). One way to avoid
the necessity of estimating the optimal a is found in the next method.

3.5 Successive Over-relaxation Method

The next specialization of the general iterative method results from
again choosing Ynm = 0 in (3.30) but letting a, vary with n in (3.9).
Then (3.9) and (3.11) become

Up=tUp1t+tanTro g =a,Tf+(I—-anTL)u,—; (3.52)
Pn="n-1—QnLTrp1 = (I —an LT)rn— (3.53)
from which we may deduce that

n-—1 n
un=anTf+ Y [ II (I—a,TL)] am Tf

m=1 Ll=m+1

+ [ ﬁ(f —am TL)] ug (3.54)

m=1
o= [ﬁ([ — om LT)] ro (3.55)

In this case the constants f,,, in (3.38) and (3.43) may be shown to
be given iteratively by

P11 = ay
Br1 + Cny1, m=1 3.56
ﬂn+1,m = {ﬂnm - an-{-lﬂn,m—l’ 1<m<n ( )
—0n41 Ban, m=n+1



3.5 Successive Over-relaxation Method 81

The question of how to choose the constants a,, must be answered be-
fore the iteration is fully defined. In keeping with the general procedure
outlined in Section 3.3 we choose a,, so that u, minimizes lu — wnlls
on some subspace. In this case we choose a different subspace for each
n, namely,

M, = sp{Tr,_,} (3.57)
Then Theorem 3.1 implies that
(¥ = tUp, Trp);i =0 (3.58)
and with (3.52)
(4= tUn-1 —anTrp_g, Trp_q)i =0 (3.59)

hence
(u — Un-1, Trn-—l)i

[Trn-1li?

As with the stationary method of the previous section these constants
cannot always be calculated since the solution u is not known. However
explicit results are available in a number of cases as summarized in
Table 3.2 where the quantity minimized, ||u — un|i, is exhibited in
terms of the original norm and inner product on H.

a, = (3.60)

i I T I Functional Minimized I an I Iteration
2 Up = Up-1 + anL*"'n-—l
1| L* U°U— Uy Tn-1 n
Il I JJ_“_’HL*rn_lll N
Up = Up—1 + QpTp_
2| I lIrall Tu}ll,LTn—l "= Un-1+ AnTn_1
I Tn-1]| Tn = Tan_1—apLlr,_;

[Z*ra—s® | %n = tn-1+anL¥ra_y
2| L* ”Tﬂ” ”LL*:n—llll

Tn = Tpn—-1 — a,,LL*r,._l

if L is selfadjoint and positive
lrn-1]]? Un = Un_1+ AnTn_1
31 I U — Uy, L(u—u Tn—1 " "
( n ( n)) Tn-1,Lrpn_1 Th =Th_1 —QpLr, 4

Table 3.2 Successive over-relaxation methods.

Convergence of the various iterative schemes illustrated in Ta-
ble 3.2 is established more easily in some cases than in others. Observe
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that with the iteration defined by (3.52) it follows that

e = wnlF = flu = wn-s = cnTrps?
= |l — un-1[1? + lnl? || Tras? (3.61)
- 2Re{6,,(u — Un—-1, Trﬂ—1>i}

and with the choice of a, in (3.60),

2 2 [{(u — up—1,Trn_1):|? )
Uu—uallf =llu — we_qll7 {1 — 3.62
| Al =1 w-ll ( 1w = n—1|Z|Trn-a? (3.62)

Convergence will then be assured if

|<u - un—l,Trn-d)ilz
lw — wna |Z|Trn—1|?

>¢i(T)>0 Vn (3.63)
Then we have

llw = wnll? < llu = un-allf (1 e(T)) < llu—uoll? (1 - ei(T))" (3.64)
Table 3.3 presents values of c;(T') that have been obtained for the

iterative methods listed in Table 3.2. All of the estimates ¢;(T') in
Table 3.3 may be obtained by use of the relations in (3.2)—(3.5).

. — 1, Tr1)il?
il T |<u Un—-1yL Tn-1)i (T
4= e [T 7es ™
1| L* r "7'11;1”4 y _21_1_2.
L™ raa]|® | L*Pn | NLI* N2~
2
2| I I(r”"I;Lr“‘IM 5 see below
I*n—a || | Lrn-al|
2| L+ L el 1
o1 ||* |ILL* Pnal] LN I

if L is selfadjoint and positive

31 I . ”rﬂ—1”4 1 1
(L7 rn_1,Pn1)(Pn1,Lra1) | L] ||Z77)|

Table 3.3 Convergence factors for successive over-relaxation.
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The case 1 = 2 and T = I requires special consideration. If L is
selfadjoint and positive we may write L = Li L%, where L3 also is
selfadjoint and positive (RIESZ and NAGY, 1955, p. 265). Then it is
straightforward to show

Pn—1yLiTn-1 %rn—l
[{rn_1, Lrn_1)* _ IL I*
Irn-al[lLra-al®  |lrp_q||?| L3 L3 rn_y||?
Lir,_|? 1 1
| Lirnal® (3.65)

" lracalPILEE T OLERILS 2 IEIILT
Hence, for this case, the expression of ¢;(T') is equal to the one for the
case 1 = 3,T = I and L is selfadjoint and positive.

If L is not positive selfadjoint the situation is not so straightfor-
ward. One way to approach the convergence question is through the
concept of the numerical range of L defined as (KATO, 1966, p. 267)
the set of complex numbers

© = {(v,v): v e H, |jv] =1} (3.66)

Then defining the lower bound

m: = inf {|[} (3.67)
it is easy to see that
|{rn—1,Lrn_1)|? m? B
lIra-1l2|Lrazsll?2 = ||IL|2 ~ cz(1) (3.68)

If m > 0 then convergence is assured. However in order for this con-
vergence proof to apply it must be demonstrated that m > 0 for each
particular L. Another way to approach convergence in this case is to
note that, since

o= (I —anL)ra (3.69)
lu = unllz = [|rnl| = [I( — @nL)rn-al| (3.70)

Since a,, was chosen to minimize ||r,|| it follows that

llv = tallz = [Irall < (I = aL)ra_all < | = oLl |lra-all  (3.71)



84 3. Iterative Methods

10°

1074

107}

R.M.S. Error

1073 4

0~ — PR | b Ny
! 0 5 10 15 20

Number of Iterations ————m

Figure 3.6 Results of the successive over-relaxation method with i = 1
and T = L*; homogeneous slab with % = 0.5.

for every a € C. Repeating this process we find
lIrnll < W = aL{|™ ||roll (3.72)
Convergence will be assured if there exists an a such that
[ -aLl <1 (3.73)

This is a stronger condition than (I — al) < 1 which was sufficient
for convergence of the stationary method of Section 3.4. (It is true that
o(I-aL)< 1= ||(I-aL)”|| <1 for somen > 1, but not necessarily
n = 1, which is needed for the above convergence proof.) An important
difference between the successive and stationary relaxation schemes is
that while the ezistence of a such that (3.73) is satisfied will guarantee
convergence of the successive iteration, explicit determination of this
value of a is not needed in order to actually carry out the iterative
procedure. This is in contrast with the stationary scheme where a is
needed to implement the process. Again we remark that in order for
this convergence proof to apply it must be shown that there exists an
a for which (3.73) holds for each particular L.
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Figure 3.7 Results of the successive over-relaxation method with i = 2
and T = I; homogeneous slab with {- = 0.5.

The first three iterations schemes in Table 3.2 are illustrated in
the test problem of scattering by a homogeneous slab. As before all
of the figures plot ll»":}—'dl as a function of n even though ||r,|| is not
the quantity minimized when i = 1. Figures 3.6 - 3.8 show that in
all cases the successive over-relaxation method converges faster than
the stationary method of Section 3.4 with one exception, when i = 1
and T = I at high contrast. Indeed for that case the residual error
does not monotonically decrease with the number of iterations. This is
attributable to the fact that we have minimized ||u — u,|| rather than
|lrnl| at each step. The figures also indicate that again the case i = 2
and T’ = I converges most rapidly but now it is also seen that the case
it = 2 and T = L* converges faster than ¢ = 1 and T = L*. Moreover
the results for ¢ = 2 and T' = L* are seen to decrease more smoothly
though not more rapidly than for i = 2 and T = I. As before the case
it =2 and T = I not only converges fastest but requires only half the
operations required by the other two methods at each step. For high
contrast, x = 8, there appears to be no significant improvement in
performance over the stationary case.
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Figure 3.8 Results of the successive over-relaxation method with i = 2

and T = L*; homogeneous slab with :'\- = 0.5.

3.8 Krylov Subspace and Conjugate Gradient

Methods

In this section we consider the full Krylov method by which we
mean the general iterative method of (3.9) and (3.11) with no prior
restrictions on Ypm in (3.30) or a, in (3.9). Thus, we consider the

scheme

ug arbitrary
Up = Up—1 + AUy,
Tn = Pp_1 — anLlvy,

n>1
n>1
v1=T1‘o

n-1

Up =Tro_; + Z YamUm, n>1

m=1

(3.74)
(3.75)
(3.76)

(3.77)

Again we choose the constants to minimize ||u — uy,]||; over some sub-
space. Now however we define the subspace to be the span of all pre-
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vious errors. More precisely define
Hy = sp{v;}}y (3.78)

Thus H, is the projection of H onto the span of the first n functions
vjy § = 1,2,---. Equivalently it is easily seen (e.g., (3.31) and (3.34))
that

Hp, = sp{Trj_1}}; = sp{T(LTY 'ro}}, (3.79)

hence H,, is the subspace spanned by the modified residuals {Tr; ;‘;&

as well as the Krylov subspace of modified iterates {T(LT)jro};-‘;g.

Theorem 3.1 then provides conditions for determining a, and 4, so
as to minimize ||u — u,||; on H,, namely

(u—up,v;);=0, j=1,--+,n (3.80)
With (3.74)
(U= Upn_y — QpURyv;)i =0, j=1,---,n (3.81)
which implies that for j = n

(u — Un—1, vn)i

a, =
" [[on]|?

(3.82)

and for j <n
(Vn,v)i =0 (3.83)

Substituting the expression for v, of (3.77) in this last equation yields

n-1

(Tra-14 ) Yamm,¥;)i =0, j=1,-+s,n~1 (3.84)

m=1
But with (3.83) this becomes
(Tra-1+ Tnjvjsvj)i = 0 (3.85)

hence

Tro_1,v;)% ,
7"j=—<T11~1||,2—i’ ji=1,---,n—-1 (3.86)
Tl
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Thus the iteration method is completely defined with (3.74)-(3.77)
together with the definitions of a, and 7y,; in (3.82) and (3.86).

An alternate definition of a, may be obtained with (3.77) and
(3.82)

. = (u - un—laTrn—l + E:,—:ll 7nmvm)i _ (u - uﬂ—laTrn—l)i
n =

(Vns Tn1 + Loy TrmVm )i (vn, Tra-1)i

(3.87)
where the orthogonality relations of (3.80) and (3.83) have been em-
ployed. Note also that the definition of v, of (3.77) together with the
orthogonality relation of (3.80) implies that

(= tun,Trj_1)i=0, j=1,---,n (3.88)
This relation (with n replaced by n — 1) together with (3.74) leads to

the fact that
(Vp, Trj-1)i=0, j=1--yn—1 (3.89)

while (3.83) together with the definition of (3.77) implies that
(vn’Trn—l)i = ”vnnf (3.90)
hence we may rewrite o, of (3.87) as

(u - un-—l’Trn—l)i _ (L_l"'n-l,T"n—l)i

a, = =
" llvoall? llonll?

(3.91)

Explicit examples of the various iterative schemes available using the
full Krylov method are exhibited in Table 3.4. As before the quan-
tity minimized, |4 — ua|ji, is shown in terms of the original norm
and inner product on H. All of the methods employ the iteration
Up = Un-1 + An¥n, Tn = Pn-1 — anLv, with different definitions of a,
and v,. Krylov subspace methods for matrix equations have been de-
veloped by ELMAN (1982) where they are called generalized conjugate
residual methods, see SAAD and SCHULTZ (1986) for a discussion of
this and related methods.
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t| T | Functional Minimized U Op
n-1
L*rn-l’vm) ”rﬂ—luz
1{L* U—u, L*rp_q — { v
o = vl P D el v
(Lrﬂ 1 Lvm) Tn—1,Lrn— )
2| I lIrall E ||Lv,;||’ Vm LniT,[P_l
L*r _1”2
21 L* _ (LL Tn— hL"m) ” n
|l Lra-s .; Momi® "™ Zoa]?
if L is selfadjoint and positive
n-1
. (Tn—lsL”m> ”"'ﬂ—l”2
3( I U — U, L(u — uy, Tp—1 — —y, —_—
( I ) -t mzz:l (vm, Lom) (Vn, Lvy)

Table 3.4 Krylov subspace methods.

The iterative form of the Krylov subspace methods is most con-
venient for numerical application but may mask the fact that they
represent solutions of linear systems of equations whose coefficient ma-
trices are the Gram matrices of the subspaces. To see this we may use
the form of u,, given in (3.32) and choose the constants ay,, to mini-
mize ||u— u,||?, which is exactly what we did before using the iterative
form of v, rather than an expansion in {T'r,,}? m—O Then

n n

”u - un”? = ”u - un—l”? + Z E anmanl(Trm—hTrl-l)i

m=1 [=1

n
- 2Re{z Tnt(u — Un_1,Tri_1)i}
=1

(3.92)

and conditions on a,,, such that this is a minimum are that

E anm(Trm-—hTrl—l)i = (u - un—I’Trl—l>ii l= 1,...

m=1

,n (3.93)

Alternatively using the same error minimization with u, as given in
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Figure 3.9 Results of the Krylov subspace method withi = 1and T = L*;
| -
homogeneous slab with y = 0.5.

(3.43) we find that the coefficients B,,, must satisfy the system

> Brm{T(LT)™ Y7o, T(LT) " ro); = (u — uo, T(LT) ro);,
m=1
l = 1, e Py n

(3.94)
This system is always solvable unless the actual solution u is a linear
combination of uo U {T(LT)'~'rg, I = 1,-++,n— 1} in which case there
exist coeflicients 8,1, (and hence a,_1,m) such that « = u,_; and
Ta—1 = 0. It should be noted that though the systems in (3.93) and
(3.94) are formally equivalent to the iterative solution, experience has
indicated a considerable preference for the iterative solution since the
numerical solution of the linear systems exhibits far greater loss of
accuracy due to round off than does the iterative solution.

The first three iteration methods in Table 3.4 are illustrated in the
test problem of scattering by a homogeneous slab (see Figs. 3.9-3.11).
All three methods show a dramatic improvement over the results of
the previous sections. Contrasts of x = 32 can be handled with less
than 20 iterations. The case when ¢ = 2 and T = I still exhibits the
most rapid convergence while still requiring about half the operations
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Figure 83.10 Results of the Krylov subspace method withi=2and T = I;
homogeneous slab with -;: = 0.5.

1
v ——————

10°

107!

R.M.S. Error
S

0 5 10 15 2o
Number of Iterations ————»

Figure 3.11 Results of the Krylov subspace method with i = 2 and
T = L*; homogeneocus slab with % = 0.5.
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at each step. All three methods require that the directions v,, for all
previous m be stored. When ¢ = 2 it is also required to store or to
compute Lv,,. Note that as before, the scheme for i = 2 and T = L*
does not produce a monotonically decreasing residual error.

Considerable simplification occurs if TL is selfadjoint with respect
to (-,+)i. Selfadjointness of TL with respect to the various inner prod-
ucts carries different meanings when interpreted with respect to (s N-
In particular: TL selfadjoint with respect to (:,-); <& LT selfadjoint
with respect to (-,+)1, TL selfadjoint with respect to (-,-)3 & T selfad-
joint with respect to (:,-);. Then rewriting (3.88) we have

(L7, Trja)i =(L 7', TLL ;1) = (Trp, L™ r;_1); = 0,

J=1L--yn
(3.95)
But with (3.75)
(Tr,., L_l(rj_z - aj_lij_l)); =0 (3.96)
which implies that
<T7'ru vj—l)i =0, j= 1,:---,n (3'97)

where we have again made use of (3.95). Equation (3.97) may be rewrit-
ten as

(Trn—17 vj)i = 0) .7 = 1" -2 (3'98)

Using this fact in the definition of 7,; of (3.86), we find that the ex-
pression for v, simplifies, in this case where T'L is selfadjoint, to

(Trn—l 1y Un—-1 )i

=Tr, ;1 —
T T 2

Un-1 (3.99)

In fact TL is selfadjoint with respect to (-,-); for all of the cases listed
in Table 3.4, except when i = 2, T = I and L is not selfadjoint. Then,
the Krylov subspace methods become those shown in Table 3.5.
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i| T | Functional Minimized Un an
L*rn-1,vn-1) llra-1ll?
1 L* U — u L*T -1 = (—"—'—-"—v - —————
e =l S e I

(LT -1 L‘v _1) L
2| I [Iall a1 — mfzz__%_l (racalraos)

only if L is selfadjoint

LL rn—1,Lon_ L*rq 4|2
i Il Frrony - Bigamdinn, | Il

if L is selfadjoint and positive

(rn-—I’Lvn—l) “"n—l”2

1| wowm L= w)) | racy -t | SR

Table 3.5 Conjugate gradient methods.

An alternate form of the conjugate gradient methods can be ob-
tained by using the fundamental equation (3.74), together with the
definition of a;,, of (3.82) to yield

(Tra-1,Vn-1) Up_1 — Up_2 1
— e — Tr _ .
Tomal? - T T N

3.100
_ <Trn-1’un—1 - un—z)i ( )

T (Tra—z,u—un_a)

Using the fact L)L = I and the definition of the residuals we obtain

<T7'n—1, 'Un—l)i — (Trn—l’L_l(rn—z - rn—l))i
llvn—1]|? (Trp-z,L71rn_2);

3.101
_ _(Trn-la L_lrn—l)i ( )
(Tfn-z, L_lrn—2>i
where (3.95) has been used. Then in place of (3.99) we have
-1 .
Up = Tro_y 4 Lrn=ts L0 rnoa)s (3.102)

Vpe
<T"'n—2, L-lrn—2>i !

and Table 3.5 may be replaced by Table 3.6.
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i | T | Functional Minimized Vpn Qpn
a1 lIrn-1]?
1|{L* U— U, L*r _1+U—3-'——— -1 _
b = el " rasalP " | Tl
("'n—l; L"'n-—l) (ra—1,Lrn_1)
2|1 [lrall Tn-1-+ m n -1 Lv,
only if L is selfadjoint
[L* raoy)? |IL*rn—a]?
21 L* ”rnll L*"‘n-1 + m%_l W
if L is selfadjoint and positive
[Ira—1|* lIrn-a]]?
311 - L(u— - - —
(u un" (u u")) Tn-1 + ||7'”_3“2”n 1 (‘vn,L'U”)

Table 3.8 Conjugate gradient methods, alternate form.

Note that the expression for v, when i = 2 and T = I holds only
if L is selfadjoint (not necessarily positive). When L is not selfadjoint
then v, takes the form given in Table 3.4. The algorithm resulting when
t =3 and T = I is commonly called the conjugate gradient method
(see GOLUB and O’LEARY, 1989, for an extensive bibliography). The
algorithm resulting when i = 2 and T = L* may also be considered
the same conjugate gradient method applied to the operator equation
L*Lu = L*f, where the operator L*L is now selfadjoint. That is re-
placing L by L*L and r,, by L*r,, in the case i = 3, T = I leads to the
case i = 2, T = L*. In fact if we define the functional J;(v) = ||u — v||?
on H, where u is the solution of Lu = f, then the Gateaux derivative
of J; at u, is J/(un,v) = aleig})"‘(“""';)_"‘("") = 2Re(un — u,v); and

the gradient of J; at u, is u, — u. In view of (3.80) and (3.83) all of
the algorithms in Table 3.5 (or Table 3.6) could be called conjugate
gradient methods since the direction of correction v, at the nth step of
the iteration is orthogonal to the gradient of J; at u,, as well as the pre-
vious correction steps. However the term conjugate gradient method is
usually meant to also imply that the correction direction, v,, is defined
in terms of the residual and the direction at the previous step and not
all of the previous corrections as in the case when i = 2, T=Iand L
is not selfadjoint. Note that the first method of Table 3.6 is identical
to the one given by SARKAR and ARVAS (1985, case B).
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1| T | Functional Minimized Wy Uy
L*‘I‘n_1 Wn
1{L* u-— Wp_1 + ——— Up_1 + ——
= o " el ' ol
Tn-1 Wn
2| I r Wpo1 + ————— | Up_q + ————
Il S oy Bl TN

only if L is selfadjoint

L*rn_1 u + Wy,
Nlrnal? | 7T ([Zwa?

2| L* ll7all Wn_1 +

if L is selfadjoint and positive

Tn-1 Wy,
3| I - Lu—u Wpoq + ————r Upn_1 + ——
(u un, ( ﬂ)) n—-1 ”rﬂ_lnz n—-1 (w”,Lwn)

Table 8.7 Conjugate gradient methods, simplified form.

The algorithm of the conjugate gradient scheme can be simplified
as follows. If we introduce the substitution

Un

n = 1
s (T"'n—lyL—L"n—l)i (3 03)
and substitute it in the recursion relation (3.102), we find
Tr,.-
Wy = Wn_y + Tn-1 (3.104)

(Trn—l’ L~17‘n—1>i

Using the expression of a,, Eq. (3.91), we can change the iteration
formulas of Eqs. (3.74) and (3.75) as

Wn

Up = Up-1 + I—lw—“—z (3.105)
nlig
Lw,

Tn=Th-1— 7735 (3106)
[[wnll?

The various forms of Table 3.6 may be replaced by the simpler algo-
rithms of Table 3.7.

Convergence of the Krylov and conjugate gradient methods may
be established just as in the previous section. It is useful to note first
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that with (3.90) and the iterative definition of v, of (3.77) together
with the explicit choice of the constants vy, of (3.86)

n-—1
””ﬂ”:2 = (Vn, Trpn_1); = IIT"n—1||? + Z Ynm (Vmy TTn-1);
m=1
n-1 .12 (3.107)
LS S
= lvmll;

< ||Trnallf

Now we use the iterative definition of u, of (3.74) and the explicit
choice of a,, given in (3.82) to see that

—_ .12
= nll? = [ = s = t? = [ = iy | — L= s b
“”n“i(s 108)
Next we use the fact that
(U — Un—1,Vn)i = (U — Up—1,Trpn—1); (3.109)

which follows from (3.80), together with the inequality derived above,
(3.107), to see that

|<u — Un-1, Trn~1>i|2
I T7n-1ll?

2 (v — tn_y, Trp_1)i|? )
=||u—upali {1-
L Uk e rowe

o —unllf < Jlu— o]l -

(3.110)

which is identical with (3.62). Hence convergence of the Krylov and

conjugate gradient methods are assured for all cases, except i = 2,
T = I. In fact we have

llw = unll? < [lu = woll? (1 - ci(T))" (3.111)

with the same convergence factors ¢;(T') as given in Table 3.3

In the special case when (T'r,, Trp) = 0, n # m, the full Krylov
method reduces to the successive over-relaxation method and thus it
will have the same convergence properties. In general however (T'r,,
Trm) # 0 in which case it is expected that the full Krylov method will
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converge faster than the over-relaxation method, since the correction
directions are optimal for the subspace H,, over which we minimize the
error. This will not be true for the over-relaxation method.

When T = I and ¢ = 2 and L is positive and selfadjoint then (3.65)
holds and 1

) = Zz

(3.112)
If L is not positive and selfadjoint then just as before ((3.66) et seq)
we may obtain

m2

D=1z

(3.113)
where m is a lower bound on the magnitude of the numerical range
of L. As before, it must be demonstrated that m > 0 for each par-
ticular L in order that convergence be assured. Another, slightly less
restrictive guarantee of convergence whether or not L is positive self-
adjoint is provided whenever there exists an a such that o(I—alL) < 1.
This follows from the fact that by choosing fp,, in (3.43) to minimize
lu — un||l2 = ||ral|, which is an alternate way to view the full Krylov
scheme, cf. (3.94), we obtain a value of ||r,|| that is certainly less than
or equal to the value of ||r,|| that occurs had we chosen f,,,, to satisfy
(3.48), i.e., the choice in the stationary over-relaxation method. But
this larger error vanishes as n — oo and therefore the Krylov method
converges. We remark that it is only necessary to know the existence
of an a for which o(I — aL) < 1. It is not necessary to actually find
a nor is the stronger condition ||I — aL|| < 1 required as it was in the
successive over-relaxation method.

The cases when i = 1, T = L* and ¢ = 2, T = L* in Table 3.6
are illustrated in the test problem of the homogeneous slab. Note that
these cases have already been illustrated in Figs. 3.9 and 3.11 using the
full Krylov scheme without taking into account the simplifications of
(3.99) and (3.102). Thus the results shown in Figs. 3.12 and 3.13 should
be identical with Figs. 3.9 and 3.11, if the numerical operations were
carried out with infinite precision. However the results are not identical
as the figures clearly show. It appears that the results are identical for
low contrast where the residual error is less than 10~* in less than eight
iterations. As the contrast increases the onset of numerical instability is
discernible for smaller numbers of iterations. For contrast x = 32 the
results are considerable degraded from those obtained using the full
Krylov method. Since L is not selfadjoint there are no results corre-
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Figure 3.12 Results of the conjugate gradient method with ¢ = 1 and
T = L*; homogeneous slab with % = 0.5.
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Figure 3.13 Results of the conjugate gradient method with i = 2 and
T = L*; homogeneous slab with % = 0.5.
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Figure 3.14 Influence of single precision (SP) and double precision (DP)
arithmetic in the Krylov subspace method and the conjugate gradient
method with i = 2 and T = L*; homogeneous slab with % = 0.5 and
x = 32.

sponding to Fig. 3.10 using a conjugate gradient algorithm. To further
investigate the startling degradation in numerical performance when
the conjugate gradient scheme is used, we first increased the number
of integration points used in our numerical integration. However this
had no discernible effect on the results. For the case i = 2, T = L*
and x = 32 we recomputed results for both the Krylov and conjugate
gradient schemes using both single and double precision arithmetic.
As shown in Fig. 3.14 the results for the Krylov method were almost
identical whereas those for the conjugate gradient method display an
easily seen difference. This indicates that the theoretical orthogonality
used in the conjugate gradient scheme is gradually lost due to loss of
significant figures whereas in the Krylov method it is enforced at each
step.
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3.7 Concluding Remarks

We have described a number of iteration schemes based on error
minimization which are gradient methods. They all are generalizations
of the Neumann series in which the error is minimized over some sub-
space. The methods include stationary over-relaxation, in which the
relaxation parameter is found by minimizing the residual error in the
first iteration step, successive over-relaxation, in which the error at
each step is minimized, and Krylov subspace methods, in which the
error is minimized over a subspace of all previous errors. Different def-
initions of the error lead to a number of different schemes including
conjugate gradient algorithms.

Numerical examples show that better results come from more so-
phisticated procedures with the best performance showed by the Kry-
lov method. One surprising result is that if orthogonality which leads
to the conjugate gradient method is ignored and the full Krylov scheme
is used even when not theoretically necessary, the results obtained are
markedly superior to those obtained by the conjugate gradient method
when more than a few iterations are employed. This reinforces the
widely held belief that in order to be effective the conjugate gradient
algorithm must be used together with a good preconditioner which
keeps the number of iterations small. However all the methods de-
scribed benefit from effective preconditioning. Even the simplest iter-
ative scheme would suffice if the preconditioner is sufficient close to
the exact inverse. Until now most preconditioners are developed from
matrix methods which fail to incorporate asymptotic and approximate
solutions. Such solutions have been developed through explicit anal-
ysis of the particular equation and take into account the physics of
the problem which the equation models and it is suggested that future
work in preconditioners use these approximate solutions.
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