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8.1 Introduction

Numerical techniques to analyze conducting surfaces in multilayer
media (see Fig. 8.1) are required for the design of flat structures such
as microstrip antennas, microwave monolithic integrated circuits, etc,
at microwave and higher frequencies. Surveys of numerical techniques
to analyze these structures can be found in [1]-[3].

One of these techniques is the Moment Method, (MM), [4]-[6],
that has the advantage of being a rigorous method ( without assump-
tions for the current or field behaviors) and is able to treat arbitrarily
shaped conducting patches. The disadvantages of MM are well known:
the CPU-time and matrix storage requirements limit seriously the
scope of MM to electrically small problems.

Recently a new method, the Conjugate Gradient-Fast Fourier
Transform Method (CG-FFT), 3], (7]-[13], is being developed that
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Figure 8.1 Arbitrary conducting surface in multilayer media.

appears to be more efficient than MM for some problems. The two
methods have several common features. With them, problems are usu-
ally treated solving an Integral Equation, (IE), where the unknown
function is the induced current. This IE is sampled by expanding the
current in terms of basis functions and weight the fields with some set
of testing functions.

The main difference between the two methods is that using CG-
FFT the computational efficiency is largely improved in CPU time and
in storage memory requirements, due to performing the convolutions
of the IE by means of FFT’s. To obtain this improvement the IE must
be of convolution nature and both the basis and testing function sets
must be obtained by shifting at regular points a single function. MM
is more flexible and does not have these restrictions for the IE and for
the basis and testing functions. As can be seen later in the chapter,
metallic patches in multilayer media is one of the problems for which
a very efficient and accurate use of CG-FFT can be made.

The CG-FFT method is applied to solve problems formulated in
terms of operator equations such as

LI=Y )

In our problem (1) is an IE, L is an integrodifferential operator, I rep-
resents the induced current to be computed, and Y is related to the
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impressed field. L has a convolution nature. The CG method, [7], re-
quires in each iteration to perform operations like LW or L°W , where
W is a known function and L° is the adjoint operator of L. In the
numerical approach operators I and L® must be discretized and one
of the main difficulties for the CG-FFT method is to obtain the corre-
sponding discrete operators L? and L°P. Actually the performance
of the CG-FFT method depends strongly on the procedure devised to
obtain these discrete operators.

Finite-sized problems can be solved by performing all the sam-
pling process in the real domain. A discrete Green’s function is ob-
tained from the continuous Green’s function by sampling at regular
points the fields due to a basis function centered at the origin of coor-
dinates. These fields are weighted with the testing functions prior to
the sampling. This technique is useful when in the real domain simple
and analytical expressions for Green’s functions are available, [9]-[11].

Periodic, infinite-sized problems can be solved by sampling in the
spectral domain at regular points the continuous Green’s function ex-
pression, [12]-[13]. The aliasing due to this sampling is advantageous
to take easily into account the periodic behavior of the problem in the
real domain. Ripple problems can be avoided taking into account the
periodicity in the spectral domain of the discrete operator that appear
due to the sampling of the fields in the real domain at regular points,
[13].

In this chapter finite-sized patches in multilayer media are ana-
lyzed by sampling the Green’s function in the spectral domain. For
these media Green’s functions are of troublesome computation in the
real domain, but in the spectral domain they have simple analytical
expressions. An extension is made of the CG-FFT scheme for periodic
structures given in [13]). Now a modified Green’s function is sampled in
the spectral domain. This function is periodic in the real domain with
a rectangular generating cell of side lengths at least twice those of the
rectangle of minimum area that envelopes completely all the patches
of the problem. Over the generating cell the modified Green’s func-
tion can be obtained by windowing the original Green’s function for
the structure considered, using a function that vanishes at all points
outside the generating cell.

The technique described in [13] was for problems formulated in

terms of a Mixed—-Potential Integral Equation (MPIE). Here, more gen-
eral JE’s are considered. Most of the IE formulations for multilayer
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media are not written in terms of MPIE’s,

A previous work applying a CG-FFT scheme to multilayer prob-
lems is reported in [3]. The paper itself and its references give very
few details of the CG-FFT scheme considered. In the present chapter
a different CG-FFT scheme is described in detail. It has several new
features, mainly the introduction of a modified Green’s function and
the treatment in the spectral domain of nearly all the computations
required to sample the continuous operator. This sampling is done con-
sidering rooftops as basis functions and razor-blade functions as testing
functions, [10],[16]. Discrete fields in both domains are obtained. The
periodic behavior in the spectral domain allows to perform easily all
the computations without neglecting high spectral-frequency terms.
The results obtained for convergence rates, current distributions and
RCS values indicate that the CG-FFT scheme appears to be a very
useful method to treat the problem shown in Fig. 8.1.

This chapter is arranged as follows: In part II an Electric Field
Integral Equation (EFIE) with a modified Green’s function is intro-
duced. This EFIE is discretized in part III using rooftop functions to
expand the current and razor-blade functions to weight the fields. The
weighted fields are discretized by sampling them with a train of im-
pulse functions. Part III ends with expressions for the sampled fields
where nearly all the integrals required to compute the induced fields are
expressed in terms of convolutions. These convolutions are computed
efficiently by means of FFT’s as shown in Part IV. In the spectral
domain the induced fields are obtained computing the product of two
discrete and periodic functions. One of them is the FFT of the discrete
function that forms the coefficients of the expansion of the induced
current in terms of rooftops. The other function is obtained from a se-
ries, whose terms include values of the Continuous Fourier Transform
(CFT) of the modified Green’s function. In Part V some details of the
evaluation of the modified Green’s function are given. Results of cur-
rent distributions, convergence rates and RCS values for metallic plates
and microstrip structures are given in Part VI. All these results have
been obtained using the Conjugate Gradient algorithm that appears
in [10]. The chapter ends with an Appendix with complete expressions
for the discretized operator.
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Figure 8.2 Geometry of the arbitrary patch considered. The patch is
enclosed by a rectangle of sides L; and L,.

8.2 Formulation of the Continuous Operator Equation

Figure 8.2 shows the geometry of an arbitrary flat metallization
that is assumed lying in a plane z = h. All the metallization is enclosed
in a rectangle of area L, L,.

The induced current on the metallic surface can be obtained by
solving the following operator equation

3 X Bi(r) = 2% / G(r — +)J(r')ds'  for reS, 2)
5

where E' is the impressed field, S, is the metallic surface and G
is the dyadic Green’s function that relates the electric fields with the
surface currents in the plane z = h.

Now we define a new dyadic, G*, that we will call “windowed”
Green’s function. This function can be obtained from G using

G*(r) = Z(r)G(r) (3)

where Z(r) is a function that vanishes for |2| > L, or |y| > L,.
When Z(r) is made equal to the pulse function defined in the table,
(2) can be written as follows

2 x E(r) =% x / GF(r —r')J(r')ds'  for reS, (4)
Sp
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WINDOW FUNCTIONS

NAME REAL DOMAIN (x) SPECTRAL DOMAIN (k_ )
sin(k,) )
Pulse 1. 2 ————————— = 2 sinc(k,./x)
k!
Triangle 1.~ |x| 2 sinc? (k, /1)

sinc(k, /7) +
1 .
Hanning T [1 - cos(nx + 1) + 1/2 sinc(k,/x - 1) +

+ 1 /2 sine(k, /7 + 1)

2(1-a) sinc(k,/7)

Welch L -ax 3 sin(ki) -
X
ba
- = cos(k,)

x

Table Some one-dimensional window functions for the normalized in-
terval (-1.,1.). In this work a = 1.

where GF is a periodic dyadic function defined as

GF = Z Z Gw(r - 'Umn) (5)

m=—00 N=—00

where
Vmn = MTpd + nTyg (6)

and

Te =2L, (7.a)
T, =2L, (7.0)
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It can be noticed that GF has a periodic cell of size T.Ty. When
Z(r) is made equal to a pulse, (2) is satisfied exactly. If Z(r) is made
equal to some of the space-limited functions of the table, (2) is only
satisfied approximately.

8.3 Discretization of the Operator Equation
To discretize the continuous operator equation of (4) the induced

current, J, is expanded in terms of “rooftop” functions, RY and R""
(10], [16], as follows

N,-1 N,
=>. ZJ”(z,:)R"’(r) (8.a)
;. - |

RT3 =Y > JP3)R(r) (8.5)
i=1 j=1

where JP = JPz + Jy Dy is a discrete vectorial function. The rooftop
functions extend over *small rectangles of area AzAy = (L./Nz)(Ly
/Ny) and have their centers located at the points

rid —z' &+ y,' §y=iA 2+ (j—.5)Ay§ for RY (9.a)
r;’ —a: 2+ yy g=(i-.5)Az 2+ jAy§ for R;j (9.)
Fig. 8.3 shows the centers of the rooftops for the z and y -components.

The fields in (4) are smoothed using “razor-blade” functions, B,
and B, for the x and y components respectively. Function B, is

defined as 2| < A/
1 z| < Az/2
B, { 0 for { y=0 elsewhere (10)

Function B, is defined in a similar way, interchanging x and y in
(10).

Discrete functions are obtained from the impressed and scattered
fields by first performing a convolution of these fields with B, or B,
and then sampling at discrete points using a train of delta functions.
For instance for the impressed field component E} (o equal to z or
y) we have

ED(r) = i(ro) / ES(+')Ba(r — ')ds’ (1)
S
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Figure 8.3 Rooftops centers for the z(y) current component are indicated
by crosses (circles).

where [l[(r7'") represents the two dimensional sampling function

Mez™ =Y > 8z—27) 8y -7 (12)

m=—00 nN=—00

where § indicates the impulse function and 7" is the center point of
the rooftop RT".

With this procedure the following discrete equations can be ob-
tained from (4).

EP(r)= - EZP(r) - E3P(r) (13.a)
EP(r)= - EJP(r)- ESP(r) for reS, (13.3)

where
EZp = -M(r2") {8 ® G © J5} (14)

The symbol ® indicates convolution and Gfﬂ is one of the terms
of the dyadic GF
f Gft ny 1 5
¢ = [Gf,‘; Gg;] (15)
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8.4 Computation of the Integrals using FFT

The convolutions of (14) can be computed efficiently using the
FFT. Here the procedure is shown for E5” and ESP . The procedure
s SD g gimi
for EWD and EZ° is similar.
a) Computations with ESD

To compute ESP anew coordinate system is considered. Calling
x’ and y’ the coordinates in the system defined in Fig. 8.3, the new
coordinates x and y are defined as follows (Fig. 8.4)

z=z'- Az (16.a)
y =y — Ay/2 (16.)

ESD can be computed as

1 +=5a
SD _ -1 mn
B2 = o P {FINCI™ @ B2 (17)
where
™M =22+ y" §g=mA E+nAj (18)

and F(F-!) indicates direct (inverse) continuous Fourier Transform,
(A stands for F(A)).

F) = [ [ sryeihem eihov daay (19)
So
E..(k)=F{B.®GL,®J:}=B.G.,T; (20)

Using the properties of the sampling functions [, [17], [18], the
convolution of (17) can be computed as

1
AzAy

> N Bk -m'TE k- n'Tk)  (21)

m!'=—00 n'=—00

B2 (k)=

where T* = 27 /Az and Tk = 2n/Ay.
The functions that appear on the right side of (20) can be com-
puted as follows

B.(ks) = Az sinc(k.Az/2) (22)
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Figure 8.4 Coordihate system considered for the E'ff computation.

—G—f,, can be obtained expressing GF given in (5) as
Gro(r) = MM(+™") ® Go(r) (23)

The Fourier Transform of G¥ can be written now as

GL(k) = Sl nemam v (29

where
k™ = k3 & + ky § =(27m/T,) & + (27n/T,) §
=m(T; /N3) & + n(T/N) § (25)
where N7 = 2N, and N! = 2N,,.
Having into account the expression (3) we can write Gy, as

_G—:z(k) = (27")27“’) ® aw:l:(k) (26)

Analytical expressions for G..(k) can be obtained easily using
the techniques described in [3] and [14]-[15]. Expressions for the Fourier
Transform of some space-limited functions considered for Z are in-

cluded in the table. It can be noticed that ﬁf‘, vanishes at all the
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spectral points except at k = k™", so to compute Ef: in (20) we
only need to compute 7: for these points. It can be found that

—a - =d
J2(k™") = Ro(K™")J o (m,n) (27)
where
R.(k) = AzAy sinc?(k,Az/2) sinc(k,Ay/2) (28)
—p Ni-1N;-1
Te(mm)= 3 > J2(ij)exp(=i(k]ilz + k}jAy))
1=0 ;=0
Dy .
=N;N; FFT(J2(i+1,j + 1)) (29)

FFT indicates Fast Fourier Transform with a period of size (N, N;).

F:: (k) can be written in a compact form

Ea(k) = f: i (ke — kT)6(ky — k3)WE,(m, )T, (m,n) (30)

where
W2, (m,n) = (27)*Az sinca(k;"A:r:/2)sinc(Ic;‘,‘Ay/Z)G':IB E™™) (31)
Comb-i_rgng (21) and (29)-(31) and taking into account the peri-
odicity of J, we have

1
Az Ay

i > (ka—k)S(ky~K) WS, (m,n)T, (m,n)

B (32)

where WZ, is a discrete periodic function with the same period that
=D
J

B (k) =

g
[~ <] [ -]
Wo= > Y wi(m-sNin- zN%) (33)
$=~00 Z=-—00

Now ES3D can be computed accurately for reS,, performing the
inverse continuous Fourier Transform of (32) with the help of the FFT

Nz-—-1N,-1 —D
>, D -2y y") FFT-Y(WET,) (34)

m=0 n=0

1

ESD(T) = (27!’)2
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Figure 8.5 Coordinate system considered for the Eff computation.

where FFT™' indicates inverse FFT with a period of size (NZ,N}).
It can be noticed that the values of ESD are obtained efficiently by
using only two FFT’s : a direct one in (29) and an inverse one in (34).

b) Computations with ESP
In this case we define another coordinate system (Fig. 8.5) :
z =z' - Az/2 (35.a)
y=y — Ay (35.b)

where 2’ and y’ are the coordinates of Fig. 8.3
Now EfyD can be computed using

B ()= gepF {FINC™ - D10 ES} (so)

where
d = (Az/2): - (Ay/2)i (37)
Eo(k)=B, G, T (38)

The Fourier Transform of the shifted sampling function of (36)
can be written as

FC™ - D) =on= > 2

'=~00 n'=-oco0

(=1)™™(=1)™"" 8(ks — m'TY) 6(k, — n'TF) (39)
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and therefore for E’:f we have

—SD 1 22 ko ! —nt
E., (k)=m > ) (™
Eap (ks — m'TE, by — n'TF) (40)

Using a development similar to (22)-(29) the following expression
+=5a
for E,, can be found

o0

B = 3 (ke —K™)o(ky — KW (mym)T (m, ) (41)

m=—00 N=-—00

where ’
Wgy(m,n) = (27r)2A:csinc2(k;"Az/2)sinc2(k;Ay/2)Gw(k”‘") (42)

Combining now (40) and (41) and taking into account the peri-

=D
odicity of J, we can obtain

AzlAy D, Y [6(ke - E])ezp(—jAzk./2)]

[6(ky - kg)ezp(+iDyky/2)]
W:;(m’ n)ju(m: n) (43)

—=SD
Eqy (F) =

where :I__y and Wf;l are discrete periodic functions with period of size
(NZ,NE). WE is defined as follows

Wj; =ezp(+jk; Az/2)ezp(—jk;Ay/2) Z Z (-1)~*(-1)~*

Wz, (m - sN;,n — zN}) (44)

Now for reS,, Eff can be computed accurately performing the
inverse continuous Fourier Transform of (43) using the inverse FFT as
shown in the following expression

1 N,-1 Ny-1
EZD(r) = o) DY bz - (2™ + Az/2))8(y - (3" - Ay/2))
m=0 n=0
FFT'(WET)) (45)
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Eff is obtained using only two FFT’s : a direct one for 75 and
the inverse one of (45).

It can be noticed from the definitions of the coordinate systems
considered for ESP and ESP (equations (16) and (35) respectively)
that these fields are given by a series of delta functions with impulse
responses in the center-point of rooftops RZ,, , in accordance with the
definitions of these fields given in (14).

A discussion about the computation of the series of (33) and (44)
is given in [13], where it is found that good approximations with a min-
imum of ripple problems can be obtained by considering only the first
four terms of the series. Thus we only need to consider the terms with
$=0,-1 and z=0,-1. All the results presented here have been obtained
using these four terms.

Now all the steps for the computation of the direct discrete oper-
ator have been given except for the evaluation in the spectral domain
of the modified Green’s function, GF.

8.5 Modified Green’s Function Computation

Using the present CG-FFT scheme each one of the four terms of
the dyadic G must be computed for the discrete points k™", defined
in (25). For —@fﬁ we have

Grg(k™) = (2”)2 / * / Gop(k™ — k)Z(k)dk,  (46)

where (—Sz,5;) and (—S,,S,) represent the spectral band over which
Z do not vanish.

In this work Z is restricted to be the product of a pair of functions
of a single variable

7("’) = 7z(kz)7y(ky) (47)

In the real domain Z, and Z, must be band-limited functions,
(Z must vanish for |z| > L, and |y| > L,, as explained in Part II).
Therefore Z, and Z, extend over all the spectral domain and integral
(46) must be performed for S —» o0 and S, — oo. However, for the
sake of numerical efficiency some truncations in these limits must be
considered.
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of the window functions of the table.
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Figure 8.7 Spectral domain picture of the window functions of the table.

For Z, and Z, well known window functions are available, [19].
Four of them are defined in the table. Pictures of these four window
functions are shown in Figs. 8.6 and 8.7 for the real and spectral do-

main, respectively. In the spectral domain

they have a well defined

main lobe and a set of decreasing minor lobes. Using a Pulse window,
Egs. (2) and (4) have exactly the same solution but this function has
in the spectral domain very slowly decreasing lobes that do not make
it feasible to perform a large truncation in the integrals limits of (46).
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The Triangle window has very fast decreasing lobes but in this case G*
and G are very different and Eqs. (2) and (4) would not have similar
solutions. Hanning and Welch’s windows represent a trade off between
functions that have fast decreasing secondary lobes and functions that
make it feasible that G¥ and G to be reasonably equal over nearly all
the points where these windows do not vanish. Using these windows
the integral of (46) can be performed with enough accuracy consid-
ering for Z, and Z, only their main lobe. Authors have done some
numerical experimentation with these windows, studying parameters
such as: 1) the agreement of the CG-FFT results with reliable solu-
tions, 2) the convergence rate of the solution, 3) the stability of the
solution with the number of samples considered to represent the cur-
rent 4) and the CPU time. The best results have been obtained using
Welch’s window for* Z, and Z, and considering only the main lobe.
Gauss’s quadrature rule has been used to compute (46) considering
2x2, 8x8 and 32x32 quadrature points when the singularities of Gop
are far away from, close and within the integration band, respectively.

8.6 Results

Results for conducting plates in free space obtained by other
methods or measurements can be useful to validate the proposed CG-
FFT scheme. Fig. 8.8 shows two current distribution cuts for a square
conducting plate, in free space. A plane wave is normally incident on
the plate. A comparison with the MM results that appear in [20] is
made. An excellent agreement between CG-FFT and MM results can
be noticed. Results with both methods have been obtained using a
similar number of samples.

A study of the stability of the current distribution results when
the number of samples is increased is made in Figs. 8.9-8.10 for the
square conducting plate problem of Fig. 8.8. A high degree of stability
for the current cut curves can be observed, except for the points near
the edges of the plates. In these points the asymptotic edge behavior of
the current is best obtained when the number of samples is increased,
as could be expected. It can be also noticed that the ripple for the BB’
cut is very small. No ripple can be observed in the other cut.

Figures 8.11-8.12 show data for the bistatic RCS at normal in-
cidence of a perfectly conducting disk in free space. A comparison is
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Figure 8.8 Amplitude of the co-polar surface current on a 1. \ square
plate illuminated by a plane wave as shown. CG-FFT method is applied

using 7x8 = 56 basis functions to represent each component of the cur-
rent (J; and J,).

made with analytical results obtained by Hodge, [21]. These analyti-
cal results are very reliable and can be used for validation purposes of
numerical methods or measurements facilities. It can be observed that
the CG-FFT and Hodge’s results are very close, even for directions far
from the disk normal.

Current distribution cuts for a rectangular microstrip patch are
shown in Fig. 8.13. A plane wave is normally incident on the patch.
Two cuts are given for the co-polar component of the current. The
shapes of the cuts indicate that the computed induced equivalent cur-
rent satisfies the asymptotic edge form. The curves appear without
ripple and due to current expansion considered, (8), the current van-
ishes for points outside the patch. These last two features of the current
behavior were not obtained in [3].

RCS data for two problems with a microstrip patch are given in
Figs. 8.14-8.15. CG-FFT results are compared with the numerical or
measured values that appear in [22]-[23]. The measurements of Fig. 8.14
were performed using a finite rectangular substrate. In the present CG-
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Figure 8.9 Results of a convergence study for the x component of the
current for the AA’ cut in Fig. 8.8.
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Figure 8.10 Results of a convergence study for the x component of the
current for the BB’ cut in Fig. 8.8.
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Figure 8.12 H-plane cut for the problem indicated in Fig. 8.11.
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Figure 8.183 Amplitude of the co-polar surface current of a rectangular
microstrip patch, (L = 1. cm, W = 1.5 ¢m), illuminated by a x-polarized
plane wave, (f=8.12 GHz). The substrate has a width d = .127 cm, a
permittivity er = 10.2. The number of samples considered to represent
each current component is 9x10 (see sketch in Fig. 8.14).

FFT approach the patches are considered lying over infinite substrates.
It can be noticed that the agreement between numerical and measured
data is within the limits of experimental error and that in all the curves
the resonance frequencies are obtained nearly for the same values.

Finally, Figs. 8.16-8.17 show curves for the evolution of the rela-
tive error versus the number of iterations for the problems indicated
in Figs. 8.8 and 8.13, respectively. The relative error is defined as

e, = 10 log I-LI;YI(dB) (48)
Y]
where |A| represents the norm of A.

All the results of Figs. 8.8-8.15 were obtained with a relative error
less or equal than -20 (dB)

The shape of the curves of Figs. 8.16-8.17 shows the typical be-
havior for the convergence rate observed by the authors in all their
numerical experimentation. From this experience and for problems of
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Figure 8.14 0 — 0 Backscatter RCS data for the rectangular microstrip
patch indicated (L = 1.em, W = 1.5¢m,d = .127cm, er = 10.2,0 = 0°,¢ =
45°). CG-FFT method is applied using 9x10 basis functions to represent
each component of the current.

resonant size, it can be said that the number of iterations, N;, required
to obtain a fixed relative error is approximately proportional to the
squared root of number of subdomains considered, (N.N,)!/2. The
computation time per iteration is proportional to NNylog(N.N,).
The total CPU time, t, to solve a problem with a fixed relative error
follows the rule t = C(N,Ny,)¥2log(N.N,), where C is a constant. On
the other hand, the memory requirements for the CG-FFT method is
only several vectors of dimension 4N,N,. These figures for the CPU-
time and memory requirement indicate that the proposed CG-FFT
scheme is highly efficient for the analysis of arbitrary patches in mul-
tilayer media.

All the CG-FFT results have been obtained using a FPS-164 Ar-
ray Processor attached to a VAX/750. This processor has a word length
of 64 bits and the theoretical speed of this system is about 11 Mflops.
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Figure 8.15 6 — 6 Backscatter RCS data for the rectangular microstrip
patch indicated (L = 3.66cm,W = 2.6cm,d = .158cm,er = 2.17,6 =
60°,¢ = 45°). CG-FFT method is applied using 9x10 basis functions
to represent each component of the current.

The CPU-time to solve the problems indicated in Figs 8.14-8.15 was
about one minute for each frequency.

8.7 Conclusions

An efficient CG-FFT scheme to analyze finite conducting plates of
arbitrary geometry in multilayer media has been described. Nearly all
the computations are performed in the spectral domain. A modified
Green’s function is introduced and sampled in the spectral domain.
This function is obtained from the well known expressions of Green’s
functions in the spectral domain and therefore the CG-FFT scheme can
be used to analyze any multilayer media configuration. The scheme
can be easily modified to analyze periodic structures by suppressing
the windowing of Green’s function. An extension of the work to be
considered for the future is to particularize the scheme to solve the
problem using MPIE, [24]-[26]
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Figure 8.16 Results of a convergence study of the relative error for the

problem of Fig. 8.8.
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Figure 8.17 Results of a convergence study of the relative error for the

problem of Fig. 8.18.
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Appendix

Complete expressions to compute the scattered field with the di-
rect and adjoint operator and to compute the inner products are shown
here.

The scattered fields ESP, EfD given in (14), can be expressed as

N. N,

ESP =3 3 8(z—2) 8y~ y2) Bi(m—1,n~1) (A1)

m=1 n=1

where a = 2 or y and E? is a discrete function that can be computed
as follows

[B]-cr [0 W] [BBET 0] )

where F(F~!) is the direct (inverse) Fast Fourier Transform, and

N. N

Ce= Ty

(A.3)

WP‘6 is given in (33) and (44) for af = zz and aoff = zy,

a
respectively. JP,JD are given in (8.a) and (8.b).
The inner product computations required in the CGM algorithm
can be evaluated as follows

<J%E(J%) >= < J&, E.(J%) > + < I, E (J°) >
=<JLEL>+< J;;,Eg (A.4)

where, for instance, the scalar inner product of J2 and E? is

< J°Eb >= / Je(EYY = / [Ning:”(i,z’)Ri"(r)]
S

=1 j=1

Ne Ny ' .
{Z D 8z -2l 6(y - y¥) BB (i - 1,5 - 1)}

=1 j'=1
Nz—-1 Ny

do= 3 3 JP(ii) BX(i-1,5-1)  (48)

i=1 j=1
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where J2P and EY are discrete functions obtained by expanding J2
and E?, as it is shown in (8) and in (A.1) respectively.

It can be obtained that the computations with the adjoint oper-
ator can be performed by using

B3] _ o g1 [Wee W F(Ji’(i+1,j+1))]
[Ef"“’]‘c‘F [W,{;' wee | X | PP+ 15 +1)] 49

where E$*%7 means the adjoint of E2.

References

(1] Pozar, D. M., “An update on microstrip antenna theory and de-
sign including some novel feeding techniques,” IEEE Antennas
and Propag. Society Newsletter, 5-9, October 1986.

[2] Jansen, R. H., R. G. Arnold, and I. G. Edison, “A compresive
CAD approach to the design of MMIC’s up to MM-wave frequen-
cies,” IEEE Transac. Microwaves Theory Tech, MTT-36, 208-
219, 1988.

[3] Kastner, R., E. Heyman, and A. Sabban, “Spectral domain it-
erative analysis of single and double-layered microstrip antennas
using the Conjugate Gradient algorithm,” IEEE Transac. Anten-
nas and Propag., AP-36, 1204-1212, 1988.

(4] Pozar, D. M. “Input impedance and mutual coupling of rectangu-
lar micro- strip antennas,” IEEE Transac. Antennas and Propag.,
AP-30, 1191-1196, 1982.

(5] Bailey, M. C., and M. D. Deshpande, “Analysis of elliptical and cir-
cular microstrip antennas using Moment Method,” IEEFE Transac.
Antennas and Propag., AP-33, 954-959, 1985.

[6] Mosig, J. R., “Arbitrarily shaped microstrip structures and their
analysis with a mixed potential integral equation,” IEEE Transac.
Microwaves Theory Tech., MMT-36, 314-323, 1988.

{7] Sarkar, T. K., and S. M. Rao, “The application of the Conjugate
Gradient Method for the solution of electromagnetic scattering
from arbitrarily oriented wire antennas,” IEEE Transac. on An-
tennas and Propag., AP-32, pp 398-403, 1984.



326 8. CG-FFT Method

(8] Sarkar, T. K., and E. Arvas, “Application of FFT and the Con-
jugate Gradient method for the solution of electromagnetic radi-
ation from electrically large and small conducting bodies,” IEEE
Transac. Antennas and Propag., AP-34, 635-640, 1986.

(9] Peterson, A. F., “An analysis of the spectral iterative technique
for electromagnetic scattering from individual and periodic struc-
tures,” Electromagnetics, 8, 255-276, 1986.

[10] Cétedra, M. F., J. G. Cuevas, and L. Nufio, “A scheme to analyze
conducting plates of resonant size using the Conjugate-Gradient
Method and the Fast Fourier Transform,” IEEE Transac. Anten-
nas and Propag., AP-36, 1744-1752, 1988.

[11] Céatedra, M. F., E. Gago, and L. Nuiio, “A numerical scheme to
obtain the RCS of Three-dimensional bodies of resonant size using
the Conjugate-Gradient Method and the Fast Fourier Transform,”
IEEE Transac. Antennas and Propag., AP-37, No. 5, 528-537,
May 1989.

[12] Cwik, T. A., and R. Mittra, “Scattering from a periodic array of
free-standing arbitrarily shaped perfectly conducting or resistive
patches,” IEEE Transac. Antennas and Propag., AP-33, 1226—
1234, 1987.

[13] Cétedra, M. F., and R. P. Torres, “A scheme to analyze scat-
tering from flat metallic periodic structures using the Conjugate-
Gradient and the Fast Fourier Transform method,” to appear in
Progress in Electromagnetics Research, PIER, series book, Else-
vier, 1990.

(14] Itoh, T., “Spectral domain immittance approach for dispersion
characteristics of generalized printed transmission lines,” IEEE
Transac. Microwaves Theory Tech., MTT-28, 733-736, 1980.

[15] Vegni, L., R. Ciccheti, and P. Capece, “Spectral dyadic Green’s
function formulation for planar integrated structures,” IEEE
Transac. Antennas and Propag., AP-36, 1057-1065, 1988.

[16] Glisson, A. W., and D. R. Wilton, “Simple and efficient numerical
methods for problems of electromagnetic radiation and scattering
from surfaces,” IEEE Transac. Antennas and Propag., AP-28,
593-603, 1980.



References 327

[17] Elliott, D. F., and K. R. Rao, Fast Transforms Algorithms, Anal-
ysis, Applications, Academic Press, 1982.

[18] Bracewell, R. N., The Fourier Transform and its applications, Sec-
ond Edition, McGraw-Hill, 1978.

[19] Press, W. H., B. P. Flannery, S.A. Teakolsky, and W. T. Vetterling,
Numerical recipes. The art of Scientific computing, Cambridge
University Press, Cambridge 1986.

[20] Rao, S. M., D. Wilton, and A. W. Glisson, “Electromagnetic scat-
tering by surfaces of arbitrary shape,” IEEE Transac. Antennas
and Propag., AP-30, 404-418, 1982,

[21] Hodge, D. B., “Scattering by a circular metallic disk,” IEEE Trans-
ac. Antennas and Propag., AP-28, 707-712, 1980.

[22] Newman, E. H., and D. Forral, “Scattering from a microstrip
patch,” IEEE Transac. Antennas and Propag., AP-35, 245-251,
1987.

[23] Pozar, D. M., “Radiation and scattering from a microstrip patch
on a uniaxial substrate,” IEEE Transac. Antennas and Propag.,
AP-35, 613-621, 1987.

[24] Michalski, K. A., “The mixed-potential electric field integral equa-
tion for objects in layered media,” Arch. Elek. Ubertragung, 39,
317-322, Sept-Oct. 1985

[25] Michalski, K. A., “On the scalar potential of a point charge as-
sociated with a time-harmonic dipole problem,” IEEFE Transac.
Antennas and Propag., AP-35, 1299-1301, 1987.

[26] Michalski, K. A., and D. Zheng, “Electromagnetic scattering and
radiation by surfaces of arbitrary shape in layered media, Part I:
Theory,” Submitted to IEEE Transac. Antennas and Propag.



