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9.1 Introduction

Many boundary-value problems in electromagnetic scattering can
be solved by using the integral equation technique. In some cases, the
resulting differential integral equations will possess the convolution
structure, and it would be natural to take advantage of this structure in
designing numerical schemes to solve these equations. It is well known
that the convolutions can be efficiently handled by Fourier analysis and
that, in the case where one of the functions has only finite support,
correct convolution values can be computed over any finite region by
using only the restriction of the other function over an appropriate
chosen set (see Sec. 9.2).

The application of this observation as a means of reducing com-
puter storage in connection with calculating potentials was studied by
a number of people in the late 1960’s, including Hockney [1], who pub-
lished his results in 1969. Hockney also pointed out in his paper that
the fast Fourier transform (FFT) algorithm can be used to reduce the
number of arithmetic operations. In the early1970’s, Bojarski [2,3] used
this observation to develop independently a numerical technique, called
the k-space method, to solve the integral equations arising from elec-

- 829 -



330 9. Application of the Discrete Fourier Transform Method

tromagnetic scattering theory. The principal advantage of the k—space
method (or, for that matter, any other transform domain methods
mentioned later) over that of the Method of Moments (MOM) is its
ability to reduce computer memory requirements and to be capable
of saving arithmetic operations. In the late 1970’s and early 1980’s,
Mittra and his co-workers [4,5,6] studied a method, called the Spec-
tral Iterative Technique (SIT), which also uses the Fourier analysis to
solve scattering problems. However, in those early years, both of these
methods had to struggle with the convergence problem of the iterative
method used to solve the corresponding discrete equations. A very de-
tailed comparison of the SIT with the MOM (and, to some extent, with
the k-space method) can be found in an excellent article by Peterson
(7]. Although the Conjugate Gradient Method (CGM) was introduced
by Hestenes and Stiefel in 1952, it was not until the mid-1980’s that
it was made popular for electromagnetic computations by researchers
such as Sarkar [8] and van den Berg [9]. The CGM was incorporated
into the k-space method as an iterative scheme at the end of 1984.
Also, during that same time frame, various versions of still another
transform domain technique, called Conjugate Gradient—-FFT method
(CG-FFT), began to appear in the literature [10,11].

The Discrete Fourier Transform Method (DFTM) was introduced
by Shen et al. {12] in the fall of 1985. While it uses the same treat-
ment of the convolution integral as the k-space method, it differs from
the k-space or other similar methods such as CG-FFT and SIT in
the treatment of differential operators. For the DFTM, the differential
operators are left outside the convolution integral and approximated
by the appropriate finite difference operators. The finite difference op-
erators are subsequently computed in the discrete Fourier transform
space. The use of finite difference formulas in connection with solv-
ing the Electric Field Integral Equation (EFIE) has been discussed
in the past by Harrington [13], Wilton and Butler [14,15], Hurst and
Mittra [16], and others. However, finite difference operators have not
previously attracted widespread interest in applications for solving the
EFIE, certainly not in the manner as described in the DFTM.

It was shown in [12] that (1) by first casting the differential-integral
equation into a periodic form, (2) by approximating the derivatives
with the appropriate finite difference operators and by computing them
in the discrete transform space, and (3) by using an iterative method
such as the CGM to solve the resulting discrete operator equation, the
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result will be a simple, accurate, and efficient algorithm to solve the
EFIE for a certain class of scattering problems. Perhaps even more im-
portant, the present algorithm provides the most natural way in which
the discrete Fourier analysis can be applied numerically to solve the
differential-integral equations of convolution type. The purpose of the
present chapter is to demonstrate that the DFTM, when applied to

plate problems, will give accurate Radar Cross Section (RCS) predic-
tions at all times.

9.2 Numerical Formulation

Consider a metallic plate S of arbitrary shape situated in the
zy-plane as shown in Fig. 9.1 and illuminated by an incident plane
wave E'. The incident angles and the polarization angle indicated in
Fig. 9.1 are used throughout this paper. The integral equation which
characterizes the scattering from such an object is given by

T+ 5V9)- [ [ee-piwisw =E@, zes @

where G(z) = e**2l/4r|z| is the restriction of the 3 d1mens1ona.l free
space Green’s function to the zy-plane, V = 51 + 5—] , k the

wavenumber, Ej(z) the component of the incident field in the zy-
plane, and J the induced surface current in S which also contains a
normalization factor kZ/7 involving the intrinsic impedance Z of free
space. In the component form, (1) becomes

Lt il dralay ] [fs [ 6(e- y)Jc(g)dS(y)] _ [E(_)]
by 1+8ds ] LsJG-p0@ds@y)] ~ | Ez)
(2)
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In the case where a resistive card is attached to the plate, an extra
term of R(z)gyJ(z) must be added to the left-hand side of (1), where
R(z) denotes the resistivity distribution of the card.

Let S be placed in the first quadrant as shown by Fig. 9.2 and let
U denote its support function. The first integral in (2) can be written
as a 2-dimensional convolution integral

‘/:°° /G(zl - y1:22 — Y2)UJe(v1, ¥2)dS (¥1, ¥2) (3)



332 9. Application of the Discrete Fourier Transform Method

X

Figure 9.1 The geometry of the plate with respect to the incident field.

and the same holds true for the second integral. Since UJ, is a func-
tion with finite support, it is easy to see that in order to compute the
convolution integral over S, it is not necessary to use all the informa-
tion about the function G. In fact, only the part of G over the set
D, which is twice the size of § (see Fig. 9.2, and also [1], Fig. 9.12),
is needed. In other words, if G\p and UJ, p are the restrictions of G
and UJ, to D, then the integral

Ai(z1,22) = L/G|D($1 = ¥1,22 ~ ¥2)UJop(%1,¥2)dS (y1,¥2) (4)

will have the same values as the convolution integral in (3) over the
set 5. For conceptual clarity, the above quantity A;(z;,z,) will be
periodically extended from D to the entire zy-plane as follows: Let
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Figure 9.2 Domain Doubling Scheme.

Gp, Up and(J,), denote the doubly periodical extensions of the func-

tions G|p, Up and J|p to the zy-plane with D as a unit cell. Then
the function

(4ptzea) = [ [ Goler—mn,2a-10)Upl0e)o(o1,2)d5 01,32) (5)

where the integration is carried out over the set D or a translation of
D, is a periodic extension of A;. A similar construction can be made
for the second integral in (2), and the counter part of (4;), will be

denoted by (A2),. Now the original differential-integral equation (2)
will be replaced by the periodic one,

U,(_z_)[“f’o*af’ B ots H!uf Gp(a—y)vpuz)p(g)dsu)]

bal 1+ &ds] L Gelz - 9)Ua(d):(1)dS(y)
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Figure 9.3 A uniform numerical grid for the problem.
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where (UEL), and (UE}), are the periodic extensions of (U EY)p
and (U E;)| D, respectively. This periodic differential-integral equation
is defined everywhere except possibly at the boundaries of § and D.
It has the same solution over the set S as (2), but has the advantage
of a form which can be conveniently analyzed by using the Discrete
Fourier Transform Method.

With the introduction of an appropriate uniform grid in the zy-
plane as shown in Fig. 9.3, the functions (A4;), and (A4;), can be
approximated by circular discrete convolutions, and the differential
operators can be approximated by their corresponding finite difference
operators. For example, let II;; denote the pulse function over the
(%,7) -th cell. Then the surface current U,(J.), can be approximated
as a linear combination of pulse functions

Up(Je)o(¥1,42) = D (Up(Ja)p)isTLis(31, v2)
i
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= (Up)is((J2)p)ii i (91, ¥2)

4J

where (Up);; is either 1 or 0 depending on whether the (,5)—th cell
isin § or not, and ((J5)p)i; are constants. Furthermore,

(A1)p(mAz,nAy) ~ Z(Up(Jz)p)ij / / Gp(mAz — yy,nAy — y3)
iJ
IL;(y1, y2)dyr dye
= > (Up)ii((J=)p)iiGp(m ~ iyn ~ j) (7)
4.J
. As Ay
where Gy(s,t) = [ 3, [ 3, Gp(sAz — y1,tAy — y;)dy1dy, can be
2 3
evaluated numerically. Again, a similar development can be given for
the integral involving the y—component of the surface current.

The discrete convolution sum of (7) can be evaluated by using the
discrete convolution theorem as

f_lgp[}.Up(Jz)p](m: n) (8)

where F is the appropriate discrete Fourier transform, F-! its in-
verse, and G, the discrete Fourier transform of the sequence G,(s,t).
Notice that the storage requirement for evaluating the sum (8) is two
N; X N3 complex arrays, where N; X N, is the dimension of the se-
quence Gp(m,n), and the number of arithmetic operations required is
equal to O(NyNzlog(N1N;)) if the Fast Fourier Transform (FFT) al-
gorithm is used. Since (A;),(mAz,nAy)(or simply (A4;)y(m,n)) and
(A2)p(m,n) are periodic sequences, the finite difference formulas ap-
proximating various second partial derivatives can be easily applied to
them.

As it turns out, these finite difference operators can be most ef-
ficiently computed in the discrete, Fourier transform domain. Suppose

a%:f(Al )p(m,n) is approximated by the 3—point central difference for-
mula

Az
Az (A1)p(m,n) =

5 {(A0)p(m + 1,m) = 2(Ar)y(my m) + (A1)p(m — 1,m)]
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It is well known (see, for example, [17,18]) that the discrete Fourier
transform of the above formula is given by

A? -
3 (myn)(A1)y(m, n)

with < .
™m
2e2™™ = gy -2

Calculating finite difference operators in the transform domain requires
very little computer storage and does not increase the number of arith-
metic operations over that of other similar methods. Also, higher-order
approximations such as 5—point central difference formulas can be just
as easily carried out as the 3—point formulas. It has been found that
the 5—point central difference formulas will provide ample accuracy.
The discrete Fourier transforms of 3—point and 5-point difference
operators are in the table below. The Fourier transform of the differ-

ence formula for the second mixed partial is given by AA“—%;.

(m,n)

3—point formula 5—point formula

—A—- —i—-sinzwm i (sin47rm + 8sin 21rm)

Az Az N1 6Az N1 N]_

A? 2rm 1 4rm 2rm
) Az (2co.s———N -2) 6Awz(—co.s N, + 16cos N, 15)

Table 9.1 Fourier transform of difference formulas

As a result of these discussions, it becomes clear that the dis-
cretized version of (6) can be expressed as

Upf—lifAAgprplp(m’ n) = (UE})p(m,n) (9)

where L A L A2

1+ ae7 W Ezay
1 _A? 14 2 Al
k7 AzAy +FA_y7

This discrete operator equation can be solved iteratively by using the
CGM. The adjoint operator to

-ZAA =

L =U,F'LaaGpFU,
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is given, in this case, by
L* = U, F ' LaaGpFU,

where Q, denotes the complex conjugate of G,.

Finally, a topic closely related to plate problems-the numerical
treatment of nonorthogonal corner reflectors—is worthy of mention. The
key ingredients involved here are three:

(1)The corner reflector is thought of as two plates. The scattered
field radiated by each plate can be calculated by using the DFTM at
uniformly spaced points in space.

(2) In order to avoid placing observation points on the intersec-
tion of two plates, the uniform grid associated with one plate cannot
coincide with that of the other. Thus an interpolation scheme must be
introduced in order to calculate the incident scattered field from one
plate onto the other. The 4—point bivariate Lagrange interpolation
method is carried out in the discrete Fourier transform domain, an ap-
proach which makes it extremely simple for the interpolation method
to be incorporated in the DFTM.

(3) A simple coordinate transformation can be used to reduce the
mathematical treatment of a nonorthogonal corner reflector to that of
the much simpler case of an orthogonal corner reflector.

A detailed discussion of the numerical treatment of nonorthogonal
corner reflectors can be found in [19], and the techniques introduced in
that paper are useful in performing large-scale parallel computations.

9.3 Numerical Results

The calculation of RCS for H—pol grazing sweep (8 = 7/2,¢ =
7/2,0 < ¢ < 7/4) of a 3\ X 3\ metallic plate is made at 10 GHz,
and presented in Fig. 9.4. The experimental result for this case is given
in Fig. 9.5. Both results are plotted with the same large scale but not
superimposed. In this way they can be easily compared with each other
by overlaying one on top of the other and, at the same time, can be
conveniently used by others for validation purposes.
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Figure 9.4 RCS prediction for the H-pol grazing sweep of 3\ x 3\
metallic plate.

The prediction for the H-pol grazing sweep of a 5.355) X 6.773\
parallelogram-shaped metallic plate at 10 GHz is given in Fig. 9.6.
The agreement with the experimental result (not shown) is extremely
good.

The RCS for an orthogonal corner reflector made of two 5.6088) x
5.6088\ metallic plates has been calculated for the V-pol sweep (the
incident E-field is parallel to the folding axis) at 9.4 GHz. The result
and its accompanying measurement are presented in Figs. 9.7 and 9.8,
respectively.



9.3 Numerical Results 339

9 cm x S cm flat plate PROC TIME : @@:@8:33

FPY ~ |6 Rpr 1987 14:24:54 7 Sub: VECTOR 7/ Smooth: OFF 7/ Wdw: RECT
1C.88 GHz 7/ HH 7 RAspect: +022.50 Deg 7 Tiit: +488.82 Dog

RCS (ddsm)

: i .
P [
o : : [ I ! Lo I
PO U S SR S T SN S S S N0
+20@ +010 +@2e +039 +04Q

RAspect (Degrees)

Figure 9.5 Experimental result for the H-pol grazing sweep of a 3\ x 3\
metallic plate.
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Figure 9.6 RCS prediction for the H-pol grazing sweep of a 5.3551 x
6.773 parallelogram-shaped metallic plate (height = 5.08)).
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Figure 9.7 The V-pol sweep of a 5.6088) x 5.6088) orthogonal corner
reflector.

The similar results for a corner reflector of the same size but with
an interior angle of 77 degrees are given in Figs. 9.9 and 9.10. The
resolution used in these calculations is 11 divisions per wavelength,
which has resulted in approximately 15,000 complex unknowns and 15
megawords memory requirement. The logarithmic root-mean—square
error criterion was set at —1.6.

The theoretical study of the low frequency limit is certainly an in-
teresting topic in scattering theory. It is known that when the geometry
of a metallic scatterer is not too complicated, the scattered fields will
converge to that of the static case as the wavenumber k approaches
zero (see [20]). Of course, under the computational environment, the
EFIE ceases to provide a correct solution when k becomes too small. A
remedy to this problem has been suggested by Mautz and Harrington
[21], and their method seems to work very well when applied to a small
conducting disk at normal incidence. The DFTM, in its present form
and without any modification, is used to calculate the H-pol sweep
(p=10,9 =7/2,0 < 0 < 7/2) for square plates of dimensions as small
as .01X. When the plate size gets down to .01), the RCS calculation
stays flat from normal to grazing incidence, a result which signifies
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Figure 9.8 Measurement of the V-pol sweep of a 5.6088\ x 5.6088)\ or-
thogonal corner reflector.

the breakdown of the method, since the value of the RCS at grazing
incidence should be about 3.5 dB higher than that of normal inci-
dence ([22], page 510). However this pattern does prevail, albeit with
less than 3.5 dB differential, in the case of a .05\ square plate. This
result and also the result of a frequency sweep at normal incidence for
a 24" x 24" square plate are given in Figs. 9.11 and 9.12, respectively.
It should be pointed out that in order to obtain reasonable results at
low frequencies, the resolution must be increased to 30 divisions per
wavelength or higher.
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Figure 9.9 The V-pol sweep of a 5.6088) x 5.6088) corner reflector with
the Interior angle of 77 degrees.

To further test the robustness of the DFTM, the RCS of a narrow
plate of dimension .1\ x 5\ was compared with that of a 5\ wire.
It was found that the H-pol grazing sweep and the V-pol sweep (¢ =
0,9 = 0,0 < 6 < 7/2) for the plate are very much the same and,
furthermore, that they agree well with the corresponding result for the
wire. This observation has some practical usefulness in the study of
the effects of a finite crack in an infinite ground plane. These results
are presented in Figs. 9.13, 9.14, and 9.15.

Two major weaknesses are associated with the transform domain
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Figure 9.10 Measurement of the V-pol sweep of a 5.6088\ x 5.6088)\
corner reflector with the interior angle of 77 degrees.

methods: one of them is the requirement of a uniform grid scheme
which will cause a staircase effect at the curved boundary of a scatterer,
and the other is the problem of slow convergence often associated with
the CGM. For the latter problem, various pre—conditioning schemes
have been reported in the literature (see, for example, [23,24,25]). Un-
fortunately, most of them have worked well only with 1-dimensional
problems but failed for higher dimensional problems. However it has
been generally observed that smoother basis functions will yield a bet-
ter condition number for the discrete operator equation and, conse-
quently, give a better rate of convergence. The result given by Fig. 9.16
shows that when the rooftop functions instead of the usual pulse func-
tions were used as the expansion functions, the rate of convergence of
the CGM would improve by a factor of two. However, rooftop func-
tions are difficult to use when the geometry of the scatterer is different
from that of a rectangle. For general purposes, pulse basis functions

together with pointwise collocation is the best combination to be used
with the DFTM.

As a demonstration of the ability of the DFTM to handle very
large-scale computations, the RCS of a square plate of 20.48) x 203.2)
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Figure 9.15 Elevation sweep (0 < 8 < 7/2) for a 5\ thin wire of radius
1/50A.

at normal incidence is computed on Cray Y-MP with 128 megawords
memory, 8 processors, and 5 nanoseconds clock cycle. At 10 divisions
per wavelength, this problem generates 1.04 million of complex un-
knowns, and at 20 divisions per wavelength, 4.2 million of complex
unknowns. At 20 divisions per wavelength, it takes 45.48 CPU sec-
onds (5.7 seconds by wallclock) to complete one iteration and 30 it-
erations to reach the logarithmic root-mean—square error of —1.6.
The predicted RCS is 86.81 dBsm (at either 10 or 20 divisions per
wavelength) as compared to 86.83 dBsm by using the Physical Optics
method. The computer memory requirement at 20 divisions per wave-
length is 114.2 megawords. There do not appear to be any corruptions
due to round-off errors on the calculations.
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Figure 9.16 Comparison of the rate of convergence of the CGM between
two different expansion functions (pulse vs. rooftop).

9.4 Conclusion

Despite the recent surge of interest in using the finite difference
or finite element method to solve electromagnetic scattering problems,
the integral equation method will still prove to be a powerful and in-
dispensable tool in dealing with a variety of scattering problems. As
in any field of scientific computing, it is difficult to claim a particular
method is superior to the rest, or is capable of solving all the inter-
esting problems in that field. Most likely, each of these techniques is
suitable for a particular type of problem; and perhaps only through
a combination of these different methods does hope exist to solve a
complicated, real-world problem.

When a differential-integral equation of convolution type is defined
over a region which can be modeled accurately by a piecewise uniform
grid, the DFTM proves to be a powerful tool in solving such problems.
As demonstrated in this chapter, the DFTM will produce accurate
solutions when it is applied to a variety of plate problems. In fact, it is
generally capable of solving electrically large problems on computers
with very limited capabilities.
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The Discrete Fourier Transform Method is accurate, simple to pro-
gram, and computationally efficient. Some of the results that have been
reported here do not seem to have appeared elsewhere in the open liter-
ature. Besides plate problems, there are many other important applica-
tions of the present method-for example, the study of finite frequency
selective surfaces, microstrip antennas, and corner reflectors. Without
any doubt, the DFTM should play a significant role in electromagnetic
computations.
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