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5.1 Introduction

In a dense medium, the particles occupy an appreciable fractional
volume. In a nontenuous medium, the dielectric properties of the par-
ticles are substantially different from that of the background medium.
The study of propagation and scattering of wave in dense nontenuous
media have important applications in geophysical terrain and compos-
ite materials [1-12]. In the conventional radiative transfer theory, the
particles are assumed to scatter independently [13-14]. Such an as-
sumption is not valid for dense media and correlated scattering has to
be taken into account. This has been confirmed by controlled labora-
tory experiment [5].

To study the propagation and scattering of waves in dense me-
dia, we have derived radiative transfer type equations from the Bethe-
Salpeter equation under the ladder approximation [10-11,15]. These
type of equations are similar in form to the conventional radiative
transfer equations of independent scattering. We call them radiative
wave equations or dense media radiative transfer equations to distin-
guish them from the conventional radiative transfer equations. Unlike
the conventional theory which is derived heuristically, the dense me-
dia radiative transfer equation is derived from Dyson’s equation under
the quasicrystalline approximation with coherent potential (QCA-CP)
and the Bethe—Salpeter equation under ladder approximation of cor-
related scatterers [10-11,15-16). The dense media transfer equations
take into account correlated scattering and correct the deficiencies of
the conventional theory. The advantage of using QCA-CP in conjunc-
tion with ladder approximation is that the two approximations are
consistent with energy conservation [9-10,17].

In our previous treatment of dense media transfer equations [10-
11], the particles are assumed to be identical in size. In this paper, we
consider dense discrete random media with multiple species of particles.
The multiple species refers to the fact that the medium is a mixture
of particles with different sizes and permittivities. This is particularly
important because particles in geophysical terrain, composite and het-
erogeneous materials generally follow a size distribution and can also
consist of different constituents. Recently, we have calculated effective
propagation constant for such media [17-18]. In Section 5.2, we sum-
marize the governing equations of Dyson’s equation under QCA-CP
approximation and the Bethe—Salpeter equation under ladder approxi-
mation for multiple species of particles that are correlated. Expressions
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for the mass operator and the intensity operator are given. In Section
5.3, we calculate the effective propagation constants, mean Green’s
function and the mean field for a half-space discrete random medium
of multiple species. In Section 5.4, we show the derivation of the dense
media radiative transfer equations from the ladder approximation of
correlated scatterers of multiple species. The pair distribution func-
tions of multiple species are calculated by using the Percus—Yevick
equation for non-interpenetrable spheres [19-25]. The final results of
dense media radiative transfer equations for active and passive remote
sensing are summarized respectively in Sections 5.5 and 5.6. All the
four Stokes parameters are included so that the results are applicable
to polarimetric remote sensing of dense media. The numerical results of
dense media radiative transfer equations for active and passive remote
sensing are illustrated in Section 5.7 for media with particles of multi-
ple sizes and permittivities. The input physical parameters of the dense
medium radiative transfer theory are the background medium permit-
tivity, the particles permittivities and their size distributions. All other
quantities are calculated. Given the input physical parameters, the pair
distribution functions of particle positions and their Fourier transforms
are calculated. Next, we calculate effective propagation constants, ex-
tinction rates, and albedo. Finally, the dense medium radiative transfer
equations are solved to calculate bistatic scattering in active remote
sensing and the brightness temperatures in passive remote sensing.
Numerical results are also illustrated for the gamma size distributions.
We also show that a medium consisting of a broad size distribution of
particles tends to follow independent scattering more than a medium
with narrow size distribution.

The propagation and scattering in dense discrete random media
are studied in the context of microwave and optical remote sensing
and communication. For such applications, one is generally interested
in bistatic scattering characteristics of the scattering medium with ap-
preciable albedo (say generally albedo larger than 0.01). For such me-
dia, the effective propagation constant K = K, +iK; is complex. The
imaginary part K;, noted as coherent wave attenuation rate, is due to
a combination of absorption and scattering. Thus it is nonzero even in
cases when both the background and the particles are lossless. In order
that albedo and scattering attenuation rate are both appreciable, two
conditions must be obeyed. Firstly, one must not be in the ultra-low
frequency limit when all the particles are extremely small compared to
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the wavelength (say ka < 0.01 for all sizes in the particle size distribu-
tion). In such cases of ultra-low frequency, scattering attenuation rate
and albedo are practically equal to zero. Secondly, the permittivity ¢,
and fractional volume f,, of particle species s; are such that if f,, is
appreciable (say larger than 0.05), ¢,; must be practically real with
a imaginary part much less than the real part. If this is not obeyed,
there will be a large fractional volume of lossy particles so that ab-
sorption dominates over scattering. Within these limits, we have found
that QCA and QCA-CP generally give reasonable results and are in
good agreement with experimental data [40] for both coherent wave
attenuation rate and intensities of bistatic scattering.

5.2 Approximations of Mass and Intensity Operators
for Dense Media with Multiple Species

Consider a discrete random medium consisting of discrete scat-
terers of L different species embedded in a background medium with
permittivity ¢ (Fig. 5.1). The different species refers to the fact that
particles can be of different shapes, sizes, and permittivities. However,
interpenetration of particles is not allowed. The different species are
denoted by s; = 1,2,...,L. Each species of particles can have a dis-
tinct size, shape, and permittivity e,, .

Electromagnetic waves propagation and scattering in a discrete
random medium are governed by the Dyson’s equation for the first
moment and the Bethe-Salpeter equation for the second moment [27].
The coherent electric field (E(¥)) satisfies the Dyson’s equation

VxVx(B@) - ¥(EE) = [eHE@F)-EE) Q)

where M is the mass operator. The mean dyadic Green’s function
<§(F,'f’)> obeys a similar equation

VxVx (GF7))-#(C FF) =Ts(F-7)
+ / T (7,7) - (8 (,7)) (@)

We have used angular bracket <> to denote configurational average.
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Figure 5.1 Discrete random medium consisting of particles of L different

species, s; = 1,2,--., L with radius a,; and permittivity ¢,; embedded in
a background medlum of permittivity e.

The second moment of the field obeys the Bethe—Salpeter equation
(27]

(Ea (F) Ej (7) ) = (Ea (7)) (Ej (7) )
+ X% [ [an [ar [om,

o' B! ot ,p"
‘ (Gaa’ (1‘, 7‘1) ) <GEI" (F’, Fll) )Ia'a“ﬁ'ﬂ"
(F1,72;71,72) (Ean (F2) Ejn (72) ) (3)

where Iyiqngign(Fy,72;7y,75) is the intensity operator, superscript *
denotes complex conjugate and Greek index subscripts a,8 = 1,2,3
are used to denote the field components. Both the Dyson’s equations
(1)=(2), and the Bethe-Salpeter’s equation (3) are exact. However
the mass and intensity operators involve summation of infinite num-
ber of operators and approximations are needed to make the solution
tractable. There is also a constraint of energy conservation on the ap-
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proximations. Let S be the time-averaged Poynting’s vector such that

- 1 — = = =
S-—m{—EX(VXE)‘FE X(me} (4)
where w is angular frequency and p is the permeability. Energy con-
servation requires that for the case of nonabsorptive background and
scatterers when ¢ and ¢, j = 1,2,---,L are real, the integrated
optical relation must be satisfied

/d‘r‘- (V-S)=0 ‘ (5)

Equation (5) is satisfied exactly for nonabsorptive background and
scatterers if the mass and intensity operators are related by the follow-
ing relationships [9,17]

My (F,7) — Mg (F,7) + dry [ dF
, > [ [ ams
. [(Gaa‘gc (Fl,Fz)) - (G;!’a' (72,7"1))] I,G'aa'ﬁ (Fz,F;Fl,'f’) =0 (6)

where M, is the mass operator and Ig,q+g is the intensity operator.
For the case of discrete random medium, relation (6) can be satisfied
by using the quasicrystalline approximation with coherent potential

(QCA-CP) [9,10,17) on the mass operator and the ladder approxima-
tion modified with pair distribution function for the intensity operator.
For the case of multiple species of particles, the QCA-CP equations
for the mass operator assume the following form [17-18]

“t-';i - fj—ﬂji + ﬁ;i (E) i;i (7)

Equation (7) gives the equation for the transition operator ?;j of the

j th particle of species s;, in terms of the scattering potential, 'L—f;i .
of the particle. This is basically the transition operator of the particle
in the absence of other particles though the Green’s function in (7) is
that of the average Green’s function.

=8 =85 L =y /== ==
C; =%+ n, / drt; (G) hoga (75 —72) Tt (8)

=1
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Equation (8) is the equation for the operator 5;-’ which can be inter-
preted as the transition operator of the jth particle of species s; in
the presence of other particles. The second term on the right hand side
in (8) corresponds to the scattering from the £th particle of species s,
to the j th particle of species s;. The scattering is averaged over num-
ber density n,, and volume integration d¥; and weighted by h
which is equal to the pair distribution function g,,,, minus 1.

7= 3n, [T (9)

=1

858

From (9), the mass operator is the sum of the transition operator 5‘
averaged over number density n,;, and volume integration d7;. The
average Green’s function obeys the equation

('@) =Go+ GoM (’5) (10)
where n,, is the number of particles per unit volume of species s; ,»k

Reja (F)= Ysjs: (F) -1 (11)

and g, ,,(7) is the pair distribution function of two particles of species
s; and s; separated by a distance 7. The multiple species pair func-
tions can be computed by the Percus-Yevick approximation [22-23,17-
18]. The function h,,, () is generally nonzero over a range of a few
particle diameters. This is because as ¥ — o0, g,,,, — 1 meaning that
two particles are uncorrelated as their separation increases to infinity.

In (10), G, is the dyadic Green’s operator with wavenumber k =
w,/p€ of the background medium. Equation (10) is the operator form
of the integro-differential equation of (2).

The intensity operator that is energetically consistent with QCA-
CP is that of the ladder approximation modified with pair distribution
function as follows [17,27]

L L
Togaip: ('-’-’ Lt E / dr; / dr, [n,, 8, 28 (5 — Te)

=1
+ n,, 0,k (r, o)) Cotp (Fs™1) Ciing (F571) (12)
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where Cj% P is the a8 component of 5;‘ . In the usual ladder approx-
imation for the discrete scatterers [27], the second term in the square
bracket in (12) is absent which implies that the scatterers are uncorre-
lated. However, such correlation is important in dense medium and has
been included in (12) for the intensity operator for dense media. Thus
the ladder approximation essentially states that the second moment is
a result of scattering by correlated scatterers with scattering T and
C’ that are scattering matrices of the £th and jth scatterer in the
presence of other scatterers.

The usual quasicrystalline approximation (QCA) consists of (7)-

(10) with ( ) in (7) and (8) (but not in (10)) replaced by the back-

ground propagator G, [9]. However, the usual QCA is not energet-
ically consistent with ladder approximation. The QCA-CP version of
(8) has the physical interpretation that in scattering from particle £
to particle j, the wave propagates with the effective medium propaga-

tor (Zi) , while for QCA, the wave propagates with the background

medium propagator G,. Thus the QCA-CP approximation for dis-
crete scatterers is analogous to that of nonlinear approximation for
continuous random medium [27-29]. The coherent potential approx-
imation for identical scatterers has been used in solid state physics
problems [30-33].

The formulation in (1)~(12) is generally applicable to discrete ran-
dom medium with particles of arbitrary size and shape. In the following
sections, we shall study the solutions of the first and second moments
equations for the case of small spherical particles in the Rayleigh limit
with ka,; < 1, where a,, is the radius of the sphere of species s,
Though the partxcles are small, the fractional volume f,; = 47xn,,a3 /3
remains appreciable.

5.3 Effective Propagation Constants, Mean Green’s
Function and Mean Field for Half Space Discrete
Random Medium of Multiple Species

Consider a half-space of small spherical particles occupying the re-
gion z < 0 (Fig. 5.2). The upper and lower half-space are denoted as
regions 0 and 1 respectively. The particles are dense and nontenuous so
that the volume fraction f,; = 4xn,,a? /3 of the s; species can be ap-
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REGION 0

REGION 1

Figure 5.2 Active remote sensing with an incident electromagnetic wave
impinging upon a half space discrete random medium of multiple species
in the direction (x — 6,;, ¢;).

preciable and the wavenumber k,;, = w,/Be; of the particle of species
s; can be substantially different from the background wavenumber k.
Hence, the effective propagation constant K in the lower half-space
can be substantially different from k creating an effective boundary
at z = 0. The mean Green’s function and the mean field contain re-
flection terms due to this effective boundary. From (9)-(10), the half
space mean Green’s function obeys the equation :

(B ) Bolr) 4 Yo [ 4 [

=1
[ &8 T ) (B () (13)
2

where z; is the 2z component of ;. To solve (13) in the small particles
limit, we let the mean Green’s function to be of the following form. For
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z,2<0
(6¢7) =G (7)7)+Gr(R7) (14)
where
- — 1 __\ K7
Gp (1‘,1‘) = (I+ FVV) m (15)

is the infinite space Green’s function with effective propagation con-
stant K .In (14) Gg is the part of the Green’s function that accounts
for the boundary reflection term. Its form will be determined in sub-
sequent discussion.

Next, we consider the solution of (7) and (8). We note that the

=3
scattering operator U ,-’ in the coordinate representation is

(71T} |F’> =U% (F-7;)T6 (F—7) (16)
where

. (—  — 0 for |F—F; |> a,
Ui(r—rj)={k3j_k2 forlF—Fjlsa,:. (17)

Because ka,; < 1, ﬁ;i is short-ranged. Hence the transition operator
i;j is short-ranged. Thus, if ¥ and 7 are several diameters deep in the

lower half-space, the contribution of Gr in (11) will be much smaller
than that of Gp . Hence, we have

=8; =8 === =8;
Similar argument applies to (8), so that _ﬁ? is also short-ranged, and
it is nonzero in the vicinity of the particle located at 7; so that the
boundary effect at 2=0 can be ignored. Thus

i =s L =s;= =
o =%+ n, / aF iy Grhau (-7 Cr (19)

=1

Thus (18) and (19) for i;i and 2"? become identical to that of the in-
finite space case which has been solved previously [17-18]. The solution

A .
for t; is, in momentum representation,

2 =

(p |7’ |§') = 3v,;K?y,, (1 +izK y,,.) I (20)
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where v, = 4xa3 /3 is the volume of the particle of s; species and
the function y,, (K )

k2, — k?

v (K) = 371 (&8, = 1) (21)

==4#
The solution for C 5, in momentum representation, is, in the small
particles limit, ’

=9*; =
(1T 1) =C.T (22)
where
C _3K’v.,-y., {1+ 2K3 i2K* f:f
% = DK) 3K + 3508 2o, el Bh

+ Y nvinad, 87°H,,.,, (5= 0)+ 6x°D(K)H,,., (p=0)] }

sm=1
(23)
where the function D(K)
L
D(K):l_ Zfl,‘yl; (24)
;=1
By 0) = s | 47 hiyns 7) (25)

In solving (18) and (19), we have retained the leading term in the

— o g
real part and the leading term in the imaginary part of i;’ and C; .
This enables us to keep track of the real part of the effective propa-
gation constant and the effective attenuation rate. In the coordinate
representation, we have

Ci () = Cob (F-7)8 (7 ~7) T (27)
Substituting (26) in (13) gives

(EE7) =867 + En., .,/ ar; Go (7,73) (G (757) )

=1
(27)
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It can be recognized that (27) is the volume integral equation for a
half-space Green’s function with upper half-space wavenumber k and
lower half-space wavenumber K if we identify in (27) that

L
> n,C, =K'k (28)

8;=1

From (23) and (28), after some algebraic manipulations, it follows that
the effective propagation constant K is governed by the relation

3K? & 2K3
K2=k2 Zfatynt{1+'

D(K) “_1 3D(K)
X [a'?zy‘l + El Ys; afj s 87"3H0ju p= 0)] } (29)
5y =

We note that the effective propagation constant K as given by (29)
is generally complex with the imaginary part accounting for the at-
tenuation of the coherent wave due to both absorption and scattering.
Generally, K’ = Re(K) »» Im(K) = K". In view of (28), (27) becomes
the standard volume integral equation for half-space Green’s function
[9]. The solution for z, z' < 0 is given by (14) with Gp(F,7) given
by (15) and

— i © ei.l;_L-(?_L—?fL)—s'K,(z+z’)
GR (F,F’) =-8?_/_ dk_j_ Kz

[ Be(RL)e(—K.)e(K.) + Ra(FL)B(-K.)A(K.)} (30)

where k. = k.2 + kg, kL = (k2 + k2)Y/2, K, = (K% - k2)V/2,
k, = (k% - ki)l/ 2 & and h are TE and TM unit vectors respectively
with &(K,) = (&k, —jk.)/ky and A(K,) = —K.(2k.+ik,)/(Kky)+
k1 2/K . The quantities R, and R; are TE and TM reflection coeffi-
cients respectively with

K,—k
Re(k_l.) = ‘K—+—k—z (31)
- k2K, — K2k,
Ry(ky) = (32)

k2K, + K2k,
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Similar expressions hold for (@(?,?’)) for ¥ in region 0 and 7 in
region 1.

Next, we calculate the coherent transmitted and reflected fields
for an incident plane wave impinging from region 0 in the direction
(7 — 05, ¢;) upon the lower half-space (Fig. 2). The incident electric
field is

E™ (7) = [Enh(—ki) + Bict(—kip)| ehstibuv—ihias (33
where k;, = ksinf,; cos¢;, ki = ksinfysing;, and k;; = kcosf,;.

From (1), (9), (26), and (28), it follows that for 7 in region 1, the
coherent field obeys the equation

L
VxVx(E@) =¥ (EF)+ Y .y (E()

= K*(E(7)) (34)

which is the vector wave equation with wavenumber K . Hence, the
coherent transmitted field in region 1 is [10]

(E(F)) = [EahTehfz(—K.-,) + BicTicé(—Ki,)| etibiav=iKiuz  (35)

where K;, = (K2 — k2, — k?y)l/z , and

2kiz
Tih=—F—"%— 36
TR b o)
2kiz
T~ Kutks e

Similarly, for ¥ in region 0, the coherent field is [10]

(E (F)) =E1'M (F) + eik.-. ztikiy y+ikizz

K;

. kis — A K?ki, — 2K;
. {e(kiz)Ekm + h(kiz)Ein & = }

sziz + sziz
(38)

The mean reflectivity for TE and TM waves are given respectively by
the absolute squared of the mean reflection coefficient of (38).
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5.4 Derivation of Dense Media Radiative Transfer
Equation

In this section, we derived the dense media radiative transfer equa-
tion from ladder approximation of correlated scatterers. The basic
physical idea is that because the particles are randomly distributed,
the phases of the scattered fields are random so that the scattered
fields generally average to zero except those terms that result in con-
structive interference. The mathematical approach is to identify and
retain only the constructive interference terms in the ladder approxi-
mation and these terms combine to give the dense medium radiative
transfer equation.

The second moment equation under ladder approximation is ob-
tained by replacing the intensity operator in (3) by the expressions in
(12) and (26). The intensity operator involves the product of the scat-
tering operators. Thus, it is only necessary to retain the zeroth order
solution of C,; . In (12) and (26), we then let

Cyy = CV (39)
where

3K2?v,,y,,
0) _ 8 J8;
¢ = —p (40)

The total electrical field can be decomposed into the coherent part
(E()) and the incoherent part £(F), so that

E(F)=(E[)+£(7) (41)

Likewise, the second moment can also be decomposed into coherent
and incoherent parts.

(Ea(F) B3 (7)) = (Ba (M) B3 (F) ) + (& (F)E5 (F) ) (42)

From (3), (12), (26), (39)-(42), it follows that the covariance of the
incoherent field obeys the relation

(€« (F) 5 (7))
=Z/ a7y [ 7 (Gaw (7,F1))
g In <0 21 <0

(Gpa (F,71)) Q (71 — 1) (B (71) Ej (71)) (43)
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where
L L
QA =3 Y (18008 (F) + may gy, A] COCD* (44)
2;=1a,=1

The derivation of transport equation is in a manner analogous to that
of continuous random medium [34-37]. From (43), it follows that the
covariance of the incoherent field at ¥ and 7 comes from scattering at
71 and 7] with 7; and 7] integrated over the entire lower half-space.
The major contributions do not come from 7 close to ¥; nor ¥ close
to 7} . Hence, the singularity of the Green’s dyadic can be neglected in
(43). The function Q(7; —71) is short-ranged since it is only nonzero
over a few particle diameters as dictated by the behavior of A, ,,(F).
The rest of the integrand in (43) is varying on the wavelength scale.
Since ka,; < 1, the function Q(7) — 71) is sharply peaked in the
integrand of (43). Hence (43), in dyad form, can be approximated by

(EMTF) =0 /MO ar, (T(7,7))
(E@E®)- (T Fm)  49)
where superscript ¢ denotes transpose,

_[ L_Lr|K[*
Qo—/_wdf'Q(")— B

L L
X z fl[ y‘: {a'f‘y:t + E n‘j aif y:j 81.3333' L 73 (i = 0)} (46)

=1 s;=1

The second equality in (46) is a result of using (44), (40) and (25). The
quantity Q, is real because H,,,, = H,,,, .

To solve (45), we can make a spectral decomposition of the inco-
herent field

-0

where k; and 7, denote transverse wave vector End transverse co-
ordinate vector respectively, K. = Re(K,), &y (2,k.) is the upward
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propagating incoherent envelope amplitude in transverse direction k ,
and &4 (z,k 1) is the corresponding downward propagating envelope
incoherent amplitude. Further decomposition can be made in terms of
TM and TE waves.

Cu(2,5L) = Enu (2,k1) A (KL) + Eeu (2, kL) & (K2) (48)
Ca(z.ky) = Ena (2. k1) B (~KL) + Eea (2, kL) e (—KL)  (49)

Since we are mainly concerned with radiating waves, we have K. >
K, where K. =Im(K,), so that we can replace K, in the argument
of h and é by K. In deriving the dense media radiative transfer
equation, we distinguish two distance scales. The long distance scale
is characterized by the mean free path £, with {, = 1/(2K"), K" =
Im(K). The short distance scale is characterized by the wavelength
scale A, = 2x/K' with K' = Re(K). Transport type equations are
derived based on the assumption that £, > A, L. > a,, ,i.e. the mean
free path is much loriger than the wavelength and the particle size. The
condition is generally met for problems involving multiple scattering.
Thus the envelope amplitude £, and €4 in (48) and (49) are varying
on the {. scale.
For z and z' separated on the A, scale, we assume that

(Em (1) Eo (2, F0a) ) =6 (L —Fua) K (2,25F1)  (50)

where m,n = u,d. The assumption of (50) is that incoherent fields
with different transverse directions k), of propagation are uncorre-
lated. For the same transverse direction, there is nonzero correlation.
The upward and downward propagation waves with the same trans-
verse k) direction are correlated because of the effective reflecting in-

=—ud
terface at z = 0. This correlation is represented by A . For 7 # 7,
the mean Green’s function of (14), (15)-(30) can be written in the form

(@) = [ dRue™ ) (Gp (Fuy5, ) +3n (R 7))
(51)

where

7p (k1,2,2') =75 (K,) eKe(>=) for z > 2'
T< (K,)eK(=%)  for z < 2 (52)
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Tr (F1s2,2) = Tr(K,) e -4 (53)
%> (K.) = ﬁ— fae) +hEIAEK)]  (59)
5 (K.) = o [é (~K2)é(~K) + h(~K.) h(-K.)] (55)

8 K [R (ki)e( K.)é(K.)
+ B (BL) h(-K,) ()] (56)

Without loss of generality, let z > 2/ in (45). Substituting (51)-(56)
and (47)~(50) in (45), we obtain, after some algebraic manipulations,

Suu - spt ' =dd — - ,
A (Z, Z', k.L) e‘K:(z"z ) + A (Z, Z’, kl) e—iK‘(z-z )
=ud — - , —d _ et ,
+ A (Z’ z’, k_l_) e‘lK;(Z”{"z ) + A U (z, zl’ kl) e-—aK,(z+z )
= Qo4‘!'2 { / dz [5,—'> (Kz) eixs(z—n) + §R (Kz) e-—-t‘K,(z-l-z;) ]

[f(x.z)e""“ +{ 8(r1)8 (1)) ]
[ (K )e-—sK‘(z —-z) + (K )esK“(z +21) ]

+ / dz1 3> (Kz) e-K,(z-—zx) + 53 (Kz)e—sx,(z-t-z,) ]
zl

[T(K )e""‘*+<s(rl)s 1)) ]
(K )ezK“'(z —z3) + (K )ezK‘(z +21) ]

+ / dz1 [§< (Kz) e—sK,(z—z;) + §B (Kz) e-—tK.(z+z1) ]
(X (K 2Kl 4 (8(7‘1)8 )]
[T (K.) K5 -m) 4 TR (K,) K ) |} (57)
where _ _ .
(E) (B (7)) = X (k) e2Kim (58)
with
i( u) = [ thTthh( Ktz) + E; Ttee( Ktz)

[EaToh (- Ku) + BLTRe (- Kus) (59)

J NSNS By S
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as the covariance of the coherent field. In (58), K/ = Im(K;,). We
first note that A(K;.)exp(2K/iz1) + <Z"(F1 )?(ﬁ)) vary on the mean
free path scale and do not vary on wavelength scale. The magnitudes of
the various terms on the right hand side of (57) can be estimated. We

distinguish between constructive interference terms and destructive in-
terference terms. For example, a typical constructive interference term

is
. — 1
[ anemimmmie 2 o (L) (60)
where O represents of the order and K = Im(K,). On the other
hand, a typical destructive interference term is

. N 1
/ dzle—iK,(z—zx)+xK, (2'+xn) O (EZ) (61)
where K = Re(K,). Generally, K < K.

Terms of the type of (60) are of the constructive interference type
as the phases of the integrand balance each other so that the inte-
grand has little phase variation over the range of integration. Terms of
the type of (61) are of the destructive interference type as the phases
do not balance each other. Since K} 3» K/, terms of the destructive
interference type are much smaller than that of the constructive in-
terference type. Physically this corresponds to the fact that scattering
due to products of fields travelling with different phases will average
out to a small number after several wavelengths. We shall only retain
terms of the constructive interference type. Using (47) and (50), we can

calculate (?(?1 )& (F1)> in the integrand of right hand side of (57) of
which only constructive interference terms are retained. Thus, we can
replace <Z"(F1)? (?1)) in the integrand of (57) by

T(z) = /°° a7, {i-w (z1,21,7,) + =A=“(’h‘lv7l)} (62)

The next step is to balance terms on both sides of (57) that have
the same phase dependence of z and 2’. There are four types of phase
dependence in (57): exp(iK.(z—2')), exp(—iK!(z—2')), exp(iK!(z+
z'})), and exp(—iK.(z+2z')) . We also let the separation of z and 2’ to
be on the wavelength scale so that the contribution of [ dz; in (57)
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is small and can be neglected. Balancing terms with phase dependence
exp(iK.(z — 2')) gives
—"717% — s grp ’ . Y ] z' — "
A (z’ zl’ k_L) esK,(z—z ) — 41rzqoe:K,z—tK,z / d21'5"> (K,) ezx, z
R E) eXE 1 T ()] - T (K) (63)

Balancing exp(—iK](z—2')), exp(iK.(2+2')), and exp(—iK.(2+2'))
give three more equations similar to (63). Next we let 2z’ approach 2
in (63) and in these three equations. From (63), we get

e (2)2,kL) =47%Q, /‘ d2,7> (K,) e 2Ks(s-n)
—00
X () ¥
+7(21)]-75 () (64)
From the other three equations, we get respectively
TM (z,2,kL) = 4x2Q, /z dznor(K;) 2K (2+n1)
[ X(Kir) 2% + T (21) |- R (K)
+ 4x2Q, /o dz { T (K,) e 25 (m1-2)

'

(A Ha) ¥ 4 T () ] T ()
+ R () ) [K(Ki) 60 + T(m) |- T (K.) Y65)

.—_-ud -— 2 — "
A (2,2,ky) =47|'2Q°/ dz 7> (K,)e*Ksn
-0
Ry im 4 T(z)] TR (K) (66)

with the last one being just the complex conjugate and transpose of
(66). Equations (64) to (66) are the integral equations for the covari-

=uu =dd
ance dyads. We note from (64) and (65) that A and A are func-

tions of each other, while A , the correlation between the upward
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- =uy
and downward waves with the same k, , is a function of A and

=dd
A through (66). We can convert (64)—(66) into integro-differential
equations with boundary conditions.

Differentiating (64), (65), and (66) gives respectively

LX (52 K1) = 2K (25, F1)

+47°Q.7> (K.)- [A(Ka) 502 +T(2)] TS (K,)  (67)
L5 (2,0 F1) = 2K (2,,F)

- 47°Q.7. (K)-[ﬂmz)e"‘ﬂ +3()]-FE (&) (69)
d =ud

dzA (Z, Z, k_L) = 2K”— (Z, z, kl)

+477Q,7> (K,) ™% - [X(Ki,) K02 1+ 7(2)] -5 (K.) (69)

The boundary condition for the integro-differential equation of (67)-
(69) can be obtained by setting z = 0 in the integral equations of
(64)—(65) which gives

=dd - =uu — =t*
K (n2k)| =R(K)-X (nnF)| R (&)  (70)

z=0

where
R.(K.) = R (kL) ¢(—K,)&(K,) + Ru (EL) h(-K,) h(K,) (T1)

Equations (67)-(68) and (70)—(71) are the transport equations for the
covariance dyads. They are in the form that resemble the radiative
transfer equations. They can be cast into the more standard form in
terms of angular direction (8, ¢). Transformation from k) to angular
direction (0, §) is done by setting k), = k,z+k,§, k; = K'sinfcos ¢,
and k, = K'sinfsing. Also we have [ dk, =~ [7/*dfsinfcosd

2" d$K'. Only the radiating waves can contribute to constructive
interference terms. Constructive interference terms arise from scatter-
ing from waves integrated over a sizable region of many wavelengths
and evanescent waves do not fall into that category. We can put (67)-
(68) in 2 x 2 matrix form.
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Let A (2,2,k1), AY (2,2,k1), A (2,2,k1) and AYp
(Z,Z,EJ_) be the hh, fzé, éiz, and éé components of A (z, z,f_,_)
respectively. That is AY (z,2,k1) = h(K?)- A (z,2,kL) - &(K2)
etc. Similar definitions apply to A (z z,-E_L) with 4,7 = 1,2. For
0<0<x/2,0<¢<2r,the 2x2 matrices be defined by

- A¥¥(z,2,k1) A¥(z,2,k1)
A¥Y k — 11V 2 ™ 12 e

= (z’ i -L) [A'ﬂ‘(z’z, k.L) A'z‘i‘(z, zJ"J.)]

= A(z,6, ¢) (72)

w _ A#(z,2,k1) Af3(2,2,k1)
A% (z,2,ky) = [A d(2,2,k1) A(z,2,k,)
= é(z,‘;r —6,4) (73)

For 0<0<x%/2,0<¢<2r,let

t gt fll(K;’Kiq) f12(K;’K;7)
F(K,,K, )=
E (Ko Ko) [f21(K;,Ki7) f22(K;,K,,)
= _E_(o’ $; 6ys by) (74)

where K,, = (K2 -93)!/2, K. =Re(K,,),

fu (KL K,) = h(K)) -k (KL,) (75)

iz (KL, K.,) = h(K7) - & (K2,) (76)

fu (KL, K.,) = &(K7) - h(KL,) (77)

Fa (K, KL,) = & (K7) - & (K,) (78)
Also

F—_(_K;vK;‘y) =F (% —6,¢;0y,9,) (79)

etc. Then, (67) and (68) assume the following matrix form respectively.

%é(z, 0,¢) = —k.secOA (2,0, )

—Qo sec” - KqZ8EC
+ 167 2K12F(0 & —0;,¢;) - /\(Kiz) 'F(ﬂ’ —0;,¢i30,0) e o
Qosec’d sec?d 2
T 1672 _/ dby sin 6y | cos 6, I/ dy {E(6, $;6y,41)

é(z’ ‘Y’¢'Y) £(0‘7$¢‘770,¢)} (80)
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%é(’w’" —0,¢) =k.secOA(z,x - 0,¢)

Q,sec?d
- Wﬁ(* —0,¢;% — 6;, i)

. __A;(Ki:) -g(r ~b0; 0% — 8, ¢) en&zuch

Q,sec?d [~ .
- ;.612 A df., sin 6., | cos b, |

2%
X /0 dy {Q(r — 0,;0y,4y)
. _A_(z! 01, ¢1) '£(019 P37 — 0, ¢)} (81)

where
ke = 2K" (82)

is the extinction rate,
| En |*| Ton |*  EinEJTinT,
A(Ki;) = ie ie
206 = [ g pn 1y, | B T
K!, = K'sin6;, and 6; and 6, are related by Snell’s law §; =
sin~!(k sin 8,;/K') . In deriving (80) and (81), we have also made use of
the property that K. = K" sec@. Equations (80)—(81) are the radia-
tive transfer equations for the field covariance matrix A(z,6,¢). The
boundary condition is obtained from (70)-(73), and is, for 0 < 6 <
/2, 0< ¢p<2x
A(z=0,x-0,¢) =
[ | Ru(kL) P Ai(2=0,6,¢)  Ru(kL)R:(EL)A1a(z = 0,6, ¢)]
R}‘;(kl)Rt (kl)Aﬂ(z = 09 a: ¢) l R‘ (kJ.) !2 Aﬂﬁ(z = 09 0» ¢)

(83)

(84)

Equations (80)-(84) can be put in the standard form involving Stokes
parameters by defining

KB
I),(Z, 0, ¢) = T ' cosf i An(z,O, ¢) (85)
3
Ig(z, 0, ¢) = —ng_ I cos 8 ’ Azz(z, 0, ¢) (86)
Zs(2,6,4) = -25‘;5 | cos 8 | Re (Ag1(2,6,9)) (87)

Ty(2,6, ¢) = -25; | cos 8 | Im Az (2, 6, 4)) (88)
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and the 4 x 1 Stokes vector is

Il(z’ 6, ¢)
Iy(=,9, )
Ts(2,0, ¢)
Zy(2,0, ¢)

I(Z, 01 ¢) = (89)

The albedo will then be Q

6rK,
with Q, as given by (46). The scattering coupling coefficients for
Stokes parameters are the phase matrix elements, which, in view of
(80)-(81), can be expressed in terms of products of F(6, ¢;6.,¢,) ele-
ments. The result radiative transfer equation for the Stokes parameters
and the phase matrix elements are summarized in Sections 5.5 and 5.6
respectively for active and passive microwave remote sensing.

w=

(90)

5.5 Dense Media Radiative Transfer Equations for Ac-
tive Remote Sensing

In this section, we summarize the key equations concerning the
dense media radiative transfer equation as derived in Section 5.2 to
5.4 for active remote sensing (Fig. 5.2). The incident electromagnetic
wave is in the direction (7 —0,,¢;). The incident electric field is given
by equation (33) with E;, and E;. being the amplitudes of TM and
TE wave respectively.

As shown in Section 5.2-5.3, the spherical particle in the medium
are characterized by L species, s; = 1,2,...,L, with each species s;
having the radius a,, , permittivity ¢,, and fractional volume f, =
4xn,, ad /3 where n,; is the number density of the s; species. The
pa.rtxcles are embedded in a background medium with permittivity €.
The dense media radiative transfer equations have been derived for the
case of small particles assuming ka,, < 1 where k is the wavenumber
of the background medium.

a. Step 1: Effective Propagation Constants, Eztinction Rates,
and Coherent Transmitted Wave.

As shown in Section 5.3, the lower half-space of region 1 can be
represented by an effective propagation constant K , where K obeys
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the equation
K?~K"? + i2K’K”

=k2 D(K ) Z fuyu(Ko)

0=l

{1 + t3D€(K ) [ ,lytg(Ko) + Z 9:,(1('0)

;=1

X af’. n,, 81r3H,,..l(p = 0)] } (91)

where K2 represents zeroth order solution and satisfies the following
equation

K: = kz D( o) ‘lz_:l fuyu(Ko) (92)_
and
L
D(KO) =1- Z f&,‘ Ys; (Ko) (93)
=1
k2 —k?
Ys; (K,) = - (94)

3K3 + (kfj - k2)

The quantities H,,,; (p = 0) are related to the Fourier transform of
the pair functions as given by (11) and (25). The computation of these
quantities for non-interpenetrable spheres of L species have been re-
ported [19-25, 17-18]. To calculate numerical results of the nonlin-
ear equation of K in (91), we solve (92) first for K,. Equation (92)
with (93)-(94) is a polynomial equation for K, and only one solution
has the correct physical meaning of effective propagation constant.
That solution is then substituted back in (91) to calculate K. The
extinction rate is k., = 2K” where K" = Im(K). Snell’s law can
then be applied so that the transmitted angle of the coherent wave is
0; = sin™!(ksinb,;/K') where K' = Re(K). The coherent transmis-
sion wave amplitude for TM and TE waves are given respectively by
(36)—(37) with k;, = kcosf,; and K;, = (K? — k?sin?§,;)'/2.
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b. Step 2: Dense Media Radiative Transfer Equation for the In-
coherent Wave.

By using the definitions of Stokes parameters of (89), (85)-(88) in
(80)—(83), it follows after some algebraic manipulations that the dense
media radiative transfer equations for the incoherent 4 x 1 Stokes
vector ZI(z,0,¢) inregion 1is,for 0 <0< 7,and 0< ¢ < 27,

d kew K'
cos 951(2’ 0,9) — keZ(2,0,9) + o —k~§(0, &7 —0;,0:) A(K;:)
KezsecH; K‘e“." * . 2
X e 4 F/ df. sin 6, A doP.(0, ¢; 6, dy) L (2,0, by)
0
(95)
where @ is, from (46) and (90)
L
- e 2|K° 4 3. .=
w= K‘elp(Ko)Iz “X;l fuylt(Ko){auyu(Ko)
L
+ Y muyal, 03, (Ko)8n° ., (= 0)} (96)
s;=1
In (95), the coherent transmitted Stokes vector, A(Kj;,) is
TS | Ean |
TZ? | E;. |?
A(K;;) = oy 97
A(K) —2T;. T;nRe( E}, Eic) (57)
—2T; TipIm(E}, E;.)

where T;, and T;. are as given (36) and (37), both of which are
practically real since K, € K, , and for convenience, we shall just
take their respective real parts when calculating (97). The second term
in (95) is the source term for the incoherent wave and corresponds to
a single scattering of the coherent wave into incoherent wave. The

elements of the 4 x4 phase matrix P (0, ;0,,¢,) are, from (80)—(89)

Py (0,;0,,¢4) = ; [sin @ sin 6., + cos 6 cos ., cos(¢ — «;S.,)]z (98)
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3 .
P2 (0, ;04,0,) = 3 cos? @sin?(¢ — ¢) (99)

Py3 (0, 430y, 64) =
- -23- [sin @ sin 6, + cos @ cos 0., cos(P — ¢ )] cos G sin(¢ — ¢,) (100)

Py (6, 8561, 87) = 5 cos* 0, sinX($ — 4,) (101)

P12 (6,601,6,) = 3 cos*(4 — 4,) (102)

Pis (0, 8i0y, 6y) = 5 cosOysin(g — §)cos(d— 4,)  (103)
Psy (6, 630y, ) = 3cond, sin(4 — ¢) [ sindsind,

+ o8 8 cos 6, cos(d — ¢) ] (104)

Paz (6, 630y, 6,) = —3cosBcos(d — 4,)sin(d— ¢;)  (105)

Pa3 (0, ¢; 6., ¢.) =g {sin 0 sin @, cos(¢p — @)
+ cosfcos 0, cos2(p — ¢,,)} (106)

Py (0,0;0,,0,) = g {sin@sin 0. cos(¢ — ¢,) + cosfcosb,} (107)
Piy=Pyy=Psy=Pyy =Py =Py3=0 (108)

The phase matrix is identical to the Rayleigh phase matrix of the
conventional radiative transfer theory [13-14]. This is because of the
small particle assumption and that the pair distribution functions are
only correlated for the range of a few diameters.

The boundary condition for the Stokes vector is, from (84)—(89),
at z=0

I(z,x—-6,9)= é(O)I(z, 6,¢) (109)
where
| Ra(6) 2 0 0 0
R(6) = 0 | Re(6) |2 0 0
£0) = 0 0 Re(Ra(0)R:(9)) —Im(Rx(6)R:(9))

0 0 Im(Ri(0)R:(6)) Re(RA(O)R: (4‘)))(1
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where R.(0) and Rj(0) are given by (31) and (32) respectively with
K, = Kcosf and k, = (k? — K?sin?9)'/2.

The dense media radiative transfer equation (95) is to be solved
subject to the boundary condition (109). After the solution is calcu-
lated, the incoherent Stokes vector that is transmitted back into region
0, Z,(6,,9), with 8, = sin~!(K'sin0/k) according to Snell’s law, is

Z, (80s90) = T (6)Z(2=0,0,¢) (111)

For 6 less than critical angle 6, (= sin~!(k/K"))

kz
L) =z=
1- | Ra(6) |? ] 0 0
0 1- | R.(6) I 0 0
0 0 S Re(ThOTI(0) — 2% Im(Ti(6)T: (6))
0 0 S Im(Th(O)T: (60) e Re(Ti(6)T7 (6))

(112)

Tn(0) = 1+ Rx(#) and T.(6) =1+ R.(6). For 0 greater than the
critical angle 4., I(6) = 0.

The dense media radiative transfer equation (95) with boundary
conditions (109)-(110) resemble that of conventional radiative transfer
equation of independent scattering except that the expressions for «.
and @ are different from those of the conventional theory because
of correlated scattering and the fact that the effective propagation
constant K has been taken into account. Numerical solutions of the
dense media transfer equation follow the same procedure as that of the
conventional ones.

5.6 Dense Media Radiative Transfer Equations for
Passive Remote Sensing

A classical relation exists between the brightness temperatures of
passive remote sensing and the bistatic coefficients of active remote
sensing when the medium is of uniform temperature [38]. Recently, an
expression has been derived between the two cases when the medmm is

of nonuniform temperature [11]. The relation is as follows. If 54 (_')
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Z

To
Radiometer

REGION 0

REGION 1

Figure 5.3 Passive remote sensing with a radiometer measuring the
thermal emission of a half-space discrete random medium of multiple
species in the direction 6.

is the Poynting’s vector of active remote sensing with incident wave of

@ polarization, E° () is the electric field in passive remote sensing
and T (7) is the temperature distribution in passive remote sensing,
then
im [ aw (& B (Fw)?) =
r—o0 Aw
w’p? <(4)
- — dFKT (F)V-§7 (F 113
270372 [, co Ky T (F) (7) (113)
where Kj is Boltzmann’s constant and » is the distance between the
radiometer and the medium under consideration. Thus the Poynting’s

vector S (F) can be first calculated in active remote sensing and
then the thermal emitted intensity of passive remote sensing can be
calculated according to (113). These steps lead to the dense media
radiative transfer equations for passive remote sensing.

We consider the problem that the temperature profile T(z) is
only a function of z (Fig. 5.3). We can also make use of the azimuthal
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symmetry of the problem so that Z; and Z; are independent of ¢
and 73 = T4 = 0. Integration over ¢ can also be performed. Thus the
dense media radiative transfer equations for passive remote sensing
assume the following matrix form of dimension 2, for 0 < 6 < =, and
in region 1,

Lij . 1
cos 05;1(:, 0) = —k.I(2,0) + K.(1 - @)CT(2) [1]

+§-n,¢:: /o df'sin8'p (6,6') - Z (2, ) (114)
where 0
20 = 729 | (115)

and Z; is the TM specific intensity and Z, is the TE specific intensity.
Also in (114) C = K3 K"?/(2%k?), and

' 11(6,6 2(0,6'
E(6,0) = [;129,9'; ﬁzga,e'g] (116)

where

P11 (0,6') = 2sin® 0sin® ¢ + cos® 9 cos® ¢ (117)
P12 (6,0') = cos®8 (118)
P21 (6,8') = cos? ¢ (119)
P22 (6,6') =1 (120)

The boundary conditions for (114) are, for 0 < 0 < x/2,
Ty (2 = 0,x — 6) =| Ra(8) | T1 (z = 0,6) (121)
T2 (2 = 0,7 — 0) =| Re(0) |’ T2 (2 = 0,6) (122)

where Rj(6) and Rg(0) arg TM and TE reflection coefficients re-
spectively and are given by (31) and (32) with K, = Kcosd and
k, = (k? — K%sin?9)1/2.

After (114) is golved subject to the boundary conditions of (121)-
(122), the the brightness temperatures in the direction 8, = sin™? (K’
sinf/k) for TM and TE polarizations are given by

T51(%,) (1— | Ra(9) I?) Ta(2 = 0,06) -
{Tai(oo)] [(1— | R.(6) |2) Ta(z = o, o)} (123)
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The procedure for numerical solutions of (114), (121)-(122) and (123)
is identical to that of conventional radiative transfer theory of inde-
pendent scattering [9].

5.7 Numerical Illustrations

In this section, we illustrative the numerical results of the dense
media radiative transfer equations for active and passive remote sens-
ing. The input physical parameters of the model are the background
medium permittivity ¢, the particles permittivities ¢,; and their size
distributions as given by a,; , n,,(a,;), 8; =1,2,--+,L. Given these
physical parameters, all other quantities are calculated. We first cal-
culate the pair distribution functions of multiple species of particles
and their Fourier transforms, the effective propagation constant K,
the extinction rate k. and the effective permittivity €.z 1= K?%/wiu.
Besides the effective permittivity, we can also define a mixing formula
effective permittivity e( ) which ignores the scattering contribution of

(29) that are size dependent as represented by the terms in the square

bracket. Thus
Kz
€etf = ” (124)

where, from (29), K, obeys the equation

K2 =k 4 D(K ) E Foe¥a (Ko) (125)
° =1

The albedo @ is then calculated by using (96). Finally, the dense
media radiative transfer equations (95), (109) and (111) for active sens-
ing and (114), and (121)—(123) for passive sensing are solved by using
standard numerical procedures of solving transport equations. These
will then yield bistatic scattering cross sections for active remote sens-
ing and brightness temperatures for passive remote sensing.

We first compare the results of the dense media radiative transfer
equations with those of the conventional radiative transfer equations.
The conventional radiative transfer equations are valid for sparse con-
centration of particles. They assume the same form as in (114)-(123)
for passive remote sensing. However, the relations governing the param-
eters of the conventional transfer equation and the physical parameters
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of the medium are based on independent scattering. They are as follows

Ke = Kq + Ks (126)
L 2
€ |_ 3
2f Kad, e‘* —e f (128
5= 2
&= (129)
K' =k (130)

and f,, = 4xn,, a‘:". /3 is the fractional volume occupied by species
s; . It can be verified readily that the dense media parameters reduce
to those of (126)—(130) for small fractional volume of f.In terms of
numerical results, a major difference between the conventional trans-
fer equations is that the former predict a much larger albedo for the
same set of physical parameters of dense media with an appreciable
fractional volume. The theoretical predictions of dense medium trans-
port theory have been shown to be in good agreement with controlled
laboratory experiments {40]. In Figure 5.4, the results of the brightness
temperatures at 18 GHz between the two approaches are compared
for a given set of physical parameters that are characteristic of snow.
In snow, ice crystals are the particles and the background is air. The
fractional volume of ice crystals is usually between 20% and 40% [39].
For the sake of illustration, we have assumed only one species of par-
ticles in Fig. 5.4. We have assumed that the ice crystals are spherical.
The effects of dense non-spherical particles are a more difficult prob-
lem. The presence of scattering prevents the thermal emission from
reaching the radiometer giving rise to lower brightness temperatures.
Since conventional transfer equations predict a much larger albedo, the
calculated brightness temperatures are much lower than those of the
dense media radiative transfer equations.

In Figure 5.5, the theoretical results of the dense media trans-
fer equations for one particle species are compared with experimental
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Figure 5.4 Comparison of brightness temperature of vertical V polar-
ization (TM) and horizontal H polarization (TE) as a function of angle
8, as computed by conventional radiative transfer theory and dense me-
dia radiative transfer theory. The input physical parameters are for a
half-space medium with one particle species with frequency = 18 GHsx,
fL = 0.3, ¢, = (3.2 + i0.016)¢,, a; = 0.175 cm, and T = 272K. The back-
ground medium permittivity is ¢,. The calculated mixing formula ef-

fective permittivity ‘Y;f) is (1.49 + i0.0029)¢,. Parameters represent dry
snow.

data of brightness temperature measurements over snow [41-42]. Only
the input physical parameters are specified to match the experimental
data. A real physical fractional volume of 30% is used in calculating
the theoretical result. This is to be contrasted with the conventional
theory where sometimes an effective fractional volume is used [42].
The permittivity of particles ¢, = (3.2 + i0.016)¢, represents typical
permittivity of ice in snow and the calculated mixing formula effec-
tive permittivity eg?} according to (124)-(125) is (1.49 + $0.0029)e,
and represents typical permittivity of the overall snow medium. Re-
cent measurements of permittivity of ice have been reported [43]. In
Figures 6 to 9, we illustrate the results for media with four species
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Figure 5.5 Comparison of snow field brightness temperature experi-
mental measurements [41, 42] with theoretical results of dense media
radiative transfer equations using the input physical parameters of Fig.
5.4. V stands for vertical polarization and H stands for horizontal polar-
ization.

of particles. In Figure 5.6 the brightness temperatures are illustrated
for dry snow with ice particles having four different sizes. There are
many more small particles than larger particles. Smaller particles scat-
ter much less than large particles. Hence the scattering induced de-
crease of brightness temperature is small. Figure 5.7 illustrates the
results when there are more large particles. This accounts for a large
scattering induced decrease of brightness temperatures. In Figure 5.8,
the pair distribution functions as computed by the Percus-Yevick ap-
proximation [17-25], for the four particles sizes of Fig. 5.7 are illus-
trated as a function of particle separation distance. We note that the
pair function for the largest particle gs44(r) has more oscillations than
the other pair functions while g;1(r) for the smallest particles has the
smallest oscillation. Large oscillations imply less freedom in particle
positions. We also note that particle positions are decorrelated when
their separations are larger than a few diameters. However as volume



214 5. Dense Media Radiative Transfer Theory

280

........

v ———————*
-

~a

240k - - - e ceeeen e TN

»
3

é
T
.
:
s
3
.

-

-3
(=]

.....................................................

BRIGHTNESS TEMPERATURE IN DECREES. K
8
—_

3
@
L
DR v
®
3
Q
-<
g
@
[z
L2
~

P
(=

o 0200 % T H0 850 80 70 80 90
OBSERVATION ANGLE [N DEGREES

SIZES 0.010 0.030 0.050 0.175 cm.
VOLUME FRACT. 0.160 0.100 0.038 0.002

Figure 5.6 Brightness temperature of vertical polarization (solid line)
and horizontal polarization (dashed line) as a function of observation
angle 8, at frequency = 18 GHsx, for a half-space medium with four
species of particles and T' = 272K. The sizes and fractional volumes
are a; = 0.01 cm, a3 = 0.03 cm, a3 = 0.05 em, ag = 0.176 cm, f; =
0.16, f = 0.1, f3 = 0.038, and f; = 0.002. The permittivity of all the
particles is equal to (3.2 + i0.016)¢,. Background medium permittivity is
€,. The calculated mixing formula effective permittivity is eS';} = (1.49+
0.0029)e,.

concentration increases, the extent of correlation increases. Thus Fig.
5.8 illustrates the fact that in dense media, large particles have less
freedom in positions than small particles. In Figure 5.9, we illustrate
the brightness temperatures for media of four particles species with
sizes and fractional volumes identical to that of Fig. 5.7. However, in
this case, the small particles are water droplets with permittivity ¢
equal to (20.13+i31.51)¢, while the other three species are ice particles
with e; = €3 = ¢4 = (3.2 +i0.016)¢, , we note that the calculated value
of mixing permittivity es;‘) = (1.502 + $0.0046)¢, . This represents an
increase of absorption in the medium and accounts for the increase in
brightness temperature of Fig. 5.9 above that of Fig. 5.7. Using the
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Figure 5.7 Brightness temperature of vertical polarization (solid line)
and horisontal polarization (dashed line) as a function of observation
angle 6, at frequency = 18 GHs, for a half-space medium with four
species of particles and T = 272K. The sizes and fractional volumes
are @3 = 0.01 ecm, a2 = 0.03 cm, ag = 0.05 cm, ag = 0.176 em, f; =
0.003, f2 = 0.003, f3 = 0.003, and fg = 0.291. The permittivity of all the
particles is equal to (3.2 + $0.016)¢,. Background medium permittivity is

€,- The calculated mixing formula effective permittivity is eg';} = (1.49+
i0.0029)€°. Other calculated values are x, = 0.0294 cm™! and & = 0.6374.

fractional volume of ice crystals and water, and assuming some values
of mass densities of ice and water, one can readily calculate the snow
mass density and the wetness. In Figure 5.10, we consider the case of a
much larger fractional volume of water with f; =0.05. This resultsin a
much smaller albedo and a further increase of brightness temperature.

In the studies of remote sensing of geophysical terrain, very often
the ground truth data are given in terms of a histogram of particle
size distribution. The multiple species model here is applicable to a
medium with size distribution. A general expression for particle size
distribution is the modified gamma distribution [9]

n(a) = KyaF exp (—K2a%) (131)
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Figure 5.8 Pair distribution functions for the four species of particles of
Fig. 7 as a function of separation distance normalized to 2a4.

where a is the size of particle and n(a)da gives the number of particles
per unit volume having sizes between a and a + da.

The modified gamma distribution defined in (131) is a four-para-
meter distribution function. The four constants K;, P, K,, and
Q are positive and real. The behavior of this distribution function
for small size is governed by the power law of a”, and for large a,
exp (—K 2aQ) contains the dropoff at large particle size. The normaliz-
ing factor K; is mainly dependent on the total fractional volume f;o;
occupied by particles. This is obtained by multiplying n(a) by 4xa®/3
and integrating over the entire range of size (from 0 to oo )

dr Ky —F5 (P +4
frot = 3 QK I‘( ] ) (132)

where I' is gamma function. The parameter K, is related to the mode
size a. at which n(a.) is a maximum in the distribution. The mode
radius a. can be found by setting the derivative of (131) with respect
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Figure 5.0 Brightness temperature of vertical polarization (solid line)
and horisontal polarization (dashed line) as a function of observation
angle 6, at frequency = 18 GHs, for a half-space medium with four
species of particles and T = 272K. The sizes and fractional volumes are
a; = 0.01 em, a3 = 0.03 cm, a3 = 0.05 cm , a4 = 0.175 em, f; = 0.003, f, =
0.003, f3 = 0.003, and f4 == 0.291. However the permittivities are different.
The smallest particles are water with ¢; = (20.13 +i31.51)¢, (at 18 GHzx).
The other species are Ice particles with €3 = €3 = €4 = (3.2 + §0.016)¢,.
Background medium permittivity is ¢,. The calculated values are: mixing
formula effective permittivity eﬁ'}‘} = (1.502+i0.0046)e,, & = 0.0345 cm™,
@ = 0.537.

to a equal to zero.
1

«=(5g)" (133)

One may construct a great variety of specific distributions based on
the general formula (131). Usually, the constants P and Q can be
fitted empirically to the slopes of an experimentally obtained particle
size distribution. Instead of using K;, Ko, P and @ to characterize
the distribution, we will use f;o;, a., P and Q.

In Figures 11 and 12, we plot the brightness temperatures for a
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Figure 5.10 Brightness temperature of vertical polarization (solid line)
and horisontal polarization (dashed line) as a function of observation
angle 6, at frequency = 18 GHzx, for a half space medium with four
species of particles and T' = 272K. The sizes and permittivities are as
in Fig. 5.9. Fractional volumes are different with f; = 0.05, f; = 0.003,

fa = 0.003, f4 = 0.244. The calculated values are: €.y = (1.704+i0.0449)e,,
Ke =0.151 cm~!, and & = 0.114.

half space medium with particles obeying a gamma size distribution
for two different mode radii of 0.075cm and 0.1 cm respectively. The
permittivity of the particles is ¢, =(3.24+0.002)¢, with a smaller loss
tangent than previous figures. From the figures, it can be seen that
the larger particles which correspond to the tail of the gamma size
distribution can contribute significantly to scattering and scattering
induced decreasing of brightness temperatures. Figure 5.12 has a lower
brightness temperature than Fig. 5.11 because of a larger mode radius.

Generally, a large P and Q correspond to a narrow size distri-
bution with a small standard deviation. In Figures 12, 13, 14, 15, we
illustrate respectively the size distributions, the extinction rate .,
the effective real dielectric constant (=Re( K2/k?)) and the albedo for
two size distributions of particles: (a) P=2, @ =2, a.=0.0875 cm,
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Figure 5.11 Brightness temperature of vertical polarization (solid line)
and horizontal polarisation (dashed line) as a function of observation
angle 6, at frequency = 18 GHs, for a half-space medium with a gamma
size distribution of particles with P = 6, Q = 2, a, = 0.075 em, f;c = 0.3,
e =(3.2+ i0.002)¢, and T' = 272K. The computed values are: effective
propagation constant K = (4.60+30.2865x102) em™!, x, = 0.00573 cm™%,
and @ = 0.7573.

and (b) P=12, Q=20, a.=0.175 cm.

Thus particles in distribution (a) are governed by a broad size
distribution with a small mode radius of 0.0875 cm. The particles in
distribution (b) are governed by a narrow size distribution with a much
larger mode radius of 0.175 cm . The extinction rate in Fig. 5.14 con-
tains some interesting features. For small fractional volume, (b) has
a larger scattering attenuation rate than (a), because for small frac-
tional volume particles scatter independently and larger particles scat-
ter more. However at large fractional volume, (a) has larger extinction
rate than (b) because (a) becomes more homogeneous at large frac-
tional volume. On the other hand (b) has a sufficient amount of large
particles that exist in the tail of the gamma size distribution and they
contribute significantly to scattering attenuation. On the other hand,
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Figure 5.12 Brightness temperature of vertical polarization (solid line)
and horizontal polarization (dashed line) as a function of observation
angle 6, at frequency = 18 GHz, for a half-space medium with a gamma
size distribution of particles with P =6, Q = 2, a. = 0.1 cm, fioe = 0.3,
e =(3.2+ 0.002)e, and T = 272K. The computed values are: effective
propagation constant K = (4.60 + i0.584 x 10~?) cm™!, K, = 0.0117 cm™?!,
and @ = 0.881.

Fig. 15 shows that the real parts of the effective dielectric constants
are indistinguishable between (a) and (b). Figure 5.16 shows that the
albedo of (b) is larger than (a) for small fractional volume and vice
versa for large fractional volume. Figure 5.14 shows that (a) is closer
to “independent scattering” than (b) because the peak is broader and
occurs at a larger fractional volume than (b).

In Figure 5. 17, we compare the result of backscattering coefficient
in active remote sensing with experimental data at 17 GHz. The pa-
rameters are a two layer medium with the uppermost layer being air.
The middle layer is a slab of scatterers with ¢, = (3.240.002)¢, of
thickness d =27 cm overlying the lowermost layer of a homogeneous
half-space of €; = (6+10.6)¢,. The particles in the scattering layer
obey gamma size distribution with P=6, Q =2 and a.=0.125 cm.
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Figure 5.183 Normalized size distribution for two size distributions (the
maximum of number densities is normalized to 1). (a) P = 2, Q = 2,
a. = 0.0875 cm, fioe = 0.35, (b) P = 12, Q = 20, a. = 0.175 cm, fioc = 0.35.

The backscattering coefficient is calculated by solving (95) subject to
boundary conditions at the top and the lower boundary. The backscat-
tering coefficient o =47 ¢080;Z,(00i,*+ @o;) for HH polarization is
illustrated in Fig. 5.16 as a function of incidence angle §,;. The data
has been matched before [40] based on a single particle size model with
a=0.175 cm. Figure 5.17 shows that by using a broad size distribution
with P=6, Q =2, one can achieve a reasonable match with a smaller
mode radius of a.=0.125 cm.

5.8 Conclusions

In this chapter, the dense media radiative transfer equations are
derived for discrete random media with multiple species of small parti-
cles. Multiple species refers to the case when the medium is a mixture
of particles with multiple sizes and permittivities. This is often the case
in geophysical terrain, composite and heterogeneous materials. Unlike
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Figure 5.14 Extinction rate as a function of total fractional volume for
two size distributions: (a) (solid line) P = 2, @ = 2, a, = 0.0875 em,
and (b) (dashed line) P = 12, Q@ = 20, a, = 0.175 cm. For both cases
€ = (3.2 + 90.002)¢,, frequency = 17 GHs.

the conventional radiative transfer theory which is derived heuristi-
cally, the dense media radiative transfer equations are based on ana-
lytic wave theory by making the quasicrystalline approximation with
coherent potential on the mass operator and the ladder approximation
of correlated scatterers on the intensity operator. Correlated scattering
between different particles is taken into account. The pair distribution
functions of correlated particle positions of multiple species are cal-
culated by using the Percus-Yevick equation of non-interpenetrable
spheres. We have also illustrated the dense media radiative transfer
theory for applications to active and passive remote sensing.

The dense medium radiative transfer theory has been used to ex-
plain the phenomena observed in a controlled laboratory experiment
[5,40,44)]. In the controlled laboratory experiment, it is possible to make
incremental changes in particle concentrations and measure subsequent
scattering properties of the medium. The experimental data indicate
that, in a dense medium with small particles, both the coherent atten-
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function of total fractional volume for two size distributions: (a) (solid
line), (b) (dashed line). Parameters are the same as in Fig. 14.

uation rates and bistatic intensities increase with the volume fraction
of the particles until a maximum is reached, and then decrease when
the volume fraction further increases. Thus the attenuation rate and
the bistatic scattering exhibit a peak as a function of concentration of
particles. The magnitudes of both are also less than those predicted
by independent scattering assumption and the conventional radiative
transfer theory. This is the laboratory experimental results observed
for small particles. (For particles larger than a wavelength, the labora-
tory experimental observed scattering can be larger than conventional
transfer theory [5]. However, this is usually not the case in microwave
remote sensing of snow.) These phenomena cannot be explained by the
conventional radiative transfer theory. On the other hand, it has been
shown that the dense medium radiative transfer theory is in agreement
with these experimental features [40].

Although we have only illustrated the results for active and pas-
sive remote sensing of snow media, the theory can be readily applied
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Figure 5.16 Albedo as a function of total fractional volume for two size
distributions: (a) (solid line), (b) (dashed line). Parameters are the same
as in Fig. 5.14. '

to other geophysical terrain with dense distribution of particles as well
as to heterogeneous composite materials with multiple species of par-
ticles such as carbon-resin matrix. The basic limitation of the theory
at present is that the particles have been assumed to be spherical.
Studies of non-spherical particles of a single species have been treated
elsewhere [45,46].

It is also important to note that the ladder approximation does
not include cyclical scattering processes that contribute directly to
backscattering enhancement [44,47-55].

In this chapter we have used the Percus—Yevick approximation to
calculate the pair distribution functions of a medium consisting of par-
ticles with a size distribution. The Percus—Yevick approximation was
originally used for studying pair functions of liquid molecules. We have
used a special case of Percus—Yevick approximation assuming that the
particles are non-interpenetrable and there are no inter-particle forces.
It has been shown that the Percus—Yevick pair function agrees well
with that of the laboratory samples of small glass spheres embedded



References 225

comparison of dense RT with data(17GHz)

10.0

0.0
L
0

sigma hh (dB)
-10.0

-20.0
L

~-30.0

1 1 14 ]
10.020.0 30.0 40.0 5C.0 60.0 72.0
incident angle in degree

Figure 5.17 Comparison of dense medium radiative transfer theory with
backscattering data from snow. The input parameters are frequency = 17
GHz, ¢, = (3.2 4+ i0.002)¢,, d = layer thickness = 27 cm, €; = permittivity
of homogeneous half-space below scattering layer = (6 + i0.6)¢,. The ~
gamma size distribution parameters are P = 6, Q = 2, a. = 0.125 cm,
and fi: = 0.2. Based on these input parameters, the computed values
are K = (4.064 + i0.00941)cm™?, x, = 0.0188cm™!, and & = 0.961.

in a styrofoam medium [56].
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