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1.1 Introduction

With advances in polarimetric radar technology, polarimetry has
become important to the remote sensing of geophysical media. Fully
polarimetric radar signals convey additional information regarding the
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2 1. Polarimetric Remote Sensing

remotely sensed media and thereby provide more accurate identifica-
tion and classification of terrain types in radar imagery. The encoun-
tered geophysical media are inhomogeneous and often stratified into
multiple layers. To study the fully polarimetric scattering properties of
the media, the layer random medium model has been developed.

In this chapter, the three-layer random medium model applied to
the fully polarimetric remote sensing of geophysical media is presented.
The chapter is composed of five sections. Section 1.2 considers the po-
larimetric scattering descriptions in terms of the scattering, covariance,
and Mueller matrices. The relations between the matrix elements and
the polarimetric backscattering coefficients are shown. Section 1.3 sets
forth the theoretical model formulated from Maxwell’s equations to
derive the polarimetric scattering coefficients. This model describes
the random media by means of correlation functions in conjunction
with the strong permittivity fluctuation theory. Section 1.4 discusses
the results for a case of sea ice with and without snow cover. Physi-
cal insights provided by the theoretical model are used to explain the
behavior of the corresponding covariance matrix and the polarization
signatures calculated with the Mueller matrix. Finally, the chapter is
summarized in section 1.5.

1.2 Polarimetric Descriptions

To describe electromagnetic polarization properties, various meth-
ods have been devised. In 1852, Sir George Stokes [1] introduced four
quantities, known as the Stokes parameters, to characterize a beam
of partially polarized light. The Stokes parameters were later (1888)
modified by Lord Rayleigh [2] in his treatment of “Interference of Po-
larized Light”. As a geometrical representation, Poincaré [3] denoted
polarization states with points on a sphere called the Poincaré sphere.
In 1948, Mueller [4] considered the Stokes parameters as components
of a vector which, due to “the effect of an optical instrument,” could
be transformed into another vector by a real 4 x 4 matrix. Expressed
in two orthogonal polarimetric components, the incident and the scat-
tered fields are related by the Jones matrix [5] or the complex scattering
matrix [6,7]. To characterize the polarimetric scattering properties of
random media, the covariance matrix is defined by the product of the
polarimetric feature vector and its transposed complex conjugate [8].
Various forms of the Mueller matrix, or Stokes matrix, and other polari-
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Figure 1.2.1 Coordinate systems.

metric descriptions [9-21] have been used. In the following subsections,
the polarimetric descriptions used in this chapter are considered.

a. Scattering Matriz

Let an incident electric field (E;) propagate in the direction of
incident wave vector ko; and illuminate the scatterer giving rise to
the scattered field (E,) propagating in the direction of scattered wave
vector kg, as shown in Fig. 1.2.1. Associated with the incident field,
Cartesian coordinate system (fz(ko,;),f:(koﬁ), I;o;) , connoted as the in-
cident basis, is defined with respect to vertical direction % of the global
Cartesian coordinate system (2,7, ) as follows

- 2 X ko; . Foi X h(kos:
h(kOZi)——' Ii)(_——EZT N ‘U(kgz,'): _.2’___.(_0_)-

Foi X h(kos)] (12)
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koi = Io./ﬁc},,l with  ko; = kzi + kyit + kosi2 (1b)

Similarly, scattered basis (fz(ko,,),ﬁ(ko,,), l}o,) is determined by

P 2 X .EO. - Eﬁ; X }‘}'(koz.)
h{kpys) = — = koze) = ————= 1
(hose) = ol * 200 = B R(Roms) ()

i’o. = EO:/IEOaI with EO: = kmé + ky.f] + kOil‘% (ld)

In (1), the incident and the scattered wave vectors can be expressed in
terms of the angles in Fig. 1.2.1 such that 6y, = fo; and ¢o, = doi + 7
in the backscattering direction.

Expressed in the incident basis, Ej; and E,; are the components
of E; in directions h(ko,;) and ¥(kos:), respectively. For scattered
field E, , the components in the scattered basis are Ej, along fz(ko,,,)
and E,, along f;(f::g,.). This coordinate connotation will be convenient
for the subsequent derivation of the scattered field. The incident and
scattered fields are then related by scattering matrix F defined by

[E;..] _ etk 7. [Ehi] _em !:fhh fhu] . {Ehi] (2)
E,, T or E,; Ty fvh .fw E,;
where factor e**" /r is the spherical wave transformation and scatter-
ing matrix element f,, is for scattered polarization 4 and incident
polarization v with p and v being h or v.

In the backscattering direction, relation fr, = fon holds for re-
ciprocal media when E, is delineated in the incident basis. Note that
the transformation of backscattered field E, from the scattered ba-

sis to the incident basis results in the sign changes of f, and fp, .
Hereafter, only backscattering is considered.

b. Covariance Matriz

The polarimetric backscattering information pertaining to a re-
motely sensed geophysical terrain can be conveyed in form of polari-
metric feature vector X defined with illuminated area A and the
scattering matrix elements in the expression

_ [anr? cikr | Jan
X = 'l‘i_g.lo ﬂ;‘ E;“'“ [fhv] (3)

A-00 fvv
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As an ensemble average of the product between polarimetric fea-
ture vector X and its transposed complex conjugate f‘, covariance

matrix C characterizes the fully polarimetric scattering properties of
the geophysical media; explicitly,

. fanfi  Tanf,  fanfl,
=(X-X') = Jim (| fufls Srofte fufl|) @

A-—rc0
foofin JouTny Foufiu

where the asterisk denotes the complex conjugate and the angular
brackets are for the ensemble average. It is obvious from (4) that the
covariance matrix is hermitian.

In the above definitions of the polarimetric feature vector and the
covariance matrix, reciprocity relation fp, = f,n has been implied
for the reciprocal media under consideration. Consequently, no loss
of information results from dismissing fyn. It should be noted that
the reciprocity relation elicits the implementation of the scattered-to-
incident basis transformation.

c. Mueller Matriz

Qll

The scattering effects of geophysical terrain can also be described
by the Mueller matrix which relates the Stokes vectors of the incident
and the scattered fields. For the incident field, the Stokes vector is

I In; + I

F.oo | Qi| — [ Ini = Toi

L= U; | ~ U; (5)
Vi Vi

where the components of I; are defined based on the linear polarimet-
ric components of E; and the free-space intrinsic impedance 7 in the
following equations

1 1

Iy = ;EhiE}fi ’ Ii = EEv'iE:i (68)
2 2
Ui = 5Re (Egi.E;:“) * Vé = ;;Im (Ei’iE;:i) (Gb)

For the field backscattered from reciprocal media, the Stokes vector
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has the form

Il Iha + Itu

T Ql _ Ihc “Im

I: = U. = U, (7)
Ve Vs

whose components are defined with the ensemble averages of the scat-
tered field components as

1 .. 4xr?
=3 Jim T (BBl (82)
—00
1 .. A4nr?
L= lim 5 (E,.EX) (8b)
—00
2 .. Axr?
U, = . Ali% ~Re (EvsEny) (8¢)
2
V=2 lim ¥ m(E,EL) (8d)
M i

Relating the incident to the scattered Stokes vectors, Mueller ma-
trix M depicts the backscattering effect by

My M, Mz My I
To= |[Mn Mz My My Qi 9)
Mj Mj, M3z Msy U;

My My, Myz My, Vi

~i
]
=l

-

In the incident basis, the Mueller matrix is a 4 X 4 matrix composed
of 16 elements which are derived from equations (2,5-9) and written in
terms of the scattering matrix elements as

My, = AH_EI; t: 2 (frnfrn + 2fnofre + foufo) (10a)
M, = Ah_?:o lt: ';— (fanfan — foufow) = Mn (101)
Mis= lim TRe(funfly + ufl) = Ms  (100)
Mia= lim SThm (funfls + frufl) = -Ma  (100)
M3z = hm Ix % (fanfin — 2Fnofro + Foufon) (10e)
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May; = Alf_‘m —-Re (fanfry = Faofow) = Maz (10f)
My = Aﬁ_’m Im (funfry — frwfow) = —Maz (10g)
Mj; = Alglolo Re (funfow + favfm) (10h)
M3 = Alim Im (frnfoy) = —Mas (10i)
My = Alim -—Re (fan oy = Frofme) (105)

For given transmit and receive antenna polarizations, the received
power is proportional to a scattering coefficient defined in terms of the
Mueller matrix as [12,19,22]

=T

a(a‘l’)ﬂf‘; aiaﬂi) = L J (11)

o[ S
el
-

r

where T denotes the transpose and Mueller matrix M is symmetrized
by diagonal matrix 7 whose diagonal elements are Tj; = Tp = T33 =
—T44 = 1. Stokes vector I, in (11) depends on orientation angle o,
-and ellipticity angle 8, (Fig. 1.2.2) as follows

Im 1

= _1Qm| _ €08 20y, €08 203,

Im = Unl ™~ Im sin 2a,, cos 26, (12)
Vin sin 28,

with antenna operating mode m = ¢ for transmitting (incident) and
m = r for receiving. The orientation angles vary from 0° to 180°
with 0° corresponding to h and 90° to ¥ direction. The elliptic-
ity angles range from —45° to 45° with 0° corresponding to linear,
positive values to right-hand, and negative values to left-hand waves.
The polarization states can be described geometrically by the Poincaré
sphere with the upper hemisphere for right-hand polarizations and the
lower for left-hand [23]. If the same antenna is used for both transmit-
ting and receiving, the transmit and receive polarizations are identical
and the corresponding scattering cross section is called the copolarized
signature [22].
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a Polarization ellipse

b Poincaré sphere

Figure 1.2.2 Geometrical representations of polarizations.



1.2 Polarimetric Descriptions 9

d. Scattering Coefficients

For polarimetric backscattering, the scattering coefficients are de-
fined by [44]

4xr2 (E,, EX
ouren = i 220 (D B 09
A—o00 T “xt

where subscripts u, v, 7, and x can be h or v. The components of
the scattered field in (13) are obtained by measuring the A and the v
returns while the incident field is transmitted exclusively with h or v
polarization. From (2), this measurement procedure can be described
mathematically by the following equations relating the scattered to the
incident field components

eikf eikr

E;u = > (fpr'ri + funEni)lEM:o = TfprEfi (14&)
eikf eikr

E,, =—1'—_ (fw-Eri + funEni)IEﬁ-_-o = r fchni (14b)

Substituting (14) in (13) renders polarimetric backscattering coefficient
Ouur in terms of scattering matrix components

. 4r
Turv = Ah—?go “Z (fwf:::) (15)

By means of (15), the covariance matrix can be expressed with the
backscattering coefficients as

C a'}:hh,, Ohvhv  Ohuvve (16)

Ohhhh  Thhhv  Ohhovv
o of o
hhvo hvvy vove

in which diagonal element ohnphy Ohohe s a0d Oyyyy are conventional
backscattering coefficient ops, ohy, and oy,, respectively. Normalized
to o = oppnn, the covariance matrix can be formed as

[ 1 Bve pﬁ]

C=o|p*ve e ¢(f7e

A A v

where intensity ratio ¥ and e and correlation coefficient p, B, and
§ are

(17)

_ Tvvvy _ Ohuhv
rT=—, = ——
ag o

(18a)
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__ Ohhov B = Thhhv £= O hyvoy

—cr\/'y—é

Te’ T ey’

(18b)

In terms of the polarimetric backscattering coefficients, the Mueller

matrix elements can also be written as

My, = —;- (onrrn + 20R0n0 + Ovvon)
M, = ‘;‘(Uhhhh - Opoww) = Mn
M3 =Re(0hnho + Thow) = Ma
M4 =Im (Ghhhy + Ohoww) = —May
My = %(Gma — 20hoho + Tuoww)
Mj3 =Re (Ohhho — Ohoow) = M3z
M4 =Im (Ohnho — Thov) = —Ma2
Mj3 =Re (0hhoo) + Thoko

Mjyy =Im (Ghhvo) =—Mys

My =Re (Uhiwv) - Ohohy

(19a)
(19b)
(19¢)
(194)
(19¢)
(19f)
(19g)
(19h)
(19i)

(19j)

The use of the reciprocity relation for the media under consider-
ation has been implied in the expressions for the covariance and the
Mueller matrices. As seen from (16) and (19), both matrices are fully
expressible with the complete set of polarimetric backscattering coef-
ficients containing 9 independent parameters and therefore convey the
same information regarding the terrain scattering properties. In the
next section, the polarimetric backscattering coefficients will be de-
rived with the scattered field in the scattered basis for reciprocal geo-
physical media with a three-layer configuration. Then, the scattered-
to-incident basis transformation is applied to calculate the covariance

and the Mueller matrices.
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1.3 Random Medium Model

Random medium models have been used to account for the scatter-
ing due to embedded inhomogeneities in geophysical media [7,23-45].
For active and passive remote sensing, terrain media have been mod-
eled with a two-layer anisotropic configuration [37,38]. When the per-
mittivity fluctuations of the random media are strong, the singularity
of the dyadic Green’s function in the renormalization method has to
be properly accounted for [40]. In this case, the scattering coeflicients
can be calculated under the distorted Born approximation [39-41]. For
fully polarimetric remote sensing, two-layer isotropic and anisotropic
random medium models have been used to derive the covariance and
Mueller matrices and applied to investigate the backscattering from
bare terrain fields such as sea ice and vegetation [43,44].

Presented in the following subsections is the three-layer anisotropic
random medium model which can account for fully polarimetric back-
scattering from geophysical media under the effects of precipitation
such as sea ice under snow or vegetation under fog. The model config-
uration (Fig. 1.3.1) has four different regions separated by three inter-
faces. The covering layer is modeled as an isotropic random medium.
The middle layer is described as an anisotropic random medium due to
the preferred alignment of the nonspherical scatterers. The underlying
layer is considered as a homogeneous half space. The scattering effects
of the random media are characterized by three-dimensional correla-
tion functions with variances and correlation lengths corresponding to
the fluctuation strengths and the physical geometries of the scatter-
ers, respectively. The strong fluctuation theory is used to calculate the
effective permittivities and the distorted Born approximation is then
applied to obtain the complete set of polarimetric backscattering coef-
ficients.

a. Formulation

The scattering configuration is depicted in Fig. 1.3.1. Region 0 is
air with real permittivity €p. Region 1 is a scattering medium with
isotropic scatterers randomly embedded such as snow or fog whose
«electrical property can be characterized by inhomogeneous permittiv-
ity € (7). Region 2 contains nonspherical scatterers constituting an
anisotropic random medium such as sea ice or vegetation which has
spatially dependent permittivity €;(7). Region 3 is the underlying half
space with homogeneous permittivity €3 . The three regions are as-
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ko;
Boi
Region 0 B,y €
z=20
. isotropi —
Region 1 l::ng:};:: o, €(7)
z = --d1
. anisotropi -
Region 2 ran do‘;ﬁlc B, &(F)
z = —-dz
Region 3 B, €

Figure 1.3.1 Scattering configuration.

~

z
 §

- ~t

z y
Figure 1.8.2 Geometry of scatterer in region 2.

sumed to have identical permeability ux. The infinite planar interfaces
at location z = —d; and z = —d; in Cartesian coordinate system
(2,9,2) are shown in Fig. 1.3.1. Due to the preferred alignment of the
nonspherical scatterers, the medium in region 2 is considered as effec-
tively uniaxial with optic axis 2/ tilted off the z-axis by angle % in
the yz-plane as illustrated in Fig. 1.3.2.
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In the phasor notation defined with e~** [23], time-harmonic total
field Eo(F), E1(F), and E;(7), respectively in region 0, 1, and 2, satisfy
the following wave equations

V X V x Eo(F) — k¥Eo(F) = 0 (20)
V x V x Ey(F) — k2 E‘e(:)E(w) =0 (21)
V xV X —E—z(F) - kg eze(:)Ez("F) =0 (22)

where the wave number is kg = w,/1€p and w is the angular frequency.
In the remote sensing of geophysical media, strong permittivity fluc-
tuations are often encountered. The strong fluctuation theory [40] is
therefore necessitated in the calculations of the random-medium effec-
tive permittivities. Deterministic permittivity &, = e,lf, where T is
the unit dyadic, and &, are introduced in both sides of (21) and (22),
respectively, and the following vectors for m=1 and m =2

KQun(7) - Em(F) = K [ED’I';;&] 0

are treated as the effective sources so that wave equation (9) and (10)
for the scattering random media become

V X V X En(7) - k"’”‘ En(®) = k2Q,.(F) - En(®)  (29)

The permittivities in €;; and &;, are determined by the elimination of
secular terms [40]. Physically, €, and &, arethe effective permittivity
tensors in the very low frequency limit where the scattering loss is
negligible compared to the absorption loss [24].

In form of an integral equation, the total field in region m = 0,1,2
is the superposition of the mean field and the scattered field; explicitly,

Bon(F) = EO() + k2 / BF Conn(FyF) - Bu(Fn) - BnlF)  (25)
n=1

Mean field 'E"(?,Z(F) is the solution to the homogeneous wave equations

where the effective sources vanish in the absence of the scatterers.
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As a particular solution to the inhomogeneous wave equations in the
presence of the scatterers in region n = 1,2 occupying volume Vj,
the scattered field in (25) is the integrals of the products between the
effective source and dyadic Green’s functions G (F,7,) defined by

0

where first subscript m in Gpn(F,7,) denotes the observation region
containing observation point 7, second subscript n stands for source
region n = 1,2 containing source point 7,, and §(F — 7,) is the
Dirac delta function. When m # n signifying observation point 7 is
outside source region n within which 7, is restricted, the Dirac delta
function in the right-hand side of (26) vanishes. It is also obvious from
(26) that an observation point in a scattering region can coincide with
a source point in the same region (m = n = 1,2) thus giving rise
to the singularity of dyadic Green’s function Gpn(7,7,) which can be
decomposed into a principal value part and a Dirac delta part

Gon(F,Fn) = PVGnn(77p) ~ 6(F —F)kg28,, n=1,2 (27)

Dyadic coefficient S, is conformed with the shape of the source exclu-
sion volume and determined by the condition of secular-term elimina-
tion [40]. With the decomposed Green’s function of (27), the singular
part in the integrand on the right-hand side of (25) for m = n can be
extracted and then combined with total field E,() on the left-hand
side to form external field F,(F) in scattering region n = 1,2

Falf) = [T+ 50 Q)] - Bu(r) (28)

In terms of external field F,(F), the vector source of (23) can be
redefined by introducing scatterer £,() such that

k3E(F) - Fu(F) = k3Q,(F) - En(7) (29)

It follows from (29) that scatterer ?n(?) for the isotropic (n = 1) and
the anisotropic (n = 2) random media are

£ =0uld [T+5.-0.0)] (30)
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By applying the distorted Born approximation [35, 39-41] to (25)
with the new definition of the sources in (29), the total field observed
in region 0 is

2 — — R
B =F9M+ K} /V 0 (Gon(F, 7)) - Ea(Fn) - (Fal(F)) (31)

n=1

where isotropic effective permittivity €1 = €es1 for region 1 and
uniaxial permittivity €gs, for region 2 are used to calculate the mean
dyadic Green’s functions and the mean fields. The polarimetric scat-
tering coefficients can then be obtained with the following correlation
of the scattered field in (31)

2 ,0,%

(—E.O:(?) * _E-::(?» = Z E ks /Van-/Vdichnjktm(Fn, ?:)

n=14,3,kim

UG onij(Fy Fr) Y {Fie(Fn))] « (Gonit (7, Fo) ) Frm (FaN* (32)

For random media n = 1 and n = 2, Cenjkim(Tn,73) in (32) is the
jklm element of fourth-rank correlation tensor C¢n(Ts,73) defined as

Cfnjklm (Fm F:) = <£n.1'k (?n)&tlm(ifz)) (33)

With specified correlation functions, the polarimetric scattering coef-
ficients can thus be obtained after the effective permittivities of the
random media are calculated as shown in the next subsection.

b. Effective Permittivities

The strong permittivity fluctuation theory [40] is used to derive the
effective permittivities of the random media. The singularities of the
dyadic Green’s functions in the bilocal approximated Dyson’s equa-
tions are accounted for and the low-frequency approximation is ap-
plied to obtain the results for the isotropic and the anisotropic random
media. The derivations are done in the frequency domain with the
Fourier-transform method. The isotropic random medium is character-
ized with a correlation function of spherical form and the anisotropic
random medium is described with a correlation function of spheroidal
form. When the spheroidal form is reduced to spherical, the anisotropic
result is confirmed with the isotropic case. Following is the summary
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of the effective permittivity calculations first for the isotropic and then
for the anisotropic random media.

Consider an isotropic random medium composed of a host medium
with permittivity €;; and randomly embedded scatterers with permit-
tivity €,7 and total fractional volume f,; where subscript 1 is used
for the isotropic random medium in accordance to the notation in Fig.
1.3.1. By introducing auxiliary permittivity &, into the wave equation
as in (24), dyadic Green’s function Gy (7,71) satisfies the inhomoge-
neous differential equation of the form (26). Subscripts g1 is used here
to indicate that G, (T,71) corresponds to a medium with permittivity
€51 - To account for the singularity, G1(7,71) = Gg1(F —71) is decom-
posed as in (27) with §; = §1T for the Dirac delta part. By using the
following definition for the Fourier transform

= 1 [® = — =

Ga() = 55 /_ ARG (R) e (34)
the dyadic Green’s function in the frequency domain is found to be

T kE D(k) = k? — k2
LT (P05,

Gak) = 55 ~ &0

35
k§1 = wzi‘fal (35)

Under the bilocal and the low-frequency approximations [40], the ef-
fective permittivity of the isotropic random medium is composed of a
quasi-static part (€;) and a correction part

_ = [ =9 =1-1 )
€eff1 = fglI + € [I - fﬁfﬂ- . 51] . £¢ff1 (36)

The correction part in (36) physically accounts for the modification
in the wave speed and attenuation due to the scattering effect of the

0
scatterers. For j,m = z,y,z, the jm element of ?ﬁ,}l is related to
the Green'’s function (35) in the following manner

Eolm = 3 W (R [ Ba(Fluea(® + Bilu} (37
ki T

To arrive at (37), the correlation function has been defined as

Lerjkim(T1,71) = (§156(F1)E0um(T1)) (38a)
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and the random medium has been assumed to be statistically homo-
geneous so that (38a) can be written as

Terjmtm(F1,73) = Perjutm(F1 = 73) = Tl iumBea(F1 = 75)  (38b)

where R (F = 71 — 77) is the normalized correlation function such
that Rg(0) is equal to 1. In (37), $¢1(k) is the Fourier transform of
the normalized correlation function Ry () defined as

1 (" ikF
2a(F)= g5 [ & Ba() (39)

In the isotropic random medium, § 1(?1) is a scalar multiple of the unit
dyadic T and non-zero coefficient I‘Ell klm aT€

I‘(o) k=3, I=m

1skim = (E156(T1)6um(T1)) = 8a1 { _

J!m ==z lylz

(40)

For a spherically symmetric correlation function, it is seen from (36-
40) that the effective permittivity of the isotropic random med.lum is

independent of direction and expressed as a scalar multiple of 1

. = b (Io+51) |z
€t = €1l = [€,1 + 1- 5:1 (Io + $1) $1 .

(41)

where I is the integral of the product between a diagonal element
of the dyadic Green’s function and the correlation function in the fre-
quency domain

=R f " dk (G (R));;86(F) (42)

Due to the isotropy of the medium, any diagonal element (jj = zz, yy,
or zz) of the dyadic Green’s function (35) can be used in (42) to yield
an identical result for Iy. For an isotropic random medium charac-
terized by an exponential correlation function of spherical form with
correlation length £;, R (F) is expressed as

Ry (F) = exp (— %) (43a)
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whose Fourier transform is obtained by carrying out the integration
(39) in the spherical coordinates to yield

- £
=t 43b
er(k) x3(1 + k2L2)? (43b)
With the use of (43b), the integration (42) is then carried out analyti-
cally by a change of variables into the spherical coordinates. The result

for Iy is

I

2

= - ]
3591 (19 + 1)2 (19 + 1)2]1’ — kgllg

Coefficient §;, which conforms with the shape of the source exclusion
volume, can be determined by requiring the cancelation of the fre-
quency dependent terms in (37) so that the secular term is eliminated.
For the isotropic case, §; is thereby obtained

. €0
=~lim = —
S1 Jm lo 3ep1 (45)

The elimination of the secular term also imposes the condition of zero-
mean on the scatterer tensor

(&) =0 (46)

Condition (46) and (45) together with definition (30) and (23) for
n =1 determine auxiliary permittivity &, with the relation

( €1 — €51 ) (1= fu) + (_f_l;‘g_l_) fa=0 (47

€1 + 2€g1 €1 + 2591
When the value of ¢, is obtained, variance ¢ is found from (40)
A €1 ~ € 2 €1 — € 2
5 =9L1 (bl gl) 1-f, (31 91) 48
& 53 [ €1 + 2€g1 ( f 1) + €1 + 2€gi f‘l ( )

In summary of the isotropic case, the isotropic effective permittivity
is calculated with (41) where €;, 81, Jo, and S; are given by (47),
(48), (44), and (45), respectively.
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Consider now an anisotropic random medium composed of a host
medium with permittivity e, and embedded nonspherical scatterers
with permittivity ¢, and total fractional volume f,2. The scatterers
with a preferred alignment direction and an azimuthal symmetry effec-
tively give rise to the uniaxial anisotropy of the random medium whose
optic axis is the 2’ axis in Cartesian coordinate system (2',§’, ) illus-
trated in Fig. 1.3.2. The principle for deriving the anisotropic effective
permittivity is the same as in the previous paragraph; however, the
anisotropy of the medium needs be accounted for. In this case, an ap-
propriate form of auxiliary permittivity €, is

ggz = 0 €g2p' 0 (49)
0 0 €g2z'

Equation (49) is expressed in the primed coordinate system shown in
Fig. 1.3.2. This coordinate system is used to calculate the effective
permittivity of the anisotropic random medium and a rotation trans-
formation with tilt angle 9 is then applied to transform the result into
unprime Cartesian coordinate system (2,7, 2). Corresponding dyadic
Green’s function Ggy(7) is decomposed as in (27) with the Dirac delta
part having uniaxial dyadic coefficient

Sa=| 0 Sy O (50)
0 0 Saz

According to the Fourier transform definition (34) where the subscnpt
1is replaced by 2 and 7 and k are respectively changed to # and lc

dyadic Green’s function Gaz(r ) has frequency-domain version ng(k )
written as

N . KZ kLK, 0
Gy(F) = | -kr k2 o]+

(R2+EDDL(K) [ 7 5

k2 KLk, 0
1 kLE, k2 0 EE
k2 + k2)D,(F k2, -
( + ll) e( ) 0 0 kgzg (kg+k;2) 92;"0 (k)
g2z’

(51)
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where Do(F), D.(F), k2, and k2, are defined as follows

Do(K'y = k2 4+ k2 + k2 — k2, (52a)
k2,

De(F) = k2 + 5 (kZ + b = k3p,0) (52b)
g2z!

kﬁzpt = wzpoegz,,:, kﬁ-_,za = w’;toegz,: (520)

Similar to (36), the effective permittivity of the anisotropic random
medium is composed of a quasi-static part and a scattering-effect part

= N = = =0) =1-1 =(0)
€etr2(*) =€z t €0 [I —&epfa” 52] - €.pp2 (53)

where #' indicates the primed coordinate system and the jm element

0
of effective scatterer ?i,}z under the low-frequency approximation is
of the form (37) with subscript 1 changed to 2 and j,m = 2',y/, 2’
=y

(0) o, — -
Eotlin = 2 Whun (K [ &F G utea®) + B}
ki —oo

(54)
The statically homogeneous anisotropic random medium is described
with fourth-rank correlation tensor T¢(75,73') = <E2 (75)E(73 )> where

?2(?"2) is a diagonal tensor in the primed coordinates; thus, the non-
zero elements of T¢z(75,73') = Tea(7) — 73') are

ﬂ'ﬁ'ﬁ'@', xlzluiyl

Tezikim (') = g2 Rea(F') ,  jkim = { vricr eray  (558)
yyze,yyvy

I‘fz,‘um(?) = 6(2,IR52(7'4) y Jklm = 222 (55b)

zlzlzlzl, y!ylz!z!

Te2inim(T) = Sg2er Re2(F) ,  jlim = { o (55¢)
. 'z, 22y 'y
where 7 = 7, — 73 and T¢jum(7) has normalizing variance

Tezjuim(T = 0) = (£26(F2)éum(™2)) = T g‘z‘klm which can takes on
the value of 8¢z, 8201, OF 8g20 such that Rgs(0) = 1. For an az-
imuthally symmetric correlation function, it is observed from (49-55)
that €gsa(#') is uniaxial and expressed with the permittivity tensor

eefr20 0 0
Gp2(F)=| 0  egr2p O
0 0 €eff22'

(56a)



1.8 Random Medium Model 21

- €ob¢2p (Ip + 5201)
€¢ff2p’ - eﬂzp' + 1 ‘—'6£2gi (Ipl +Szp: )Szp'

¢ )= €y + 506622'(4[:‘ +S2z‘)
eff2z! = €g2z 1 ""'6{225 (Izl + Szz' )Szz'

(56b)

where I, and I, are the integrals in the frequency domain of the
products between the corresponding diagonal element of the dyadic
Green’s function and normalized correlation function Qez(k ) defined
as in (39) with the subscript 1 changed to 2 and k and ¥ to ¥ and
7. In the cylindrical coordinates, integral I, and I, are

2%
Ii=k2 /0 d¢' / dk, k! / dk}(~k 5
k:z

k2 —
[ 920’ } Qez(k ) (578)

[ k’z(egzp'/ €g201) — kgzl"

2%
Iy =k / d¢' dk’ K / dk!,
0
[ sin? ¢ ( kl-—z kl—z) klz cos? ¢:

k:._z + k'z k:zp k’z kfz(eyzp’ / 6922') gZp

] Be(K') (57b)

For an anisotropic random medium characterized by an exponential
correlation function of spheroidal form with correlation length £;,
and {5,, Re2(7') is expressed as

2 + 12 212
Rex(F) = exp (-—— J——zz-y—— + zg—) (58a)
0! 2

whose Fourier transform is obtained by carrying out the Fourier inte-
gration in the cylindrical coordinates or by applying the scaling theo-
rem on (43b) to yield

l§ *£2z"
x2(1+ k2LL, + K20,

$er(F) = (58b)

With the use of (58b), the integrations in (57) can then be carried
out analytically by effectuating the integrations over ¢', using contour
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integration technique for the integrations over %/, and then performing
the integrations over k,. The result for I,: is determined as follows

260

Iy = —=2(T, + T,) (59a)

€g22

__a‘l'tz\/;;g [\/-"-‘c‘+ e+ ¢ (I_tan—l _\/_—Z“:__)] (59b)

a7 AW AT 77
2 14+av?, 9,(a+2)—(b+avl) (x 1
a7 gz , Vo gz -1
= Tt
14 2a=[ %% Bov/D (2 an \/—:90) (59¢)

= a2 _ Eg22 L2y 2 _ 12 g2
a=ay}-1, a= :2 S M=o Vg = k2 l5. (59d)
920 2

ay? 4
¢ =arivd,, b=~14;-£, Bo=b—-1, Pe=b+( (59%)

Integral I, involves additional terms in the dyadic Green’s function
and the result is found to be

1 1
Ly =y (B-T-Ti) +ard, [(B-T-T)+ 1T Za- )| (608)

2 V3.
U1 (r 1

B = e, [‘ \/a;(z tan \/3‘)] (60c)
_ e[ 1 1 (x 1

B= gt v (G (604)

1’{’.,'3=I§’,,3(a=1), vopr = kolzp (60e)

Diagonal element Sg;,r and Sy, of dyadic coefficient ?z in the sin-
gular part of the Green’s function for the anisotropic medium are ob-
tained by requiring the cancelation of the frequency dependent terms
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in (54) to eliminate the secular terms. Derived from (54), (59), and
(60), coefficient Sg2, and Sgo,: are

. €0 -1
. | c—— _ . 1
Szp t}:lm--ooIp 2€g2pt aﬁ [(1 + a) tan \/_ \/E'I (6 a)
1 _ 60(]- + a) _ -1
Say = ‘ll__xf‘l) I = ——-——*——-—eﬂz'a 7a [Va —tan™" /a] (61b)

Similar to (46), the zero-mean condition is imposed on scatterer £,(7)
for the elimination of the secular terms. This condition together with
(61) and definition (30) and (23) for n = 2 in the primed coordinate
system determine auxiliary permittivity €, in the following manner

(b2 = €520 )(1 — fi2) (€s2 — €g2p ) fs2
€0 + S2p (€2 — €g2p0) €0+ Szp0(€42 — €521)

=0 (62a)

(sz - fy2z’)(1 - f:2) (532 - €gzz').f12
€ + Sz:‘(€b2 - 592:') € + Szz'(faz - ngz‘)

Numerical values of €;2,, €52,', S2,r, and S3.: are obtained by solving
(61) and (62) iteratively. A suggested scheme for the iteration is to
initially assign €52, = €42, = €2 then use (61) to find S5, and Si.
which are subsequently employed to recalculate €g3,» and ¢g3, with
(62) rearranged as

=0  (62b)

fc2(€¢2 - eg2p') € + Szp'(sz - €g29’)
€420t = €p2 +
92p b2 (1 - f,z) € + Sgpo(f,z - Gggpp)

(63a)

foz(€s2 — €g221) €0 + S22 (€b2 — €g201)

(1 - fﬂ) € + 523‘(532 - 592:')
The iteration is repeated until a required accuracy is achieved. Equa-
tion (63) indicates that small fractional volume f,; leads to a fast con-
version rate for the iterative solution and explains why the background
pPermittivity has been chosen as the initial value for the auxiliary per-
mittivities. After ego,, €92,y S20, and Sa, are computed, variance
e20'y 8¢9, and 8gp are found from (55)

2 2
Gpo = €p2 —€g2pt ] 1- [ €42 —€g2pt
82!’ [60 + Szpl (ebz —_ 6ﬂ2p‘ ) ( flz) + €o + Sz,,'(E.z — egZp’) flz (648)

€g221 = €p2 + (63b)

2 2
Bepy = [ €52 —€g2z ] 1 £.)4 [ €42~ Eg2
e €0+ 522 (32— €g240) (1-fiz) €0+ 52, (€s2—€g2sr) frr (64b)
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In summary of the anisotropic case, the anisotropic effective permit-
tivity tensor is calculated in the primed coordinate system of Fig. 1.3.2
with (56) where €g2,/, €2.1, S2pr, and Sa. are obtained by iterating
(63) and (61) and then 55291, 6{2z:, 5{2.::, Ip', and I, are determined
by (64a-c), (60), and (59), respectively. To transform the result into
the unprimed coordinate system, the following operation is applied

1 0 0

= = - f—3 § ==

€ra =Ty -+ geffZ(i") . T¢ with Ty = |0 cosyp siny (65)
0 -—siny cosvy

where T, is the transformation matrix which rotates a vector by angle
¥ from the primed coordinates to the unprimed coordinates. After the
rotation, the anisotropic effective permittivity, which is a symmetric
tensor in the (£,7,2) system, is related to tilt angle ¢ by

€eff22z 0 0
af.fz = 0 €effoyy  €eff2yz (66a)
0 €eff2zy Ceff2zz

Ecffree = €eff20 »  C€effays = €effazy

Eetr2ys = (€eff2zr — €eff2pr) cOSPsiny
~ \ L, (66b)

Eeff2yy = €eff2p’ COS” P + €effay sin® 9

Ceff2:z = Ceff2p’ sin’ ¢ + €eff2z! cos® ¢

In this subsection, the effective permittivities of the isotropic and
anisotropic random media have been derived. It is necessary to note
that the principal branch cut of square root /w for complex number
w has been chosen such that —x < argw < » where argw denotes
the argument of w. Also, inverse tangent tan—! w for complex number
w is determined by

1 141
lw=—=lnw, with w, = +z'w
21 1-1w

tan~ (67)
where Inw, is the natural logarithm of w, on the principal Riemann
sheet |w,| > 0 and —7 < argw, < «.

Auxiliary permittivity €, of the isotropic random medium as ob-
tained is the same as the Polder and van Santern mixing formula [41];
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thus, auxiliary permittivity €, of the anisotropic random medium
obtained in a similar manner can be considered as a more general-
ized version. Related to the auxiliary permittivity and the shape of
the exclusion volume, the dyadic coefficient of the Dirac delta part in
the Green's function is also derivable with a surface integration over
a limiting equicorrelation surface and proved to satisfy the following
condition [42]

2%eg 1 f02g 1 (68)
€o €o
where ¢, = ¢;; = ¢ and §, = 5, = §; for the isotropic case or

€gp = €g2p's €g: = €gaz1, Sp = Sz, and S; = 53, for the anisotropic
case.

As mentioned earlier, the anisotropic effective permittivity be-
comes isotropic when the spheroidal correlation function is reduced to
spherical. This is the case when {,,, approaches {;,; and it is trivial
to show that

lim Szp: = hm Szzt (693)
L=, L IWET P
Lo gy Ly,0 4,

The limit (69a) has the form of (45) and consequently the variances in
(64) have the same limit of the form (48) since €5, and €2, approach
to the same limit as indicated in (69b). To prove that I, and I, have
the same expression of the form (44) as £, — {3/, attention must be
given to the afore chosen branch cuts. For instance, /—{ is —i/C
instead of i\/(; this is because w = —( — —k2, L3, as Ly — Lon
and w is thus in the third quadrant of the complex w plane so that
v/w is consequently in the fourth quadrant due to the chosen branch
cut of the square root. The value of /—( so obtained is identical to
—i/{ and not to i\/{. The proof is then straight forward.

In deriving the effective permittivities, the low-frequency and the
bilocal approximations have been used. The low-frequency approxi-
mation is valid when kg ¢; < 1 for the isotropic case or kgoylay
<€ 1 and kga,f2, € 1 for the anisotropic case. This approximation
results in the ignorance of the spatial dispersive characteristics of the
inhomogeneous med.m In this case, the bilocal approximation further

requires that ][Edf,,],mt <€ 1 with n = 1 for the isotropic or n = 2
for the anisotropic case. This condition allows more simplification on
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the permittivity results (41) and (56) where the denominators can be
approximated to be unity.

When the low-frequency condition is removed, the spatial disper-
sion of the random media is manifested in the dependence of the effec-
tive scatterers on wave vector k as

- _ z’v”’l:l kz o0 —
Bl = > Tihan {2 [ I Bonl®le
ki —o°

(2 B+ 8B + B 4 Bl ()

The effective permittivities are still calculated with (36) or (53) with
the effective scatterer (70) replacing the low-frequency version. In this

case, the bilocal approximation is valid when |[€ 4, (k)]jm| < 1. From
(36), (53), and (70), it is observed that the effective permittivities are
even functions of wave vector £ and can be expressed with symmetric
tensors. The random media under consideration are therefore recipro-
cal as physically expected. Besides the above approximation, the use of
the Fourier transform in this subsection implies that the media are un-
bounded in the calculations of the effective permittivities. In the next
subsection, the effective permittivities is used to obtain the dyadic
Green’s function of the layer random medium which accounts for the
multiple reflections, refractions, and transmissions at the medium in-
terfaces.

c. Dyadic Green’s Functions

In this subsection, the mean dyadic Green’s Functions (DGFs),
needed in the calculation of the scattered field correlation (32), is pre-
sented for the three-layer configuration. Rather than directly calculat-
ing (Gon(F,7,)) for observation point ¥ in region 0 and source point
7, inregion n, (Gno(F,7,)) are obtained for the source in region 0 and
the observation in region n and the needed DGF's are then deduced
from the symmetric relation [46]

GonlFs72)) = (G (Fas 7)) (71)

In this method [23,24,36], vector wave equations are first written for
the DGF's subjected to the appropriate boundary conditions at the in-
terfaces and radiation conditions at infinite distances above and below
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the interfaces. Next, the Cartesian coordinate systems corresponding
to upgoing and downgoing waves in the layers are shown. The DGF's
can then be solved in terms of transmission and reflection coefficients
for the upgoing and downgoing waves. This procedure for obtaining
the DGFs are detailed in the subsequent paragraphs.

Consider the source in region 0 at 7, above interface z = 0. The
DGFs observed in region n = 0,1,2,3 are governed by vector wave
equations as follows

V X V X (Goo(7,7,)) — k2 - (Goo(7,7,)) = 86(F — 7,)T, 2>0 (72a)

V x V x (Go(F,7.)) — kg-ef-%l (Gro(7, 7)) =0, 0>2>—d;  (72b)
V X V x (GaolF,7,)) — k2 “fz’ (Gao(F, 7)) = 0, —dy > 2> —dy (72¢)
VXV x @) - B2 @ualmr)) =0, 2z (120)

The boundary conditions call for the continuity of Z x (5,,0) and zx

V x (Gno) at the interfaces where the tangential electric and magnetic
fields are continuous, respectively. The boundary conditions can be
written explicitly as

2 % (GoolF 7)) = 2 x (GrolF, 7))
2 X V x (Goo(F, 7)) = 2 X V x (Gro(F,T,))

2 % (Gio(772)) = £ X (Goo(7: 7))
zZxV x (EIO(F’T':» =2xVx <§20(F,F:))

2% (Gao(7 7)) = £ x (Gao(7: 7)) ot 2
2 X V X (Gao(F,7,)) = 2 x V X (G3o(T, 7,))

To express the solutions for the DGFs physically in terms upgoing
of and downgoing waves, Cartesian coordinate systems are defined to
coincide with directions of electromagnetic fields and Poynting vectors.
In the same manner as (1), coordinate system (A(kZ,),d(kY, ,k"’),
corresponding to upgoing (w = u) and downgoing (w = d) waves in
the isotropic media (n = 0,1,3), are determined by

Ak zxk, (kY k, x h(kZ,
(knz) = —sz 2] (kn2) = ——h(k Y

} atz=0 (73a)

} at z=-d; (73b)

N>

= —'dz (730)

(74a)
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ke =Fy/len) with B =ksd+kj+kn:  (74b)

where the z components of the wave vectors are related as follows

2, : v
w d . 2 w yEﬂQ ﬂ=0,3
— =kp = (b2 _ k2 k2 = : 7
knz knz kns n kz kv! with kn {wzﬁﬁeffla n=1 ( 5)

For the effective anisotropic medium (n = 2) with optic axis 2’, the or-
dinary and extraordinary waves propagating in the upgoing and down-
going directions call for four different coordinate systems. Correspond-
ing to the ordinary waves, coordinate system (&(k%,),2(k%.),k¥) are
defined by v

' % ky . ky x o(ky,)
)= ——t kL) = 2222l 76
B =F; /l_"’kzl with &y = ko2 + ki + k2,2 (76b)

where the 2 components of the ordinary upgoing (w = ou) and the
ordinary downgoing (w = od) wave vectors are

kY = —kd = kg, = 1/kg — k2 with k3 = w?petfres (17)

Corresponding to the extraordinary waves in the anisotropic medium,
coordinate system (&(k},),é(k%,),3%) are defined by

3 x ky 35 X o(ky, o

G(k)"r-—“' é(k3,) = m 3

=35/BFl  (78)

where the extraordinary upgoing (w = eu) and the extraordinary
downgoing (w = ed) wave vectors are determined by

ky =ko&+ kyj+ kL2 with w = eu,ed (79a)
Eeff2yz 1
k3y = - k, +
2 €eff2zz v €eff2zz

) \/ k2 €etraz €epraes — kZ€essap €efprze — k2 eetsap €etrae (T9b)

ped — _ Seffays 1
2z —
€eff22z feszzz

-\ Bearaz egrass - Kearap “effass = kjecttap et (79¢)
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and unit ray vector 35 [23] of the extraordinary waves are parallel to

37 = Eeppa- By = eegpraakad + (Cotpanuby + eessauakn)
+ (€eff2ayky + €efr222k3,) 2, with w=eu,ed (80)

The above definitions of the umt vectors are physically descriptive.
Unit vector h is parallel to TE, ¥ to TM, 6 to ordinary, and é to
extraordinary wave pola.nzatxons For wave vector F:, all the lateral
components are set identical to 75,, = &k + §k, in accordance to the
phase matching condition and the z components are calculated from
dispersion relations. Poynting vectors are all in the directions of wave
vectors except for extraordinary waves whose Poynting vectors are in
the directions of 33 given by (80).

With the defined unit vectors, solutions for the DGFs have the
following forms expressed in terms of upgoing and downgoing waves as

iko-F

= i [® o  o—tkg' T,

( oo(f,r,))—m —oodkz _O:iky koz
—d

h(kd,)eFo" Th(kg,)
' [th(ip)ﬁ(ks,)e"’%' T 4 Ruo(E,)i(ke, e Ro" *] A(kL,)
Fd .
+ a(kd)eFo Foid,)

LA RS W AR JECA)

z2,>2z2>0 (81a)
(GrolF,7.) = 53 / dk, / dky—

{ FDlhh(k,,)h(k )e’kl + Dipo(k, ) (KS )e’kl ]h(ka)
+

Uw.(kp)h(k LT 4 Ui (B, )o(ke,)e 1 7| ki)

I——.l

. d _ _ 7d
+ Dlvh(kp)h(k‘liz)ezkl' T + Dl"”(kﬁ)ﬁ(kfz)ezkl ) 7‘] ﬁ(kgz)



S0 1. Polarimetric Remote Sensing

[Ulvh(kp)h(k e F T 4 U, (B, )i (k)R ] (kg,)}
0>z>-d; (81b)

—zko Ts

@l r.))_— / dk, / o
ik F K| 7pd
{ [PualEotshe® 7 + Dane B ecrstye ]h(ko,)

+ Um,(k Yo (kg )e”"z T+ Usne(E, )e(kw)e”“z h(kg,)

T \2 i;;{? AY, ked i'IE;d- ?7 - kd
+ D2vo("’p)°(k2z)e + Dave(k,)e(k533)e o(kp,)

[U=vo(k Yo(EZ2)eF2 * T 4 Unoe(B,)e(k5)e™F2 T | (ke }
—dl Z.z > —dz (816)

ad
—iko’ T,

= w7 ® e 0T
Buolr7)) = 5o [ b [ b

R R 2.1 -
{ [T,.,.(kp)h(k:,)e’ 3T 4 Tho(F,) (k)¢ ] A(kL,)

T i pd \oiFa-F = vaord \ ke T opd
+ | Ton(k,p)h(k3,)e + Tou(k,)0(k3,)e (ko)
—dzZZ (81d)

DGF coefficient R’s, U’s, D’s, and T’s can be calculated directly
from the boundary conditions in (73). To facilitate the calculation and
the interpretation, the matrix method [23] is used to express the DGF
coefficients in terms of Fresnel reflection and transmission coefficients.
These expressions are determined by considering amplitude vector 4,
of upgoing waves and B,, of downgoing waves in region n = 0,1,2,3.
In this method, amplitude vectors of waves propagating away and to-
ward each interface as shown in Fig. 1.3.3 are related with matrix

equations
Ao Ron T ] [Fo }
="1-|5 82
[Bl] [To1 Rio 4y (82a)
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Region 0 E;\ / Ao

z=10
Region 1 A / \Fl

z=—dy
Region 2 E}\ / A,

z=—d,

Region 3 \P},

Figure 1.3.3 Amplitude vector A, are for upgoing waves, B, are for
downgoing waves, and the arrows represent the propagation directions.

3-8 2] [&] (82

5= 5] = (20

Observed from (81), the amplitude vectors are also connected to inci-
dent amplitude vector By by

RN Pl v ] RIS
B=TiBo- [ D0E) Do) B ow
n=ToB- [ W] B e
AR N vl ] R
=Tos [ Bl B e
nefon- [ BEH5 o
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Equation system (82) is readily solved for the downgoing and upgoing
amplitude vectors in terms of By and the results are then compared
to (83) to obtain the following DGF coefficient matrices

(84a)
(84b)
(84c)
(84d)
(84e)

(84f)

(85a)
(85b)

(85¢)

(85d)

(85e)

(85f)

(85g)

(85h)

RO = ROI + T1o (R12 + %21 : §23 : f : %12) : 31
—_— — = — - = = = -1 =
D, = [I ~TRo- (Ru + T2 - Ras -F-Tn) Toy
ﬁl [ﬁu-&-? frf'?u]'fl
U, = ﬁzs'i‘_“°?1z'i1
?3 ?23-?-?12'51
where T = (T — Ry - fzs)“l and the reflection and transmission ma-
trices are
5 -ROIhh 0 5 _ Rionn 0
Roy = | 0 Roloo] » Ho= [ 0 Rlo""]
= [Townn 0 ] = [Tmhh 0 ]
Tor = Tw=
=10 Tore] 10 0  Tiow
., = [€2K0 R ezzki’dl o h]
12k11d1R12h e 2k13d1R121w
i _ ez(kzz - k32 )lezloo e‘t(k;f - k;;‘)lezleo
A (kS
Le"(k;g - k;‘z‘)len“ e’(kzz k;:)len“
5 _ [eik5 - B, (k- Hodg,,,
12 — . (1€
Lel(k;;l - ki‘z)lelzhe e‘l(kzi - kfz)leIZve
% = -Ci(k'l‘z - kg:)lezloh ez(ki“ k;:)leZIeh
21 = Let(ki‘z - k;:)lezlw ez(ki‘z - k;:)lezlw
i _ -ei(kg: - kgﬁ)dszsoo e’(kg: - k;g)dszaeo
2 _ei(kg.z‘ - k;g)dszaog e’(k;: gg)dzRZ:iee
-T— _ -ei(kgz - k;‘:)dszaoh ei(kgz - k;g)dszseh
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in which the exponents carry phase factors due to the locations of the
interfaces and Fresnel reflection and transmission coefficient R’s and
T’s are given in appendix A. The above results vividly describe the
physical processes of wave interaction in the layer media. For instance,
amplitude vector B, of downgoing waves in region 2 is spelled out
from (83d) and (84d) as

Fz=f-~T12-fl--§o (86)

which can be interpreted as the incident wave By from region 0 prop-
agates down into region 1 (D; - _B_‘o), transmits through the interface
between region 1 and region 2 (T2 - D; - f_o_), and multiply reflects
between the interfaces of region 2 (T - Tyz - Dy - Bo). This completes
the derivation of the DGFs corresponding to the source in region 0 in
integral form (81).

For latter calculations of the scattering coefficients involving the
effective sources in the scattering regions (n = 1,2), dyadic Green’s
function (ﬁol(r, ¥,)) and (G’oz(r, 7,)) need be obtained by applying
the symmetry relation (71) requiring the transposition of the corre-
sponding DGF's in the last paragraph and the sign changes of k, and
k, respectively to —k, and —k,. After the integrations are carried
out with the two-dimensional saddle point method [9,23], the results
for the DGFs in the radiation field are

etkor
@on(ror)) = S e~ PG, (R,yz), n=1,2  (87)

where 5, = ¢z, + §y, and dyadic coefficient §,(k,,2,) are defined as

EI(EP,ZO)E
+ (k) [Dann (=B )RS, e~ K1 — Dy (—F, Yokt )e~REs)

. T } B}
+ h(k) [Uann( =, Yk Je ™% — Uy (<, ok, e~ R %]

— okE,) [Daan(~F V(R e~ K% — Dy, (ke %]

X - \2 -3 - :7.d
= 9k, [Uron(~Eph(k e =i — U (<, Yok, )e~is%] (88a)
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?z(zpvz:)z
+ (K [Dana(—E,)o(kg2)e =557 — D (<F, (kg2)e= 455

— .s0d _ vy ed
+ R [Unna T Yol bgh)e 345 — U (<, (ke 4555

~ (kg) [ Davol ~F,o(k52)e ™ H3e%0 - Do (-F, Je(ki2)e ™ Har 7|

— :1.0d — 17 e
= () [Unnal B )o(k5)e™ 5% — U (—F,Ye(k5h)e=45:%] (88)

In summary, the DGF's are obtained in (88) where all the coeffi-
cients are determined by (83-85) and appendix A. With the available
DGFs, the scattering coeflicients are derived in the next subsection.

d. Scattering Coefficients

The polarimetric backscattering coefficients are defined by (13)
based on ensemble averages of scattered fields. As indicated in (32),
the averages are calculated with spatial integrations over products of
the DGF's, the mean fields, and the correlation functions. The DGF's
have been obtained; next shown are the mean field and the correlation
functions. The integrations are then carried out to derive the scattering
coeflicients.

The mean external fields in the scattering regions (n = 1,2) can
be approximated as the corresponding homogeneous solutions to the
wave equations

V x V x (Fal(7)) - tcf‘ff“w,,( =0, n=12  (89)

which are solved subjected to the boundary conditions at interface
z =0,—dy, —d,. For incident field Eq; = [h(ko.;)En; + ﬁ(ko,;)E,,;]ei"°“f
the mean fields can be written as

Fal) = F# P Po(fsz), m=1,2 o

where subscript i indicates the incident wave, p = 2z + §y is the
lateral space, ki = &kzi + §kyi = ko(2 sin f; cos Po; + § sin bp; sin doi)
is the lateral component of incident wave vector kg;, and polarization

vector P,(k,;,2) are determined by
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Py (Epi’ z) =
.y d — +1,d
+ Eni [ Dumn(Bp)h(k.0)eFi5% + Dio (i) ihiyi)eFin?]

+ B Ui (B )k, ) e REnZ 4 Uy (R )k, )etRini® ]

- . . d — rd
+ Bui [ Dioh(Fpi) (k) 15 4 Doy (B )o(kys e Fini?]

+ Eu; Ulvh(kos)h(k e I 1 U (Bi)o(ki)e™Hin?]  (91a)

?2(751”3 z) -
+ Bni Dzho(km)o(kzz,)e"‘w b D (Eite e ]

+ B [Unno(Bpi)o(RZ5)e R30% 4 Une ()5 ) e F5ui7]
+ B[ Daoo(Bi)o(k%)e ™57 + Dzw(km)em,.)e*’“zn ]

+ By U2vo(kpt)o(k )etkz“ +U2w(km)e(k2n)ezk2’"] (91b)

with z components of the wave vectors defined in the same manner as
(75), (77), and (79b,c) by changing k¥,, k., and k, respectively to
kY., kzi, and ky

The correlatlon functions are defined by (33) in the spatial do-
main. To facilitate the integration of (32), Fourier transforms of the
correlation functions are introduced for the statistically homogeneous
scattering media under consideration

o e
Cf"jklm(im.f:) =/ dﬁanklm(ﬁ)e_‘ﬁ.(r”_,") , n=1,2 (92)

For the isotropic random medium (n = 1), the non-zero elements of
spectral density Ql,mm(ﬂ) are simply -

Ql(ﬂ) = Qlj:'mM(.B) = 51@61(3) (93)

where ®¢ () is defined as in (39) and functionally given by (43b)
in conformity with the correlation function used to find the isotropic
effective permittivity. For a two-constituent medium, variance §; is

2 [ €61 — €g1 2

€g1
e 13 1-
€1 + 2591 ( f‘l) +

€0

€51 — €41

H=9
! €1 + 2¢41

2
fu] (94)
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For the anisotropic random medium (n = 2), the correlation functions
(92) specified in the untilted coordinate system (2,7, ) are derived by
applying the rotation transformation Ty on scatterer £,(7}) in the
tilted coordinate system (:c »¥',2') so that

_ - = —1 ’5233(5'.2) 0 . 0 .
&(F) =Ty &3(73) Ty = 0 ayy(T2) &2y:(F2) |  (95)
o 0 ) £2zy(’f2) 52::(72)

where the elements of ,(7,) have the form of (66b) with efs2 replaced
by §2. The scatterer elements in the untilted coordinates are then used

in (33) to find the anisotropic correlation functions whose spectral
densxtxes can be obtained from the following spectral densities deﬁned
in the tilted coordinates as

$:0(F) = ‘I‘zz'c'a*zf(F) = 52;)'@(2(3') (96a)
§2:' (F) = sz‘z‘z‘z' (F) = 62:‘ §£2(F) ; (96b)
350(B) = B2ar1000 (B) = 620 82(B) . (96¢)

where ®¢(F') is functionally determined by (58b) in conformity with
the correlation function used to calculate the anisotropic effective per-
mittivity. For the two-constxtuent anisotropic random medium, the
variances in (96) are ‘

b = €o+;:: (ef;?e,zp») ( ~fa)t e°+s€§:.?ef§2-f'e,z,') 2 (872)

b2z = €D+;::'(—€::2;j‘€923' )} (i-f’z)+ eo+;;:i;fz?'egz::) ‘}'z (97b)

R = v | | B e L
o e o

Due to the invariant property of the Fourier transform under the rota-
tion transformation, spectral density Qzak;m(ﬁ ). in the untilted coor-
dinates can functxona.lly be related to those gwen in (96) with

#01(B) = Bea(BL= e, By=Pycos — Pusins, = fysingp+ frcoss) (98)
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In the untilted coordinates, the rotation transformation together with
the above invariant property give the anisotropic spectral densities

B250im (B) = S25kim Be2(B) (99)

where non-zero variance 83k are dependent on the tilt angle 3 as

62::333 = 52p' (1003)
b20evy = E3yyse = 6201 €OS” P + 200 sin’ ¢ (100b)
62::a:yz = 62::::zy = S;yzzz = 5;;!,,3 = (62.«;* - 5zp')sin¢cos¢ (1006)
62::::;; = 5;;;;-; = 62p’ Sinz d’ + 62::’ 6032 '¢’ (100‘1)

b2yyyy = O2p0 cOs* Y + 83, sin? o + (8200 + 65 ) sin? P cos? ¢ (100e)

62mz = gzwzy = 5;;,;“ = 5;;9‘99
= (82¢ — b2p0) c0s® Y sinp + (8220 — 854 )sin® pcosyp  (100f)

62#!!32 = S;zzyy

= (82p¢ + 822+) sin® ¢ cos® ¢ + G20 cos* o + 63 sin* ¢ (100g)

Jzyzyz = 62yzzy = 62zyyz = 621yzy
= (82p0 + 8200 — 8301 — 831 ) 5in® P cos® ¢ (100n)

62yzzz = 62:yzz = J;zzyz = 6;zzzy
= (6;::. - 52,#) Sil].3 il) cos 1[’ + (62,0 - 52(:') 6083 1[) sin¢ (100i)
822202 = b2 sin* ¥ + 63,0 cos* o + (620 + 65 ) sin pcos’y  (100§)
The correlation of the scattered field can now be found by sub-
stituting into (32) the dyadic Green’s functions (87), the means fields
(90), and the correlation functions (92). To enable the calculation of the

scattering coefficients according to (13), correlations of the scattered
field components are actualized in the manner of (14)

EnEy
(4nry?

w Y2 k' - — T - - —
{ké [, [ [ dpt o E B i)

ZYZE  aeo o o o
Z / dp, / dz; / dzy Ql(ﬁ)e_‘ﬁ:(‘x-z;)
j’m Bhad —-d; —~dy

(Epus(F)E(F)) =
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. gluj(zp’ 221 )flfj(-gm" 2z )gi"m(ﬁm Zf)f]’.knm(gﬁi’ )

+k0/ dﬁp./ / ‘(kn k ﬁ )Pze-’(kot-ko ,)'5;

MZ —~dy -dy
> /[ dﬁ,/ dzy [ a5 Bauan (B 042~
Hklm

y gzuj(‘gpa 32)f2'rk(-k—;?i9 22 )g;vt(zps zg)}-:xm(gﬂiv zg)} (101)

where B =B, +B., B, = 2.+ §B,, subscript p, v, 7, and K can
be h or v, and DGF element gn,;(k,,z2,) and normalized mean field
component }'m,-(ﬁp, zp) for n=1,2 and j =%,%,% are defined as

gnu:i(zm zp) = [f‘(kgz) : ?n(-’;m z,,)] 3 (102a)
Fori(kpisza) = E‘;‘x(Fn(?n)) ¥ IE“=0 (102b)

The integrations in (101) are carried out with the procedure in [37}:
the integrals over 7, give Dirac delta function 4728(k, — k, — B,),
the integrals over 3, then effectuate B, = k,; — k, , and the integrals
over p% form illuminated area A. Then (101) becomes

< k34
(E’,,.,(r) .(1‘)) - Em 472

U2 00 0 _ _ B '
{ Z / dﬁ:/ dzl/ dz'? §1(ﬁp=kpi_kp,ﬂz)e—‘ﬁ'(zl-z:)
Jm T -d ~dy
. glﬂj(’Epy F4l )}-lfj(ip” Z1)g:m(7;p’ z?)}-l*nm(—k.m$ 210)

:yv —dy —dy ‘

.'hk l,m
* 92#.%(.’-“—9’ 22)F; 27&(7;,»', 7'2)9;4(;#: 23)F. ;nm(_k-l’" zg)} (103)

It is observed from the forms of g’s and F’s that all the polarization
vectors and coefficient D’s and U’s can be taken out of the integrations
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in (103). Retained inside the integrations are the spectral densities and
the exponential terms which account for the upgoing and downgoing
propagation of the mean fields and the scattered fields. Furthermore,
dos = $oi + * and 0y, = 0p; in the ba.ckscattering direction so that
k = —ky; and k¥, = k¥, for wave type w = u,d inregion n=1 or
w = ou, od eo, ed in region n = 2. Also note that the 2z components
of the upgoing and the downgoing wave vectors in region 1 differ only
by a minus sign. Consequently, the following integrals are defined to
simplify the calculation

oo [ 0 . .
Iehed = / dB.®1(2k,, B:) / dzye~iBe—rat)nr [ g,00HBs=rea)3 (104a)
—o0 ~dy —dy
v . [Kab=(a+b)k1:; ab=-1,1
with : {nca = (c+d)kf,; ¢d=-1,1 (104b)

~dy . .
23kim = / dB:B25kim (2K i, Bz) / dlze"'(ﬁ sre0)2a [ 3¢ Be=rra)5(105a)

~d3
with {n,,q =k, + kzﬂ ; Dyq = ou,od,eu,ed (105b)
Kps = Icu, + k,z, y ™8 = ou,od,eu,ed

For the isotropic random medium, integral Z2*¢ involves 16 quantities
since a, b, ¢, and d each has two possibilities of —1 and 1. The
integrations over vertical space z; and z{ are readily carried out and
the integration over 8, is performed with the residue theorem in the
contour integration method. From appendix D, the result for I‘l“"’d is

bed 26, e~ (rad—rca)dr
I =i 2 *\2
(566 - i"“'1) (‘ab - K’l) (K’ab - K'cd)
1

F (ra = 2o = R — i)~ T2(R0) Q1(n2‘)] (106a)

where x; = i~ 11/1-{-4k2 L2 and quantltxes Pi(x1) and Qy(xT) are

i dl ei(n; ~Kab)ds
(2%1)%(51 — Kap)(K1 — Ked)
1 — et(x1—rar)dr + e—i(ras—rea)ds

(251)%(K1 — Kap)(K1 — Ked)

p1(51) =
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.[i-y ! + ! } (106b) -

K1 K1 — Kab K1 — Ked

idle«i(n:—-ned)dl
(267 )2 (5] — Kab)(KT — Ked)
e-—i(n: —Ked)ds
+
(26)%(k] — Kab)(KT — Ked)

-[1+ LI ] (106¢)

K * *

Qi(xy) =

For the anisotropic random medium, integral 77 j i, involves 256 quan-

tities since p, ¢, r, and s each has four possibilities of ou, od, eu,
and ed. As in the isotropic case, the integrations over vertical space
z; and zJ are readily carried out and the integration over f, is per-
formed with the residue theorem in the contour integration method.
From appendix D, the result for I35, = is

- (kpg — K2)*(Kpg — K3 )*(Kpg — Krs)

e i2625klm£§p"2z‘ e~ i(rpe—rrs)da
23klm x £;

e"("" s —Rpe }d1

T Rre = %22 (e = )2 (ra = ipg)

— Pa(kg) — Q;;(@)](mm)

where square of length £z is £} = {3, sin? ¢ + £3,, cos? 9, pole &3 is
Ky = L3? [-k,,,-(eg,. —£3,)sin(2¢) + i\/(1+4k§,.l§‘p,)£§+4k§i£§ i j ;
and quantities Pa(x;) and Q,(x}) are determined as follows

i(dg — dy)emiRa=rrs )i gilRa=ripe )
(2iImxr2)?(K2 — Kpg)(K2 — K1)
e~ rpe—rr)d1 | o=i(rpe—re)da
[(Zﬂm‘%)z(”d — Kpg)(K2 — Krs)
e=$(ra—res)d1 gi(ra—rpg )da
* (20ImAz)?(x2 — Kpg)(R2 — Nn)]
~[1+1+1] (107b)

ilmk; Ky~ Kpg Kz — Kyy

?z(&g) =
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Figure 1.3.4 Wave scattering processes.
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The polarimetric backscattering coefficients are now obtained by
applying results (106) and (107) to (103) and then making use of defini-
tion (13). From the observation on the forms of the DGF and mean field
coeflicients, the scattering coefficients can be expressed conveniently as

Q(r}) =

ou,od

-1,1 eued zy,z
o = Iu.bcd rak Ipqr
BTN “ko Z Q‘1;.4? pE7S +1’k0 E Z ‘Pzpf,:;kawc,lm 25kim
ab,ed P ke lm

(108)
where all coeﬁiuent ¥’s are ngen in appendix B and C. The scattering
coefficients obtained in (108) is for the scattered field expressed in
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Figure 1.8.5 Correlations of waves multiply interacting with the bound-
aries. Thin arrows represent complex conjugates of thick-arrow terms.

the scattered basis. To change to the incident basis, simply take the
negative of Opryx and Oyrp.. As calculated, the scattering coefficients
are composed of 16 terms from the isotropic random medium and 256
terms from the anisotropic random medium. For the isotropic random
medium, a scattered field can be an upgoing or a downgoing wave which
is excited by an upgoing or a downgoing mean field as depicted in Fig.
1.3.4. Therefore, there are 4 possibilities for the total scattered field and
its correlation thus consists of 16 terms. For the anisotropic random
medium, a scattered field can be an upgoing or a downgoing wave
excited by an upgoing or a downgoing mean field and each wave type
can be ordinary or extraordinary. Therefore, there are 16 possibilities
for the total scattered field and thus its correlation consists of 256
terms. Furthermore, all multiple interactions between the waves and
‘the boundaries are accounted for and all correlations of waves with
same and different propagation directions are included. For instances,
Fig. 1.3.5a represents a correlation of waves multiply interacting with
the boundaries and propagating in the same directions and Fig. 1.3.5b
illustrates a correlation of waves propagating in opposite directions.

In this section, the random medium model is formulated and the
polarimetric backscattering coefficients are obtained under the dis-
torted Born approximation with the strong permittivity fluctuation
theory. In the next section, the model is applied to study the polari-
metric backscattering properties from layer random media. Considera-
tion is also given to the polarization signatures of the media and their
relations to the corresponding covariance matrices are explained.
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1.4 Results and Discussion
a. Two-layer Configuration

For geophysical media with a two-layer configuration, the three-
layer model is applied with the top scattering layer removed by set-
ting its thickness and variances to zero. The reduced model is used
to investigate the polarimetric backscattering directly from an uncov-
ered anisotropic random medium such as sea ice. Consider an elec-
tromagnetic wave of 9 GHz incident on a random medium composed
of an ice background with permittivity €3 = (3.15 + i0.002)¢p and
a 3.0%-volume fraction of vertically oriented (¢ = 0) brine inclu-
sions with permittivity e;, = (38 + i41)ep and correlation length
L = 0.5 mm and {3, = 1.5 mm for which the strong fluctua-
tion theory (SFT) gives the variances of 8y, = 1.48, 8 = 14.9,
and o = 4.57 — 11.08 and the uniaxial effective permittivity tensor
with € = (3.37 + i0.034)¢p and ez,» = (3.85 + 10.374)€¢p as shown
in Fig. 1.4.1. The thickness of the random medium is 1.7 m and the
permittivity of the underlying sea water is €3 = (45.0 + #40.0)¢p. To
point out the anisotropy effect on the polarimetric backscattering, a
comparison is made with an isotropic random medium with the same
parameters except {p, = f3; = 0.5 mm for which the SFT yields
S2p0 = 02y = 820 = 2.53 and ez, = €2, = (3.43 + 10.047)€g. For both
the untilted anisotropic and the isotropic random media, cross term
Ohus Ohhhy s 80d Ohyyy are zero under the first-order distorted Born
approximation rendering the covariance matrix of the form

- o 0 Ohhew . 1 0 oY
C= 0 o0 o oo C=e¢| 0 0 0 (109)
Thhwe 0 T PPVA0

Conventional backscattering coefficient ox;, and o,, are plotted
as a function of incident angle in Fig. 1.4.2 for the two-layer untilted
anisotropic (a) and the isotropic (b) cases. As observed from Fig. 1.4.2,
Oy Crosses over gy for the anisotropic case whereas, for the isotropic
case, o,, is higher than o5, over the range of incident angles un-
der consideration. The distinction of the conventional backscattering
coefficients, o,, and o, associated with the two different random
media is, however, not as obvious as that of the polarimetric correlation
coefficient p as indicated in Fig. 1.4.3 where the untilted anisotropic
random medium manifests its characteristics in p with magnitude and
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Figure 1.4.1 Parameters for the two-layer configuration.
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Figure 1.4.2 Conventional backscattering coeflicients: (a) untilted aniso-
tropic random medium, (b) isotropic random medium.

phase inversely related to the incident angle while the isotropic ran-
dom medium p simply has the value of approximately 1.0 over the
range of incident angles. These results can be explained based on the
physical characteristics of the random media. In the anisotropic ran-
dom medium, the effective complex wave vectors of the ordinary and
the extraordinary waves are different; therefore, the h-polarized wave
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corresponding to the ordinary wave and the v-polarized wave corre-
sponding to the extraordinary wave have different propagation veloc-
ities and attenuation rates which result in the separation of the scat-
tering centers of the two wave types. At normal incident angle, there is
no distinction between the h and the v waves for the untilted random
medium, the two waves are correlated, and thus the correlation coeffi-
cient p has the value of unity. As the incident angle is increased, the
two waves become increasingly distinctive and less correlated; thus, the
correlation coefficient takes on a complex value with decreased mag-
nitude and phase. For the isotropic random medium, the distinction
between the h and the v waves is only due to the boundary effect
and the good correlation of two wave types leads to the correlation
coefficient of value close to unity.

To illustrate the effect of the scatterers tilted in a preferred align-
ment direction, consider now the anisotropic random medium as de-
scribed in the previous example but with non-zero tilt angle. For in-
stance, let ¢ = 10°,20° and ¢p; = 0° In this case, the correlation
coefficient p also contains information about the tilting as shown in
Fig. 1.4.3. It is observed that the maximum magnitude of p is at
normal incidence in the untilted case and moves to a larger incident
angle as the tilted angle becomes larger. Also, the phase of p does not
change sign for the case of ¥ = 0° whereas, in the tilted cases, the
phase of p changes sign at the incident angle where the magnitude
of p is maximum. Furthermore, it should be noted that the tilting re-
sults in non-zero cross terms and the corresponding covariance matrix
become fully populated. As shown in this subsection, the covariance
matrix describes the fully polarimetric scattering property of the re-
motely sensed media and thus can be used for the identification and
the classification of terrain types.

b. Three-layer Configuration

To identify the effect of the covering top layer on the backscatter-
ing from the lower layer, the components of covariance matrices are
compared between a two-layer configuration such as the bare sea ice
in section 1.4a and a three-layer configuration such as the sea ice with
snow cover. In Fig. 1.4.4, the covering dry-snow layer is a low-loss
isotropic random medium of thickness dy = 0.1 m composed of an air
background with permittivity €5 = ¢ and a 20%-volume fraction of
ice particles with permittivity €, = (3.15 + 20.002)¢p and correlation
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Figure 1.4.8 Correlation coeflicients p: (a) magnitude, (b) phase. Dash-
dot curves are for the isotropic, continuous for the untilted, short-dash
for the 10°%tilted, and long-dash for the 20°tilted random media.
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Figure 1.4.4 Parameters for the three-layer configuration.

length ¢; = 0.3 mm for which the SFT gives the variance of §; = 0.39
and the isotropic effective permittivity of €1 = (1.29 + #0.0003)eo;
the middle and the underlying regions are, respectively, the sea ice
with vertical brine inclusion over the sea water with the same physical
parameters as in the two-layer configuration.

Displayed in Fig. 1.4.5 are the plots of o, and o,, as a function
of incident angle for the two-layer and the three-layer configurations.
The comparison shows that both o, and o,, are enhanced due to
the effect of the dry-snow cover whose ice particles introduce more
backscattering. Moreover, the boundary effect is recognized in form
of the oscillations on o3, and o,,. The oscillations can also be seen
clearly on the phase of the correlation coefficient p in Fig. 1.4.6b. As
compared to the two-layer case, the absolute value of the phase of p
for the three layer is smaller over the range of incident angle. Physi-
cally, this is due to the isotropic covering layer, which characteristically
exhibits its isotropy in p with a small phase, partially masks the scat-
tering effect of the lower anisotropic random medium. The magnitude
of p, however, exhibits very weak oscillations while clearly retaining
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Figure 1.4.5 Conventional backscattering coefficients for the two-layer
and three-layer configurations.

the almost same characteristics as observed directly from the two-layer
configuration as seen in Fig. 1.4.6b. Thus, the correlation coefficient p
can carry information from both the covering low-loss isotropic layer
and the lower tilted anisotropic layer in a rather distinctive manner. If
the top layer is more lossy, both o3, and o, can be diminished and
the boundary-effect oscillations can be depressed. As illustrated, the
three-layer model can account for the effect of the top scattering layer
covering a geophysical medium whose characteristics can be recognized
from the polarimetric covariance matrix.

¢. Polarization Signatures

For given polarizations of the transmitter and the receiver, (11)
can be used to synthesize the scattering coefficient which is similar
to the polarization signature defined in [22]. When orientation angle
a; = a, = a, and B; = B, = B., the copolarized signature can
be displayed with a three-dimensional plot with the vertical axis for
the normalized signature and the horizontal plane for a, and (.. In
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Figure 1.4.6 Correlation coeficients p: (a) magnitude, (b) phase. Contin-
uous curves are for the two-layer and dash curves are for the three-layer

configurations.
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Figure 1.4.7 Copolarized signature normalized to o) for the two-layer
configuration at 6y; = 40°.

this subsection, the copolarized signature is shown for the bare sea
ice and compared with that of the snow-covered sea ice. The forms
of the displayed signatures and their relations to the corresponding
covariance matrices will be explained.

Consider the 9-GHz wave incident at fp; = 40° on the sea ice with
vertical brine inclusions. The corresponding covariance matrix is

_ 1 0 (0.83 L-29.5°),/7
C=112x10"° 0 0 0 (110)
(0.83 £429.5°),/7 © v = 0.915
The copolarized signature is shown in Fig. 1.4.7 where the variation is

seen in both a. and B.. To illustrate the variation in ., the copo-
larized signature normalized to opp for linear polarization is plotted
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Figure 1.4.8 Linearly copolarized signature normalized to oy for the
two-layer configuration at 6o; = 40°.

in Fig. 1.4.8 where the normalized signature at a = 90° has the value
of 0.915 which is the ratio 4 = 0y, /0n, in covariance matrix (110)
and the undulation also depends on the correlation coefficient p. For
the variation in J., the signature at a fixed value of a. increases to a
maximum and then decreases. The variation over the polarization plane
(e Bc) makes the signature look like being distorted. To describe this
distortion, a “signature distortion track” is defined as the plot of 8.
at which the signature is maximum as a function of ., such that
do(ac,B.)/8B. = 0. This plot tracks the locations of the local maxima
of the copolarized signature over the polarization plane. The result of
the signature distortion track for the bare sea ice is shown in Fig. 1.4.9
which indicates that a maximum copolarized scattering coefficient can
be obtained with an h (a. = 0°,180°) or v (a, = 90°) polariza-
tion and with an elliptical polarization for other orientation angles. To
explain the cause of the distortion, the phase of p in the covariance
matrix (110) is artificially set to zero which consequently gives the sig-
nature in Fig. 1.4.10a where the distortion disappears as seen in Fig.
1.4.10b. Thus, the distortion is due to the non-zero phase of p which
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Figure 1.4.9 Signature distortion track of the two-layer configuration.

can come from the anisotropy of the random medium as discussed in
subsection 1.4a. Furthermore, the distortion track is symmetric about
the v polarization (a = 90°,8 = 0°) due to the azimuthal symmetry
of the untilted anisotropic random medium. Consider an azimuthally
symmetric random medium whose polarimetric backscattering proper-
ties are characterized with a covariance matrix of the form [45]

_ 10 p/7
6:0},}‘ 0 e 0 (111)
PV 0y

which is more general than (109). In this case, the distortion track
equation is

80 /08, = o sin 28, [(7 —1)cos2a, — (y + 1 — 4e) cos? 2a, cos 23,

~ 2./7Rep cos 26.(1 +sin® 20.)] +20nn+/7Imp sin 2a, cos 4. =0 (112)
from which the properties of the signature distortion track can be de-

duced. If Im(p) = 0, (112) has solution S, = 0 for any given ori-
entation angle a. and the track is just the straight line at 8. of
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Figure 1.4.10 For the covariance matrix {110) with the phase of p set to
zero: (a) Copolarized signature normalized to oy, (b) Signature distor-
tion track.
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. gero value signifying the disappearance of the distortion. Also, the
invariance of (112) under the change of a. and B, respectively to
(180° - a.) and —f, implies the symmetry about the v polarization
(e = 90% B = 0°). When e = 0 as in (109}, these properties of the
distortion track still remain.

The pedestal is also observed in Fig. 1.4.6. To explain the existence
of the pedestal, the pedestal height is calculated from (11) by setting
B. = +45° (circular polarizations) for the case of (111)

o(fe = £45°) om = e+ [(7 + 1)~ 2/7Rep]  (113)

Obviously from (113), the pedestal height is composed of two terms:
the first term e can come from the depolarization due to multiple
scattering [45] and the second term can come from the anisotropy of the
random medium. For the untilted anisotropic random medium under
consideration, the pedestal height is therefore non-zero even thought
the cross term e is not accounted for. In this case, the pedestal is due
to the anisotropy and the boundary effects.

For the snow covered sea ice with the three-layer configuration in
Fig. 1.4.4, the covariance matrix at the incident angle of 0p; = 40° is

_ 1 0 (0.84 £-13.2°),/7
C=134x10"2 0 0 0 (114)
(0.84 £+13.2°),/7 0 v =0.85

The corresponding copolarized signature and the signature distortion
track are displayed in Fig. 1.4.11. Compared to the two-layer case, the
three-layer signature is less distorted and the pedestal height is lower.
This is due to the masking effect of the isotropic covering layer which
renders the anisotropic characteristics of the lower scattering layer less
Pronounced.

The polarization signatures of the two-layer and the three-layer
random medium configurations have been shown in this subsection.
The forms of the copolarized signatures and the pedestal heights are
explained with the components of the covariance matrices from which
the polarimetric scattering properties are readily recognized.
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1.5 Summary

In this chapter, the fully polarimetric backscattering coefficients
have been obtained with the layer random medium model. The top
layer is modelled as an isotropic random medium, the middle layer as
an anisotropic random medium, and the underlying layer as a homoge-
neous medium. The strong fluctuation theory is used to calculated the
effective permittivities of the scattering layers and the distorted Born
approximation is applied to derive the scattered fields. The dyadic
Green’s functions are used in the calculations and the backscatter-
ing processes are explained. The model can be applied to the remote
sensing of both bare and covered geophysical media as illustrated for
the case of bare and snow covered sea ice. The physical information
conveyed in the elements of the covariance matrices are discussed espe-
cially for the correlation coefficient p. The copolarization signatures
for the layer random media are obtained with the Mueller matrices
and explained with the scattering coefficients contained in the covari-
ance matrices. Since the fully polarimetric scattering coefficients con-
vey more information about the remotely sensed media as compared
to the conventional scattering coefficients, the polarimetry provides a
better means for the identification and classification of the geophysical
media.

Appendix A: Transmission and Reflection Coeflicients

The transmission and reflection coefficients are obtained by match-
ing the boundary conditions at the interfaces where the tangential
components of the electric and magnetic fields are continuous. The
boundary conditions for the zeroth-order mean fields can be written
explicitly as

3 x (Fo(F)) = £ x (F1(F)) _
Zx VX (F’:(F)) = £ x V x (F1(7)) } atz=0 (A-1a)

2 X (Fy(7)) = 2 x (Fa(7))

2 x V x (F1(F)) = 2 x V x (Fa(7)) } at 2= —d; (A.1b)

2 x (Fa(F)) = 2 x (Fa(F)) |

2 x V x (F3(F)) = 2 x V x (F3(F)) } at z = —d; (A-1c)

The boundary conditions are satisfied by coefficients composed of
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half-space Fresnel coefficients and phase factors as expressed in (85).
The phase factors in the exponents account for the wave propagation
to the boundaries. The Fresnel reflection and transmission coefficients
have been derived as shown in [36]. For the coordinate systems defined
in this chapter, the Fresnel coefficients are given as follows:

At boundary z =0 between the isotropic media of region 0 and region1

k z k z
Roipn = —Rionh = ﬁ (A.2a)
_ _ kZko, — K3k,
Ro1ov = —Riovw = K2k, + K2Fs, (A.2b)
2ko, 2klz
To1hh = = A2
Ll sy S R Ll ey v (A-2¢)
_ 2’60’61 ko, _ 2k1k0klz -
Toww = e, + B, T T Ry, + B (20
At boundaryz=-d,; between isotropic region 1 and anisotropic region 2
k2k.T; .
Rizhn = -1+ —Lk—-v:z—he siny
Tuh‘ (kz cos Y + kyk3, sinyp) (A.3a)
klkzkz Ti2ho .
Righy = ——2-""35in
12h WP ¥
k1Ti2he (.2
S (k2ksd cos  — kykg sin ) (A.3b)
k2k.Ti2ve .
Rizon = _2;0.:2 = siny
T“"" (lc2 cosyp + kyk3, sin ) (A.3¢)
_ klkzkngIZ:m .
Ryizeo =1+ B k1. Ga siny
k1T120e (,2
t ot (k ked cos ¢ — k, kS sm¢) (A.3d)
R2100 = Gabe(k3, — k1) (A.3e)

GuDd(kg, + klz)



58

1. Polarimetric Remote Sensing

2k k3, U,
Raroe = =525 (k1 — k5,
ue
+ (kysintg — ky,cos¢)siny (A.3f)
k2k.G,
Raieo = sz-"%_d ("5‘: - k;‘,‘) (Frz — k3,)
+ (kysiny + ky, cos ) sin ¢ (A.3g)
; Ual,
Rnee = — 50 (A.3h)
usie
_ _ 2k.G4 2 (12 2) ed
Tiahe = {5 1 R, [k,, (kzku - klkz,) cos
+ by (kTR ~ k31 R52) sin ] (A.3i)
2k k1. U, .
Tishe = —5— (K} + ku:k3,) siny (A.3)
pt/e
2y 2k ok, Gk, — k59)
T - 2vaNViz z 2z
12v0 k, D, (ks + £2) siny (A.3k)
2k U
Tizee = 2 p° < (Kpk1s cos + kyki.h3, sin ) (A.31)
kzk Rzl . .
Taron = .._ZU_:: siny + k,, a. (k2 cosyp — kyk3, siny)
R2100
+ T " (k’ 08 + kyk3, sin ) (A.3m)
k]k k Rn . klk k2
T - 2z 00 _ T2z e
210v % k:,Ca siny W siny
_ EiRato (k kg2sing — k2k5? cos ) (A.3n)
kpkled yN2z .
k’k k2k.R
T. - NaPell2lee 2lee .
R
+3 21” (kz cos P + kyk3, sin ) (A.30)
T21ev o klkzkzszleo N

k k1,Gq sing
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ky u
A (kyks2 sin — k3k52 cos )
kanee 2
- WA ( Ssiny — k3 k52 cos ¢) (A.3p)

At boundaryz=-d,between anisotropic region 2 and isotropic region 3

Rases = GuG (K3, — k3;)
G4F. (kgz + k3;)
2k ko U,
TG.F. = (k3 — kaz)
+ (kysiny + ks, cos ) sin ¢ (A.4b)
‘ - kgszﬂ ed eu o
R23e0 = “UaF. (kz; - 2:) (k3. — k3z)
+ (kysiny — ks, cost)siny (Adc)
_ Uqu
Razee = — UsF.

k2k.Ra30e . 1 0
Tas0n = —3761(7“—— siny + %.Ga (k2 cos ¢ + kyk3, sinp)

(A.da)

Ra30e =

(A.4d)

st‘” (Ic2 cos tp — kyk3, sin ) (A.de)

_ kskakzzRZ&m . 3 zkzz
Togon = ko ks,G iny — ——=%siny

kok3.Ga
k3R33.e

+ [ Aty
kpk3;Uu

(kyk32 sinep — k2kS cos ) (A.4f)

k2k.Ra3e. k2k,
T23en = ——"'—f—(—]}—&—smd:-}- kU siny

R23eo 2 . '
kG,,. (k2 cos ¢ — kyk3, sin¢)) (A.4g)

- kakzkzzRZ&o "
Tosew = =33 G, Y

k3sRasee

t % ke U,

(Reyk32 sin p — k2kS% cos )
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k3

Tl (Ryk3? sin g — k2kS2 cos ¥) (A.4h)
ph3z

+

In the above expressions, the following definitions have been used

Ga= \/ k2 + (ky cos ¥ + kg, siny)? (A.5a)
G, = \/k,’, + (ky cos ¢ — k3, sin¢)? (A.5b)
%
Ud = {,.___e_eﬁl‘_’.'_____ (kz + kedz kg) [kz + kedz _ k2 (1 + Gdfzzl)] }
€eff2o' — €eff2s' €eff2p'
A.5c
: o
Us = {______i{?_p_‘_ k2 + kﬁ;z_ k2 [kZ + ke:Z — k2 (1 + €eff2z )]}
€cff2p' — €eff2s! (kp + k2 2) [ + 43 2 Ectfap

(A.5d)

D, = k2 (k3ky. - k2ksE) cos?
(13 (kae = sd) (82 + Ruoks,) + K35, (k3 — ) sin® g

+ ey (brs + k5,) (K3, = B52) (2 + kackS,) cosgsing (A.Se)
E. = k2 (k3k1, — k2k5E) cos? ¢

+ [ (as = R52) (B2 = kackgy) - k2k3, (2 — k2)] sin? 9

— by (kys — 3,) (RS, + B52) (2 — kuok3,) cosysing  (A.5f)
I, = k) (k3ky, — k3k5Y) cos? 4

+ [kg (klz - k;: (k: + k1. gz) + kzkgz (k; - kf)] Sinz ¢

+ ky (k1 + k3,) (K3, — k5%) (k2 + k1.k3,) cos ¢ sinp (A.5g)
F. = k2 (K2ks, + k2kSY) cos® 9 \

+ [k2 (ko + k52) (k2 + ksckS,) + k2KS, (k2 — K2)] sin? ¢

— ky (k3. + k3,) (K3, + k52) (K2 + k3.k3,) cos ¢ siny (A.5h)

Ge = k2 (k3ks, + k3k52) cos? ¢

-+
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+ [k (ksz + k5y) (R — kaaks,) — kGkS, (K — k3)] sin’ ¢
+ ky (k3. — k3,) (K3, — k5¥) (k2 — k3k3,) cos ¢ sine (A.51)

H. = k2 (K3ks, + K3k52) cos” 9
[ (koo + B52) (K2 + kauks,) + k2KS, (k3 — k3)) sin?
~ by (kse + k3,) (3, + k52) (k2 + kasks,) cospsing  (A.5)

Appendix B: Coefficient ‘Ilm,

The coefficients are derived from (88a) for the DGF, (91a) for
the mean field, and (102) for their components which are combined
to form ¥$% in the manner determined by the first term in (101)
and the definition in (104). All the exponential functions have been

incorporated into Z¢>4 and 'I"{z, are thus composed of D’s, U’s,

h's, and ¥’s. For backscattering, D’s and U’s are evaluated at k,;
and h’s and ’s can be expressed in terms of incident polar angle 6y;
and incident azimuthal angle ¢o; as

sin @o; | 1 [k, cos do; |

h(ky,) = | —cosgoi | , D(kY,) = o | Fuesingo (B.1a)
0 i 1 ko sin 00,‘ |
sin @o; | 1 [ —k;; cos ¢o; |

, h(k )= | —cosdoi | , v(klz = —ky; sin @o; (B.1b)
| 0 ] 1 | ko sin fo; i
[ — sin @o; | 1 [ —k1, cos ¢o; |

h(klu = cosdo; | , U(kYy;) = ™ —ky . sin @g; (B.1c)
| 0 1]l kosinfo; |
-—Sind’oi- 1 [ klzcosqSo,--

h(klzt = cosdoi | » ‘v(klz‘ = k_ k1. sin ¢o; (B.ld)
L 0 ) 1 | ko sin fg; i

The unit vectors of the polarization bases for the upgoing and
downgoing waves are shown in Fig. 1.B.1 to help ease the derivation and
illustrate the backscattering processes. As seen from the figure, a and
b respectively describe scattered and incident wave types which can be
upgoing or downgoing wave constituting the four processes depicted in
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Ny,

- ab=-1+1 ab=+1-1 ab=+1+1

Figure 1.B.1 Polarization bases for incident (thick lines) and scattered

(thin lines) waves : k = cross or dot circles, # = short arrows, k = long
arrows; black circles are for scatterer.

Fig. 1.3.4. The algebra is straight forward and the results for ¥5%_ can
be written as follows:

For h-polarized return due to h-polarized transmission (hh)

¥ian =~ Dipn(Rkpi) = Dipy (ki) (B.2a)
Uit = — Dina(kpi)Urna(kpi)
-k (kﬁ sin® fp; — k$.) D1no(%pi)Utho(Rpi) (B.2b)
it = = Unn(Rpi) D1nn (o)
— k72 (k2 sin? 0g; — k1,) Urho(Rpi)Dino(Ep)  (B.2c)
Thitt = — Ul (Res) = U (Bi) (B.2d)

For h-polarized return due to v-polarized transmission (hv)

Q1_13:1 - Dlhh(k )Dlvh(k ;) — Dl}w(k )Dlov(km) (B.3a)
Tt = = Diaa(E ) Uron (i)

~ ky? (kg sin? 0o; — ki,) Dino(Fpi)Usvo(R0i) (B.3b)
¥ho = = Ua(Rpi) D1on(kpi)

—~ ky? (k3 sin? Bo; — k2,) Uino(Rpi) D1ow(Bpi)  (B.3¢)
FHH = — Uy (B )Uron(B i) = Unio(Rpi)Uron(E i) (B.3d)
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For v-polarized return due to h-polarized transmission (vh)

741 = Dyon(Rpi) Dinn(Rpi) + D1vo(Epi)Dimo(kp)  (B.da)
T = Dion(Rpi)Usnn(kpi)

+ k72 (k3 sin? Og; — k2,) Divo(Rpi)Usho(Rpi)  (B.4b)
U=t = Uson (ki) Dina(Ri)

+ k% (k3 sin® 6o; — k3,) Uroo(Rpi) Dino(Bsi) (B.4c)
QT,};‘I = Ulﬂh(zpi)glhh(z’-pi) + Ulw(ﬁm‘)Uuw(Epi) (B.4d)

For v-polarized return due to v-polarized transmission (vv)

U0t = DYa(kp) + Dy (ki) (B.5a)
o = Daon(kpi)Uron (ki)

+ ky? (k3 sin® 0; — k2,) D1vu(Rpi)Uron(Rpi)  (B.5D)
U071 = Uron(Bpi) Daon (i)

+ ky? (k sin® 6o; — k,) Utoo (i) D1ve(Epi) (B.5¢)
T = Ulon (ko) + Ufou(Bpi) (B.5d)

lvv

With k2 = k2sin?6o; + k2, and the definitions of W(*1) = U and
W{=1) = D, all of the above expressions for ¥’s can be summarized as

¥, =+ W E)W) (Ryi)

+ k72 (k2 sin® 0o; + abk?,) WO (E)WE(E:)  (B.6)
where the minus signs are for g = h and the plus signs are for p = v.

Appendix C: Coefficients %50 .,

The coefficients are derived from (102), (88b), and (91b) for the
components of the DGF and the mean field which are combined ac-
cording to the second term in (101) and the definition in (105) to form

¥ k- The results for the coefficients can be expressed as follows:

For the h-polarized return due to the h-polarized transmission (hh)

2% = Dano(—Ep)Usno(Fpi)0j (RS2 )or (k3% (c1)
%) = Dano(—Ep) Dano(Fpi)o; (k52 )or (k3% (C.2)
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Ugise = Dano(—kp)Usne(pi)oj (k3 Jer(k5s; (C.3)
U5:5% = Dano( o) Dane(kpi)oj(R5y Jer(k52; (C4)
U27%% = Usho(—Fp)Uzho(Fpi)0j (K52 )on (k3s; (C.5)
@2hh gk = UZhO( P)DZhO(kP“)OJ(k )ok(k2zz (0'6)
‘I’zhh Jk = Uz’w( P)U2h¢(km)o.1(k )ek(kht (07)
U5an%k = Usho(—F,) Dane(Fpi)os (k52 en(k3s; (C.8)

shivgk = —Dane(—k,)Uzho(kpi)e(k53)or(k33:) (C.9)
U5ieds = —Dane(—%5) Dano(kpi )i (k53 )or(k33; (C.10)

Shige = —Dane(—Fp)Uszhe (ko )e; (k57 er(k32; (C.11)
Ushish = —Dane(—F,) Dane(Epi)e; (k52 Jen(k5e: (C.12)
WAk = —Uzhe(—Fp)Uzho(Rpi )5 (K53 ) on(R3%: (C.13)
U5Ar%h = —Uzne(—F5) Dano(Fpi)es (k53 )or(k3s: (C.14)
U5hin = —Uzhe(—Fp)Uzhe (R )ej (K53 )en(k5e; (C.15)
Ushrhh = —Uzne(—F,) Dane(Fpi)es(k53)er(k5s: (C.16)

For the h-polarized return due to the v-polarized transmission (hv)

Zhv,;)k = .Dz}w( P)Uz‘”o(km)o.?(k )ok(kZzt (0'17)

2hv gk = Dz}w( )Dzﬂo(km)o.‘l(k )ok(ki!zt (0'18)
‘I’zhv,gk = D2ho( P)Uzvt(k )OJ(k )ek(kZzt (C'lg)
U5ho% = Dano(—Fp) Dave(Rpi)oj(Rsy Jer(k5; (C.20)
L iy ik = Uzho(— kp)UZW(km)OJ(k 2 )or(kz: (C.21)
‘I’Zhu,;)k - Uz’w( k )Dz‘vo(k )OJ(k )Ok(kzn (0‘22)
\I’zhv,jh = Uzho( P)Uzve(km)oj(k )ek(an (0'23)
U5he%h = Usno(—,) Dave(Epi)oi(k33 )er (ks (C.24)

shogle = —Dane(—k,)Uszvo(Rpi)e; (k57 o (k3; (C.25)

Shogk = —Dane(—k,) Davo(kpi)es (k52 )on(k3%; (C.26)

Doheoish = —Dane(—Fp)Uzoe(kpi)e; (k52 )en(k3z: (C.27)
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;‘l‘t:,:)k = DZM(“Ep)DZvc(zﬂ)ej(k )ek(kzzs (C.28)
'Iz’n,ak = —UZM(-'-k_p)Uzixo(.k-ﬂi)ej(ked)ok(kw (C.29)
‘I’zhf) gk = —Uzh(-zﬁ)pzvo(gﬁ)ei(k )ak(kzzz (0'30)
‘I'Zhv,;pk = —UZM(“Ep)UZvc(Em')ej(k )eh(kzzt (0'31)
W3ded, = —Uzne(~Fo)Dave(Roi)es(k53)er(kss; (C.32)

For the v-polarized return due to the h-polarized transmission (vh)

‘I’g:l::k= —Davo(— p)UZhO(kpt)":(k 2 )0k (k255 (C.33)
et = —Davo(—k,p) Dano(kpi)oi(k5y ¥ )or(k5%: (C.34)
'I'zuh.gk—' —D3v0(— p)Uibe(km)‘”:(k 2 Jer(kaz; (C.35)

‘z’L‘;fﬁ-;. = —Dz9o(—kp)Dane(kpi)oi(k3; )ek(kzza (C.36)
U307k = —Usoo( ko) Uano(k,i)0; (k52 )0k(k32:) (C.37)
‘I’zvhgh = —Usvo(— kP)DZho(km)":(kzz)ok(k (C.38)
T3orth = ~Uzoo(—F)Uzne(Rpi)05 (k32 er(k5s; (C.39)
P355%k = —Uzoo(—Fo) Dane(kpi)o; (k53 )en(k5e: (C.40)
'I’zvh,yk = Dave(— k,,)Uz;,.,(k,,,)e,(k 2 )0k(k2%: (C.41)
'I’m,,k = Dave(— k,)D,h,(k,,.)e,(k *)on(k3%; (C.42)

zoh;k = Dave(—k )UZhe(k )ei (k32 )er (k35 (C.43)
‘I'z»h,gk = Dave(—Fp)Dane(kpi)e;(k3; 2)en(kss: (C.44)
‘I'Z'.’,ﬁf;:. = Unoe(—Fp)Uzho(Epi)e;(52)on(k5%: (C.45)

2vh,,1k = Usue(—F, )Dzho(k Jei(k3 )Ok(kzz; (C.46)
Tsorsh = Uzoe(—F,)Uzhe (i Je;(R52)en(R52; (C47)
‘I'zvh,gk = Uzpe(— ,)Dz;.,(k,,,)e,(kg)ek(k z) (C.48)

For the v-polarized return due to the v-polarized transmission (vv)

‘I'zw._,;. = —Dayo(— kp)Uzoo(km)OJ(k 2 Jor(k3z; (C.49)
‘th,:k = "‘Dzvo( p)Dzw(km)OJ(k )ok(k (0'50)
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Zoogk = —D2vo(~ p)UZve(km)os(kg:)ek(kzzs (C.51)
Ugusd, = —Dago(—Fp) Dave(Fpi)o; (k32 )er(k53; (C.52)
U302 = —Usvo(—Fp)Usuo(%pi)0j(k52) ok (k35:) (C.53)
'I'zm:gk = —Usvo(~— kp)Dzvo(km)OJ(k )ok(khz (C.54)
'I'zw,gk = —Uzvo(~ k,)Uz.,,(kp,)o.,(k zer(k2z: (C.55)
¥5oie = —Uzoo(—kp) Dave(Rpi)os (k53 e (R5E: (C.56)
¥ovoge = Dave(— ko) Uzuo(kpi)e; (K57 )on(k3y; (C.57)
‘I’zwgk = Daye(— kp)DZvO(km)eJ(k )Ok(kzzz (C.58)

2vo.gk = Dave(— Ep)Uzue(kpi)es (k53 e (k5s; (C.59)
‘I’;:vgk = DZve(“kp)Dhe(km')ej(k )e;.(kh, (C.60)
‘I’zw.,;h = Uzve(— 7"-:o)l-72m"(7;;m')'3.1'(""ed)"lc("’g;,‘s (C.61)
"I’ew,;k = Uzve(— kp)Dsz(km)eJ(kg)"k(kzz‘ (C.62)

w;k = Usve(—F0)Usoe(Epi)e;(k52 )er(k5e: (C.63)
‘Igzu.gk = Uze(~ kp)Dzve(k )e,(k§ )ek(kzzz (C.64)

where o; (or o) and 2 (or ey) are the j,k = z,y,z components
of unit vector 6 and é defined in section 1.3c. For backscattering,
k, = —k, and o0;(k$), 0;(k3%), e;(k5:), and e;(k53) are evaluated
for the backscattered waves similarly to the procedure in appendix B.
Appendix D: Integrations of I3*¢ and I35, .

a. Integrations of Tgbed

The integrations over 2; and z{ in (103a) are carried out to give

—_ e’.(ﬁs "Kot)dl 1 —_ e—i(ﬂs "Ned)d!

ﬁz—nab Pz~ Ked

- /—wdﬁ“ilmzﬁ’ ﬁz) : 1

Using (93) and (43b) for the isotropic correlation functions in (D.1)
yields
Iobed = 563772 (AL + By) (D.2)
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where A; and B; are integrals over 3, defined as

L 1-— ei(ﬂs""'al)dl + ei("vcd"nal)dl
A= / SdTT 7 42\2
—0 (BEE+1+ 4kp££1) (B: — Kab)(Bz — Ked

; (03

8 °°d — e-i(ﬂ. ~Ked)dL
L= ) P BB T T T A )8, — ray) (Bs — med)

(D.4)

The integrations over g3, in (D.3) and (D.4) are carried out with the
contour integration method. For A, the imaginary part of 8, has
to be positive for the integral to converge. Thus, .A; can be taken as
the integral along the positively oriented contour composed of the real
B. axis and the infinite semi-circle on the upper half of the complex
B. plane and centered at origin 8, = 0. Note that the integral over
the semi-circle vanishes on account of Jordan’s lemma. The chosen
contour encloses simple poles at f, = x4, k.4 (if the imaginary parts
of the simple poles are positive) and a double pole at 8, = x; =
il“l\.li +4k2,(3. Integral A; is therefore composed of the residue

contribution from the enclosed poles. According to the residue theorem,
the result for A, is

ei(rea—rar)ds
(28 + 1+ 4k2,0)* (Kab — Kea)
+ LI
(k2400 + 1+ 4k%,02)%(Ked — Kab)
idyeilr—ras)ds
- L(r1 — K7)% (K1 — Kap)(K1 — Ked)
1 — ei{mi—ras)ds 4 pi(rca—rai)d

B 8(r1 — £F)2 (K1 — Kap) (K1 — Ked)

1
[ 2 %+ + ! ]} (D.5)
Ky~ K]  K1—Kgp Ki—Ked

For B;, the same contour integration method is used except that the
infinite semi-circle is in the lower half of the complex B, plane for
convergence of the integral. The integration contour is now negatively
oriented along the real 8, axis and the lower semi-circle enclosing
simple poles at 8. = Kgp,Kcq (if the imaginary parts of the simple

A =27 { (if Imkgp > 0)

(if Imkcq > 0)
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poles are negative) and a double pole at 8, = &} = —il™1, /14 4k2,£3.
The result for B; is

et(med—ras)ds
(k2,83 + 1 + 4Kk3,43)(Kab — Kea)
+ 1
(Icgdff +1+ 4’“:;‘%)2('%6 -
idle—i(sf-—nd)dl
* E(xF — k1)2(RF — Kab)(KT — Ked)
e—i(rf —rea)ds

T B(RT = k1) (K] — Kab)(KT — Ked)
2 1 ’ 1 :
[NT—~1+Nf—nab+ni"—ncaH - (D)

Substituting (D.6) and (D.5) in (D.4) yields Z¢%4 which is rearranged
to obtained the result in (105) for the isotropic random medium.

B, = 2«:’{ (if ImKgp < 0)

if Im, <0
"'ab) ( fred )

b. Integrations. of I im

The integrations over éz and zJ in (103a) are carried out to give
©
zj;l'm:/ dﬁtéz,jk‘m(zkﬁ,ﬂz)
—00

e"(ﬁs —rpe)dr _ ei(f’s ~Kpg )da e""(ﬁs ~kea)d1 _ e-"(ﬁ: —Res )da

ﬁz_"-pq Bz — Kes

(D.7)

Using (99), (98), and (58b) for the anisotropic correlation functions in
(D.7) yields

Zg;;;m = 625“”“%;9“22’7"_2(042 + 82) (D.S)
where integral A, and B, are defined as

ei(Rre—rpg)ds _ oi(Kesdi—rypeds)oi(da—d1)B, + et(Rra—rpq )d’{
D2(27¢-piaﬂz)(ﬁz - "pq)(ﬂz — Krs) )
__ei(nrn da —Kpe dy )e"’i(dﬁ -d )ﬁt

By = ” 2 -
2 /—oodﬁ Dz(zkphﬁz)(ﬂz - "m)(ﬂt - 'cﬂ)

Az =/ dﬁz D.g)

(D.10)
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In (D.9) and (D.10), D(2k;, B,) is a quadratic expression in 3, given
by

D(2F,i,B:) = L3 + 2k,i(£3, — B,) sin(29)B,
+ [1 + 4k, + 4k2(€2, cos? ¢ + L3, sin® ¢)] (D.11)

with £} = €2, sin® 4 + £3,, cos? ¢. The integrations over 8, in (D.9)
and (D.10) are carried out with the contour integration method as in
the last section of this appendix. In consideration of the convergence,
the contour for A is taken to be positively oriented along the real 3,
axis and the upper infinite semi-circle and that for B, is negatively ori-
ented along the real 3, axis and the lower infinite semi-circle. Integral

2 j,’;{m is thus composed of the contribution from the residues of two
simple poles at B, = Kpq,&,, and two double poles corresponding to
the two zeros of quadratic equation D(2k,;, ;) =0 at B, = k3,5 for

Ky = L3?2 [_k,,,-(lgz, —£3,)sin(2¢) + i\/(l +4k205, ) L3 +4k2.05 05, ] .
The residue theorem then gives the result in (107) for the anisotropic

random medium. Note that the anisotropic result approaches the iso-
tropic result in the limits of {3,» — {3, and d; — 0.
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