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4.1 Introduction

Polarimetric terrain backscatter data observed with satellite and

airborne synthetic aperture radars (SAR) have demonstrated potential
applications in geologic mapping and terrain cover classification [1-8].
In previous publications on this subject, Gaussian statistics have been
frequently assumed for the radar return signals to build the Bayes ter-
rain classifier [1-3]. However, abundant experimental evidence shows
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238 4. Terrain Radar Clutter

that terrain radar clutter is non-Gaussian, i.e., non-Rayleigh in ampli-
tude distribution [9-12].

Among many non-Gaussian statistics, the K-distribution has
proven to be useful in characterizing the amplitude distribution of
electromagnetic echoes from various objects [10-18], including diverse
ground surfaces [10], sea surface [11] and wave propagation through at-
mospheric turbulence [14,15,18]. To derive the K-distribution, a two-
dimensional isotropic random walk model with a negative-binomial-
distributed number of steps has been used {13] and extended to n-
dimension space [14,17]. Furthermore, in the case of the weak scatter-
ing regime, the assumption of a nonuniform phase distribution for each
vector step [15], or, alternatively, the assumption of a directional bias
[17], has been shown to lead to a generalized K-distribution. Unfortu-
nately, this approach is not directly applicable to polarimetric scatter-
ing data because of the correlation among polarizations and different
variances of each polarization [19,20]. This difficulty may be circum-
vented by including properly the covariances of the polarizations in the
multivariate K-distribution [21].

By assuming a product model where the received polarimetric
returns are the product of a complex Gaussian random vector and
a Gamma-distributed scaling factor, a K-distribution with two pa-
rameters, v and &, was derived in [22]. In this chapter, another ap-
proach, a clustered terrain scatterer model [10], is used to derive the K-
distribution with one parameter, a. By setting v = a and 7= 1/«,
the result of [22] can be transformed into (11) in this chapter. After
experimental data are analyzed, it is found that one parameter a is
sufficient to characterize polarimetric terrain clutter [21].

In section 4.2, the n-dimensional anisotropic random walk model
is used to generalize the approach of [13] to derive the zero-mean mul-
tivariate K-distribution for polarimetric data. Anisotropy refers to the
fact that the polarimetric covariance matrix is not proportional to an
identity matrix. The polarimetric amplitude data are normalized by the
square root of the illuminated area so that the measured covariances
of the polarimetric data are in terms of scattering cross section per
unit area. The polarimetric covariance matrix is shown to be directly
related to that of a single scatterer. The result is then generalized to
the nonzero-mean multivariate K-distribution. There are two ways to
introduce nonzero mean into the K-distribution. The directional bias
random walk model will lead to a generalized K-distribution [17], and
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the homodyned approach will result in a homodyned K-distribution
[13,17]. We will apply both approaches in deriving the nonzero mean
K-distribution and discuss the corresponding scattering processes. In
order to apply the K-distribution to the normalized polarimetric clas-
sifier problem [2,3], the probability density function (PDF) of the nor-
malized K-distributed vector is derived and discussed in section 4.3. In
section 4.4, four sets of experimental data, obtained from MIT Lincoln
Laboratory, the Jet Propulsion Laboratory (JPL), and the German
Aerospace Research Establishment (DLR) of the Federal Republic of
Germany, are compared with the K-distribution to lend support to the
above model.

4.2 Multivariate K-distribution and Anisotropic Ran-
dom Walk Model

It will be shown in this section that the polarimetric scattering
data, HH, HV, VH, and VV, will be multivariately K-distributed if
the number of scatterers within the region illuminated by the electro-
magnetic wave has a negative binomial distribution. The zero-mean
K-distribution will be derived first. Subsequently, the nonzero-mean
case will be addressed.

a. Zero-mean Multivariate K-distribution

By assuming that there are randomly distributed scatterers of a
single type inside the illuminated region and neglecting the multiple
scattering between scatterers, the received polarimetric data X,.. can
be written as the sum of the polarimetric data from each of N scat-
terers. Since the polarimetric return from the terrain cover is generally
zero mean [19,20], the received signal can be modeled as an N -step
n-dimensional random walk with the resultant displacement given by

-Xurec = ZYJ (1)

where X; is the scattered polarimetric data from the j** scatterer and
all X; are independent identically distributed n-dimensional random
vectors with zero mean, i.e., E(f,) = 0. The dimension of X,.. is
taken to be eight, considering the I (in phase) and Q (quadrature phase)
components of HH, HV, VH, and VV separately. For the polarimetric
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backscattering from a reciprocal medium, where HV equals to VH, the
dimension of X,.. is six.

For the case of terrain and sea returns, the cross section is nor-
malized with respect to the area A illuminated by the radar. Thus the
polarimetric data are given as

- 1 e
X=—> X, 2)

Because all X; are assumed to be independent, the characteristic func-
tion of X, given the number of steps N, is

B (F) = (:/f_.z)" (3)

where ¢(k) is the characteristic function of X,
#(F) = [ T P(X;)dX; ()
Now let N be a negative binomial random variable such that its prob-

ability function, specified by the average number of steps N, and a
parameter a, is

N+ta-1 (Nc/a)N '
P(N) = ( N ) (1+ Na/a)N"’“ (5)

where N, can be interpreted as the average number of scatterers ob-
served within the illuminated region. Note that the negative binomial
distribution is the steady state solution of the birth-death-immigration
random process [10,13].

Then averaging (3) over N, we have the unconditioned charac-
teristic function of X,

&, (F) = {1 $e {1 " (;/E—Z)} }W (6)

As the illuminated area A approaches infinity, the characteristic func-
tion can be approximated by the Taylor series to second order

¢(%) =1- LF.T, % (M
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where - —

C. = E(X;X}) (8)
represents the polarimetric scattering characteristics of each single
scatterer. In general, C,, which contains information regarding the
geometry and the constituents of each single scatterer, is a function
of the probing radar frequency and look angle and can be determined
analytically by electromagnetic wave theory or by experimental mea-
surement. For example, C, for leaves of vegetation will be influenced
by the distribution of the shape, tilt angle, and permittivity of the
leaves.

Substituting (7) into (6), we then have

— 1 =T = = e
&N, (k) = [1+§;k -C-k] (9)
where —
= NQC‘
C = i (10)

is the fully polarimetric covariance matrix [20,21] measured by the
radar system.

The characteristic function (9) is the generalization of the n-
dimensional isotropic random walk model [14,17]; however, the cor-
relations between different polarizations are now included and can be
attributed to the fundamental scattering properties, C,, of a single
scatterer. The corresponding limiting distribution of X is obtained by
the inverse Fourier transform in appendix A and becomes the multi-
variate K-distribution,

P(E) =L Q)X T Xyeloet
(2,,)n/2|a1/2 2°-1T(a) (11)

X Koj3-a [Jz—a(f” ol .5{')1/2]

The multivariate K-distribution reduces to that of an isotropic model
(14,17], when the covariance matrix is a diagonal matrix with equal
variances. As the parameter a goes to infinity, (9) and (11) approach
the characteristic function and probability density function, respec-
tively, of the Gaussian distribution. An alternative derivation of the
multivariate K-distribution is given in appendix B.
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If the I and Q components of the returns at each polarization
are of equal variance and uncorrelated, the amplitude distribution for
the return at each polarization reduces to that of the two-dimensional
isotropic random walk case [10,13] and is given as

4al/2+a/2
p(z) = iﬂ'&)—%a w-1(201/?z) (12)

where the variable z is
|HH| |[HV]| [vv|
z = , OF , Or .
V<IHHP> — J<[HVPE>  J/<|VV]>

The normalized intensity moments of HH, HV , and VV are
defined as follows,

(13)

(m) _ < |HH*™ >

Iaw = (gapsn (14a)
(m) _ < |HV]*™ >
1Y = T avps- (14b)
2m
I‘(;,.) _<|vy|Pm > (14¢)

Vo <vvpsm

where the superscript m denotes the order of normalized intensity
moments. The normalized intensity moments of the K-distributed zero-
mean feature vector are given as [13]

m!T'(m+ a)

I(m) = amr(a) (15)

which can be obtained by using (C1) in appendix C.
In particular, the second-order normalized intensity moment is

given as
I? =2 (1 + ;1;) (16)

For a zero-mean Gaussian random vector, o is infinity and I(®) equals
2. Equation (16) will be used in section 4.4 to estimate the parameter
a which best matches experimental data sets.
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b. Nonzero-mean Multivariate K-distribution

In order to model the radar return from a target in the presence
of K-distributed clutter or the wave propagation through atmospheric
turbulence (radio-link communications) [15,18], the nonzero-mean case
is considered next. There are two ways to model the nonzero mean
case. The first is the homodyned approach [13] where the received un-
normalized field is viewed as two terms superimposed, the mean field
B, and the fluctuation field X/,

Xrec + X (17a)

i
Ry

f -X_j (17%)

I
M=

1

.
1l

The mean field 7i, can be interpreted in the following ways. For radio-
link communications, fi, is the transmitted radio signal which prop-
agates from transmitter to receiver through the background medium
without the imbedded scatterers. For the radar return from a target in
the presence of clutter, 7i, corresponds to the response of the target.
The fluctuation field X; with zero mean is the scattered field due
to the randomly distributed scatterers within the illuminated region.
Normalizing the received power by the illuminated area A yields X

— 1

X = B+ ﬁXf (18(1)
1

B= ﬁﬁt (18b)

which is the direct generalization of (2). As the illuminated area A
approaches infinity, the limiting distribution of X for the homodyned
model is given by

_ =1 af2-nf4
, Capren[@ gt T X -)

P(X) = (2,)n/z|ﬁ|1/z 2¢-1IY(a)

X Ena-e (‘/2_"‘ [(7 —@T-T (X - ﬁ)] 1/2)
(19)
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The other approach extending the K-distribution to the non-
zero-mean case is to generalize the directional bias random walk model
[15,17]. The received field X,.. (1) is again decomposed into the mean
part and fluctuation part

N
Trec = N—X.-p + Z(YJ - -X—#) (20)
j=1
where in this case the X, is the expected value of X;.

Now, we assume that we are able to scale both the mean and
the variances of each step component by A or N,. A similar scaling
assumption was also made in [15,17]. Then, the normalized field will
be given as

v 1, o 1 e =
X = 2(NX)+ —= Y (X; - X,) (21)
y Vi
The first term is the mean part and the second term corresponds to
the fluctuation part of the measurement.

Then, assuming the negative binomial distribution for the number
of scatterers, averaging the characteristic function of X over N, and
letting the illuminated area A approach infinity, we have the charac-
teristic function for X

By, (F) = [1—if—g+§%f.5-¥] ) (22)
where _
p= et (23)
and C is given in (10) with
—C-ﬁc =F [(YJ - fn)(_fi - )—(u)T] (24)

Equation (22) is a generalization of the directional bias random
walk model [17]. The PDF corresponding to &, (k) of (22) is given
by

r =1 =
1 exp (ﬂ .C X (2 a)n/4+a/2ya/2—n{4
(2x)"/2|C/2 (14 %)al4~u}8 2e-1T(a) (25)

1/2
X Kpj2a [\/20: (1 + _gg_) / y1/z]

P(X) =
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where

—_—T =-1 .
y=X'.C X
=1

yp=ﬁT'C ‘B

which can be obtained by making use of the derivation of (11) as shown
in appendix A.

If the mean vector fi is set to zero, both the homodyned K-
distribution (19) and directional biased K-distribution (25) degenerate
to the zero-mean K-distribution (11). However, the physical scatter-
ing processes and scaling procedures assumed in the derivations of the
two nonzero mean K-distributions are entirely different. For the ho-
modyned approach, the mean part 7 represents the received field in
the absence of imbedded scatterers. However, in the directional bias
model, both the mean part and the fluctuating part are due to the
scatterers, and the contribution of each scatterer to the mean part
is completely coherent. The appropriate nonzero mean K-distribution
for a real problem is therefore determined by the scattering process
involved. In this regard Jakeman [17], after studying the expectation
of intensity before averaging over N and scaling, concluded that the
biased random walk did not correctly model the effects generated by
weakly scattering media. The homodyned process, on the other hand,
has been shown to be in excellent agreement with experimental data
when a laser beam is scattered by a turbulent layer of air [13].

4.3 PDF of Normalized Zero-mean K-distributed Vec-
tor

Consider polarimetric measurements at three polarizations: HH,
HV, and VV. In this case, we have a six-dimensional polarimetric fea-
ture vector X

2, Re(HH)
z2 Im(HH)
. T3 Re(HV
XA=1z]= Im((HV; (26)
Ty Re(VV)
ZTg Im(VV)

The polarimetric vector is assumed now to be zero-mean K-distributed,
as given by (11). In the following, the PDF of normalized polarimetric
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data will be derived. The PDF for an n-dimensional feature vector is
given in appendix D.

We choose the Buclidean norm E = /|HH[ + |HV]® + [VV*
as the normalization function and make the following transformation

Re(HH) = E cos ¢sin § cos ¢pp (27a)
Im(HH) = E cos ¢sin @ sin ¢pp (27%)
Re(HV) = Esin ¢sin @ cos dpy (27¢)
Im(HV) = E sin ¢ sin 8 sin ¢y, (27d)
Re(VV) = E cos 0 cos ¢y (27¢)
Im(VV) = E cos 8 sin ¢y, (271)

The Jacobian of the above transformation is
J = E® cos ¢ sin cosd sin®@ (28)
Therefore, the joint PDF of E, 8, ¢, ¢nrn, Pruy, and @y, is
P(E,0,$, rhy Phos Puv) = E® cos ¢ sin ¢ cos 8 sin® § P(X) (29)

The PDF of normalized data is the marginal PDF of 0, ¢, ¢rn, Phos
and ¢yy. It can be written as

P(8$ ¢’¢hh’¢hm¢w) = /ooo P(Ea0’¢,¢hh’¢hm¢w)dE

=T =1 -3
__ cos psincosfsin® g (X .C »X)
- =(1/2
=[]
(30)

where _
C=EXX) (31)

and the second equality of (30) is obtained by substituting (11) and
(29) into the integral and carrying out the integration.

If the I and Q components of each polarization are of equal vari-
ance and uncorrelated, the PDFs of the amplitude ratio and phase
difference between HH and VV, which can be derived by integrating
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(30) over @ and ¢, , are given as [1,3],

r r?
P(r) = 27(1- |p|?) o r2)£7_+47,.)z|p;z]3/ ?

P(g) = 1-1p1» {(1 — |p|? cos? ¢)1/2 + |p| cos ¢ [ — cos™(|p| cos ¢)] }

~ (32a)

2 (1 |pl?cos? §)°72
(320)
where
_ vyl
r= |EH]| (33a)
¢ = ¢hh - ¢w - ¢p (336)

and v, |p|,and ¢, arerelated to the variances and complex covariance
of HH and VV by

_<vVPE>
" <|HH]> (34a)
ol exp(idy) = <HHVV*> (348)

V< IHEP? >< VYV >

By replacing v, |p|,and ¢, with e, |3],and ¢g, respectively, where

_<|HVP >
T < |HH]®> (352)
18| exp(igg) = ——Z D BV > (356)

\/< |HH® >< |HV]® >

(32a) and (32b) are transformed into the PDFs for the ratio r =
|HV|/|HH| and phase difference ¢np — ¢ns — @g, respectively. For
simplicity, the following notations will be used.

Phhwo = hh — Dow — Bp (36a)
Ohhho = Ohn — ¢}w - ¢ﬁ (36b)

Note that the probability density function (30) of the normalized data
is independent of the parameter a. This result also holds for an n
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dimensional K-distributed feature vector, as shown in appendix D. A
similar observation was made in [16] where the probability density
function of total phase was shown to be independent of «. In this
section, we prove the more general result that the joint probability
density of the ratios of amplitudes and relative phases of all polariza-
tions is independent of a. We can understand this phenomenon by the
following reasoning. The K-distribution arises from fluctuations in the
number of scatterers which are characterized by the parameter a, and
that parameter manifests its effects only on the absolute amplitude of
the polarimetric data. Relative magnitudes and phases are completely
characterized by the covariance matrix of the polarimetric return from
each scatterer, C,, given in (8). Thus, when the absolute amplitude
information contained in the polarimetric data is taken away, the joint
probability density function of the normalized polarimetric data is in-
dependent of a.

4.4 Results and Discussion

Four sets of radar measurements including JAWS data, Traverse
City data, Mt. Shasta data, and DLR data are analyzed and discussed
in this section. JAWS data are obtained from MIT Lincoln Laboratory,
Traverse City and Mt. Shasta data are from JPL, and DLR data are
from the German Aerospace Research Establishment. JAWS and Mt.
Shasta data are in the form of polarimetric scattering matrix, whereas
DLR data are the recorded amplitude of VV returns. Traverse City
data consist of two images corresponding to two neighboring sites,
where one of the images is in the form of one-look Mueller matrix and
the other has the form of scattering matrix. Sample areas of typical
clutter classes have been analyzed. The sampled areas have been chosen
to have sufficient number of pixels to ensure the significance of the
distribution statistics.

Comparisons will be presented between measured normalized in-
tensity moments and cumulative density functions (CDF) of quantities
including |HH|, |HV|, |VV|, |VV|/|HH|, |HV|/|HH|, $rhvs ,and
Ohhhv , and those of the zero-mean K-distribution. Expected normal-
ized intensity moments were calculated using (15). The parameter a
is then estimated by equating (16; with the measured I(?) which is set
equal to the average of Igg s Ig‘, , and I‘(,z‘), . Subsequently, expected
K-distributions (12) were calculated by using the estimated . Param-
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Figure 4.1 Higher-order normalized intensity moments versus second-
order normalised intensity moment of JAWS polarimetric data. The solid
curves are the theoretical results of K-distribution. Two clutter classes,
trees and grass, are shown. o, +, and #* represent the measured HH, HV,
and VV returns, respectively.

eters, e, v, |p|, 18], ¢,,and ¢z, required in evaluating the expected
PDF's of amplitude ratio (32a) and phase difference (32b), are related
to the measured covariances of polarimetric data by (34) and (35).
Note that in arriving at (12), (15), and (32), I and Q components were
assumed to be zero mean, uncorrelated, and of equal variances. Scat-
tering matrix data of JAWS, Traverse City, and Mt. Shasta support
these assumptions.

a. JAWS Data

The JAWS data were measured at 35 GHz with the incident an-
gle of approximately 82° [21]. The ground resolution is about 1 foot
in range and 100 feet in azimuth. Data from two clutter classes, grass
and trees, are illustrated in Figs. 4.1 to 4.5. Higher-order normalized
intensity moments are plotted versus second-order normalized inten-
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Figure 4.2 CDF versus (a) |[HH|/< |HH|? >'/3, (b) [VV|/< [VV]? >1/3,
and (c) |[HV|/< |HV[* >1/2, of trees in JAWS data. The dashed line
represents Rayleigh distribution. o represents experimental data. The
solid curve represents K-distribution with o = 1.5,
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Figure 4.5 CDF versus (a) |[VV|/|HH|and |[HV|/|HH| and (b) ¢nres and
®nhro of grass field in JAWS data. o represents measured |VV|/|HH]| or
Ohhvy. + represents measured |HV|/|HH| or ¢pnno. Solid and dashed
curves correspond to expected K-distributions.
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sity moment in Fig. 4.1. The measured normalized intensity moments
(14) for HH, HV, and VV polarizations are represented by o, +, and
* , respectively. The solid curves are the theoretical higher-order nor-
malized intensity moments of the K-distribution. The parameter a for
grass is estimated to be approximately 5, based on (16). The parame-
ter a for the tree region is approximately 1.5. This value is consistent
with experimental data shown in [10]. For the tree region, the mea-
sured CDF of normalized amplitudes (13) for the polarizations HH,
VV, and HV are shown in Figs. 4.2(a), 4.2(b), and 4.2(c), respectively.
The parameter a = 1.5 is used to evaluate the K-distribution for all
polarizations. The Rayleigh distribution is also shown for comparison.
The comparisons between (32) and measured CDF's of amplitude ra-
tios |[VV|/|HH| and |HV|/|HH|, and phase differences @pp,, and
®hhhv » aTe shown in Figs. 4.3(a) and 4.3(b). For the tree region, the
measured parameters e, v, |p|, |8], ¢,, and ¢g, are 0.122, 1.147,
0.576, 0.0625, —3.29°, and —21.24°, respectively. Similar CDF data
for amplitudes, amplitude ratios, and phase differences are shown in
Figs. 4.4 and 4.5 for the grass region, where the parameter a = 5
has been used to evaluate the K-distribution. It can be seen that the
experimental data are in very good agreement with the expected K-
distributions.

b. Traverse City Data

Traverse City data are L-band polarimetric SAR images of two
consecutive sites of a region near Traverse City, Michigan, and were
measured with the incident angle varying from approximately 25° at
near range to 55° at far range [6]. Each pixel represents approximately
10 m in range and 3 m in azimuth on the ground. We chose a corn field
from one of the SAR images and three homogeneous clutter patches (a
lake, a bare field, and a forest) from the other image to study the nor-
malized intensity moments of the polarimetric returns. Corn field data
are in the form of Mueller matrix, whereas the others are in the form of
scattering matrix data. The results are shown in Fig. 4.6. It can again
be seen that the experimental data agree very well with the expected
K-distributions. The parameter a for the corn field is estimated to be
approximately 1.4, The CDF's of the amplitudes of HH and VV returns
from the corn field are shown in Figs. 4.7(a) and 4.7(b), respectively.
They are in good agreement with a K-distribution with the parameter
a = 1.4. As observed from the Traverse City images classified into dif-
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Figure 4.6 Higher-order normalized intensity moments versus second-
order normalized intensity moment of Traverse City SAR polarimetric
image. The solid curves are the theoretical results of K-distribution. Four
clutter classes: corn field, lake, forest, and bare field, are shown. o, +,
and * represent the measured HH, HV, and VV returns, respectively.

ferent terrain types in Figures 6.5, 6.6, and 6.12 in Chapter 6, there are
some color coded red and yellow parallel stripes appearing in the corn
field region. Note that any observable stripes must have width greater
than the size of one resolution cell. Red represents corn and yellow cor-
responds to bare field. This indicates that this selected corn field area
is in fact a mixture of bare fields and corn fields. This may explain the
large power fluctuation (small ) of this area as opposed to the crop
land in DLR data set. The CDFs of |VV|/|HH| and ¢phyy are shown
in Figs. 4.8(a) and 4.8(b), respectively. The measured parameters, 7,
lp|,and @, ,are 1.393,0.518,and —67.55°, respectively. It can be seen
that the CDF of measured |VV|/|HH| ratios almost overlays exactly
that predicted by (32a). For the lake, bare field, and forest, the CDF's
of measured |HH|, |HV|, and |VV]|, though not shown, were very
close to the Rayleigh distribution. The CDFs for measured amplitude
ratios and phase differences, also not shown in this chapter, overlay
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Figure 4.8 CDF versus (a) |VV|/|HH| and (b) $rnyy of the corn field
in Traverse City data. o represents measured |VV|/|HH| or ¢phes. Solid
and dashed curves correspond to expected K-distributions.
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almost exactly those calculated by using (32). The a’s inferred from
Traverse City SAR data for the lake, bare field, and forest are approx-
imately 6.7, 15.4, and 20.0, respectively. When o« approaches infinity
or I(?) approaches 2, the expected K-distribution function approaches
Gaussian distribution. Note that the CDF of JAWS grass field data,
where a = 5, are very close to Gaussian. Thus, the PDFs of Traverse
City polarimetric data from the lake, bare field, and forest are approx-
imately Gaussian. However, the corn field data are far from Gaussian
and clearly K-distributed.

Note that the PDF's of JAWS tree data are K-distributed, whereas
that of Traverse City forest data are Gaussian. Because the K-distribu-
tion has larger high-order normalized intensity moments (15), this in-
dicates that the Traverse City data have less spatial variation than the
JAWS data. This may be due to the different types of trees in the two
cases and the trees near Traverse City (JPL data) are more homoge-
neous and well developed than those in the JAWS site. The different
distributions may also be attributed to differences in the radar look
angle and beam footprint between these two sets of data. The resolu-
tion of the Traverse City SAR image is about 30 square meters which
has larger spatial averaging effect than the 100 square feet resolution
of the JAWS data. Also, the shadowing effect is not significant in the
Traverse City data (45° incidence) unlike the JAWS data where the
incident angle was 82°. All of the above factors will result in less spa-
tial variation of scattering coefficients for the Traverse City data, thus
making the SAR data from a forest near Traverse City appear more
Gaussian.

c. Mt. Shasta Data

Mt. Shasta data contain simultaneously measured C-, L- and P-
band polarimetric SAR images of an area in Mt. Shasta in northern
California [24]. The images cover an area of about 12 km by 5 km and
each pixel represents 6.662 m in slant range and 3.03 m in azimuth on
the ground. The imaged Mt. Shasta site contains some forested areas
with conifers and some hardwoods and a burned region having smaller
trees (35 meters versus 45 meters for the the undamaged area) [24].
Data are plotted and compared with K-distribution for two clutter
classes: forested area and burned area.

Figure 4.9 illustrates the averaged normalized intensity moment
I(2) and the estimated a versus wavelength for these two selected clut-
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Figure 4.9 Measured (a) I®) and (b) a versus wavelength at C, L,
and P bands. o and + represent data from forested and burned areas,
respectively.

ter classes. The parameter o is estimated to be 2.49 at C-band, 2.47
at L-band, and 2.46 at P-band for the undamaged forest; whereas a is
estimated to be 3.2, 2.3, and 1.9 for C-, L-, and P-bands, respectively,
for the burned forest area. It appears that the clutter power variation,
I | is larger toward the lower frequency band for the burned region,
whereas it remains essentially constant for the healthy forested area
at all frequency bands. This can be due to the differing penetration
effects between these two regions.

Larger clutter fluctuation I(2) at the lower frequency band could
be due to the fact that electromagnetic waves at different frequencies
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experience different penetration depths, and therefore the resulting
scattering effects differ. At burned forest area, waves at C-band may
remain within the upper crown region, while the P-band waves may
penetrate into the lower crown region and probably reach the trunk
and underlying soil regions where the scatterers are in general less
homogeneously distributed. As a result, the clutter fluctuation at the
lower frequency band increases. However, the healthy forest may be so
dense that the waves at all frequency bands remain within the upper
crown region. Hence the same scattering effects are observed for the
healthy forest area. However, the frequency dependence of a needs to
be further studied, since the ground truth data were insufficient for the
data analyzed in this paper.

The measured CDF's of amplitude, phase difference, and ampli-
tude ratios have been computed for both clutter classes and are all in
very good agreement with the expected K-distribution at all frequency
bands. The corresponding curves for the K-distribution were computed
from (12) and (32) by selecting a parameter a and a covariance ma-

trix C that match the experimental data at each frequency band.
Figures 4.10—4.13 illustrate the C-band data from the selected areas.
The measured CDFs of |HH|, |[HV|, and |VV| are shown in Figs.
4.10 and 4.12 where o represents the measured standard deviation of
signal amplitudes over the selected area. The Rayleigh distribution is
also included for comparison. The calculated and measured CDFs of
amplitude ratios |VV|/|HH| and |HV|/|HH|, and phases @ppy» and
®hhhy are shown in Figs. 4.12 and 4.14 for both clutter classes. It can
be seen that the experimental data are in good agreement with the
expected K-distribution.

d. DLR Data

The data from DLR [25,26] are a very high resolution VV image
of a farm land with the incident angle varying from 33° at near range
to 67° at far range. The ground resolution is 2 meters in range and 0.5
meters in azimuth, and the operating frequency is centered at 5.3 GHz
(C-band). The imaged area contains mostly cultivated crop lands, a few
lakes, and a forested area. Note that I‘(,z‘), is used for the estimation of
a. The measured a for the selected crop land and lake are 20 and 7,
respectively, and the measured CDFs are in very good agreement with
the Rayleigh distribution. However, the measured o for the forested
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Figure 4.14 Cumulative density function versus |VV|/ < |[VV|* >1/2 for
forested area data obtained from DLR. o represents experimental data.
The dashed line represents Rayleigh distribution and the solid curve
represents K-distribution with a = 2.8.

area is 2.8, and the CDF data plotted in Fig. 4.14 are in good ag;'eement
with the K-distribution.

e. Effects of Radar Calibration

In this section, the effects of polarimetric radar miscalibration and
radar characteristics at different frequencies will be addressed. For the
polarimetric miscalibration, the presence of the cross-talk and channel
imbalance makes the measured scattering (covariance) matrix elements
become a linear combination of the true scattering (covariance) matrix
elements. Hence, just like the measured polarimetric data shown in this
paper having a K-distribution, the original polarimetric data will also
be K-distributed except having a different covariance matrix.

Another common concern is whether the observed statistics for
the cross-polarization HV is due to the polarization cross-talk. We can
expect that if HV is due to the cross-coupling from HH or VV channels,
then HV should be highly correlated with HH and VV. However, the
experimental data show that the measured correlation coefficient is
small between HV and HH or VV ranging from 0.03 to 0.2 except
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for the L-band images of the undamaged forest (~ 0.3). Note that
the correlation coefficient, defined as the magnitude of the covariance
normalized by the standard deviation, is one for complete correlation
and zero for no correlation. The fact that the correlation coefficient is
small indicates that the effect of cross-talk was small in measured HV.
As seen in Fig. 4.11(b) the fairly small correlation between HH and HV
(0.05) results in an almost uniform distribution for the measured ¢pihs
as compared with the measured distribution for ¢nnyy (0.4 correlation
between HH and VV).

The remaining issue is whether the observed frequency behaviour
of a is due to the radar characteristics at different frequency bands.
As indicated before, a inverted from the normalized intensity moment
I(?) characterizes the spatial variation of the power. Hence, fluctua-
tions of both terrain clutter and variations due to the system misfunc-
tion will contribute to the measured power variation. However, it is
reasonable to believe that the radar system parameters, including the
radar transmitted power, the antenna gains, and the platform motions
at each frequency band remain essentially constant within a short time
period while the radar is imaging over each sample area. Therefore, the
observed K-distribution in this chapter should be the result of terrain
clutter fluctuations.

4.5 Summary

The multivariate K-distribution has proven to be useful in char-
acterizing the distribution of polarimetric radar returns from most ter-
rains. This indicates that the terrain clutter fluctuations in a SAR
image of a given area result from (1) the speckle fluctuations and (2)
the intrinsic spatial variation. The parameter o can be consequently
useful to characterize the terrain types with respect to their spatial
homogeneity. When a approaches infinity the terrain is homogeneous
and the clutter approaches Gaussian distributed speckle (Rayleigh dis-
tribution for amplitude). For a given terrain type, the homogeneity
characteristics depend on factors including the spatial resolution, the
frequency, and the polarization. Spatial resolution may be the most
important factor. A terrain may appear homogeneous at coarse res-

- olution and heterogeneous at resolution finer than a threshold value
related to the internal structure of the terrain scattering elements.
Most mature forests may present an intrinsic return fluctuation in ad-
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dition to speckle variation at resolution less than a value (say 100 m?)
related the crown size or tree spacing. At coarser resolution (e.g., 30
m by 30 m), the forest patches will have only speckle fluctuations. In
the cases of agricultural fields or grass lands, they will appear homo-
geneous with respect to the resolution of most current airborne and
spaceborne systems ( > 3 m).

The results obtained with the forested areas are consistent with
the above reasoning. The pixels values are K-distributed and a values
are low among the cases studied ( a = 1.5 for JAWS data, 2 to 3 for Mt.
Shasta data, 2.8 for DLR data). Viewed by SAR systems with spatial
resolution less than 100 m?2, the forests appeared as heterogeneous
areas. Crops and bare fields are Rayleigh distributed. Their a values
are high, 15 (Traverse City) and 20 (DLR), which denotes homogeneous
areas. Lake and grass samples are also close to Rayleigh distributions.
The selected corn field and forest in Traverse City are exceptions.

The frequency, incident angle, and polarization are the other fac-
tors which affect the terrain spatial homogeneity. As stated before,
lower frequencies and smaller angles of incidence correspond to deeper
penetration within the medium. In addition, the penetration depth,
and consequently, the scattering sources may vary as a function of the
polarization if the medium is anisotropic.

The results from multifrequency data of Mt. Shasta area support
the expected effect of the frequency on the parameter . However, fur-
ther work remains to be done to explore the effect of the polarization,
the incident angle, together with the effect of the frequency. It can
be expected that the parameter a and a covariance matrix of the K-
distribution resulting from multifrequency, multipolarization and data
will be a promising tool for terrain cover identification.

Appendix A: PDF of Multivariate K-distributed n-Dimen-
sional Vector

The PDF of the resultant vector X can be obtained by taking
the inverse Fourier transform of the characteristic function (9), i.e.,



288 4. Terrain Radar Clutter

T.E.Er (A1)

In order to derive an explicit formula for P(X), _we use a transforma-
tion matrix U such that the covariance matrix C is diagonalized.

A=U -C-U (A2)
where the matrix elements of A are
(AL = X (A3)

For convenience, we assume all eigenvalues \;, ¢ = 1,2,--.,n are
positive. After making the following transformations

=-1/2 =T _

z=A .U .X (Ada)
=1/2 =T _

w=A .U -% (Adb)

we obtain the following two equalities

z=X1.C -X (A5a)
T .z=F -X (A5b)

Substituting (A5) into (A1) and transforming the integration variable
k into w, we have

WY E

P(X) = —lET/; / o -
1 (2a)n/4+a/2(2T . E)a/z-n/4
B (27)/2|C|1/2 22-1T(a)
X Knj2—a [\/2_a & -2)Y 2]

Finally substituting (A5a) into (A6), we arrive at the PDF (11) for
X.

(A6)




Appendix B 269

Appendix B: Alternative Derivation of Multivariate K-distri-
bution

By assuming the Gaussian statistics for X and a large N,, an
alternative derivation of the multivariate K-distribution will be given
in this appendix. The final result will provide a useful simulation model
for the multivariate K-distributed random vector.

With the asymptotic expansion of gamma function for large ar-

gument,
I(z) = 22~ Y%e *V/2r (B1)

it can be shown that for large N, and N, the negative binomial
distribution (2) can be approximated by

P(N)AN ~ REL I ( N )a (1+a/N)N (1+a/N)~

No) (1+a/N)V (1+a/Na)=

N /[N+1 1
N+aN+1

1
I'(a)

X (1+1/N)”

(B2)

where AN = 1. Thus,
1 N\° aN. N, [N
AN ~ ——® | — —)s —
P(N)AN I‘(a)a (Na) exp( N.,)NA(NQ) (B3)

Introducing the variable
p=N/Ng (B4)

then (B3) can be written as

P(N)AN = P(p)du

= %}- exp(—~ap)dp (B5)

It can be readily identified that P(u) is a gamma probability density
function for the continuous random variable u, which may also be
regarded as the continuum limit of the corresponding negative binomial
distribution with large N, and N.

We now let the number N be fixed and approaches infinity. Then,
by the central limit theorem, the statistics of the polarimetric return
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(1) can be approximated as Gaussian

—t =.-1 =
exp | — X (“(2}) X (B6)

P(X|N) = W

where C is given in (4) and p is defined by (B4).
Averaging the above conditional Gaussian distribution over the
negative binomial distribution at large N and N,

> PEINP() ~ [ duPXIN)P) (87)
N 0 _

The integration of the last integral can be carried out exactly [14] and
gives rise to the multivariate K-distribution (6).

The above result indicates that the K-distributed random vector
X can be considered as a conditional Gaussian random vector with
the absolute radar cross section varying as a Gamma random variable.
This model has been termed as the product model {18]. This interpre-
tation can be used to generate the K-distribution in the following way:
first generate a gamma random number p with a given parameter
a and then generate a Gaussian random vector X according to the

covariance matrix pC .

Appendix C: Joint Moments of Multivariate K-distributed.
n-Dimensional Vector

For the zero mean random walk, the moments of the resultant
vector can be easily calculated by taking the partial derivatives of the
characteristic function (9) and letting k equal zero. Two useful joint
moments are given as follows with E(-) denoting the expectation of
the argument.

I'(a+m
g ed,..€{1,...2m}
it iEkAE. ..

all permutations

E(lez L 22m+1) =0 (Clb)
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where Cj; is the covariance of z; and z;,and Z1,225.00, and zam41
are the coordinate components of the resultant vector X. All the in-
tensity moments can be obtained by using Equation (C1); but because
the K-distribution (11) is symmetric with respect to origin, all the odd
order moments (C1b) vanish accordingly.

Appendix D: PDF of Normalized K-Distributed n-Dimen-
sional Vector

In this appendix, assuming the terrain clutter to be zero-mean
K-distributed, the probability density function of its normalized data
is derived. Instead of focusing on six-dimensional polarimetric data,
the n-dimensional case is studied.

Consider an n-dimensional feature vector X with zero-mean K-
distribution (11), choose the norm E = 4/3 z? as the normalization

function, and make a transformation similar to the spherical transfor-
mation in three-dimensional space

z; = Ery(Q); i=1,..n (D1)

where ) is the directional angle and is a function of relative magni-
tudes only.

Then in general, the Jacobian of the above transformation can be
written in this form

J=E™15(Q) (D2)
The marginal PDF of 2 is

P(Q) = /0 = P(X)E"1$(Q)dE

/oo 1 (2a)n/4+a/2[E2f(ﬂ)}ajz-n/l! (D3)
o (2m)/2|C|1/2 22-1(a)

X Knj2-a [V2a(E*f(Q))'/?] E*15(Q)dE

where

fQ) = —0—— (D4)
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After the integration is carried out, the marginal PDF P(Q2) is given

S(Q)r(2) )‘:T.ﬁ'l-"fc‘) e
P(Q) = 3 (D5)
' 21/7r"lﬁ| ( E

Assuming the a priori probability of a certain class is P, we can
use —In(P,P) as the distance measure for a Bayesian classification
scheme [23]. After substituting (D5) into this expression, we note that
one of the terms will be proportional to In E . Since this term remains
the same when we compute the distance measure to all classes, we
can exclude this term from the definition of the distance measure.
Therefore, the distance measure of the optimal Bayes classifier using
normalized data can be defined as

D=—1npa+%1n|ﬁ|+12‘-1n7"’-=o‘“l-7 (D6)

Polarimetric backscatter data has dimension six, and all the compo-
nents are zero mean and, in general, correlated with covariance matrix,

C=E{XX"}.
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