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1. Introduction

The effect of medium expresses itself in electromagnetics through
material parameters in the constitutive relations. There are four vector
quantities that appear in Maxwell equations, two field quantities and
two flux density quantities, and the connection between these is given
in these relations. It is obvious that the most general linear medium
needs to be characterized by no less than four dyadics, and indeed
four are sufficient. If the medium is isotropic, no direction is prefered,
and these parameters are scalars: the medium is bi-isotropic. Four
_real parameters are enough for lossless media, whereas for lossy bi—
1sotropic materials, the parameters are complex scalars. Complexity
also entails dispersion as the parameters are functions of the frequency
of the operating electromagnetic wave.



20 Ougier et al.

In addition to permittivity and permeability representing the elec-
tric and magnetic polarizability of the material, the other two material
parameters stand for the cross—coupling of the electric and magnetic
quantities. One physical way of separating these quantities is to de-
compose the cross—coupling into two parameters that stand for chiral-
ity (the degree of the handedness of the medium) and nonreciprocity.
With the advent of novel media in microwave and millimeter wave
technology, great emphasis has been placed on the theoretical analy-
sis of these chiral and nonreciprocal materials. Due to the diversity of
research groups, different approaches in the problem have been taken,
starting from the basic description of the media. The literature con-
tains several constitutive relations for bi-isotropic media.

This paper is an attempt to compare different formalisms about
the characterization of bi-isotropic media. Five different sets of con-
stitutive relations are presented. Connections are shown between the
material parameters, defined within different formalisms. Next the fo-
cus will be on wave propagation and Helmholtz equation resolution in
bi-isotropic media; a discussion about the mathematical and physical
aspects of different formalisms is given in the last chapter.

2. Constitutive Equations for Bi-isotropic Media

The constitutive relations that are needed to fully describe general
bi—-isotropic media require four scalar material parameters. There are
different constitutive equations due' to the various possibilities to link
the electric (E and D) and the magnetic (H and B) field and flux
quantities.

In the present analysis, we assume sinusoidal time dependence
with the convention: e/“?,

2.1 A and B Formalisms

These relations have been first given by Lindell and Sihvola [1].
The constitutive equations are written as follows:

D :EAE+(X —jK?) Vgop‘oH
B :/“AHJ‘_(X +jK') VEoko E

x is the chirality parameter (dimensionless), x is the nonreciprocity
parameter (also dimensionless).

(1)
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Condon [2] described chiral media with the characteristic parame-
ter xp and Tellegen [3] included the nonreciprocity effect in the quan-
tity vg. These two formalisms can be combined and the resulting
constitutive equations look like:

OH
D =egE +vpH - XB 35
5E 2)
B =ppB +vgE + XB %7
or ,
D =egE + (75 — jwxp)H 3)

B =ugH + (75 + jwxp)E

vg is the nonreciprocity parameter (s- m~1), and xp is the chirality
parameter (s2-m~!). These equations are named formalism B. Cross-
ing equations between Lindell Sihvola and Condon Tellegen formalisms
are then quite obvious and are listed below:

Ep =€4

Hp =4

TB =X \/Eo—ﬂf: (4)
/et

XB o

2.2 Formalism C

In 1988, Engheta and Jaggard [4,5] used others constitutive equa-
tions, linking D and H to, E and B, for reciprocal media. Then
these equations have been extended to the case of bi-isotropic media
[9].

The constitutive equations are written as follows:

D =¢ E+ (¥, - j&)B

H=2 - (0 4 j6)E ®)

c

V¥, and & are, respectively, nonreciprocity and chirality parameters;
they represent admittances.
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Crossing equations between formalisms A and C are given by:

€, =E4 ~ Hofo (x* + &?)
Ky
;"'c :p'A
7. =X Voo (6)
, =Y "o7e
Hy
f __K SO'U’O
. =—Y ol
Ba

2.8 Formalism D

This set of relations has been used by Lakhtakia and Varadan [6]

to characterize reciprocal chiral media. It may also be attributed to
Drude, Born, and Fedorov [7].

A trial to generalize the constitutive relations for general bi-
isotropic media was made, through the equations:

D =ep (E+ (8 + ja)rot E) )
B =y (H + (8 — ja)rot H)

«a and 8 are, respectively, the nonreciprocity and the chirality param-
eters. Their dimension is that of length.

Using Maxwell equations, (7) can be written as follows:

E =~?- + jw(B + ja)B
B (8)
H=— —jw(8 - jo)D
Hp

Crossing equations between Lindell Sihvola and Drude Born Fedorov
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formalisms are given by:
Eollo 2 2
ep=€a |1 ——"=(x"+& )
p=ea (1- 2 (¢4 )

Eold, 2 2
ip MA( " (x )

XV/edis ©)

w (EA”’A - (X2 + ""2) 501“’0)
- K\ Eplo

" w(eata — (2 + K2 Eolty)

O =

2.4 Formalism E

A further possibility to link the flux and field quantities is to
connect (E,B) with (D,H). In this case, constitutive equations are
written as follows:

D
E=— (a1 —jay)H
- (a1 — jae) 10)

B =uzH + (01 + jao)D

ae and «; are the chirality and nonreciprocity parameters. They
represent impedances.

Crossing equations between formalisms E and A are the following
ones:

EE =€4
o (x2souo N fﬁzeouo)
bp =Ha €, >
o X VEoko (11)
1 —-—-—-~€A ;
_iﬁ\/é‘ouo
Qg =——22
€4

It is worth noting that in any formalism, the four material pa-
rameters (e, u, chirality and nonreciprocity parameters) are complex
numbers for a lossy medium.

‘The constitutive relations for isotropic media can be deduced from
all these formalisms by setting the chirality and nonreciprocity param-
eters to zero.
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3.  Propagation in Bi-isotropic Media

Using both Maxwell equations and constitutive relations for a bi-
isotropic medium, we can deduce the propagation equation, which is
given for each formalism in Table 1.

propagation equation

A |Rot RotE - 2rw+/e i, ROtE — w (g1, — oo (X* +52))E =0

B [RotRotE - 2xpw® RotE —w? (eppp — (13 +wix}))E=0

C JRotRotE - 2fucw RotE — wleouoE =0

2B pppw? wleppun
- RotE ~ E=0
D ]RotRotE Tt ppp (o3 4 59) 1=wepnp (@ + 57)

E | RotRotE - 2a3¢zw Rot E ~ wiegugE = 0

Table 1.
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This equation can be easily solved, by the means of Bohren de-
composition [8], which replaces the unknown fields £ and H by two
left and right circular polarized waves (LCP and RCP), defined as

follows: E Qrcp
[H] =14] [QRCP}

These two waves are both solutions of the homogeneous Helmholtz
propagation equation:

AQrcp + kfcpQuep =0
AQgrcp + k&cpQrep =0

The two LCP and RCP propagation constants are given in Table 2
for the various formalisms. The difference between the real parts of
the RCP and LCP numbers induces polarization rotation, while the
difference between the imaginary parts is related to circular dichroism.
Resolution of these equations leads to the following results:

Ao 1 —JZRCP
| =3/ Z1cp 1

where Z is defined as the wave impedance and then

E =Qrcp — jZrcpQrep
H = - jZ2pQicp + Qrep

Wave impedances within the various formalisms are reviewed in
Table 3.
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propagation constants of the RCP and LCP waves

krep =w { Kv/Ep, + EA#A — oMo X )

kLCP =W ( —K otu’o EA“A — EolboX )

krep =w |wxp + \/€plipg — 7)

w (-—wa +1/¢gkp — 7%)

1l

kLcp

krcp =w (uoéc + 1/Eche t+ u%E?)

kLcp =w ("‘F‘Cfc +4/écke t ﬂgcfg)

—whpeph + \/ Ephp — wWinpep ol
krcp =

1-wiepup (o® + %)

. wipEph + \/stcD ~wiupepo?
LoP = 1-w2eppup (a2 + B2)

krcp =w (EEa2 +4/Ephp + eEag)

krcp =w (—5E0‘2 +\/eptp t+ €Eaz)

Table 2.
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wave impedances
A Zice = Ea :
neF \/5,4,“‘,4 - 5op‘oX2 = 5% V €olo
B Zice = ot
RCP .
VeBHhB — 75 £ 1B
C Zice = Ko
RCP .
\/ Echc + nEél T jVang
D Zicp = )
RCP .
\/50ﬁ‘1) —wlaleh ) + juepua
+egp(a®+ a2
E Ziop = HETEE (o 3)
" \Jeghg +ehod £ jegoy

Table 3.
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In each table, well known equations for reciprocal and achiral
media can be refound by equating both nonreciprocity and chirality
parameters to zero.

4. Definition of the Pair (¢,1) in a Bi-isotropic Media

Because of the different ways of including electromagnetic cou-
pling in the constitutive relations, the permittivity £ and the perme-
ability p differ in various formalisms . Let us compare these definitions,
referring to the convention proposed by Kong [9], where ¢ and y are
the diagonal terms of the matrix connecting (D, B) with (E, H).

The A and B formalisms agree with the Kong’s definition (i.e.,
€ and p are not changed). The other formalisms have their own
definition. This problem is not only formal: physical interpretations
may also depend on the choice of the formalism.

For example, in the A and B formalisms, the propagation equa-
tion, and then the wave numbers, are function of the nonreciprocity
parameters. On the contrary, they are independent of this parameter
in the C and E formalisms.

Elsewhere, in the C and E formalisms, the wave impedance is a
function of the chirality parameter, while in the A and B formalisms,
the wave impedance is independent of this parameter.

In the D formalism, the propagation equation, the wave numbers
and the wave impedance are both dependent on chirality and nonre-
ciprocity parameters.

In fact, a bi-isotropic medium is completely characterized by a
particular set of four parameters (permittivity, permeability, chirality,
and nonreciprocity), in any formalism. And, due to the mathematical
equivalence between all the formalisms, all of them will calculate the
same numerical value for the wavenumbers or the wave impedance,
although each set of four material parameters is changed between the
various formalisms. In practice, there will be no ambiguity if any nu-
merical value of material parameters or analytical expression in bi-
isotropic media is clearly said to be found in the the A B, C, D, or E
formalism.

From an energy conservation law point of view, the A, B, and
C formalisms show good agreement whatever the material parameters
are; in the D formalism, equations (8) have to be used for energy conser-
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vation law in any bi-isotropic medium. Other elements about energetic
considerations for bi—isotropic media are given in {10], published in this
issue.

5. Conclusion

Several formalisms can be applied to the electromagnetic analysis
of bi-isotropic media.

After reviewing the different ways of coupling electromagnetic
fields D,B,E, and H, mathematical equivalence between them has
been demonstrated, and the crosslinks to pass from one formalism to
another have been established.

It appears that there is no best set of equations. For each problem,
one set will turn out to be simpler than the others, and everywhere in
the calculations, it is possible to pass to another formalism.

However, a physical interpretation must be limited to the for-
malism where it has been established; this apparent paradox is to be
related to the particular definitions of € , u, chirality and nonreciproc-
ity parameters in each formalism. The same values will be computed
for the basic quantities (wave impedance and wave numbers for LCP
and RCP waves) within any formalism.
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