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1. Introduction

Recently, we introduced the idea of a new class of electromagnetic
materials, which we named pseudochiral Q media [1-4,7,8]. These
materials, which fall into the category of bianisotropic media [5,6],
can be conceptually thought of as a composite medium composed of
an isotropic (or even anisotropic) host medium within which a large
number of -shaped metallic (or dielectric) microstructures can be
embedded. These elements can be randomly located. However, they
are to be all oriented in a given direction throughout the sample. For
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Figure 1. Bianisotropic local {2 medium composed of {2 microstructures
lying in the y — 2z plane, embedded in an isotropic host medium.

example, all the elements in the sample could be chosen to have the
orientation shown in Fig. 1. For this orientation of  elements, the
constitutive relations can be written as follows

D=¢-E+2 -B (1a)
= m
H=x"1.B+2 .E (1b)

where ¢, £, 2 ., and 2  can have the following forms: ¢ =
szzii+5yyyy+5zziiy £ = #’:z::z:ﬁi'*‘u:t/yyy'i'“zzii; gem = —iQCyf(,
and 2 me. = —iQ2.Xy. The parameter (2. is a measure of the coupling
between electric and magnetic fields along the y and = axes, respec-
tively. Among related problems on wave propagation in 2 media, one
can mention the works reported in [1-4, 7, 8], and also the work on the
use of approximate boundary conditions in [16], for treating electro-
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Figure 13. Real and imaginary parts of measured chirality parameter 3
for 1.7 vol.% three-turn left—handed helices in epoxy (E1LH), and 3.4
vol.% three-turn left—handed helices in epoxy (E3LH).

If the method of determination of the chirality parameter is fairly
well adapted to our samples, it may not always be as satisfactory for the
relative permittivity and the permeability. First of all, the equivalent
homogeneous chiral medium approximation is probably more question-
able. In addition, as mentioned in Section 2.5, inaccuracies in the S -
parameters inversion due to thickness resonance phenomena unavoid-
ably affect the results in certain frequency ranges. As a consequence,
even though it is possible to compute € and p for a wide range of
frequencies, the obtained values may not always be meaningful and
can lead to erroneous conclusions regarding their dispersive behavior,
which has a good probability to incorporate parasitic effects. Therefore,
rather than presenting broadband data, we chose to give results for dis-
crete frequencies. Values shown in Table 3 were obtained for EC3LH
at five frequencies ranging from 18 to 38 GHz. They satisfy energy
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loop parallel to the magnetic field H,, in order for it to have maxi-
mum interaction with the electromagnetic field of the guided mode and
hence, maximum effect on the stored electromagnetic energy density
and consequently on the propagation constant. This can be done by
having the omega (€2) element presented in [1], which was the basis
for the idea of single slab 2 phase-shifter.

By the geometry of its microstructures and their arrangements,
the Q medium is intended to strongly interact with the guided TE;g
mode of a rectangular waveguide. This confined electromagnetic field
has the property of having a longitudinal magnetic field component
that is 90° out of phase with the transverse electric field. On the
contrary, a linearly polarized uniform TEM plane wave propagating in
an unbounded simple isotropic medium does not have this property. For
such a wave, the electric and magnetic fields at any point are always in
phase with each other. As the induced electric and magnetic dipoles of
a conducting microstructure of the 2 type are always 90° out of phase
with each other, it seems hopeless that one would be able to perturb the
propagation constant of a linearly polarized TEM uniform plane wave
using such conducting microstructures. Indeed our analysis of plane
wave propagation through an unbounded €2 medium supports this
fact that the wave number of a E, —polarized plane wave propagating
in the 2 direction is unaffected by the coupling parameter Q. [7].!
We now introduce the following idea to overcome this problem.

2. Non-Local @ Medium

If one considers the electric and magnetic fields of a linearly polar-
ized TEM uniform plane wave at the same point in space, then they are
found to oscillate in phase. But if one considers the same fields at two
different points separated by a non-zero distance along the direction of
the wave propagation, then, in general, the two sets of fields will not
be completely in phase with respect to each other. For example, if the
separation between the two points along the direction of propagation
is equal to a quarter of a wavelength, then the electric field at any of

1 Note that, although the Q element does not affect the propa-
gation constant of a uniform TEM plane wave, it can affect its wave
impedance, i.e., the ratio of tranverse electric and magnetic fields [7].
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Figure 2. At any given point, point P; or P,, the electric and magnetic
fields of a TEM plane wave propagating in the z direction, are in phase
with respect to each other. However, the fields at point P; can be out of
phase with those at the point P, which lies a distance [ ahead along the
direction of wave propagation. If the stems of a conducting microstruc-
ture is aligned to interact with F, at point P, and its loop to interact
with H, at P, and if the distance between the stems and loop does not
affect the phase relationship between the induced electric and magnetic
dipoles {as will be shown to be the case to within , when the loop
and stems are assumed to be small compared to the wavelength and the
connecting transmission line is assumed lossless), then this structure can
interact with the TEM wave.
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Figure 3. The non-local {} element can be conceptually constructed by
connecting the stems to the loop by means of a “tiny transmission line”.

the two points is found to be 90° out of phase with the magnetic field
at the other. Therefore, an electrically conducting microstructure, hav-
ing its stems parallel to the electric field of a linearly polarized TEM
wave at a given point and its loop axis parallel to the magnetic field at
another point that is somewhat displaced from the first along the direc-
tion of the wave propagation, can, in principle, strongly interact with
the field of the wave and hence perturb its wavenumber. Of course, this
assertion implies the assumptions that the distance of the connection
does not alter the phase relationship between the electric and magnetic
dipoles and that the length of connection is not a multiple of half wave-
length. These two issues will be addressed in more detail shortly. The
orientation and relative positions of the stems and loop are illustrated
in Fig. 2. Two questions that need to be answered are; (1) How can
the two parts of the conducting microstructure be connected together?;
and (2) Will this connection affect the phase relationship between the
oscillating electric and magnetic dipoles? The physical connection be-
tween the stems and the loop can in principle be achieved by means of
a “tiny transmission line” as shown in Fig. 3 [8]. We call the conduct-
ing element constructed in this way a non-local 2 element, since it
couples the electric and magnetic fields at two points that are spatially
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Figure 4. The non-local {2 medium can, in principle, be constructed
by spreading a number of non-local ) elements in an otherwise simple
isotropic dielectric. The non—local {2 elements have to have a fixed ori-
entation throughout the medium. However, to avoid periodicity of the
medium, they can be placed at random positions relative to each other.
Here X is the position vector of a general point in the medium, and 1l is
the position vector of the loop center of any non-local 2 element in the
medium, relative to the center of the air gap between the stems of the
same element.
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separated from each other, and since it reduces to the basic (local)
Q2 element introduced in our previous work [1-4], when the length of
the connecting segment tends to zero. Furthermore, and for the sake
of easy reference, we call the “tiny transmissions lines,” connecting
the stems of a non-local 2 element to its loop, an “$—transmission-
line”. If we consider a uniform TEM plane wave propagating along
the direction of the §2-transmission-line of the non-local © element,
one can assume that the main interaction between the wave and the
element takes place only at the positions of the stems and the loop.
This is due to the fact that the Q—transmission-line extends normal
to the direction of the incident electric field. The interaction between
the incident magnetic field and the -transmission-line can also be
neglected on the grounds that the separation between the two conduc-
tors of the €2 —transmission—line is very small and that the area covered
by it is small compared to the (electrical) area of the loop. As for the
second question, namely the effect of the length of the connection on
the phase of the oscillating dipoles, it can be shown that, essentially
no matter how long the connection is, the induced electric and mag-
netic dipoles still oscillate in phase quadrature with respect to each
other.? The length of the connection can only affect the magnitude
and sign of the coupling admittance €., but . remains basically a
real function of frequency.3 This fact follows from the properties of

2 This is based on the assumption that the two dipoles at the two
ends of this line are treated as reactive loads. A simple and direct
way to demonstrate the validity of the above statement on the phase
relation, is to point out that if a lossless transmission line is terminated
by a reactive load at one end and a source at the other end, then the
currents at its two ports can only differ in magnitude and sign, which
means that their relative phase is either 0 or 180°. Since the charge
accumulation on the stems has a 90° phase difference with the current
flowing through them, it follows that the electric dipole at one end
always has a +90° phase difference with the magnetic dipole at the
other end.

3 Strictly speaking, the material parameters of the medium cannot
be purely real functions of frequency. This is due to the requirement
imposed by the causality of the medium. The real and imaginary parts
of material parameters of a causal medium should be related through
Kramers-Kronig relations. In causal (ideally lossless) media with res-
onances that can be described by a Lorentzian model, the material
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losslessness and reciprocity of the circuit model of the non-local
element, which are unaffected by the inclusion of a “transmission line”
segment to the basic (local) Q element. The non-local pseudo—chiral
Q medium itself can in principle be constructed by spreading a large
number of the non—local © elements in an otherwise simple isotropic
dielectric as shown in Fig. 4. Like in the case of the local 2 medium,
the orientation of the elements has to be kept fixed throughout the
medium although their relative locations can be random.

One reservation still needs to be addressed before we can write
the constitutive relation of the non-local £ medium. Usually when we
talk about the constitutive relations of a medium, we implicitly assume
that if scattering objects exist within the bulk of the medium, then they
must be very small compared to the wavelength of the propagating field
[9]. While this assumption is still applicable to the dimensions of the
stems and the loop of the non—local Q element, it may, in general, not
be the case for the connection, i.e., 2 -transmission-line, between them.
However, if we assume that the separation between the two wires of the
transmission line in Fig. 3 is very small, then the interaction of the Q-
transmission—line with the transverse fields is very small as explained
above. The transverse fields, therefore, only interact with the stems
and the loop section of the non—local Q elements, which are assumed
to be small compared to wavelength. This allows us to express the
medium interaction with the transverse fields in terms of constitutive
relations, although these relations are, admittedly, expected to be more
complex than those of a local @ medium. The constitutive relations of
the non—local © medium are themselves expected to take the form of
non-local transformations relating the transverse fields E and B at a
given point, to D and H at another. As for the longitudinal fields, i.e.,
the fields parallel to the €2 -transmission line, the only field component
strongly affected by the € -transmission-line is the longitudinal elec-
tric field. For a TEM or a TE wave, this component vanishes anyway.
For a TM wave, the effect of the € -transmission-line can be impor-
tant. If the length of the —transmission-line is small compared to
the wavelength, this effect can be included in the longitudinal permit-
tivity (i.e., €;; with z being the direction of propagation). Otherwise,
the non-local €2 elements have to be treated as scattering objects of

parameters can be real for almost all real frequencies, while the imagi-
nary part remains zero almost everywhere except at a set of frequencies
(resonance frequencies) where it behaves like Dirac delta functions.
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Figure 5. Twisting the loop by 180° around the axis of the {}-transmission-
line reverses the sign of {1,.

finite size. In the extreme case, where the density of the non-local Q
elements in the medium is high and where their length is also large
compared to the wavelength, one may require the longitudinal electric
field E, to vanish in this medium as a result of the effectively “high
longitudinal conductivity”. That is, in this case the medium may not
support TM modes.

3. Constitutive Relations of Non-Local @ Media

With the restrictions mentioned at the end of the previous section
in mind, the constitutive relations of the non-local 2 medium shown
in Fig. 4 can be written as;

Dy(X) =€2p Ex(X) (2a)
Dy(X) =eyy Ey(X) — i2eBz(X +1) (2b)
D,(X) =€, E.(X) (2¢)

Ho(X) =}11;; Ba(X) — By (X — 1) (2d)
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Hy(X) =i;By<x> (2€)
H,(X) =i (X) 2f)

where X is the position vector of a general point in the medium and 1
is the position vector of the loop center of any non-local {2 element in
the medium relative to the center of the air gap between the stems of
the same element. The coupling admittance dependence on the length
I, as well as the frequency w, is understood implicitly. The negative
sign in front of i is chosen for compatibility with Fig. 4. For the
arrangement shown in that figure, and for a local medium, i.e., I =0,
the magnetic dipole moment pointing in the negative z —direction due
to a typical Q—element, lags 90° behind the electric dipole moment
pointing in the positive y—direction due to the same element. Changing
the sign of Q. of a non-local 2 —medium can, in principle, be achieved
by twisting the loop 180° around the axis of the €2 -transmission-line,
as shown in Fig. 5. For the €2 —element alignment shown in Fig. 3, and
for the sign convention adopted in (2), the sign of €. itself is positive
(when I =0).

From (2), we notice that an unbounded non-local {2 medium
possesses translational symmetry in the direction of the vector I . We
are going to refer to the direction of the vector 1 by the term “trans-
lational symmetry axis of the non-local @ medium”, or simply, the
“symmetry axis” of the medium. As will be explained shortly, we shall
assume that the non-local Q medium always satisfies this symme-
try requirement. The medium may or may not have other symmetry
properties. For the most general non-local §} medium, the symmetry
axis can have an arbitrary direction with respect to the direction of
the stems and the loop axes of the Q elements. For simplicity, here we
consider only the cases where the symmetry axis is normal to the stems
and the loop axes. For example, in the case shown in Fig. 4, the loop
axis is parallel to the z —axis, the stems are parallel to the y—axis,
and the symmetry axis is parallel to the z-axis. For this particular
medium, the constitutive relations can be written as;

Dz(x, v, Z) =EEEE:L‘(37a Y, Z) (30’)

Dy(x, y)z) =€nyy(xiy7z) - chB:t(m)sz +l) (3b)
Dz($, yaz) =EZZEZ(3"7 y)z) (30)
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Hy(w,y,2) =——Ba(z,y,2) — eBy(@,y, 2~ 1) (3d)
Kezx
1
Hy(m,?}, Z) = _y(ﬂ'}, y,z) (36)
Hyy
1
Hz(x:y;z) = Bl(x7y7 Z) (Sf)
Uzz

Performing Fourier transformation with respect to the z—variable (the
coordinate along the symmetry axis), we get for the electric field,

1 T :
E(z,y, ¢Z)=\/T—7r / E(z,y, k,)e*=* dk, (4)

and similar expressions for the fields B, H and D. Applying this
transformation to both sides of (3), and equating the coefficients of
the orthogonal e'*=* functions on both sides we get,

Dy(,y, k:) =€zz Ex (2, y, k2) | (5a)
Dy(z,y, k2) =eyy By(z,y, k2) — iQ:% By (2, y, k2) (5b)
Dz(w, y; kz) :5zzEz(-T, y: kz) (50)

- 1 - N
Hyx(z,y,kz) =-[L--~B,,.(x, Y, kz) — iQCe""“"Ey(m, Y, kz) (5d)

ZTx

- 1 -
Hy(x7 Yo kz) = By(z,y, kz) (5€)
Hyy ,

- 1 -
Hz(-’t,il/, kz) zﬁ“BZ(m7y7 kl) (5f)

It must be noted that the above equations are obtained assuming the
uniformity of the medium in the direction of its translational symmetry
axis. This assumption would make the medium parameters ¢, # and
Q. to be independent of the z-coordinate. This property is required
in order to be able to get simple Fourier-transformed constitutive re-
lations, as given above. Equivalent to Fourier transform, one may sim-
ply assume that the field is propagating in the positive z—direction as
E(z,y,2) = E(z,y)e*=*. In this case, the constitutive relations take
the form of those of a local medium since they reduce to,

Dy(z,y, 2) =€z Ex(z, 9, 2) (6a)
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Dy(z,y, z) =gyy Ey(z, Y, z) — cheik,le(m, Y, %) (6b)
D(2,y, 2) =€z E.(2,y, 2) (6¢)
Hy(z,y,2) =—£‘Bx($; Y, 2) — che—ik‘lEy(ma Y, 2) (6d)
Kz
1
Hy(m7y& Z) szy(SC:ZLZ) (66)
Hyy
1
HZ(xa Y, z) =——~Bz($, Y, Z) (Gf)
Hzz

where we have made the substitution, Bi(z,y,2 + 1) = By(z,y)
ek=(zH) = Gkl B (g y)eiksz = e*!B (z,y,2) and similarly for
Ey(z,y,z—1).*

In the following section, we present the electric-field wave equation
in the non-local € medium.

4. Electric-Field Wave Equation in Non-Local
Medium

The electric—field wave equation in the non-local Q medium de-
scribed by the set of constitutive relations given in (2) is found to

4 The consititutive relations given in (5) or (6) have an interesting
property; they are periodic in the wavenumber k,. This is different
from normal periodic structures where the medium parameters, and
. hence the constitutive relations, are periodic in the space variables.
~ Here, the medium parameters are constant in space along the direc-
tion of propagation and, therefore, the medium does not constitute a
spatially periodic structure in the usual sense. Some of the effects of
periodicity in k, are addressed in [7].
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be,

V x {gl [V x E(X)]} —w?e - E(X)

o, { [w + 2 1B,(X =) - By(x +1)1] 8

) Oy 0z (7)
OE, (X -1,

e

= iwJ(X)

where J is the electric current density. This partial differential equa-
tion involves spatial derivatives of the electric field at different spatial
points. The solution of this equation is clearly very difficult to obtain.
If we assume that I extends parallel to the z—axis, and if we perform
Fourier transform on this equation with respect to the z-coordinate,
or alternatively, if we start from the Fourier transformed fields and
constitutive relations as in (5), we get,

V' x {gl : [v’ x B(Xe, kz)]} —w?e - B(Xy, k)

+wﬂc{

wa OBe(Xe k) | o cin i) By (X, kz)} 8y

e
oy
- (®)
o-ikat OBy (Xe k)
Oy g
= iwJ (X, k2)
where,
0. g .

X =($, y)
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For a uniform plane wave where the field is of the form E(X) =
E,e**, the wave equation simplifies further to,

k x {g”l [k x Eo]} +w’e - E,
— Wl { {ikyeikﬂEoz + 2k, sin(kzl)Eoy} 8y — ik,,e"ikzigoyéz} (10)
= ~iwd,

If a uniform plane wave propagates in a source—free unbounded region
along the z-direction, i.e., when k; = ky = 0 and k, = §, with its
electric field polarized along the y-—axis, i.e., when E, = E,; = 0,
then we get,

[wz,umsyy = B% = 2w sin(ﬂl)] Eoy =0 (11)
In this case, the propagation constant is a solution of the equation
wzﬂmeyy - ﬁQ - 2&)/}:33:935 Sin(ﬁl) = O (12)

This shows that, in general, for such a TEM plane wave, the propa-
gation constant depends to the first order on the coupling admittance
of the medium €2, as long as the length of the connecting section is
different from zero, i.e. | # 0. Thus, the non—-local @ medium does
indeed affect the propagation constant of a linearly polarized TEM
uniform plane wave, as intuitively predicted earlier. For a very short
connection, i.e., for 8l € 1, and w0l < 1, the solution of (12) is
given, up to the first order in Q.l, by,

B =~ w\/ﬂmzeyy(l — Witzzl) (13)

which confirms the first order dependence of the propagation constant
on the coupling admittance. The complete study of eigenmodes of prop-
agation of plane waves in an unbounded non-local  medium will be
given shortly. But first in the next section, we will present a simplis-
" tic circuit model of the non-local Q element that allows us to write
- approximate frequency-dependent expressions for the material param-
eters of the non-local ! medium.
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5. Circuit Model Analysis for Frequency Character-
istics of @ Media

The mere presence of a finite-length “transmission-line” segment
as part of the non—local {1 element makes its frequency response non—
trivial. In this section, we discuss an approximate circuit-model analy-
sis for the frequency characteristics of electromagnetic wave scattering
from non-local  elements. Before we start developing our model,
we would like to mention from the beginning that this model, which
is based on representing the different parts of a typical non—local Q
medium by equivalent lumped circuit elements, is by its very nature
limited to low and medium frequency ranges. The extrapolation of the
results of this model to very high frequencies can result in inadequate
results. In particular, as will be shown, we have found that in the limit
of infinitely high frequency, the permeability as predicted by the cir-
cuit model is different from that of free space as it should be [11]. This
is due to the fact that we assume the dimensions of the {2-element
loops to be small compared to the wavelength and also assume that
the magnetic field is uniform across it. This approximation holds only
at low and intermediate frequencies. Therefore, when we mention in
the text the term “high frequency permeability,” we actually mean the
“extrapolated high-frequency permeability” as predicted by this model.
Moreover, in this model we assume that the density of  element
is not high, and the single-scattering method is considered. We first
discuss the circuit-model for local 0 media, wherein the length of
Q —transmission—line is assumed to be zero. Then we will present the
results of our model for the non-local Q2 media.

(a) The Case of Local Q@ Medium

Consider first, a straight piece of a perfectly conducting rod whose
dimensions are identical to those of the two stems of the local 2 el-
ement, (i.e., | = 0) when joined together to form an electric dipole,
without a loop or an air gap in between. The incident electric field
tangential to the surface of the conducting electric rod acts as a source
of electromotive force (e.m.f.). The total em.f. on this rod due to
the incident electric field is equal to FE.d, where E; is the incident
tangential electric field and d is the length of the rod. This e.m.f.
causes equal and opposite electric charges +Q¢ to accumulate on the
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Figure 6. Part (a): The loop of the local §} element interrupts the con-
duction current flowing at the center of the electric dipole. A fraction
of this current goes to the stray capacitance associated with the air
gap. Part (b): The equivalent circuit of the local ! element consists of

a capacitance, C, connected in series with an inductance, L. The stray
' capacitance associated with the air gap is represented by the shunt ad-
mittance Y;. The equivalent circuit contains a voltage source in the ca-
pacitance branch, representing the tangential electric field and another
in the inductance branch, representing the time—varying magnetic flux
linkage.
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opposite sides of the dipole. Since this e.m.f. is time varying, a current,
equal to 0Qc/0t, flows along the dipole. It is well known that this
process can be modeled as a voltage source of magnitude E;d in series
with a capacitance C. Consider now that the conducting rod is di-
vided into two parts with an air gap in between. In addition, consider
that a loop made of a conducting material is connected across the air
gap as shown in Fig. 6a. The connection is local in the sense that there
is no “{)—transmission line” connected in between. Therefore, the el-
ement constructed this way is the local €2 element. From the figure,
it is clear that the loop interrupts the conduction current flowing at
the center of the electric dipole. Therefore, the loop, represented by an
inductance L, must be connected in series between the voltage source
and the capacitor mentioned above. (The capacitance C of a short
stem and the inductance L of a small loop can be expressed in terms
of the stem’s and loop’s characteristics using quasi-static analysis, see
e.g., [18]). Fig. 6a also shows that, due to the finite air gap between
the two stems, part of the conduction current, originally flowing at
the center of the dipole, does not enter the loop, but rather takes a
shortcut through the stray capacitance associated with the air gap.
Therefore, the equivalent circuit of the local 2 element can contain a
stray admittance, representing the air gap, connected in parallel to the
loop inductance. This equivalent circuit is shown in Fig. 6b, which also
includes a second voltage source representing the e.m.f. induced in the
loop by the time-varying magnetic flux linkage. For a local © element
whose stems are aligned parallel to the y axis and whose loop’s axis is
pointed in the negative x direction, like the elements of the medium
shown in Fig. 4, the equivalent—circuit voltage sources, i.e., e.m.f. due
to tangential electric field and magnetic field are given, respectively,
by;

e.m.fg, =E,d (14a)
em.fp, = — (~iw)(—Bz)A = —iwB; A (14b)

where A is the electrical cross—sectional area of the loop, and d is
defined earlier. The approximation used in finding (14b) is valid only
for low and intermediate frequencies where the wave length is large
compared to the loop diameter and the magnetic field does not vary
appreciably across the loop cross—section. As will be explained later,
this same approximation is one of the reasons for the inadequacy of this
approximate circuit model to correctly predict the very-high frequency
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limit of the permeability of the medium. Another important point that
needs clarification is the fact that, the magnetically~induced e.m.f.
is due to the time variation of magnetic field impressed on the loop,
i.e., the magnetic field produced by all sources other than the current
induced in the loop by this impressed magnetic field. Therefore, (14b)
can be replaced by e;, = —iwpH;A where u is the permeability of the
host dielectric in which the conducting microstructures are imbedded.

A simple analysis of the circuit in Fig. 6b shows that the capacitor
voltage is given by

_ Eyd(1 —iwLY;) — iwpH- A

Ve 1 —-w?LC —iwlY, (15a)
and the inductance current by,
. AlY. — i .
I = iwpHA(Ys — iwC) —iwCE,d (15b)

1 —w?LC — iwlY;

The electric charge accumulated on the edges of the stems is equal to
the charge, (¢, stored in the capacitor and is given by Q¢ = CV;.
Since these equal and opposite charges are separated from each other
by a distance d along the y axis, they constitute an electric dipole
of moment py, = Qcd. For an ! medium containing N local
elements per unit volume, (when N is not high), the electric dipole
moment per unit volume (polarization) along the y axis due to these
elements is given (within the approximation used here) by

Py = Npyy = 1—w?LC — iwLY;

(16)

From this equation, we find that the electrically-induced polarization

is given by,
201 _ 3 :
_ { NCd*(1 —iwLYs) }Ey (17a)

P“"yy

1 —w?LC —iwlY,

and that the magnetically-induced polarization is given by,

—iwCNAd
Py, = {1 —W2LC — wLY, } HHz (176)

On the other hand, the current flowing in the loop produces a magnetic
dipole moment which when measured in the positive = direction, is
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given by mgyz = —I,A. For a medium containing N elements per
unit volume (with a similar assumption), the magnetic dipole moment
per unit volume {(magnetization) is given by,
iwNpA%(Y; — iwC)H, + iwCNAdE,
Mzz Moz 1 —w2LC — iwLY; (18)

From this equation, we find that the magnetically-induced magnetiza-

tion is given by,
iwN pA%(Ys — iwC)
= H. 1
Mz {1—w2LC —wLY, | (19)
and that the electrically-induced magnetization is given by,
iwCN Ad
== MV ].
{ 1 —w2LC — iwLY, } Ey (19)
If the stray admittance Y; is infinitely large, corresponding to an ef-
fective short circuit, then (17) and (18) reduce to,

M

€z

ew - (NCdz) and P’m“, =0 (20&)

— 2
Mm:::: = ( N;/LA ) Hz a'nd Mezz = 0 (206)

From these equations we see that the stray admittance has an impor-
tant effect on the electrically-induced magnetization and the magneti-
cally-induced polarization, and consequently on the coupling admit-
tance {2.. In the above extreme example where the stray admittance
is infinite corresponding to a short circuit, the €2 elements behave like
disjoint conducting rods and loops with no coupling between them. In
the other extreme where Y; = 0, one can consider an ideal open—circuit
gap at the junction between the stems and the loop. In this case, (17)
and (19) have the form

P, = {1—]_\%’%} B, (21a)
Pr,, = {;zi’ii\g? } H, (21b)
= P

(e
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For convenience, the constitutive relations given by (2b) and (2d) are
reproduced here for the case of a local @ medium (i.e., I = 0) as
Dy = eyyEy—iQcB, and H, = -“i—zBm ~iQ2:E,. Solving these equations
for Dy and B, we get

Dy = ey By — 12282 He (22a)

By = gz Hy + itz Qe By (22b)

where &gy, is the effective permittivity in the y direction defined by,
Eyyerr = Eyy + a2l (23)

For the medium under consideration, we can write the displacement
and magnetic induction vectors in the form, D =¢E+ P, and B =
u(H +M,), where the polarization and magnetization due to the host
dielectric are included in the parameters € and u, while those due to
the conducting ) microstructures are incorporated in P, and M.
Substituting for Py, and M, from (21), we get,

NCd? . wCNAd
Dy={€+m}Ey~lu{m}Hz (24&)
By= s+ CCNEAN oy, [wONAd ) (24b)
=\ T T owie [T M TS e f Y

Comparison of (24) and (22) shows that the material parameters of
the local  medium satisfy the following relations.

NCd?
Eyyerr =€ + 1-2LC (25a)
w2CN 2 A?
Uzz =/ + ""‘—"“'1 —2LC (251))
wCNAd
Pazlle =4 {m} (25¢)
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The other material parameters not mentioned here, such as €zz, Ly,
etc., are virtually unaffected by the presence of the conducting lo-
cal €2 microstructures and are, therefore, equal to those of the host—
dielectric material parameters € and p. Solving (25) for the parame-
ters €yy, zz, and e, we get

(H NCd<) ( ) 2sz2w (26a)

'1—(1 -A—’!iA—) w?LC

—w?LC

Eyy =€ §

(26b)

Paz =4 S

wCN Ad
2
1-— (1 — -A—T%A—> w2LC

Unlike the parameter combinations appearing in (25), it is seen from
(26), that if the parameters €yy, fizz, and Q. are evaluated individu-
ally, the different medium parameters seem to have poles at different
frequencies.® This is not a physically attractive feature, since the ba-
sic building block of the medium, viz. the local  element which is
represented by an L~C circuit, has one natural resonance frequency.
This natural resonance frequency should correspond to one simple pole
in the medium parameters, which should be common to all physically
meaningful expressions. Fortunately, the medium parameters do not
appear alone by themselves in physically meaningful expressions. For
example, as will be shown shortly, the medium’s wave impedance for
a y-polarized wave depends on the parameters ey, and pg.. Sim-
ilarly, the wave equation for the same wave, given by (11), depends
on the products (pzz€yy) and (uz:€:). Here again, we can write the
product (LzzEyy) in terms of (UzzEyy..) and (uzxQ). For this reason,

Q.= (26¢)

5 If the density of the € elements is low, then the factor
(1— NpA?/L) is close to unity. In this case, the different material
parameters will have poles at the same frequency w = ﬁ, and there
will be approximately no distinction between &y, and e, and be-
tween u and fps.
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for the remainder of this paper we use the set of material parameter
combinations appearing in (25). Figure 7 shows plots of the set of ma-
terial parameters given by (25) as function of frequency. This figure
and (25) reveal several interesting properties of the local §2-medium
circuit-model described here. These features are;

(1) Assuming € and p of the host dielectric to be real, the medium
is found to be lossless and reciprocal, since all parameters are real
functions of frequency and Q. = 6 This follows directly from
(24).

(2) fweset L =0 and A =0 in (25), corresponding to replacing the
loop by a short circuit, we get the material parameters of a medium
loaded with electric dipoles only, i.e.,

Cem Cme*

2
Eyyess =€ (1 + Nfd ) (27a)
bz ={ (27b)
Bzz8le =0 (27¢)

On the other hand, If we set C = o0 and d = 0 in the same equations,
corresponding to replacing the stems by a short circuit, we get the
material parameters of a medium loaded with magnetic dipoles only,
le.,

Eyyers =€ (28a)
NuA?

sz = (1 - ) (28b)

Baxlc =0 (28¢)

Both sets of results can also be obtained by setting Y; = oo in (17)
and (19) and working out the steps leading to (25).

6 The fact that the material parameters are real functions of fre-
quency does not constitute a contradiction with causality because it
can be shown that, in the limit of zero loss, the imaginary part of these
material parameters tend to become Dirac—delta functions located at
the resonance frequency. Therefore, strictly speaking, the imaginary
parts do exist as Dirac—delta functions at resonance.
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Figure 7. Parts (a), (b) and (c) show, respectively, the relative effec-
tive permittivity, the relative permeability, and the relative permeability
times the normalized coupling admittance of a local {2 medium, plotted
versus frequency. The frequency is normalized with respect to the natu-
ral resonance frequency of the ( elements, i.e., w, = # For the plots

presented here, we have assumed that the permittivity and permeability
of the host dielectric are equal to free-space values, €, and p,, respec-
tively. Here for the numerical values it is assumed that NCd?/e = 1 and
NuA?/L = 1. The fact that, for very high frequency limit, the extrap-
olated high frequency permeability differs from that of free space (u,)
which is the physically expected value, is a consequence of approximat-
ing the Q element by a lumped-element equivalent circuit. This point is
further discussed in the text. It is also worth noting that the circuit—
model analysis is limited to the low and intermediate frequency regimes.
Nevertheless, here we plot the material parameters for wider range of
frequency in order to see the behavior of this model in the higher fre-
quency regime.
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(3) At low frequencies, i.e.,w < we, (25) simplify to,

NCd?
Eyyerr =€ (1 + c ) (29a)
_ NuA? w2
Hzz =1 [1 + ( T ) (;;) (29b)
Pzx$le =wC N Ad (29¢)

Unlike the case of a medium containing separate conducting closed
loops, whose permeability is described by (28b), the permeability of a
local Q) medium is greater than the host’s permeability (for low fre-
quencies up to resonance frequency). Therefore, for this range of fre-
quencies, local 2 media are effectively paramagnetic materials. This is
due to the fact that here the loops of the {1 elements are open, being
terminated by pairs of stems. Therefore, the frequency characteristics
of the Q microstructures are mainly determined by the capacitance
between the stems at these low frequencies. Equation (29¢) shows that
at frequencies much lower than the resonance frequency, the coupling
admittance . is proportional to the capacitance C and is indepen-
dent of the inductance L. Therefore, increasing the capacitance C,
 without increasing the stray. admittance Y, is a very important fac-
tor in improving the coupling admittance of the medium.

(4) At zero frequency, (25) reduce to,

NCd?
Eyyerr =€ (1 + - ) (30a)
Uz =i (30b)
Urzfle =0 (30¢)

while at very high frequencies, w — oo they reduce to,

Eyyerr =€ (31a)

NuA?
Hzz ==L (1 — lz ) (31b)
/"x:ch =() (316)

From these equations, it is seen that at very high frequencies, the per-
mittivity of the medium approaches that of the host dielectric, while
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the permeability approaches the value predicted for a diamagnetic
medium containing conducting closed loops only. These high frequency
limits are evidently different from the permittivity and permeability of
free space, €, and py,. One reason for this discrepancy is the fact
that we have ignored the frequency characteristics of the material pa-
rameters of the host dielectric itself. Including these characteristics re-
moves the objection on the very-high—frequency limit of the medium
permittivity, since € of the host material itself tends to ¢, at such
frequencies. Resolving the problem of permeability requires u of the
host medium also to approach g, for very high frequencies, and the
second term in the parentheses in (31b) to vanish. One of the reasons
that this term does not vanish in our model, is that we have assumed
the e.m.f. induced in the loop to be proportional to the product of
the magnetic induction B, times the area of the loop A, rather than
the surface integral of the former over the latter. This procedure im-
plies the assumption that the loop is physically very small compared
to the wavelength of the field, which obviously does not hold at in-
finitely high frequencies. Therefore, our model, though may be valid
for frequencies beyond the resonance frequency of the conducting
elements, is not valid for very high frequencies. The high—frequency
permeability of (31b) is obtained by extrapolating the results of our
circuit model to infinitely high frequencies. Therefore, if we mention
in the test the term “high-frequency permeability,” we actually mean
to say the “extrapolated high—frequency permeability”. From (30) and
(31), it is seen that the coupling admittance 2. vanishes at zero and
infinite frequencies, in agreement with the symmetry properties and
causality conditions known for coupling parameter of this kind such as
chirality admittance [12,13].

(5) It is interesting to point out that, if the conducting local Q elements
are oriented randomly in the host dielectric, then the bulk coupling
admittance ). vanishes (in a statistical average sense) as expected, but
the effects of the 2 elements on the bulk permittivity and permeability
of the medium remain.

(b) The Case of Non-Local Q@ Medium

The equivalent circuit of the non—local  element is obtained
by including a finite-length section of a transmission line between the
inductance and capacitance branches of the circuit of Fig. 6b. The re-
sulting circuit is shown in Fig. 8, where we have omitted the shunt stray



Theoretical study of non-local {) media 377

T. L.

—imBXA

Figure 8. The equivalent circuit of the non—local £) element. The shunt
stray admittance at the entries to the transmission line is omitted for
simplicity.

admittance at the two entry ports of the transmission line. Following
the same line of analysis as for the case of the local {2 medium, we
conclude that the non-local- 2 -medium material parameters affected
by the presence of the €2 elements have the following forms;
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NCd?
Eyyeff =€ 1 + €

cos(kql) — sm(kdl)

32
(1 — w2LC) cos(kal) — %’Zé [1 + 22 (%)] sin(kql) (320)
_ NpA?
e (222
w?LC cos(kql) + % s1n(kdl)
"7 ° : (32b)
(1 —w2LC) cos(kgl) — 7 {1 + Z2 (f)] sin(kql)
e WCN Ad
(1 — w2LC) cos(kal) — YL [1 + 22 (%)] sin(kql)
(32¢)

where Z, is the characteristic impedance of the “{} —transmission line”
and kg the propagation constant of current and voltage signals along
it. The propagation constant of local fields inside the 2 —transmission—
line is not necessarily equal to the propagation constant of the bulk field
propagating in the medium around the non-local € elements, even if
they both propagate in the same direction. That is, in general, kg # k.
If we assume that the two wires of the tiny {2 -transmission-line are in
the host medium, the value of k4 can be taken to be kg = w,/zé where
€ and u are the permittivity and permeability of the host medium.
The basic difference between the non-local and local  medium is
that, while in this circuit model the latter has a single resonance fre-
quency corresponding to the natural resonance frequency of the L-C
equivalent circuit of the local 2 element, the former has more than
of one such resonance frequencies. This is due to the presence of the
Q ~transmission line segment which works as a two port network that
transforms the value of the impedance terminating one port, to a dif-
ferent value at the entrance to the other. For example, as seen from the
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side of the ! -transmission line attached to the stems, the impedance
of the loop alternates between inductive and capacitive reactance as
the operating frequency is increased. Similarly, as seen from the side
of the € —transmission line attached to the loop, the impedance of
the stems alternates between capacitive and inductive reactance. As a
result, strictly speaking, the condition of resonance is satisfied many
times as the operating frequency scans over all possible frequencies. It is
worth noting that, for local 2 media, when the frequency is increased
beyond the range of validity of lump circuit model, higher resonances
can also be achieved. In this high frequency region, the stems and loops
are no longer considered as small dipoles and small loops. The plots of
the material parameter combinations appearing in (32) are shown in
Fig. 9 for a typical non-local €} element. Other than having multiple
resonance frequencies, the effective permittivity and permeability have
the simiar general characteristics as for a local medium. However, the
product of permeability and coupling admittance changes sign each
time a resonance frequency is crossed while it maintains the same sign
between successive resonance frequencies.

In this section, using an approximate simplistic circuit model we
have analyzed the material parameters of the non-local 2 medium. It
is worth noting to reiterate that the circuit-model analysis presented
here is limited to the low and intermediate frequency regimes. Never-
theless, here we studied this model for the wider range of frequency in
order to see the behavior of this model in the higher frequency regime.
In the next section we will present electromagnetic characteristics of
plane wave propagation in the non-local 2 media.

6. Plane Wave Propagation in Unbounded Non-Local
Q Media

(a) Propagation along the Medium’s Translational Symmetry
Axis

The electric—field wave equation for the non-local €2 medium
~ depicted in Fig. 4 was given earlier in Section IV for fields having
different degrees of uniformity. For the most general case, the wave
equation is given by (7). For an electric field that propagates along the
translational symmetry axis of the medium and that has an arbitrary
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Figure 9. Parts (a), (b), and (c) show, respectively, the relative effec-
tive permittivity, the relative permeability, and the relative permeability
times the normalized coupling admittance of a non—local ! medium plot-
ted versus frequency. These material parameters are calculated based on
the lumped—element circuit model of the non—local §2 element. The fre-
quency is normalized with respect to the natural frequency of the local Q
elements, i.e., w; = TzCE The length of the transmission line connecting

the loops and stems of the non—local () elements is chosen to equal to
one quarter of the free—space wavelength of a uniform plane wave, whose
frequency is equal to the natural resonance frequency, w,, of the local 2
elements. Other than that, the medium characteristics are the same as
in Fig. 8. Note that the first resonance frequency occurs at a frequency
substantially lower than the natural resonance frequency of the local Q2
elements. Moreover, the medium has many resonance frequencies, two
of which are shown in the figure. Note also that the sign of coupling ad-
mittance alternates between positive and negative as each resonance fre-
quency is crossed. It is also worth noting that the circuit~-model analysis
is limited to the low and intermediate frequency regimes. Nevertheless,
here we plot the material parameters for wider range of frequency in
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transverse distribution, the wave equation is given by (8). For a uni-
form plane wave propagating in general direction, the wave equation
is given by (10). For the special case of a y—polarized uniform plane
wave propagating along the z axis of a source-free unbounded region,
the wave equation is reduced to (11). In the last case, the wavenumber
satisfies (12). Here, we solve (12) for a medium whose material param-
eters conform to our circuit model presented in section V. Then, in
the next sub-section, we deal with the problem of uniform plane wave
propagation in an arbitrary direction.

We first consider a local @ medium, i.e., [ = 0. In this case, (12)
simplifies to,

/B = kO A% ij'rzs:sryy = ko\/{urzzsrygeff - (ﬂrzz ac)Q] (33)

where k, (=w\/fi,&,) s the free-space wavenumber and

Oc (E Qe o /eu) is the normalized coupling admittance. Note that

we have rearranged the right-hand side so that it contains only those
material parameter combinations that appear in (25). Figure 10 shows
a plot of the dispersion relation given by (33). The horizontal axis rep-
resents the free-space wavenumber normalized with respect to that of a
uniform plane wave whose frequency is equal to the natural resonance

frequency, weo (E 71%) , of the local 2 elements in vacuum. Since

k, = w/c where c is the speed of light in vacuum, it follows that this
axis also represents the normalized frequency. That is,

kn=-—" = —t = — =Wy (34)

The vertical axis represents the medmm s wavenumber normal-
ized with respect to k.. That is, B, = k_ If we look back at the
material parameters of the local  medium shown in Fig. 7, we see
that in the frequency range 0 < wy, < 1, the permittivity and perme-
ability of the medium increase monotonically to infinitely large values
at resonance wn, = 1. This explains the sharp increase in the propa-
gation constant at resonance frequency. At very low frequencies, the
permittivity of the medium increases due to the Q elements while the
permeability remains basically the same as that of the host dielectric.
Therefore, the slope of the -~k curve at low frequency is greater than
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Figure 10. The normalized propagation constant of a local  medium
plotted as function of normalized frequency. For simplicity, the material
parameters of the host dielectric are taken equal to free-space values. The
frequency is normalized with respect to the natural resonance frequency

of the local ) elements, i.e., w, = v’% Here for the numerical values it

is assumed that NCd?/e = 1 and NuA?/L = 1.

medium decreases while the permittivity approaches that of the host
dielectric. Therefore, the slope of the S — k& curve at high frequency is
less than unity. From the slope of the 8~k curve at high frequencies,
we conclude that the local 2 elements can be used to reduce the prop-
agation constant of a dielectric. This can be useful in slab waveguide
applications. For example, if one can reduce the propagation constant
of the host dielectric, by loading it with Q elements, to a value lower
than that of air (or free space), then one can prevent the slab waveguide
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than that of air (or free space), then one can prevent the slab waveguide
from supporting a surface-guided wave. However, the same, and even
better, reduction in propagation constant can be obtained by simply
loading the dielectric with electrically conducting closed loops without
the need to attach stems to them. Constructed in this way, the medium
becomes diamagnetic for all frequencies and its B — k curve becomes
identical to the lower asymptote in Fig. 10. Nevertheless, the reduction
in wavenumber caused by the Q elements has another distinct feature.
Figure 10 shows that for frequencies slightly higher than the resonance
frequency, the magnitude of the propagation constant drops to a very
low value, and actually reaches zero for one specific frequency. This
frequency lies at the boundary of the cutoff band, where the propaga-
tion constant becomes, in general, complex. For the choice of NCd?/e
and NuA?/L used in calculating the graph of Fig. 10, the width of
the cutoff band is zero. Figure 11 shows the normalized propagation
constant of a local Q medium having different values of NCd?/e and
NuA?/L. This medium has a finite cutoff band where the propagation
constant becomes imaginary. This property can reduce the capability
of slab waveguides to support guided—surface waves.

As far as wave propagation is concerned, the non-local ! medium
has two qualitative differences that distinguishes it from the local 2
medium. First, the medium exhibits multiple resonance frequencies for
the circuit model presented here. Second, the propagation constant is
different for positive and negative coupling admittance. The second
feature actually constitutes the motivation for the conception of the
non-local € medium. The propagation constant of this medium is
governed by (12) which can be written in the form,

w? [ﬂmxgyeﬁ’ - (ﬂzmQC)z} - 52 — 2w (pzS2c) Bsin(Bl) = 0. (35)

Figures 12 show the magnitude (with no sign accounted) of the
normalized wavenumbers versus normalized frequency in two non—local
Q media, differing only in the sign of the coupling admittance. The me-
_ dia specifications are identical to those of the local @ medium, whose
dispersion diagram is plotted in Fig. 10, except that the length of the
transmission lines connecting the loops to stems of the non—local Q
elements, is chosen to equal to one quarter of a free-space-wavelength
at the resonance frequency of the local Q elements, i.e., I = 0.25)c.
(Remarks: These plots were actually calculated numerically assuming
very small loss tangent of the host dielectric (§ = 107°). Including
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Figure 11. The same as in Fig. 10., except that NCd?/e = 2 and
NuA?/L = 1. At low frequencies, the curve is tangential to the asymp-

tote B, = \/?;kn, while at high frequencies, it converges to the asymptote
B = V0.5k,,. This medium has a cutoff region of non-zero bandwidth.

the numerical solution of (35) by Newton’s method. The curves shown
are, therefore, the absolute value of the real part of the propagation
constant. We made sure that the imaginary part corresponding to these
curves (which is very small of the order 10~7) is positive for all fre-
quencies. It must also be mentioned that the numerical accuracy near
resonance is much lower than that at a frequency far from it). Note
that the propagation constants differ appreciably for the two media
for frequencies beyond the first resonance frequency. Before we explain
this difference, let us first discuss each diagram separately. If we look
at the graphs of effective permittivity and permeability of a non-local
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Figure 12. The vertical axes represent the magnitude (with no sign ac-
counted) of the real part of normalized wavenumbers of a non—local 2
medium with (a) pesitive coupling admittance, and (b) negative cou-
pling admittance. The medium specifications are the same as for Fig. 10,
except that | = 0.25X,,. Note that the first resonance frequency occurs
at a lower frequency than the natural resonance frequency of the local )
elements. [Remark: these plots were actually calculated assuming very
small loss tangent of the host dielectric ((5 = 10_6). Including a small
imaginary part into the permittivity, improves the convergence of the
numerical solution of (35) by Newton’s method. The curves shown are,
therefore, the magnitude of the real part of the propagation constant.
‘We made sure that the imaginary part corresponding to these curves
{(which is very small, of the order 107) is positive for all frequencies. It
must also be mentioned that the numerical accuracy near resonance is
much lower than that at a frequency far from it.]



3886 Saadoun and Engheta

at the graphs of effective permittivity and permeability of a non-local
Q medium, like those given in Fig. 9, we find that both parameters in-
crease to infinitely large values for frequencies just below the resonance
frequencies of the medium, and that they drop to infinitely negative
values for frequencies just beyond these same frequencies. The same
figure also shows that the product of permeability times coupling ad-
mittance reverses sign each time a resonance frequency is crossed, this
product being infinitely large for frequencies in the neighborhood of
the resonance frequencies. Equation (13) also shows that a positive
coupling admittance has a tendency to reduce the propagation con-
stant, while a negative Q. has a tendency to increase it.” Compiling
this information allows us to arrive at the following explanation of the
dispersion diagram for the non-local € medium.

(1) For frequencies between zero and the first resonance frequency,
the value of effective permittivity and permeability is so high that it
offsets any effect of the coupling admittance. Therefore, irrespective of
the sign of the coupling admittance, the propagation constant of the
medium increases monotonically from zero to an infinitely large value
for frequencies just below the first resonance frequency.

(2) Beyond the first resonance, the coupling admittance reverses sign.
Therefore, a medium whose coupling admittance is positive at low
frequency changes into one with negative .. As a negative coupling
admittance tends to increase the propagation constant, the drop in the
effective permittivity and permeability that takes place for frequencies
above resonance and near the cutoff band, is partially compensated for
by the negative coupling admittance. The net result is that the prop-
agation constant of a non-local medium, with positive low—frequency
coupling admittance, does not drop to a very low value beyond the
first resonance frequency. As the frequency is further increased, the
conditions of the second resonance are approached and the effective
permittivity and permeability rise again. Consequently, the (magni-
tude (absolute value) of real part of) propagation constant continues
to increase to very large values for frequencies just below the second
resonance. As the second resonance is passed, the coupling admittance
changes its sign back to positive. For frequencies above the second reso-

7 Although (13) was derived for infinitesimal ., its application
here is justified due to the fact that the term in (35) that is linear in
Q., has only a single pole at resonance while the term involving the
product (ugzz€yy) has a double pole at the same frequency.
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nance frequency and near the second cutoff band, the effective permit-
tivity and permeability are small in magnitude, and at the same time
the coupling admittance is positive. All these conditions combine to re-
duce the value of the propagation constant to a very low value. As the
frequency is increased and the conditions of the third resonance are ap-
proached, the propagation constant starts to increase gradually. From
the above analysis (for the approximate circuit model), we conclude
that the cutoff bands of a non-local © medium, whose low—frequency
coupling admittance is positive, appear to be wider following the even
resonance frequencies (i.e. the second, fourth, etc.) than it is for the
odd ones. '

(3) The situation for a medium whose low—frequency coupling admit-
tance is negative is the opposite of the above described case. In par-
ticular, the (magnitude (absolute value) of real part of) propagation
constant for the medium shown in Fig. 12b, is lower for the non-local
 medium than it is for the host dielectric for almost the entire fre-
quency range between the first and second resonance frequencies. If the
properties of the non-local 2 medium are sought for the purpose of
reducing guided surface waves, then this coupling admittance sign and
frequency range constitute the appropriate choices. Note that this cou-
pling admittance sign is achieved by twisting the loops of the non-local
Q elements 180° about the medium axis.

Apart from the phenomenon of resonance, the frequency charac-
teristics of the propagation constant of the non-local  medium, as
deduced from our simplistic approximate circuit model, are generally
well behaved. The propagation constant is a single-valued continuous
function of frequency between the resonance frequencies.® Based on
this model, all values of propagation constant are allowable and there
are no wavenumber band gaps.

In the next sub-section, we treat the problem of uniform plane
wave propagation, in an arbitrary direction in an unbounded non-local
pseudo—chiral ©Q medium.

' (b) Propagation in a Three Dimensional Non-Local Q@ Medium

The vector algebraic equation governing the electric field of a

8 Of course, since (35) is an even expression in terms of 3, mathe-
matically speaking, B can be either positive or negative. Here in Fig.
12, the magnitude (i.e., absolute value) of the real part of 3 is plotted.
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uniform plane wave propagating in an arbitrary direction of a three—
dimensional non-local 2 medium is given by (10). This equation can
be rewritten in matrix form as AE;, = 0 where the vector E, and
the matrix A are given by,

EOI
E, = | Eoy (360)
EOZ
k2 k2 kzky kzk
2 £3
W€z — p"zy; - ﬁy‘g Tins —‘—‘#w
- kyk k2 k2 ) .
A= bk Wy ~ B — pa — 2k, sin(k,l) B ik, el
kok, kky ikl ) 2 K2
Fiyy Tizz +iwSlchye™ Wi = I~ am
(36b)

Equation (36) has a non-trivial solution if and only if the determinant
of the matrix A vanishes. Equating the determinant of the matrix A
to zero, we get the following equation;

2 4 21.2
kg E"'zzkg + (ET‘VV + u’l’zzac) ky + Erzz k;l + (E"'xz + E"w ) kzky
Hryy lr,, Hr, M, Hrg Ury,, HBro,  Pry, ) br,,
+ (E'vu +/‘erza3 + 6"'::) kgkz + (87'zz + 67'::) kzka%
/‘l’ra:z /‘I'Tzz urzz Mryy

l’l"l”yy ﬂ"'zz

2
& € zz € € zz 8711 8r + ll’ xza
—&r.. (— + = )kgkf-( rusfrs | Eree (Erun  rn ) k2k?

ryy  Hr, Ur,, Hr o

€ &r
—&r,, (—T" + —= ) kfkf + sr“erwerukf

Tzzx Tyy

2 2 2
Era::z:k.’t + srzzky + Erzzkz

—&ry e k2| K23 =0
Mry,, Hr,, Mryy,

+2a.k, k, sin(k,l) [
(37)
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where subscript r denotes relative quantities with respect to cor-
responding quantities of free space. Equation (37) is a fourth-order
equation in the unknowns k;, ky and k.. For a given frequency w,
or equivalently, for a given free-space propagation constant k,, this
equation represents a double—folded closed surface in the k-space.
This surface is known as the normal surface [14]. This surface is also
known as the index surface, since it contains all the information re-
quired to determine the medium’s index of refraction along any di-
rection [15]. The medium’s index of refraction, which is equal to the
ratio of the propagation constant in the medium to that in free-space,
can be determined from the index surface in the following way. A ray
is projected from the origin, pointing in the specific direction, along
which it is required to find the index of refraction. In general, the ray
intersects with the index surface at two distinct points. The medium’s
propagation constant, along the direction of the ray, is determined by
the length of the k—vectors connecting the origin to these intersec-
tion points. Therefore, in general, the medium has two different values
for the propagation constant along any direction, and, consequently,
two values for its index of refraction. By substituting the coordinates
(kz, ky, k,) of one or the other of the two intersection points into the
matrix A and solving for E,, we obtain the polarization state of the
eigenmode of propagation corresponding to our choice of wavenumber.
This procedure is illustrated by an example below.

Consider for example, a wave propagating parallel to the = — 2
plane. This is equivalent to saying that the k-vector lies in the k, —k,
plane (i.e., ky = 0 plane). In this case, (37) reduces to,

2 2 2
(67':::1: ka: + Era:z kz - E"'a:a: 67‘:: p"ryy ko

: (p'?'x:c kags + r,, kg — Hroo b, Eryy ki + 200chr,, bir, KoKz Sin(kzn) :( 0)
38

Each factor on the left-hand-side of this equation, can be individually
made equal to zero, giving rise to the equation of one or the other of the
intersection curves of the index surface with the ky = 0 plane. These
curves are shown in Fig. 13 for a typical non-local @ medium. The
figure also shows the polarization states of the different eigenmodes. If
g is the angle between the ray OR and the z axis, then the compo-
nents of the k—vector of a wave propagating parallel to the 2~z plane
can be written as, kr = ksin(8), ky = 0,k, = kcos(8). Equating the
first factor on the left~hand side of (38) to zero and substituting for
k. and k, from the above relation, we get the following expression for
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kx

Figure 18. This figure shows the intersection of the index surface with
the k, = 0 plane. Only the first quadrant is shown since (37) has even
symmetry with respect to all of the three principal planes. The medium
parameters are the same as for Fig. 12a. The operating frequency is
ko, = k.o, the resonance frequency of the local {1 elements. The two pos-
sible wavenumbers for a wave propagating along the direction of the ray
O?Z, are given by the length of the vectors k; and k9. The eigenmodes
corresponding to these wavenumbers are also shown symbolically by dis-
playing their polarization.

€ zzs zz yyk
k1(9)= -‘/'rQ T2z by, RO . (39)
VEr,, 8in*(0) + &, cos2(f)
The eigenmode corresponding to this wavenumber has its magnetic

field polarized along the y-—axis and its electric field parallel to the
z — z plane. If we take the z-direction to be the “preferred” direc-
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67':: 67‘,, /‘l’ryy kO
Ver,, sin?(0) +&,,, cos?(6)

The eigenmode corresponding to this wavenumber has its magnetic
field polarized along the y-axis and its electric field parallel to the
z — z plane. If we take the z—direction to be the “preferred” direc-
tion of propagation, then we can classify this eigenmode as a TM wave.
Considering the orientation of the € elements in the medium, which is
shown in Fig. 4, it is clear that a field having this polarization does not
interact with these Q elements. Therefore, this eigenmode is identical
to the corresponding one in the host dielectric. Equating the second
factor on the left-hand side of (38) to zero and performing the substi-
tutions for k; and k,, we find that the magnitude of the propagation
constant of the second mode is obtained by solving the following equa-
tion,

k1(0) = (39)

(s SI02(0) + ... c052(6)) K3(0)
+ 20cfir,, fir,, COS(0)k, k2(0) sin (k2(0)! cos(8)) (40)

2 _
- /’t"'zz I'I’Tzzsryy ko - 0

This eigenmode has its electric field polarized along the y—axis and its
magnetic field parallel to the z — z plane. Using the above mentioned
terminology, this wave can be classified as a TE wave. A field having
this polarization interacts strongly with the € elements in the medium.
In the case of a non-local © medium, the effect on wavenumber is
proportional to the first order of magnitude of the coupling admittance.

As far as the wave characteristics are concerned, the second eigen-
mode, i.e., the TE wave which interacts with the Q elements, does not
essentially differ much from the linearly polarized eigenmodes of prop-
agation in ordinary anisotropic (e.g., dielectric) media. The only diffi-
culty associated with the 2 -medium eigenmode is that its wavenum-
ber cannot be obtained in a closed form formula. Instead, it has to
. be obtained by solving a transcendental algebraic equation, viz. (40).
Unlike the case of ordinary anisotropic media, where the eigenmodes
are obtained by means of the indexr ellipsoid, it appears that there
is no obvious way to obtain the eigenmodes in the bi-anisotropic
medium. Figures 14 show the intersection of the index surface with the
three principal planes in the k-space. Only the first octant is shown,
since (37) has even symmetry with respect to all of the three principal
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Figure 14. This figure shows the intersection of the index surface of a
non-local 2 medium, with (a) positive {1, and (b) negative 2., with the
three principal planes in the k-space. The medium and operating fre-
quency are the same as for Fig. 13. Compare the position of the point
p on part (a) to its position on part (b). This point indicates the in-
tersection of the z—axis with the index-surface-fold that belongs to the
strongly affected eigenmode.
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k-planes.® Both positive and negative coupling admittance are con-
sidered. The effect of the coupling admittance sign on the propagation
along the medium’s translational axis, i.e. the z—axis, is obvious. Prop-
agation transverse to the medium’s axis is not affected by the sign of
Q.. We conclude this sub-section on plane wave propagation by list-
ing the polarization states of the eigenmodes of propagation along the
principal axes. Whenever possible, we also provide the explicit value
of the propagation constant and the wave impedance. Otherwise, we
provide the equation governing the wavenumber.

(1) Propagation along the x —axis:

First eigenmode: a TEM wave:

The electric field is polarized along the z-axis, Foz =0, Eoy =
0, Eo, = E,. The propagation constant is given by 8 = |/&-_ fir, k,-
The wave impedance is given by 7 = w/—ulg:%-

Second eigenmode: a TE wave:

The electric field is polarized along the y-axis. Fop; =0, Eoy =
E,, Eo, = 0. The propagation constant is given by 8 =, [Er b, Ko-
The wave impedance (as defined by —E,/H, ) is given by n =

E—:“-no. The analogy of this eigenmode to the TE plane waves in

tra,nssersely biased ferrites constitute the basis for the design of rectangular-
waveguide slab phase shifters reported in [1].

(2) Propagation along the y-axis:

First eigenmode: a TEM wave:
The electric field is polarized along the z —axis, Eoz = E,, Eoy =
. 0, E,; = 0. The propagation constant is given by 8 = /&r__fir, K,

The wave impedance is given by 7 = ‘g—:‘lno.

% Incidentally, this means that replacing k by —k leaves (3.5.6)
invariant. Consequently, the propagation constant does not depend on
the sense of propagation, as seen in reciprocal media.
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Second eigenmode: a TM wave:

The electric field is polarized along the 2z —axis with a non-vanishing

ia VEra oo

0?2
\/erw (E"'w + 'u"l'z:ag)
E,: = E, where the effect of the 2 —transmission lines are taken into
€zz- The propagation constant is given by

longitudinal component. Egoz = 0, Ey =

fors OF
B = \fEr  fir,, - \/1 - mky
The wave impedance is given by
Mo
8 odexp(—ifl)\/Er fir.,

roo K
g ° \E"yy (E"‘w + Brps Olg)

’Q:

(3) Propagation along the z-Azis:

- First eigenmode: a TEM wave:

The electric field is polarized along the z-axis. Eox = E,, Eoy =
0, E,, = 0. The propagation constant 3 is given by 8 = VEraaPryy k.

~ The wave impedance 7 is given by 7 = ‘g—f:ihm.

Second eigenmode: a TEM wave:

The electric field is polarized along the y-axis. Eox =0, Eoy =
E,, E,, = 0. The propagation constant is a solution of the follow-
ing equation 8% + 20cur,, k.Bsin(Bl) — pr,.er, k& = 0. The wave
impedance is given by

n= T
,Eﬁk— + iacexp(~iBl)

Inl = L
\/ (25 + o sin(6) ) + o cos*(B1)

Note that both of the wavenumber and the wave impedance of this
eigenmode depend to the first order on the coupling admittance €.
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7. Summary

In this paper, we introduced and discussed the concept of the non—
local @ medium as a generalization to the local © medium, introduced
originally in our previous work [1]. The medium can, in principle, be
constructed by embedding a large number of non-local €2 elements in
an isotropic host dielectric. The non-local © medium was conceived
in an attempt to find an example of bianisotropic media with Q el-
ements that strongly interact with linearly polarized TEM uniform
plane waves. The conditions under which it can be justified to describe
such a medium, by a set of constitutive relations, are also discussed.
It is claimed that if the field propagates mainly in the direction of the
translational symmetry of the non-local ¢ medium, and, particularly,
if its electric field is polarized normal to the 2 —transmission lines (as
it is the case for a TE wave), then the medium can be described by
a set of constitutive relations. The constitutive relations of the non-
local © medium were presented and discussed. It was shown that per-
forming a Fourier transform with respect to the spatial variable, along
the direction of the medium’s translational symmetry axis, reduces
the form of the constitutive relations to that of a local medium. The
electric-field wave equation was presented and also subjected to the
same simplifying transform. By its nature, the non-local £ medium
is a dispersive medium. Therefore, it was necessary that we consider
the frequency characteristics of its material parameters. For this pur-
pose, we suggested a lumped—element simplistic equivalent circuit of
the non-local Q! element and used it to calculate the induced electric
and magnetic dipole moment densities in the medium. The frequency
characteristics of the local and non-local © media were presented and
commented upon. The model, which is valid for low and intermediate
frequencies, exhibits many features and provides, in general, physi-
cally acceptable results. The model fails to predict the high frequency
limit of the medium’s permeability. However, as described in the text,
‘this is a result of the approximations that are inherent in modeling
the Q element by lumped—element equivalent circuit. The propaga-
tion of uniform plane waves in a non-local 2 medium was also stud-
ied. The propagation along the medium’s symmetry axis was stud-
ied and the propagation constant, as a function of frequency, given.
The results showed the first order effect of the coupling admittance
on the wavenumber. The propagation in an arbitrary direction in &
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three-dimensional  medium was studied and the wavenumber given
in terms of the index surface. Finally, the eigenmodes of propagation
and the wave impedance were given for wave propagation along the
principal coordinate axes.
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