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1. Introduction

As well known, the problem of wave scattering from a single or a
few bodies has been studied constantly and strongly from over a cen-
tury ago to now; as a result, various methods for analyzing the problem
have been presented and many useful results have been obtained for
communication engineering and sensing technology. With the progress
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of computer, computational techniques have been developed in expec-
tation of a good solution to many problems which have been unsolvable
with analytic methods. On the other hand, high frequency techniques
also have attracted attention because they give a physical insight of
scattering and are applicable to a body of large and complex configura-
tion. In some cases, a few methods have been combined for getting the
solution. Here it should be noted that the methods mentioned above
are fundamentally based on the assumption that the body is in free
space.

In practice, the body is frequently in a random medium: e.g., rain,
snow, fog, some kinds of particles, turbulence and so on. The study on
wave propagation and scattering in random media also is a subject
with a long history. The multiple scattering theory has been developed
since 1960 in particular, and applied to many practical cases (e.g., see
references [1–6]). Backscattering enhancement of waves in random me-
dia has been investigated from an academic point of view during the
past decade[7–16]. It has thereby been said to be a fundamental phe-
nomenon in disordered media[ 14,16] and to be produced by statistical
coupling of incident and backscattered waves due to the effect of dou-
ble passage [8]. When a body is surrounded with a random medium,
it may then happen that the backscattering cross-section (BCS) of the
body is remarkably different from the BCS in free space. The problem
of wave scattering from a body in a random medium has therefore been
of great interest in the fields of radar engineering and sensing technol-
ogy. The problem has not, however, been analyzed as boundary value
problems.

Recently an approach to the problem and numerical results based
on the approach have been presented for some cases [17–20]. The ap-
proach is based on general results of both the independent studies
on wave scattering from a conducting body in free space and on wave
propagation and scattering in random media. By unifying their results,
this paper presents a method for solving the present problem and shows
numerically the average of amplitudes and intensities of backscattered
waves from a conducting circular cylinder in a turbulent medium.

After the introduction, Section 2 describes why conventional meth-
ods developed in free space are not directly applicable to the present
scattering problem and how the problem is formulated as boundary
value problems. Two operators are introduced: the Green’s function in
a random medium and the current generator which transforms incident
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waves into surface currents on the body surface. Here, a representative
form of the Green’s function is not required but the moments are done
for the analysis of the average quantities concerning observed waves,
and the current generator is a non-random operator which depends
only on the body surface. Construction of the moments and the cur-
rent generator is discussed and a method for analyzing the problem is
presented.

In Section 3, the method presented in Section 2 is applied to
the analysis of wave scattering from a conducting circular cylinder in a
turbulent medium, and the average of backscattered waves is calculated
in the transition region from the Rayleigh to resonance scattering for
the cases of E-wave and H-wave incidence. The attenuation coefficient
of coherence and the average backscattered cross-section are depicted,
as compared with those in free space and in the case where the effect
of double passage is not taken into account.

Section 4 is denoted to the summary of this paper and the dis-
cussion about forthcoming subjects.

The time factor exp(−iωt) is assumed and suppressed throughout
the paper.

2. Scattering Theory

In this section we present a general approach to the problem of
wave scattering from a conducting body of arbitrary shape and size in
a random medium, by introducing current generators which transform
incident waves into surface currents on the body.

2.1 Scattering from a Conducting Body in an Inhomogeneous
Medium

When dealing with a realization of a random medium, the present
problem may be regarded as wave scattering from a conducting body
in an inhomogeneous medium. Geometry of the problem is shown in
Fig. 1 where the coordinate system also is done. Assume for simplicity
that the dielectric constant of the medium is a function of location:
ε = ε(r), r = (x, y, z) , the magnetic permeability µ is constant:
µ = µ0 and the electric conductivity σ = 0 . In addition, it is assumed
that ε(r) is a varying function inside a sphere of radius L around the
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body, with the body size a � L , and that ε(r) = ε0 , a constant,
elsewhere.

Figure 1. Geometry of the problem of wave scattering from a conducting

body in an inhomogeneous medium.

Suppose that ε(r) is a piecewise smooth function. Then it may be
approximately expressed in terms of the Fourier series or the wavelets
in the three-dimensional region. Even if ε(r) is expressed in such a
form, it is not easy to obtain wave functions in the medium except for
the one-dimensional case. This shows that in the case where a conduct-
ing body of arbitrary shape and size is surrounded with an inhomoge-
neous medium, we have no method useful for analyzing generally the
wave scattering as boundary value problems. Consequently, if this is
forced to be combined with the fact that an inhomogeneous medium is
a realization of a random medium, it may be accepted that when ε(r)
is a random function, it is difficult to find a method for analyzing wave
scattering from a body in a random medium as well.

In wave scattering and propagation in random media, we are con-
cerned about not each realization of waves but the moments; and they
have been in part obtained for many practical cases. To solve the scat-
tering problem, however, we need to know the moments of surface
(electric and magnetic) currents induced by waves or to obtain di-
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rectly the moments of scattered waves from known incident waves, by
fitting the boundary conditions. How to fulfill this requirement will be
described in the following subsections.

2.2 Boundary Conditions on a Conducting Body in a Random
Medium

Let ε(r) defined in the previous subsection be a random function
throughout the paper from now. It can be expressed as

ε(r) = ε0[1 + δε(r)] (2.1)

Here δε(r) is a continuous random function with the zero mean:

〈δε(r)〉 = 0 for a turbulent medium and δε(r) =
N∑
i=1

εi(r) for a discrete

random medium, where εi(r) is a random function of position, dielec-
tric constant, shape, size and orientation of the i -th scatterer, and N
is the number of random scatterers and is very large. In addition, δε(r)
is assumed to be a bounded function:

|δε(r)| <∞ (2.2)

The surface of the body is assumed to be expressed by a smooth
function in order to construct operators on the surface in subsection
2.4. Even on the assumption, the surface changes according as physi-
cal situations; for example, it may be regarded as a rough surface or
a coated surface with a material, when particles stick partly on the
surface. In this paper, we assume that an infinitesimal thin layer of
free space exists between the surface and the medium and finally the
thickness of the layer tends to zero, as shown in Fig. 2. Accordingly,
we can assume a smooth surface and impose two types of boundary
condition on wave fields on the body: the Dirichlet condition (DC)
and the Neumann condition (NC). The former is used for the electric
fields tangential to the body surface and for the magnetic field per-
pendicular to the body surface, and the latter is used for the magnetic
field tangential to the surface of an infinite uniform cylinder. They are
expressed for the field u as
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u(r) = 0, for DC (2.3)

∂

∂n
u(r) = 0, for NC (2.4)

where r is on the surface of the body S , and ∂/∂n denotes the
outward normal derivative at r on S .

Figure 2. A model of the boundary between a body and a medium.

2.3 A Model of Scattering and its Formulation

According to Appendix A, using the Green’s function in the ran-
dom medium, we can obtain integral equations for surface currents on
the surface of the body; and then using the solutions of equations, we
can express the scattered waves. However, it is also shown that the
methods based on integral equations for surface currents on the body
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are not applicable to the present scattering problem. The reason is
that these surface currents are obtained as the solutions of statistically
nonlinear equations constructed by the random incident or re-incident
waves and the random Green’s function. Instead of obtaining the sur-
face currents directly, we therefore try to express them approximately.
Consider the scattering problem qualitatively as follows, referring to
Fig. 3. An electromagnetic wave radiated from a source of which the
position rt is beyond the random medium: rt > L , propagates in the
random medium, illuminates the body and induces a surface current
on the body. A scattered wave from the body is produced by the sur-
face current and propagates in the random medium; then, a part of the
scattered wave is scattered by the random medium in the backward di-
rection toward the body and is re-incident on the body. The re-incident
wave produces a new surface current and a new scattered-wave. This it-
eration leads to a general solution of the scattering problem. Of course,
observed waves at an observation point are, in general, obtained as the
sum of the scattered wave mentioned above and the wave scattered
only by the random medium.

In above scattering process, the surface current is given as the
sum of each surface current produced by the n -th re-incident wave
where n = 0, 1, 2, · · · , and n = 0 means direct incidence. The trans-
form of the n -th re-incident wave into the surface wave is performed
on the surface of the body. The effects of the random medium are in-
cluded in the n -th re-incident wave and are also done in the surface
current only through the transformation. Accordingly, to formulate
the scattering process in a solvable form, we introduce a current gen-
erator which transforms random incident waves directly into random
surface currents on the body and which is a deterministic operator de-
pendent on the body surface. We also introduce the Green’s function
which transforms the source distribution into the incident wave and
also transforms the surface current into the scattered wave. According
to Appendix A, the Green’s function may be approximately obtained
under the condition L � a as the Green’s function in the random
medium where the body is replaced with the same random medium.

Using the Green’s function and the current generator, let us for-
mulate the scattering problem. The incident wave expressed in terms
of the source distribution and the Green’s function is transformed into
the surface current by the current generator, and the first scattered
wave is expressed in terms of the surface current and the Green’s func-
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tion. From the scattered wave, we may express the first re-incident
wave, i.e., the second incident wave (see subsection 2.5). In this way,
the n -th scattered wave may be expressed and hence the scattered
wave may be obtained as the sum of them. Consequently, an approach
to the scattering problem can be described schematically as Fig. 4.

Figure 3. A model of scattering.

As mentioned in subsection 2.1, the moments of the Green’s func-
tion are required and may be approximately obtained in some practical
cases by applying the multiple scattering theory of wave propagation
in random media. On the other hand, the current generator must be
defined and shown to be constructed. This will be done in the following
subsection.
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Figure 4. Schematic diagram for solving the scattering problem where

a conducting body is surrounded with a random medium.

2.4 Current Generators

As mentioned in the previous subsection, a current generator is an
operator which transforms incident waves into surface currents on the
body. Here, let us designate the incident wave by uin , the scattered
wave by us and the total wave by u : u = uin + us , where uin
includes both waves: the incident wave independent of the body and
the re-incident wave (see Fig. 3). Surface currents at a point on the
body depend on uin on the overall surface. According to the boundary
conditions, the current generators, written as Y , may be defined on
the body as follows:

∂u(r)
∂n

=
∫
S
YE(r|r′)uin(r′)dr′, for DC (2.5)

u(r) =
∫
S
YH(r|r′)uin(r′)dr′, for NC (2.6)

As mentioned in subsection 2.3, the Y is a deterministic operator
which is dependent on the body surface and independent of the random
medium and uin(r) .

Above description suggests that Y can be constructed in the case
where the body is in free space of δε(r) ≡ 0 . Let us try to express Y
in an explicit form, which expression can be made in case that the
body surface is smooth by applying Yasuura’s method [21–23]. It is
a general method for analyzing the scattered wave and the surface
current, and is simply described in Appendix B from a view point of
operator construction.
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2.4.1 Expression under the Dirichlet Condition

Let us put ε(r) = ε0 in Fig. 1. According to Yasuura’s method,
the surface current can be approximated by a truncated modal expan-
sion as follows:

∂u(r)
∂n



M∑
m=1

bm(M)φ∗m(r) = bbbM φφφ ∗TM = φφφ ∗M bbb TM (2.7)

where the basis functions φm are called the modal functions and
constitute the complete set of wave functions satisfying the Helmholtz
equation in free space and the radiation condition (A.1). Here the as-
terisk denotes the complex conjugate, φφφM = [φ1, φ2, · · · , φM ] and
φφφ TM denotes the transposed vector of φφφM , where M = 2N +1 . The
coefficient vector bbbM , defined as [b1, b2, · · · , bM ] , can be obtained by
the ordinary mode-matching method as shown below.

Let us minimize the mean square error

ΩE(M) =
∫
S

∣∣∣∣∣
M∑
m=1

bm(M)φ∗m(r)− ∂u(r)
∂n

∣∣∣∣∣
2

dr (2.8)

by the method of least squares. That is, we partially differentiate (2.8)
with respect to b∗m and obtain the algebraic equation

M∑
m=1

bm(M)
∫
S
φn(r)φ∗m(r)dr =

∫
S
φn(r)

∂u(r)
∂n

dr, n = 1 ∼M. (2.9)

Because of u(r) = uin + us = 0 on S , the right-hand side of (2.9)
can be written as∫

S

(
φm

∂u

∂n
− ∂φm

∂n
u

)
dr =

∫
S

(
φm

∂uin
∂n
− ∂φm

∂n
uin

)
dr

+
∫
S

(
φm

∂us
∂n
− ∂φm

∂n
us

)
dr

Using Green’s theorem for φm, us in the region surrounded by S
and infinity, and using the radiation condition for φm, us , we obtain∫

S

(
φm

∂us
∂n
− ∂φm

∂n
us

)
dr = 0
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and hence the right-hand side of (2.9) can be given as the reaction of
φm and uin : ∫

S
φm

∂u

∂n
dr =

∫
S
� φm(r), uin(r)� dr (2.10)

where � , � means

� φm(r), uin(r)�≡ φm(r)
∂uin(r)
∂n

− ∂φm(r)
∂n

uin(r) (2.11)

We can therefore write (2.9) as

AE bbb
T
M =

∫
S
� φφφ TM (r), uin(r)� dr (2.12)

where AE is a positive definite Hermitian matrix of M ×M except
for the internal resonance frequencies, and is given by

AE =


 (φ1, φ1) · · · (φ1, φM )

... · · · ...
(φM , φ1) · · · (φM , φM )


 (2.13)

in which its m, n elements are the inner products of φm and φn :

(φm, φn) ≡
∫
s
φm(r)φ∗n(r)dr (2.14)

From (2.12), the bbb Tm is given by

bbb Tm = A−1
E

∫
s
� φM (r′), uin(r′)� dr′ (2.15)

Substituting (2.15) into (2.7) and comparing it with (2.5), we can ap-
proximately express the current generator as follows:

YE(r|r′) 
 φ∗m(r)A−1
E � φφφ TM (r′), (2.16)

where � φφφ TM , denotes the operation (2.11) of each element of φφφ TM
and the function uin to the right of the φφφ TM . Equation (2.7) has been
proved to converge in the mean sense as M → ∞ [21,23]. Therefore
(2.16) converges to the true operator in the same sense.
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Finally we touch on the set of φm, m = 1, 2, 3, · · · . In the case
of scattering from the body of finite size, it is chosen from the sets
of which each set consists of solutions of the Helmholtz equation with
the radiation condition, solutions which are obtained by separation of
variables[24]. We usually use the spherical Bessel functions-spherical
harmonies h(1)

n (kr)Pmn (cos θ) exp(imφ) for three dimensional problems
and the Hankel functions H(1)

m (kρ) exp(imθ) for two dimensional prob-
lems, because they are well known and tractable to computation.

2.4.2 Expression under the Neumann Condition

Similarly, the surface current can be approximately expressed as

u(r) 

M∑
m=1

bm(M)
∂φ∗m(r)
∂n

= bbbM
∂ φφφ ∗TM
∂n

=
∂ φφφ ∗M
∂n

bbb Tm (2.17)

Consider the mean square error

ΩH(N) =
∫
S

∣∣∣∣∣
M∑
m=1

bm(M)
∂φ∗m(r)
∂n

− u(r)
∣∣∣∣∣
2

dr (2.18)

and minimize it by the method of least squares. The same procedure
as that taken for the Dirichlet condition yields

AH bbb
T
M =

∫
S
� φφφ TM (r), uin(r)� dr (2.19)

where AH is AE of (2.13) with (φm, φn) replaced by (∂φm/∂n,
∂φn/∂n) .

From (2.19), the bbb TM is given by

bbb TM = A−1
H

∫
S
� φφφ TM (r′), uin(r′)� dr′ (2.20)

Substituting (2.20) into (2.17) and comparing it with (2.6), we can
approximately obtain the current generator YH for the Neumann con-
dition as

YH(r|r′) 
 ∂ φφφ ∗M (r)
∂n

A−1
H � φφφ TM (r′), (2.21)
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Here YH also converges in the same sense as YE does, when M →∞ .

2.4.3 Examples

In the case of special bodies, YE and YH can be expressed ex-
plicitly in terms of known functions. As an illustrative example, let us
show YE and YH for a conducting circular cylinder of radius a and of
infinite length in the case of normal incidence to the axis of the cylin-
der. In this case, when we chose H

(1)
m (kρ) exp(imθ), m = −N ∼ N , as

φm , then they form an orthogonal set on the surface of the cylinder;
that is, (φm, φn) = 0 , for m �= n and hence AE and AH become
diagonal matrix. Consequently, as N →∞ , we can obtain

YE(r|r0) =
i

π2a2

∞∑
n=−∞

exp[in(θ0 − θ)]
Jn(ka)H

(1)
n (ka)

(2.22)

YH(r|r0) =
i

π2ka2

∞∑
n=−∞

exp[in(θ0 − θ)]

Jn(ka)
∂

∂(ka)
H(1)
n (ka)

(2.23)

where Jn is the Bessel function of order n and Jn(ka) �= 0 ; that is,
the internal resonance frequencies are excepted.

The solution to the scattering problem is well known for the case
of plane wave incidence on the cylinder[25]. When using the solution,
(2.5) and (2.6), we can also obtain (2.22) and (2.23).

2.5 Re-Incident Waves

Referring to Fig. 4, we need to show how to describe the re-
incident wave explicitly. Assume that the random medium is in the
region of −L < z < L as shown in Fig. 5. In order to show shortly an
idea of the description, we deal with the scalar wave equation:

[∇2 + k2(1 + δε(r))]u = 0

Then we can obtain the following equation:

u = uin +Hu (2.24)

where H is the operator in which all effects of the random medium
are included; H = 0 for δε(r) ≡ 0 and H includes the integral
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with respect to z from −L to L . Let us divide H into two parts:
H = Hf +Hb where Hf includes the integral from −L to z , called
the forward scattering operator for convenience, and Hb does one from
z to L , called the backward scattering operator. Of course, Hf and
Hb can be given explicitly.

Figure 5. Geometry of the propagation problem in a random medium.

Because (2.24) is deformed as (I − Hf )u = uin + Hbu where I
is the identity operator, we have

u = (I −Hf )−1uin + (I −Hf )−1Hbu (2.25)

where (I−Hf )−1 is the inverse operator of (I−Hf ) and is expressed
in terms of an ordered exponential function[26]. Because (2.25) is a
Volterra’s integral equation with respect to z , we may express its
solution formally as follows:

u = u0 +
∞∑
n=1

[(I −Hf )−1Hb]nu0 (2.26)

where
u0 = (I −Hf )−1uin (2.27)

Here un represents a wave scattered n times in the backward direc-
tion, and u0 may be called a successively forward-scattered wave of
which the moments satisfy so-called moment equations [26, 28]. By
replacing uin, u with G0, G , respectively, we can express the re-
incident waves but it is not easy to express the higher order moments
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in analytic forms because we obtain only a few analytic expressions
even for the moments of u0 .

3. Numerical Results

This section shows numerical results of backscattered waves from
a conducting circular cylinder surrounded with a turbulent medium,
by applying the theory presented in Section 2 and computing the first
and second moments of the waves in the transition region from the
Rayleigh to resonance scattering.

3.1 Formulation

Assume that δε(r) is a continuous random function with

〈δε(r)〉 = 0 , 〈δε(r1)δε(r2)〉 = B(r1 , r2) (3.1)

and
B(r, r)� 1 , kl(r)� 1 (3.2)

where the angular brackets denote the ensemble average, B(r, r) , l(r)
are the local intensity and scale size of turbulence, respectively, and k
is the wavenumber in free space: k = ω

√
ε0µ0 . Under the condition

(3.2), depolarization of electromagnetic waves due to the turbulence
can be neglected; and the scalar approximation is valid. In addition,
the small scattering-angle approximation is also valid[3, 27]; and re-
incident waves are negligible at the first stage of analysis. Then the
wave equation for an electromagnetic field component is given as

[∇2 + k2(1 + δε(r))]v(r) = 0 (3.3)

in the turbulent medium, where v denotes each component.
Suppose that a conducting circular cylinder of radius a and in-

finite length is surrounded with above turbulent medium. Geometry
of the scattering problem is shown in Fig. 6 where the intensity of
turbulence is depicted along the z axis. As shown in Fig. 6, when an
incident wave propagated along the z axis is scattered and observed at
a point close to the z axis, we can approximately express (3.1) under
the condition (3.2) as follows:

B(r1, r2) = B( ρρρ 1 − ρρρ 2, z+, z−) (3.4)
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where r = ( ρρρ , z) , ρρρ = ixx+ iyy , z+ = (z1 +z2)/2 and z− = z1−z2 .

Figure 6. Geometry of the scattering problem from a conducting circular

cylinder, the coordinate system and the local intensity of turbulence.

Consider the case where a directly incident wave is produced by
a line source distributed uniformly along the y axis. Then we can deal
with this scattering problem two-dimensionally under the condition
(3.2) and use r even for this case although r = (x, z) . According as
polarizations of incident waves: Ey or Hy , where Ey, Hy are the y
components of electric and magnetic fields, respectively, the boundary
condition becomes (2.3) or (2.4).

From the above mentioned, the incident wave can, in general, be
expressed as

uin(r) =
∫
V
G(r|rt)f(rt)drt (3.5)

where G(r|r′) is the Green’s function in the turbulent medium and
f(r) is the source distribution. By referring to Fig. 4, the scattered
wave can be given by

us(r) = −
∫
S
G(r|r1)

∂

∂n1
u(r1)dr1

= −
∫
S
G(r|r1)

∫
S
YE(r1|r2)uin(r2)dr2dr1

(3.6)



Scattering from conducting bodies embedded in random media 333

for the Dirichlet condition and

us(r) =
∫
S

[
∂

∂n1
G(r|r1)

]
u(r1)dr1

=
∫
S

[
∂

∂n1
G(r|r1)

] ∫
S
YH(r1|r2)uin(r2)dr2dr1

(3.7)

for the Neumann condition, where YE , YH are given by (2.22) and
(2.23), respectively, ∂/∂ni = ∂/∂ri , dri = adθi , i = 1, 2 , and the
surface integral is performed with respect to θi from 0 to 2π . From
(3.6) and (3.7), the average scattered wave can be expressed as

〈us〉 = −
∫
S
dr1

∫
S
dr2

∫
drtYE(r1|r2)〈G(r|r1)G(r2|rt)〉f(rt) (3.8)

for the Dirichlet condition and

〈us〉 =
∫
S
dr1

∫
S
dr2

∫
drtYH(r1|r2)

〈
∂

∂n1
G(r|r1)G(r2|rt)

〉
f(rt)

(3.9)
for the Neumann condition. The average intensity of scattered waves
is given by

〈|us|2〉 =
∫
S
dr1

∫
S
dr2

∫
S
dr′1

∫
S
dr′′1

∫
V
drt

∫
V
dr′t[YE(r1|r2)Y ∗E(r′1|r′2)

〈G(r|r1)G(r2|rt)G∗(r|r′1)G∗(r′2|r′t)〉f(rt)f(r′t)] (3.10)

for the Dirichlet condition and

〈|us|2〉 =
∫
S
dr1

∫
S
dr2

∫
S
dr′1

∫
S
dr′′1

∫
V
drt

∫
V
dr′t[YH(r1|r2)Y ∗H(r′1|r′2)

〈
∂

∂n1
G(r|r1)G(r2|rt)

∂

∂n′1
G∗(r|r′1)G∗(r′2|r′t)

〉
f(rt)f(r′t)] (3.11)

for the Neumann condition.
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3.2 Coherent Scattered Waves

The scattered wave given in subsection 3-1 can be divided into
two parts:

us = 〈us〉+ ∆us (3.12)

where 〈us〉 , ∆us are called the coherent and the incoherent scattered
waves, respectively. The coherent scattered waves are given by (3.8)
and (3.9). To analyze them, we need to obtain the second moment of
the Green’s function: M20 = 〈G(r|r1)G(r2|rt)〉 . Here it is assumed that
δε(r) is a smooth random function and the order of averaging proce-
dure and differentiation are exchangeable to each other. This moment
is approximately expressed as the product of 〈G(r|r1)〉 and 〈G(r2|rt)〉
if the angle between r and rt , shown in Fig. 6, is not very small. In
this case, 〈G(r|r′)〉 is given in a well known form and hence the sec-
ond moment also is done. If the angle is quite small, then G(r|r1) and
G(r2|rt) are statistically coupled and the double passage effect[8] plays
a leading role in analyzing M20 .

Let us assume that the coherence of waves is kept almost complete
in propagation of distance 2a equal to the diameter of the cylinder.
This assumption is acceptable in practical cases under the condition
(3.2). On the assumption, we can satisfactorily substitute the turbu-
lence effect in propagation from the source — the plane at z = a —
the receiver for that from the source — the cylinder — the receiver.
When the source and the receiver are on the same plane perpendicular
to the z axis, then M20 in z > a can therefore be given as a solution
of the following second moment equation[28].

[
∂

∂z
− i 1

2k
(∇2 +∇2

t )− i2k
]
M20 ={

−k
2

2

∫ z

a

[
B

(
0, z − z′

2
, z′

)
+B

(
ρρρ− ρρρt, z −

z′

2
, z′

)]
dz′

}
M20

(3.13)
and

M20|z=a = G0( ρρρ , a | ρρρ 1, z1)G0( ρρρ t, a | ρρρ 2, z2) (3.14)

where

∇2 = ∂2/∂x2 + ∂2/∂y2, ∇2
t = ∂2/∂x2

t + ∂2/∂y2
t
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and G0(r|r′) is the Green’s function in free space. Although ρρρ =
ixx, ρρρ t = ixxt and ∂/∂y = ∂/∂yt = 0 in this case, we use these
symbols for convenience.

It is difficult to obtain the solution of (3.13) analytically for a
general from of B( ρρρ , z+, z−) . Equation (3.14) can be solved, however,
on the assumption that B( ρρρ , z+, z−) is approximately expressed in
a quadratic form with respect to ρρρ , which assumption leads to the
solution valid in the neighborhood of ρρρ − ρρρ t 
 0 . That is, let us
assume that

B( ρρρ , z+, z−) = B(z+)
[
1− ρ2

l2(z+)

]
exp

[
− z2

−
l2(z+)

]
(3.15)

where,

B(z+) =
{
B0 , a ≤ z ≤ L
B0(z/L)−m ,L ≤ z

(3.16)

and l(z+) = l0 , a constant, as shown in Fig. 6. Then (3.13) can be
solved; i.e., according to the Appendix C, the final form of M20 is
given by

M20(r, r1 : r2, rt) =G0(r|r1)G0(r2|rt)

exp
[
−
√
π

2
k2B0l0

(
m

m− 1
L− a

)]
M(ρρρd, z)

(3.17)

M(ρρρd, z) =
4 sin(νπ)

π2Q0Q2(L)P3(z)

(z
a

)1/2

exp

{
−

(
i
√
π
k3

16l0
B0

)1/2 ( z
L

)−m/2 P4(z)
P3(z)

ρ2
d

− i k
2z

[
1− 4 sin(νπ)

π2Q1(a)Q2(L)P3(z)

(z
a

)1/2
]
ρρρd · ρρρdc

− ik
4

[∫ L

a

1
(z′ − a)2

{
1−

(
2

πQ1(a)P1(z′)

)2 z′

a

}
dz′

+
∫ z

L

1
(z′ − a)2

{
1−

(
4 sin(νπ)

π2Q1(a)Q2(L)P3(z′)

)2 z′

a

}
dz′

]
ρ2
dc

}

(3.18)
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where m > 1 , m �= 2 , z � L , ν = 1/(2 −m) , ρρρ d = ρρρ − ρρρ t ,
ρρρ dc = ρρρ 1 − ρρρ 2 ,

Q1(z) = i
√
πkB0z/l0

Q2(z) = iν
√
πkB0(z/L)−m/2z/l0

P1(z) = J3/2[Q1(a)]J−1/2[Q1(z)] + J−3/2[Q1(a)]J1/2[Q1(z)]

P2(z) = J3/2[Q1(a)]J−3/2[Q1(z)] + J−3/2[Q1(a)]J3/2[Q1(z)]

P3(z) = P1(L){Jν+1[Q2(L)]J−ν [Q2(z)] + J−ν−1[Q2(L)]Jν [Q2(z)]}

+ P2(L){Jν [Q2(L)]J−ν [Q2(z)]− J−ν [Q2(L)]Jν [Q2(z)]}

P4(z) = P1(L){Jν+1[Q2(L)]J−ν−1[Q2(z)]+J−ν−1[Q2(L)]Jν+1[Q2(z)]}

+ P2(L){Jν [Q2(L)]J−ν−1[Q2(z)]− J−ν [Q2(L)]Jν+1[Q2(z)]}

Let us assume zt = z and a single point source: f(rt) = δ(r−rt) .
Then we can calculate the coherent backscattered wave from (3.8) and
(3.9) by using (2.22), (2.23) and (3.17). Figure 7 shows the normalized
amplitude |〈us〉| to that in free space in the case of ka = 0.1 ∼ 1.0 ,
m = 8/3 , B0 = 1.0×10−7 , kl0 = 20π , kz = 2π×104 , kL = 6π×103 ,
where the difference of the normalized amplitude between the Dirichlet
and Neumann conditions is negligible. In this figure, the broken line
shows the normalized amplitude calculated on the assumption that in-
cident and scattered waves are statistically independent of each other:
〈G(r|r1)G(r2|rt)〉 = 〈G(r|r1)〉〈G(rt|r2)〉 . The effect of double passage
causes the difference between the solid and the broken lines. The solid
line shows inaccurate values in the neighborhood of θ = 0.5×10−2 [rad]
because of the assumption of (3.15). Here the turbulence parameters
are chosen for convenience of computation. In practice, B0 should be
very smaller and kB0L gives dominantly turbulence effect on the co-
herent wave; on the other hand, large kL takes much computation
time. In this paper therefore we chose B0 to be large and kL to be
small, keeping kB0L in effective values.
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Figure 7. Bistatic scattering characteristics of the coherent wave nor-

malized to the scattered wave in free space for ka = 0.1 ∼ 10.0, where

the broken line shows that the double passage effect is not taken into

account.

The average backscattering cross-section, written as σ , depends
on 〈|us|2〉 and can be divided into two parts, following to (3.12).

σ = σ0 + σin (3.19)

where σ0 depends on |〈us〉|2 and σin on 〈|∆us|2〉 . Figure 8 shows
the change of σ0 with ka in both cases of the E -wave and H -wave
incidence, where the dotted line shows the σ in free space. As expected
from Fig. 7, the σ0 is about 0.6 times the σ in free space.
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Figure 8. Backscattering cross-sections vs. cylinder size, calculated from

the coherent scattered waves. (a) E-wave incidence case. (b) H-wave

incidence case.
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The coefficient of coherence attenuation in the turbulent medium
is well known to be proportional to B0l0 . When we change B0 only
in the previous parameters, keeping B0l0 constant, the broken line in
Fig. 7 does not change but |〈us〉| changes as Fig. 9 because of the
effect of double passage.

Figure 9. Bistatic scattering characteristics of the coherent wave under

the condition of Bolo constant, where the broken line shows that the

effect of double passing is not included in |〈us〉|.

3.3 Backscattering Cross-Sections

Equations (3.10) and (3.11) show that the analysis of the average
intensity of scattered waves requires the fourth moment of the Green’s
functions. At a general situation, it is difficult to express the fourth
moment in an analytic form. We concentrate on the state of us 

∆us in (3.12) and the backscattering, so that B0 is chosen as larger
values than those used in the previous subsection. In wave propagation
through a strong turbulent medium, we may assume that the Green’s
function becomes approximately complex Gaussian random and the
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fourth moment in the backward direction is expressed as the product
of the second moments.

〈G(r|r1)G(r2|rt)G∗(r|r′1)G∗(r′2|r′t)〉


 〈G(r|r1)G∗(r|r′1)〉〈G(r2|rt)G∗(r′2|r′t)〉

+ 〈G(r|r1)G∗(r′2|r′t)〉〈G(r2|rt)G∗(r|r′1)〉
(3.20)

where rt = r′t = r on the assumptions of backscattering and a single
point source.

The second moments in (3.20) have been given[29-31]: for in-
stance,

〈G(r|r1)G∗(r|r′1)〉 = G0(r|r1)G∗0(r|r′1)

exp{
−k

2

4

∫ z

a
dz1

∫ z−z1

a
dz2 D

[
z − a− z2
z − a (ρρρ1 − ρρρ2), z − z2 −

z1
2
, z1

]}
(3.21)

where
D( ρρρ , z+, z−) = 2[B(0, z+, z−)−B( ρρρ , z+, z−)] (3.22)

which is called the structure function of turbulence. Without the ap-
proximation (3.15), we may calculate (3.20) for a general form of
D( ρρρ , z+, z−) ; here we assume

D( ρρρ , z+, z−) = 2B(z+)

{
1− exp

[
−

(
ρ

l(z+)

)2
]}

exp

[
−

(
z

l(z+)

)2
]

for computation below, where B(z+) is given by (3.16) and l(z) = l0 ,
a constant, as assumed in the previous subsection.

When we express the coherent Green’s function as

〈G(r|r1)〉 = G0(r|r1) exp[−α(L)]

then α(L) > 2 is required in order that (3.20) holds. In this case,
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α(L) =
k2

4

∫ z

a
dz1

∫ z

a
dz2B

(
0, z1 −

z2
2
, z2

)



√
π

5
B0 × kl0 × kL

(3.23)

and hence it is assumed that B0 = 5 × 10−ν , ν = 5, 6 and other pa-
rameters are the same as those used previously. Although the incident
wave becomes sufficiently incoherent, we should pay attention to spa-
tial coherence of the incident wave because the wave scattering from
the cylinder in the turbulent medium is expected to depend largely
on the coherence length of the incident wave about the cylinder. The
degree of spatial coherence is defined by

Γ( ρρρ , z) =
〈G(r1|rt)G∗(r2|rt)〉
〈|G(r0|rt)|2〉

(3.24)

where r1 = ( ρρρ , 0) , r2 = (− ρρρ , 0) , r0 = (0, 0) , rt = (0, z) .
Figure 10 shows the degree of spatial coherence calculated from

(3.24) and that the coherence length of the incident wave is sufficiently
larger than the diameter of the cylinder. In this situation, Figures 11
and 12 show the average backscattering cross-sections (BCS) for the
E-wave and H-wave incidences, respectively, compared with those in
free space. Their BCS in the turbulent medium become nearly twice as
large as those in free space except the internal resonance frequencies:
Jn(ka) = 0 , n = 0, 1, 2, · · · . A part of Fig. 12 enlarged about the zero
points of J0 and J1 is shown in Figs. 13 (a) and (b), respectively.

These figures are obtained by substituting (3.20), (2.22) or (3.20),
(2.23) into (3.10) or (3.11) according as polarization of incident waves
and by carrying out directly the quadruple integrals with respect to
θi , θ′i , i = 1, 2 . For the E-wave incidence, the BCS computed above
is similar in change with ka = 0.1 ∼ 5.0 to that in free space, so that
these is not any abnormal change of the BCS in the neighborhood of
the internal resonance frequencies. Consequently, it may be concluded
that the BCS is nearly twice as large as that in free space in the overall
region of ka = 0.1 ∼ 5.0 in the case of E-wave incidence.
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Figure 10. The degree of spatial coherence of incident waves about the

cylinder.

Figure 11. The average backscattering cross-section in the case of E-wave

incidence, where the coherence length of the incident wave is shown in

Figure 10.
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Figure 12. The average backscattering cross-section in the case of H-

wave incidence, where the coherence length of the incident wave is shown

in Figure 10.

On the other hand, in the case of H-wave incidence, the change
of BCS is different from that in free space about the internal res-
onance frequencies, as shown in Fig. 13. This difference causes the
abnormal change of BCS. The current induced by H-wave incidence
flows circularly along the surface of the cylinder and hence the BCS
of a conducting cylinder coated with a thin dielectric layer changes
remarkably about the internal resonance frequencies. An illustrative
example is shown in Fig. 14. In the present case, however, such a phe-
nomenon does not occurs and the abnormal change is considered to be
caused by the low accuracy of computation. Although the value of the
quadruple integral is expected to take the same order as each value of
the Bessel functions near the zero points of the Bessel functions in the
dominator of the current generator, it is difficult virtually to carry out
the integral with high accuracy so as to do that, which difficulty we do
not have for the E-wave incidence.
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Figure 13. Enlargement of Fig. 12 about the internal resonance fre-

quencies of the cylinder. (a) In the neigborhood of the first zero point

of Jo(kao) : kao = 2.40482 · · · (b) In the neighborhood of the second zero

point of J1(kao) : kao = 3.83171 · · ·.
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Figure 14. Backscattering cross-sections of the cylinder coated with a

thin dielectric layer.

On the assumption that the average intensity of backscattered
waves is finite at the internal resonance frequencies, we carry out the
computation. We rewrite (2.23) as

YH(r|r0) =
Xl

Jl(ka)
+ ∆YH (3.25)

Xl =
i

π2ka2

exp[il(θ0 − θ)]
∂

∂(ka)
H

(1)
l (ka)

(3.26)
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∆YH =
i

π2ka2

∞∑
n=−∞

exp[in(θ0 − θ)]

Jn(ka)
∂

∂(ka)
H(1)
n (ka)

(n �= l) (3.27)

Using the above, (3.11) can be expressed as follows:

〈|us|2〉 = α(ka)J−2
l (ka) + β(ka)J−1

l (ka) + γ(ka) (3.28)

α =
∫
s
dr1

∫
s
dr2

∫
s
dr′1

∫
s
dr′2

∫
v
drt

∫
v
dr′tXlX

∗
l Z (3.29)

β =
∫
s
dr1

∫
s
dr2

∫
s
dr′1

∫
s
dr′2

∫
v
drt

∫
v
dr′t(Xl∆Y ∗Z+X∗l ∆YZ)Z (3.30)

γ =
∫
s
dr1

∫
s
dr2

∫
s
dr′1

∫
s
dr′2

∫
v
drt

∫
v
dr′t∆YZ∆Y ∗ZZ (3.31)

where

Z =
〈

∂

∂n1
G(r|r1)G(r2|rt)

∂

∂n′1
G∗(r|r′1)G∗(r′2|r′t)

〉
f(rt)f(r′t) (3.32)

Let us Jl(ka0) = 0 , l = 0, 1, 2, · · · , and expand α and β in the
Taylor series about ka = ka0 :

α =
∞∑
m=0

αm(ka− ka0)m (3.33)

β =
∞∑
m=0

βm(ka− ka0)m (3.34)

Then we have from the above assumption

α0 = α(ka0) = 0 , α1 = ∂α(ka0)/∂(ka) = 0 (3.35)

β0 = β(ka0) = 0 (3.36)

According to the computation of (3.29) and (3.30), the coefficients α0 ,
α1 and β0 are order of 10−6 , 10−5 and 10−3 , respectively, and α2 ,
β1 are order of 1 at the first zero point of J0(ka0) = 0 and the second
zero point of J1(ka0) = 0 , when J0(ka0) and J1(ka0) at each zero
point are order of 10−7 and 10−6 , respectively. This result shows the
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validity of the assumption from a numerical analysis point of view and
also does no good accuracy of direct computation of (3.11) about the
resonance frequencies. Using (3.33) and (3.34), we can express (3.28)
about ka = ka0 as

〈|us|2〉 =

∞∑
m=2

1
m!

∂mα(ka0)
∂(ka)m

(ka− ka0)m

∞∑
m=2

1
m!

∂mJ2
l (ka0)

∂(ka)m
(ka− ka0)m

+

∞∑
m=1

1
m!

∂mβ(ka0)
∂(ka)m

(ka− ka0)m

∞∑
m=1

1
m!

∂mJl(ka0)
∂(ka)m

(ka− ka0)m
+ γ(ka)

(3.37)

The numerical results of the average BCS calculated from (3.37)
are shown by the solid lines in Figs. 15(a) and (b) where the dotted
lines show the BCS calculated directly from (3.11). These figures show
clearly that there is not any abnormal change of the BCS about the
internal resonance frequencies of the cylinder in both the turbulent
medium and free space. Consequently, in the case of klc � 5 , the BCS
is nearly twice as large as that in the free space in the overall region
of ka = 0.1 ∼ 5.0 for the incidence of H-waves as well as E-waves.

On the other hand, for lc ≤ a , the spatial coherence of the in-
cident wave is not kept on the overall cylinder and hence the BCS
is expected to change largely, compared with that for lc � a . This
is shown in Fig. 16 for the E-wave incidence and Fig. 17 for the H-
wave incidence, where these BCS are obtained in the spatial coherence
situation shown in Fig. 18. In the case of lc ≤ a , the BCS for the H-
wave incidence changes anomalously and is diminished in some cases,
because the direct and creeping backscattered-waves interact statisti-
cally with each other in addition to the double passage effect; and the
BCS for the E-wave incidence is reduced as lc becomes small, because
the cylinder surface on which the spatial coherence of the wave is kept
enough is limited, but it does not change so anomalously as that for
the H-wave does.
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Figure 15. The average backscattering cross-sections about the internal

resonance frequencies in the case of H-wave incidence. (a) In the neigh-

borhood of the first zero point of Jo(kao) : kao = 2.40482 · · · (b) In the

neighborhood of the second zero point of J1(kao) : kao = 3.83171 · · ·.
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Figure 16. The average backscattering cross-section in the case of E-wave

incidence, where the coherence length of the incident wave is shown in

Figure 18.

Figure 17. The average backscattering cross-section in the case of H-

wave incidence, where the coherence length of the incident wave is shown

in Figure 18.
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Figure 18. The degree of spatial coherence of incident waves about the

cylinder. This figure shows that the coherence length of the incident

wave becomes short, compared with Figure 10.

4. Concluding Remarks

We have presented a method for analyzing wave scattering from a
conducting body in a random medium as boundary value problems. In
doing that, we have introduced the current generators which transform
any incident wave into surface currents on the body, and shown that
the generators are constructed by Yasuura’s method. The introduction
of current generators makes the analysis of the scattering problem sep-
arated: that is, the analysis of wave propagation in random media and
that of surface currents on the body. The former is based on the multi-
ple scattering theory in random media and is to obtain the moments of
the Green’s functions. The latter is based on the surface integral and
the inversion of the matrix of which each element is the inner product
of basis functions in the complete set of wave functions.
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By applying the method to the analysis of wave scattering from
a circular cylinder surrounded with a turbulent medium, we have cal-
culated the first and second moments of backscattered waves in the
transition region from the Rayleigh to resonance scattering. First, in
the case where the coherent and incoherent backscattered waves ex-
ist both appreciably, it has been depicted that the amplitude of the
coherent backscattered wave decreases still more owing to the effect
of double passage and in what degree it changes with the cylinder ra-
dius, the observation angle and the turbulence parameters. Second, in
the case where the coherent backscattered wave is negligible and the
backscattered wave becomes almost incoherent, the average backscat-
tering cross-section (BCS) has been computed carefully and shown to
be nearly twice as large as one in free space, if the coherence length of
an incident wave about the cylinder is larger enough than the diam-
eter of the cylinder. Above first and second results are valid for both
the cases of E-wave and H-wave incidence. Third, the degree of spatial
coherence of the incident wave has significant effect on the BCS if the
coherence length is not larger than the diameter of the cylinder; as a
result, the BCS for the H-wave incidence changes anomalously.

In this computation, the body is a circular cylinder and the curva-
ture of the surface is constant at all points. To make clear the charac-
teristics of the BCS, we need to compute the BCS of an elliptic cylinder
and in addition the BCS of a body with concave surfaces. To obtain the
BCS and other physical quantities in many practical cases, it is neces-
sary that the moments of Green’s functions in each random medium
are expressed in analytic forms. The accuracy of computation for the
physical quantities depends mainly on the analytic forms although the
computation includes the multiple surface-integral.
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Appendices

A. Integral Equations for Random Surface Currents

Consider the scattering problem shown in Fig. 1 where ε(r) is the
random function defined by (2.1), (2.2) and the boundary conditions
(2.3), (2.4) are valid. For simplicity we deal with scalar waves. To for-
mulate the problem, we introduce the Green’s function which satisfies
the radiation condition

lim
r→∞

r

(
∂G

∂r
− ikG

)
= 0 ; k = ω

√
ε0µ0 (A.1)

and the equation

[∇2 + k2(1 + δε(r)]G(r|r′) = −δ(r− r′) , for any r (A.2)

where the body is replaced by the random medium with the same
property.

When a source distribution is f(rt) , rt > L , then the incident
wave is defined by

uin(r) =
∫
G(r|rt)f(rt)drt (A.3)

which means the wave propagated in the random medium without the
body. In order that (A.3) is the incident wave independent of the body,
it is necessary that G(r|rt) is hardly affected by the random medium
replaced instead of the body; that is,

L� a (A.4)

is required. Strictly speaking, it is required that G(r|rt) satisfies (A.2)
where the body is replaced with free space and that the boundary be-
tween free space and the random medium is matched; that is, non-
reflection is assumed. Some moments of G(r|rt) in this case, however,
are approximately obtainable at present under the condition (A.4):
i.e., on the assumption that the effect of free space is neglected. Conse-
quently, under the condition (A.4), we can use the Green’s function in
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the random medium where the body is replaced with the same random
medium.

The wave produced by the body under the existence of uin is
called here the scattered wave and is designated by us . Then us sat-
isfies the homogeneous equation of (A.2) in the random medium and
the radiation condition at infinity. When the total wave is designated
by u : u = uin + us , then according to subsection 2.2, boundary con-
ditions on the body are specified by (2.3) and (2.4).

Using Green’s theorem, the radiation condition and the boundary
conditions, we can obtain the integral representations of us :

us(r) = −
∫
s
G(r|r0)

∂

∂n0
u(r0)dr0 for DC (A.5)

us(r) =
∫
s

(
∂

∂n0
G(r|r0)

)
u(r0)dr0 for NC (A.6)

It can be shown from (2.2) that the singularities of

lim
r→r0

G(r|r0) and lim
r→r0

∂

∂n0
G(r|r0)

are the same as these in free space[18]. This fact leads to the Fredholm
integral equations of the second kind on the surface:

1
2
∂u(r)
∂n

+
∫
s

∂G(r|r0)
∂n

∂u(r0)
∂n0

dr0 =
∂uin(r)
∂n

, for DC (A.7)

1
2
u(r) +

∫
s

∂G(r|r0)
∂n

u(r0)dr0 = uin , for NC (A.8)

For the Dirichlet condition case, substituting the solution ∂u/∂n
of (A.7) into (A.5), we can obtain the scattered wave. However, G and
∂u/∂n in (A.5) are statistically coupled, and ∂G/∂n and ∂u/∂n0 in
(A.7) are also done, so that it is difficult to express the moments of us
in a closed form from (A.5) and (A.7). This holds also for the Neumann
condition case. That is, the integral equation method including the
boundary element method is not applicable to the problem of wave
scattering from a conducting body in the random medium if we want
to obtain the moments of us directly.
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B. A Construction of the Scattering Problem by Ya-
suura’s Method

Consider the scattering problem shown in Fig. 1 where ε(r) = ε0 .
When Yasuura’s method is applied under the Dirichlet condition on
the body, the scattered wave can be approximately expressed in terms
of the modal functions defined in subsection 2 · 4 · 1 as follows:

us(r) 

M∑
m=1

am(M)φm(r) = aaaM φφφ TM = φφφM aaa TM (B.1)

where aaaM = [a1, a2, . . . , aM ] , given by

aaaM = −A−1
E (φφφ TM , uin) (B.2)

in which AE is given by (2.13) and (φφφ TM , uin) denotes the column
vector of which each element is the inner product of φm and uin ,
defined as (2.14). Equation (B.2) is obtained by minimizing the mean
square error of the boundary value

‖ us + uin ‖=
∫
S

∣∣∣∣∣
M∑
m=1

am(M)φm(r) + uin(r)

∣∣∣∣∣
2

dr

and the deviation procedure is the same as that used to obtain (2.9).
Let us now introduce the scattering operator SE defined by

us(r) =
∫
S
SE(r|r′)uin(r′)dr′, r′ on S (B.3)

where uin is any incident wave satisfying the Helmholtz equation.
Substitution of (B.2) into (B.1) and comparison of it with (B.3) lead
to

SE(r|r′) 
 −φφφMA−1
E (φφφ TM , (B.4)

where (φφφ TM means the operation (3.2) of φφφ TM and the function uin
to the right of the φφφ TM .

Under the Neumann condition, aaa TM in (B.1) can be obtained by

aaa TM = −A−1
H

(
∂ φφφ TM
∂n

,
∂uin
∂n

)
(B.5)
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where AH is given by (2.19), and then the error of the boundary value

‖ ∂us
∂n

+
∂uin
∂n
‖=

∫
S

∣∣∣∣∣
M∑
m=1

am(M)
∂φn(r)
∂n

+
∂uin(r)
∂n

∣∣∣∣∣
2

dr

has been minimized in the sense of mean squares. In the same way of
(B.3), let us define the scattering operator in this case as follows:

us(r) =
∫
S
SH(r|r′)uin(r′)dr′, r′ onS (B.6)

Then it can be approximately given by

SH(r|r′) 
 −φφφMA−1
H

(
∂ φφφ TM
∂n

)
, (B.7)

Here it should be noted that as M →∞ , the scattering operators SE
and SH converge uniformly to true operators, respectively, because
(B.1) and (B.4) do so[21].

Using the scattering operators defined here and the current gen-
erators defined in subsection 2.4, we can schematically describe an
approach to the problem of wave scattering from a conducting body in
free space as Fig. A-1. That is, under the Dirichlet condition,

us = SE • uin (Direct Type) (B.8)

= −G0 •
∂u

∂n
;
∂u

∂n
= YE • uin (Indirect Type) (B.9)

and under the Neumann condition,

us = SH • uin (Direct Type) (B.10)

=
∂G0

∂n
• u ; u = YH • uin (Indirect Type) (B.11)

where G0 is Green’s function in free space and the dot • denotes
the integration on the surface of the body. We should pay attention to
the fact that S and Y are constructed by using the same matrix A
which depends only on the body surface, although it must be satisfied
from a physical point of view.
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When dealing with the scattering problem methodically as shown
in Fig. A-1, operators S and Y must be well defined and mathemat-
ically constructed. Yasuura’s method has definitely constructed them.
In general, the scattering problem has been analyzed without getting
S or Y , even if Yasuura’s method is applied. The reason is that the
computation is simple and effective, so that it seems that the idea of S
and Y has not been specially required. If you try to apply Yasuura’s
method to some practical cases and to obtain numerical results, you
should refer to the article[32]. As obvious from comparison of Fig. A-1
and Fig. 4, however, an operator construction by Yasuura’s method
is important for analyzing wave scattering from a conducting body in
a random medium as boundary value problems. This appendix puts
emphasis on an aspect of Yasuura’s method, the aspect which has not
usually been paid attention to but may be useful for the development
of approaches to some problems.

Figure A-1. Schematic diagram for solving the scattering problem where

a conducting body is in free space.

C. A Solution of the Second Moment Equation

Assuming that a solution is expressed as

M20 = G0(r|r1)G0(rt|r2)×

exp
[
−k2

∫ z

a
dz1

∫ z1

a
dz2B

(
0, z1 −

z2
2
, z2

)]
M( ρρρ d, z)

(C.1)
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where ρρρ d = ρρρ − ρρρ t , and substituting it into (3.13), we have[
∂

∂z
− i1

k
∇2
d −

1
z − a( ρρρ d − ρρρ dc) ·

∇d −
k2

4

∫ z

a
D( ρρρ d, z −

z′

2
, z′)dz′M( ρρρ d, z) = 0 (C.2)

M( ρρρ d, a) = 1 (C.3)

where

D(ρρρ, z+, z−) ≡ 2[B(0, z+, z−)−B(ρρρ, z+, z−)]

= B(z+)
(

ρρρ

l(z+)

)2

exp

[
−

(
z−
l(z+)

)2
]

(C.4)

Considering D( ρρρ , z+, z−) ∝ ρ2 , we assume that M( ρρρ d, z) is ex-
pressed in the following form.

M( ρρρ d, z) =
1

g(z)
exp[h(z)ρ2

d + f(z) ρρρ d · ρρρ dc] (C.5)

where ρρρ dc = ρρρ 1 − ρρρ 2 . The substitution of (C.5) into (C.2) leads to
the equations for g(z) , h(z) and f(z) :

− 1
g(z)

dg(z)
dz

+ i
4
k
h(z) +

[
i
1
k
− f(z)
z − a

]
ρ2
d = 0 (C.6)

df(z)
dz

+
[

1
z − a + i

4
k
h(z)

]
f(z)− 2

z − ah(z) = 0 (C.7)

dh(z)
dz

+ i
12
k
h2(z) +

2
z − ah(z)−

k2

4
ρ−2
d

∫ z

a
D

(
ρρρ d, z −

z′

2
, z′

)
dz′ = 0

(C.8)
In the case where the turbulence intensity is characterized by

B(z)
l(z)

=
( z
L

)n B0

l0
(C.9)

we assume
h(z) = −ik

4
1

p(z)
dp(z)
dz

(C.10)
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and substitute it into (C.8). Then we obtain the Riccati-type equation
for p(z) .

d2p(ξ)
dξ2

− i
√
π

(
k
B0

l0

)
L−nξ−(n+4)p(ξ) = 0 (C.11)

where ξ = 1/z . If n �= z , the solution p(z) is given by[33]

p(z) = z−1/2{C1J−ν [Q(z)] + C2Jν [Q(z)]} (C.12)

where a� z is assumed, Q(z) = iν
√
πkB0(z/L)n/2z/l0 , ν = 1/(n+

2) , and C1 , C2 are constant. Substituting (C.10) with (C.12) into
(C.6) and (C.7), we can readily obtain g(z) and f(z) as follows:

g(z) =
p(z)
p(a)

exp

{
−ik

4

∫ z

a
dz′

1
(z′ − a)2

[
1−

(
p(a)
p(z)

)2
]
ρ2
dc

}
(C.13)

f(z) = −ik
2

1
z − a

[
1− p(a)

p(z)

]
(C.14)

Consequently, the substitution of (C.10), (C.13) and (C.14) into
(C.5) yields

M(ρρρd, z)

=
p(a)
p(z)

exp
{
−ik

4
1

p(z)
dp(z)
dz

ρ2
d − i

k

2
1

z − a

[
1− p(a)

p(z)

]
ρρρ · ρρρdc

+
∫ z

a
dz′

1
z′ − a

[
1−

(
p(a)
p(z)

)2
]
ρ2
dc

}
(C.15)

In the case of

B(z)
l(z)

=



B0

l0
, a < z < L

(
z

L
)−m

B0

l0
, L < z

which corresponds to the turbulence in subsection 3.2, we need to con-
nect the waves continuously at the boundary z = L . When we deter-
mine the constants C1 and C2 in (C.12) under the conditions of (C.3)
and the continuity of M( ρρρ d, L) , then (3.18) can be obtained.
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