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1. Introduction

The general electromagnetic fields can be represented by the su-
perposition of plane waves traveling in diverse directions [l]. Once this
idea is employed in radiation, diffraction and guided-wave problems,
the electromagnetic fields are expressed by the Fourier integral in which
the behavior of plane waves traveling in diverse directions is repre-
sented in terms of a spectral continuum of wavenumber defined on any
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plane transverse to a coordinate axis, e.g., the z axis. Such a plane-wave
spectral representation of solutions of Maxwell’s equations is simple in
its mathematical formulation, and its use is certainly straightforward
to explain some of important electromagnetic-field problems to be con-
structed by the elaborate type of solutions.

In an unbounded homogeneous space, for example, the plane-wave
spectrum of fields is essentially continuous, while, in a bound space
like cavity resonators or waveguides of closed type, the plane-wave
spectrum becomes discrete. On the other hand, in the problems of wave
propagation over homogeneous plane surfaces, e.g., impedance planes,
dielectric layers and so on, the plane-wave spectrum is generally split
into two parts: one is the continuous part and the other is the discrete
one, and the total field can be regarded as a superposition of these
different types of the constituent spectrum. The waves with continuous
and discrete spectra are often called as “radiation” or “space wave” and
“surface wave”, respectively. If such homogeneous plane surfaces are
appropriately deformed, some parts of the plane-wave spectrum often
construct another type of discrete-spectral wave what we call “leaky
wave.”

For a range of electromagnetic-wave problems, solutions are in-
deed obtained formally with mathematical completeness straightfor-
wardly by means of the plane-wave spectral representation, but the
numerical approach using the fields constructed by such solutions is
not always effective to solve somewhat complicated problems of the
electromagnetic field. Some of typical examples will be discussed in
this chapter.

As an example, let us consider the nature of waves on an un-
bounded dielectric slab which occupies the region between y = t and
−t (see Fig. 1). We assume here that the properties of the structure
are independent of x and z , and the half space extending above or
below the slab is homogeneous free space. Then in general the reflec-
tion coefficient looking into the negative y direction at y = t will have
poles which are related to surfacewave modes. Then the residual term
of the integration is expressed by the branch-cut integral that relates
to the contribution of radiation waves. Thus we must always consider
both radiation wave and surface-wave modes simultaneously; they are,
however, quite different to each other, in nature, at least in the math-
ematical sense, because the radiation wave is not characterized by a
unique propagation constant along the z axis like a surface-wave mode
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Figure 1. Planar dielectric waveguide uniform in the x direction.

is singular in the sense that the radiation wave with different transverse
wave-numbers are governed orthonormally by the Dirac delta function.
Then the power carried by the radiation wave is known only if a spec-
tral representation of fields is doubly integrated in both spectral and
space domains. This point is particularly different from the nature of
surface-wave modes; their orthogonality is presented by the Kronecker
delta symbol, so that the power carried by each surface-wave mode is
known by integrating the modal distribution in space domain alone.
Such a difference in mathematical nature between radiation waves and
surface-wave modes has been a main reason which makes it almost im-
possible to develop a simple and effective equivalent network approach
for analyzing the problems of unbounded dielectric slabs mentioned
above, although an equivalent network approach is quite familiar to
the microwave engineers as faced in closed-waveguide problems [2–3].

This chapter describes a breakthrough to such a difficulty [4–6].
Our idea recomposes the radiation waves into a discrete set of an in-
finite number of newly defined so called ”spectral composite” modes
[7]. These new modes, in conjunction with surface-wave modes, con-
struct a complete-orthonormal set for expressing an arbitrary local
field on any plane transverse to the z axis. It is then proved that
each of spectral composite modes carries a finite magnitude of radi-
ation power according to the orthonormal relation expressed not by
the Dirac delta function, but by the Kronecker delta symbol like the
surface-wave modes. As a result, we can provide the modal voltages
and currents for the spectral composite modes in identical fashion with
those for the surface-wave modes. This means that we can picture a
simple network model allocated the discrete terminal ports to each of
both types of modes, and that we can use the modal voltages and
currents mentioned above to define the terminal parameters (e.g., the
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root power amplitude, the wave impedance and so on) at each terminal
port. In the following section, we will discuss the equivalent network
representation for several types of the typical structures.

2. General Approach

2.1 Spectral Composite Modes and Equivalent Network
Representation for a Homogeneous Dielectric Waveguide.

We first consider a homogeneous dielectric slab waveguide as
shown in Fig. l, which is symmetric with respect to the xz plane at
y = 0 . We assume here that the fields are polarized in the x direction
and the waveguide can support M surface-wave modes. Applying the
boundary conditions at y = t , we can express the total fields in terms
of the orthonormal modal functions of both surface-wave modes and
the radiation ”modes” [4], instead of the plane-wave spectral repre-
sentation. Let exj(y) , hyj(y) and ex(y, ρ) , hy(y, ρ) be the orthonor-
mal modal functions of the jth surface-wave mode and the radiation
modes, respectively (see [8] for the functional forms). Here, ρ denotes
the transverse wavenumber of the radiation mode along the y axis out-
side the slab. Each type of modal functions is normalized in terms of
the Kronecker delta symbol or the Dirac delta function as noted in [8,
sec.8.5]. Although the wavenumber ρ covers all the values from 0 to
∞ , the radiation modes in the range 0 < ρ < n0k0 are propagating
to the z direction, while those in the range n0k0 < ρ < ∞ are non-
propagating. Therefore, the total electric field Ex(y, z1) on the plane
at z = z1 is completely expressed by the following equation [5]:

Ex(y, z1) =
M−1∑
m=0

Am(z1)exm(y) +
∫ n0k0

0
f(ρ, z1)ex(y, ρ)dρ

+
∫ αn0k0

n0k0

g(ρ, z1)ex(y, ρ)dρ

(1)

where f(ρ, z1) and g(ρ, z1) are the continuous spectral functions for
the radiation modes at z = z1 and the coefficients Am(z1) stand for
the root-power amplitudes of the surfacewave modes. Now, the electric
field of (1) after traveling up to the plane at z = z2 toward the positive
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z direction ( z2 > z1 with d = z2 − z1 ) can be written as follows;

Ex(y, z2) =
M−1∑
m=0

Bm(z2)exm(y) +
∫ n0k0

0
f(ρ, z2)ex(y, ρ)dρ

+
∫ αn0k0

n0k0

g(ρ, z2)ex(y, ρ)dρ

(2)

where
Bm(z2) = Am(z1)e−jβmd

f(ρ, z2) = f(ρ, z1)e−jβ(ρ)d

g(ρ, z2) = g(ρ, z1)e−γ(ρ)d (3)

βm is the phase constant of the m th surface-wave mode, while
β(ρ) =

√
(n0k0)2 − ρ2 and β(ρ) = −j

√
ρ2 − (n0k0)2 = −jγ(ρ) are

the phase constants of the propagating and the nonpropagating radi-
ation modes, respectively. The modal functions of both surface-wave
modes and radiation modes in (1) and (2) do not change as they propa-
gate along the guide axis, but their complex amplitude and the contin-
uous spectral amplitude change. The change in the complex amplitude
of each surface-wave mode is easily pictured by the simple network
model consisting of uncoupled parallel transmission lines. Then, there
is a one-to-one correspondence between Am(z1) and Bm(z2) for each
surface-wave mode. While the constitutive component of Ex(y, z2) cor-
responding to the radiation mode shown by the branch-cut integral in
(2), varies in its resultant functional form along the y axis as the
radiation mode propagates the distance d , although the amplitude
of the spectral functions f(ρ, z2) and g(ρ, z2) are simply related to
f(ρ, z1) and g(ρ, z1) , respectively, through (3). Our motivation here
is to express such a varying field by a similar expansion form with the
surface-wave field as seen in the first term of the right hand side of
(2). To this end, recalling ex(y, ρ) to be independent of z , it is quite
natural to expand f(ρ, z1) and g(ρ, z1) into a complete set of the
orthonormal functions φn(ρ) and ψn(ρ) of only ρ as follows:

f(ρ, z1) =
N−1∑
n=0

AM+n(z1)φn(ρ)

g(ρ, z1) =
N−1∑
n=0

AM+N+n(z1)ψn(ρ)

(4)
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where
∫ n0k0

0
φm(ρ)φn(ρ)dρ = δmn

∫ αn0k0

n0k0

ψm(ρ)ψn(ρ)dρ = δmn

(5)

Similar expansions hold for the spectral functions f(ρ, z2) and g(ρ, z2)
by replacing AM+n(z1) and AM+N+n(z1) in (4) with BM+n(ρ, z2)
and BM+N+n(ρ, z2) , respectively. A reasonable choice for the set of
expansion functions used in (4) will be explained in the next section.
Here, it should be noted that the expansion coefficients Ai(z) and
Bi(z) are still functions of z because the continuous spectral functions
are deformed as the radiation modes propagate along the guide. Then
we modify further the expansions of (4) to obtain a discrete set of an
infinite number of what are called spectral composite modes, defined
by

ẽxn(y) =
∫ n0k0

0
φn(ρ)ex(y, ρ)dρ

êxn(y) =
∫ αn0k0

n0k0

ψn(ρ)ex(y, ρ)dρ (6)

It is easily proven that these spectral composite modes have or-
thonormal relations subject not to the Dirac delta function but to the
Kronecker delta symbol (see Appendix I). Substituting (4) into (3) and
applying the definition (6), (1) and (2) can be reduced to the forms

Ex(y, z1) =
M−1∑
m=0

Am(z1)exm(y) +
N−1∑
n=0

[AM+n(z1)ẽxn(y)

+AM+N+n(z1)êxn(y)]

(7)

Ex(y, z2) =
M−1∑
m=0

Bm(z2)exm(y) +
N−1∑
n=0

[BM+n(z2)ẽxn(y)

+BM+N+n(z2)êxn(y)]

(8)

Since the modal functions of all modes in (7) and (8) are now
subject to the orthonormal relation expressed by the Kronecker delta
symbol, we can picture a simple terminal model for the equivalent
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network of a homogeneous dielectric waveguide at least at the local
position at z = z1 or z2 ; one of the terminal ports can be allocated to
each of spectral composite modes and surface-wave modes. However,
the amplitude, for example, AM+n(z1) of the spectral composite mode
changes in its magnitude as well as in its phase as it propagates. Such
a difference in the magnitudes between two positions at z = z1 and
z2 reminds us that there is no longer any one-to-one correspondence
between AM+n and BM+n or AM+N+n and BM+N+n , and one of
the input spectral-composite modes at z = z1 necessarily couples to all
of the output spectral composite modes at z = z2 while it propagates.
Let us then substitute f(ρ, z1) of (4) into that of (3) to obtain

N−1∑
n=0

BM+n(z2)φn(ρ) =
N−1∑
k=0

AM+k(z1)φk(ρ)e−jβ(ρ)ddρ (9)

where the coefficients Aq(zi) and Bq(zi) are defined so as to stand
for the root-power amplitude of the spectral composite mode. By using
the orthonormal relation of φn(ρ) , we have

BM+n(z2) =
N−1∑
k=0

S̃nkAM+k(z1) (10)

where

S̃nk =
∫ n0k0

0
φn(ρ)φk(ρ)e−jβ(ρ)ddρ (11)

By following the same procedure, we have

BM+N+n(z2) =
N−1∑
k=0

ŜnkAM+N+k(z1) (12)

where

Ŝnk =
∫ αn0k0

n0k0

ψn(ρ)ψk(ρ)e−γ(ρ)ddρ (13)

If any field distribution given at z = z2 propagates to the negative
z direction, the resultant field at z = z1 can be expressed by relations
similar to (10) and (12). As a result, the equivalent network for a
homogeneous dielectric waveguide of length d , sandwiched with two
infinite xy planes at z = z1 and z = z2 , can be represented by Fig. 2
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and the terminal amplitudes are governed by the matrix [SLINE ] given
in Appendix II. The formulation presented here, although seen to be
familiar on the surface, is new in the sense that it makes it possible to
analyze the problem of interacting discontinuities on open structures
by the network approach that is well developed in problems of closed
waveguides.

Figure 2. Equivalent network representation [SLINE ] for the homoge-

neous slab waveguide, where the spectral composite modes are newly

introduced by using the complete orthonormal functions φn and ψn de-

fined in each range of ρ indicated in the networks [S̃] and [Ŝ], respectively.

2.2 Equivalent Network Representation for Free Space and Bound
Half Space.

The results obtained in Sec.2.1 are effectively used to derive an
equivalent network representation of homogeneous free space or half
space bounded by short-circuit plane or open-circuit plane. Let us first
consider the free space. It is obvious that the free space is simply
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realized by removing the dielectric slab in Fig. 1. Therefore an x -
polarized electric field Ex(y, z) , for example, is represented only by the
branch-cut integrals appeared in (1) and (2), by dropping the surface-
wave term (the first term of the right hand side). For the free-space
case, the modal function ex(y, ρ) of the radiation modes is, of course,
given by a combination of sine and cosine functions along the entire y
axis. This replacement must be done for all of the equations appeared
in Sec.2.1. As a result, the equivalent network for a zonal free space,
sandwiched with two infinite xy planes at z = z1 and z = z2 , is
expressed in terms of only the spectral composite modes by taking
away the equivalent transmission lines for the surface-wave modes in
Fig. 2. Such an equivalent network is denoted by the matrix [SfZONE ] .

Next, let us consider a half space occupying the region y > 0 ,
which is realized by bisecting the full space with a short-circuit plane
placed on the xz plane at y = 0 . Then all the discussions on the
equivalent network representation for the full space mentioned above
can be still effectively applied to the present case, only if the sine
function is employed for expressing the modal function ex(y, ρ) of
the radiation modes along the entire positive y axis. On the other
hand, if the half space is realized by an open circuit plane instead of
a short-circuit plane, the equivalent network is represented by the one
for the half space just mentioned above, if the cosine function is used
for expressing the modal function ex(y, ρ) .

By noting such differences in the forms of the modal function, the
equivalent network denoted by the matrix [ShZONE ] is easily obtained
for the zonal half space.

2.3 Equivalent Network Representation for Junction
Discontinuities.

In parts 2.1 and 2.2 in this section, we have discussed the struc-
tures that are uniform along the propagation axis, and derived their
equivalent network matrices [SLINE ] and [SZONE ] which express uni-
form sections of length d , sandwiched with two infinite xz planes
at z = z1 and z2 . Practical structures, however, do not consist of
only such uniform sections, but are usually constructed by the cascade
connection of different kinds of uniform sections. Then it is necessary
to derive junction matrices that express the wave behavior at vari-
ous types of junction plane between different two kinds of structure.
Typical junction discontinuities will be those between different uni-
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form waveguides, a uniform waveguide and a full space (or a dielectric-
waveguide open end), and a half space and a full space (or a half-
space open end). In this section, the first two junction discontinuities
will be discussed. The last one often appears in electromagnetic-wave
scattering and diffraction problems, so it will be discussed in Sec. 4.

Let us first derive the equivalent network for a step discontinuity
between two semi-infinite homogeneous dielectric waveguides I and II
with different thicknesses as shown in Fig. 3.

Figure 3. Step discontinuity configuration between two planar dielectric

wave-guides with different thicknesses.

We consider here that one of modes is incident normally to the step
from the left-hand side or the right-hand side of Fig. 3. An example of
such excitations is the incidence of the qth surface-wave mode from the
left-hand side. Then, the electric fields tangential to the discontinuity
plane at z = 0 can be expressed as follows [5]:

EIx(y, 0
−) =

M+2N−1∑
p=0

(δqp +Rqp)eIxp(y) (14)

EIIx (y, 0+) =
M+2N−1∑

p=0

Tqpe
II
xp(y) (15)
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where

eixp(y) = eixm(y) for p = 0, 1, ...,M − 1 (m = p)

= ẽixn(y) for p =M, ...,M +N − 1 (n = p−M)

= êixn(y) for p =M +N, ...,M + 2N − 1 (n = p−M −N)
(16)

for i = I or II.

Rqp and Tqp are the unknown coefficients to be determined. We
use here the mode matching method to fit the boundary condition
on the plane z = 0 in the sense of least mean squares [5,9], which
considers the error ε given by the following equation:

ε =
1
2




∫ ∞
−∞
|EIx − EIIx |2dy∫ ∞
−∞
|eIxq|2dy

+

∫ ∞
−∞
|HI

y −HII
y |2dy∫ ∞

−∞
|hIyq|2dy


 (17)

where HI
y and HII

y are the magnetic fields associated with the electric
fields of (14) and (15), respectively, and eIxq and hIyq are the electric
and magnetic fields of the incident mode.

Minimizing ε with respect to the unknowns by the procedures
described in [5,6,9], we can easily obtain them. Applying the same
procedure to all the other excitation cases, one can obtain all of the
unknown coefficients Rqp and Tqp which are linked with the elements
of the matrix [SSTEP ] representing the isolated step discontinuity, as
mentioned in Appendix III. As a result, a step discontinuity can be
expressed by the equivalent network shown in Fig. 4, which again has
the terminal ports corresponding to each of the surface-wave modes
and spectral composite modes. By following the same procedures, we
can derive one more matrix [S′STEP ] , for the step discontinuity, whose
structure is the mirror inversion of Fig. 3 with respect to the xy plane
at z = 0 .
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Figure 4. Equivalent network representation [SSTEP ] for the step discon-

tinuity shown in Figure 3.

Here it is necessary to comment on a reasonable choice for a set
of expansion functions in (4). The spectral composite modes of our
definition are based on the expansion of the continuous spectral func-
tion partitioned into two finite ranges on the wavenumber ( ρ ) plane,
and they are applied to the mode-matching method in the form of
(17). This problem is mathematically the best approximation calcula-
tion based on the unweighted L2 norm in the finite range of variables,
so that the Legendre polynomials are the best basis functions [l0-11].
Therefore, we will use them throughout this chapter. Next, let us de-
rive the equivalent network for a dielectric-waveguide open end that is
a junction discontinuity between a semi-infinite homogeneous dielectric
waveguide and a full space as shown in Fig. 5.
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Figure 5. Discontinuity configuration of a dielectric-waveguide open end

which is a junction discontinuity between a semi-infinite homogeneous

dielectric waveguide and a full space.

The equivalent network for such a junction is easily derived by follow-
ing the same manner with that followed in deriving the matrix [SSTEP ]
or [S′STEP ] . However, the present discontinuity is realized by taking
away the semiinfinite dielectric waveguide II appearing in Fig. 3 and by
replacing it with a space extending semi-infinitely in the z direction.
Therefore, the present equivalent network has the terminal ports cor-
responding to each of both surface-wave modes and spectral composite
modes on its left-hand side (or the dielectric waveguide side), while the
terminal ports on its right-hand side (or the space side) consist only
of the spectral composite modes as shown in Fig. 6. Such a network is
denoted hereafter by the matrix [SdD] .
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Figure 6. Equivalent network representation for a dielectric-wave guide

open end shown in Figure 5.

One of remaining step discontinuities associated with [SdD] is its
mere inversion with respect to the junction plane. We denote its matrix
by [S′dD] which is easily derived by following the same procedures
mentioned above.
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3. Discontinuous Waveguide Structures

3.1 Mode Propagation through Symmetric Double Step.

This section discusses some practical examples: the symmetric
double step shown in Figs. 7(a) and 8(a). These structures play an im-
portant role in practical planar circuits. For example, Fig. 7(a) appears
as a constitutive block of dielectric grating filters[l2], while Fig. 8(a)
often appears as a coupling section of planar dielectric resonators [l3].

Figure 7. Symmetric double-step discontinuity: (a) The configuration on

the longitudinal section and (b) Its equivalent network. The networks

[S̃] and [Ŝ] represent the coupling effect among the spectral composite

modes in each range of ρ.
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Figure 8. Symmetric double-step discontinuity with an air gap between

two planar dielectric waveguides: (a) The configuration on the longitu-

dinal section and (b) Its equivalent network.

We assume that the guide with a thickness 2t1 in the case of Fig. 7(a)
supports M1 surface-wave modes, while the guide with thickness 2t2
in the cases of both Fig. 7(a) and Fig. 8(a) supports M2 surface-wave
modes. The structure of Fig. 7(a) is partitioned into three building
blocks by correctly defining the terminal planes as shown. It consists
of two step discontinuities and one homogeneous waveguide of length d
interconnecting the two interacting steps. By following the matrix no-
tation for structures mentioned in Sec. 2, those building blocks can be
expressed by the equivalent matrices [SSTEP ] , [SLINE ] and [S′STEP ] ,
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respectively. Thus, by properly connecting these matrices in tandem,
the overall equivalent network is obtained as shown in Fig. 7(b). This
network shows an example when only the TE0 fundamental surface-
wave mode is incident from the lefthand side of the structure (as
shown), where all of the terminal ports, except for the input port of
the incident surface-wave mode on the plane A©, are terminated prop-
erly by the corresponding characteristic impedance of the equivalent
transmission lines for each surface-wave mode or by the matched ter-
mination impedance for each spectral composite mode (see Appendix
IV). Of course, we can consider any excitation state in the similar way.
On the other hand, the double step of Fig. 8(a) is an air gap between
the terminal planes A′© and B′© so the equivalent network for this gap
is expressed by [SZONE ] , corresponding to a zonal full space, in which
only the spectral composite modes can exist. Thus, we have Fig. 8(b)
as the overall equivalent network for Fig. 8(a).

Now, assuming the incident TE0 surface-wave mode with unit
root-power amplitude in both Figs. 7(b) and 8(b), one can straight-
forwardly obtain BN1+n(−d/2) and BN1+n(d/2) for the n th spec-
tral composite mode at planes A© and B© respectively, as well as
Bm(−d/2) and Bm(d/2) of the reflected and transmitted surface-wave
modes, respectively. These amplitudes give the total electric field at
planes A© and B© through (7) and (8). Thus, by reconstructing the
radiation fields on the terminal planes from these known amplitudes
and applying the SDP approximation to the first term in the bracket
of (7) and (8) expressing the spectral composite modes of the radiative
part, we can calculate the fields radiated in both the forward ( +z )
and backward (−z ) directions.

Numerical examples are obtained for the double step with the
dimension indicated in the insets of Figs. 9 and 10. For the given val-
ues of the parameters, only the TE0 fundamental surface-wave mode
can propagate in the dielectric waveguide with thickness 2t2 , while
the waveguide of thickness 2t1 in Fig. 9 supports the TE0 and TE2

modes. The reflection coefficient R0 and the transmission coefficient
T0 of the surface-wave mode are shown in Figs. 9(a) and 10(a), while
the backward and forward radiation powers are shown in (b), as a
function of the relative length d/t2 . The results indicated by the solid
curves are calculated by using a scale factor of α = 7 and by taking
the expansion terms of the Legendre function as N = 9 (satisfactory
convergence of solutions has been confirmed in [4]). The results for
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only R0 and T0 can be compared with those in the published papers
[14-16].

Figure 9. Numerical results of symmetric double-step: (a) Reflection and

transmission coefficients, and (b) Radiation powers versus the rib width.

Comparative discussions among those approaches and results are pre-
sented in detail in [6]. For a more precise comparison, the radiation
power must be calculated, but our method is one that calculates it.
The results, shown in Fig. 9(b), exhibit an oscillatory nature corre-
sponding to that seen in Fig. 9(a), and the radiation maxima just
coincide with the oscillation maxima of R0 , and the minima of T0 in
our results.
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Figure 10. Numerical results of symmetric double-step with an air gap:

(a) Reflection and transmission coefficients, and (b) Radiation powers

versus the gap width.

On the other hand, the radiation powers shown in Fig. 10(b) monoton-
ically increase with increasing d/t2 , corresponding to similar features
of R0 and T0 in Fig. 10(a). Incidentally, our calculations presented
here have been made with an error of about 0.5% or less in the power
conservation relation at around d/t2 = 10 .



262 Shigesawa and Tsuji

3.2 Mode Propagation through Periodic Corrugations with Finite
Length.

Let us next consider the periodic dielectric corrugations of finite
length shown in Fig. 11(a). This structure is given by the cascade con-
nection of a finite number of networks given by Figs. 2 and 4, and we
can derive the overall equivalent network for Fig. 11(a) by connect-
ing repeatedly such constitutive networks expressed by the matrices
[SSTEP ] , [S′STEP ] and [SLINE ] or the finite cascades of the equiva-
lent network shown in Fig. 7(b). The result is shown in Fig. 11(b).

(a)

(b)
Figure 11. Periodically corrugated structure with finite length: (a) The

configuration on the longitudinal section and equivalent network which

is obtained by the finite cascades (b) Its of the equivalent network shown

in Figure 7(a).

Applying the calculation procedures mentioned in Sec. 3.1, we can
obtain the numerical results shown in Fig. 12, for a structure with
the dimensions indicated in the inset and for a different number of
corrugations Nc . The only surface-wave mode propagating in each ho-
mogeneous waveguide section is the TE0 fundamental surface-wave
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mode and we consider that this mode is incident from the left-hand
side on the structure. Figure 12(a) shows the reflected power of the
TE0 surface-wave mode in the case where Nc = 10 and 20 corruga-
tions, as a function of the normalized period 2d/λ0 while Fig. 12(b)
shows the forward and backward radiation powers. If the structure
under consideration is infinite in length, the first Bragg reflection oc-
curs in the limited range of 2d/λ0 between 0.398 and 0.414, while
the power radiation into space occur only in the leaky-wave region be-
yond 2d/λ0 = 0.448 for the present case. Figure 12(a) shows a strong
reflection at around 2d/λ0 = 0.406 that corresponds to the center
frequency of the first Bragg reflection region. Although the significant
radiation indeed occurs in the leaky wave region, there are many sub-
sidiary reflection peaks of the surface-wave mode even in that region
and also the radiation still occurs in the first Bragg reflection region
with a complicated feature arising from the finiteness of the periodic
structure in length or due to “edge effect” [17].

Figure 12. Numerical results for the periodic structure with finite length

or with a finite number Nc of corrugations: (a) Reflected power of the in-

cident TE0 mode and (b) Radiation powers versus the normalized period

2d/λ0.
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Now, as it is obvious in Fig. 12(b), the predominant radiation
occurs in the backward direction which lies in the leaky-wave region.
The radiation patterns calculated by the SDP approximation are shown
in Fig. 13 for structures with 2d/λ0 = 0.477 , 0.516 , and 0.577 in the
case where Nc = 10 and 20 . The peak value is normalized to unity for
each radiation pattern, and the axes along θmax = 0◦ and 90◦ coincide
with the y and the negative z directions, respectively. The effect of
the finite length is indeed clearly seen in narrowing the main lobe as
the number of corrugations increases, but more significantly, such an
effect results in complicated spurious lobes. However, the direction of
each maximum lobe is in good agreement with the angle calculated
from the −1 st order space-harmonic wave in the structure extended
infinitely ( θmax = 30◦ for Fig. 13(a), 45◦ for (b), and 60◦ for (c)).

Figure 13. Backward radiation patterns from the periodic structure with

a finite number of corrugations Nc: (a) The normalized period 2d/λ0 =
0.477, (b) 2d/λ0 = 0.516, and (c) 2d/λ0 = 0.577.
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3.3 Low-Loss Design of Dialectric-Waveguide Y Branch.

Let us next discuss rather practical devices ranging from
millimeter-wave to optical frequencies. Of these circuits, the Y branch
is one of the basic but most important devices. It is used not only
as a power divider and combiner, but also in the active devices for
light-intensity modulation and switching. However, the guided wave
on a Y branch always loses energy by radiation because of the discon-
tinuous feature of branch structures. Such a radiation causes serious
problems in circuit performance because of, for example, the undesired
power coupling, or crosstalk, with neighboring circuits. Such an effect
becomes significant in the millimeter-wave region, because branch cir-
cuits must be designed to be as compact as possible to the wavelength
even if the junction angle becomes large and the dielectric constant
ratio between the core and the surroundings increases.

Many approximate studies have been appeared so far (see the
references of [18]). None of these studies, however, discussed the syn-
thesis of Y branches by considering the accurate behavior of both the
surface-wave mode and the radiation wave. It has been a common un-
derstanding that, once the radiation wave is generated, it is scattered
to the surroundings and such a scattered wave cannot be used in de-
vising low-loss Y branches. According to this view, a low-loss Y branch
may be obtained only when the taper shape changes smoothly so that
the input surface-wave mode can couple to the radiation wave as little
as possible. This idea usually requires a large dimension to the wave-
length for the nonuniform taper section, and such a Y branch will not
be practical in the millimeterwave region.

In this section, we show a synthesis method of Y branches with
amazingly reduced loss from radiation, which is based on our equivalent
network approach. In a new type of Y branch, the radiation wave is
intentionally generated along the taper and is controlled so that it can
play an important role in reducing radiation loss (theoretically realizing
zero loss) [19].

Figure 14 illustrates the Y branch considered in the analysis. For
simplicity, the structure is assumed to be uniform in the x direction,
and the fundamental TE0 slab surface-wave mode is incident from the
left-hand side of the waveguide as shown. Also, the separation of the
output guides II and II is assumed to be sufficiently wide so that
their effect on each other can be neglected. We assume further that
each guide can support only the fundamental surface-wave mode.
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Figure 14. General configuration of dielectric waveguide Y branch. The

structure is uniform in the x direction. The non-uniform structure lies

between the terminal planes T1 and T2 which are connected to the input

waveguide I and to the output waveguides II, II, respectively.

As mentioned in Sec. 2.1, the electromagnetic field in a uniform
dielectric waveguide of the open type can be expressed completely by
the constituent fields of both the surface-wave modes and the radiation
modes. The constituent modes do not couple with each other as long as
a waveguide is uniform along the direction of propagation. However, if
a waveguide becomes nonuniform as seen in Fig. 14, the power coupling
occurs between surface-wave and radiation modes. Papers previously
published have considered that a low-loss Y branch is obtained only
when the transmitting power of the surface-wave mode is lost gradually
along the taper axis and drops monotonically to a certain amount at
the output end, marked T2 as shown conceptually by the dashed curve
A© in Fig. 15. This understanding is not correct, as explained below,
when a Y branch in the millimeter-wave region is concerned.

It is obvious that the surface-wave mode on a practical Y branch
propagates toward the output end, successively repeating, to a greater
or lesser degree, the necessary power conversion and reconversion with
the radiation modes as well as with the surface-wave mode. Then,
it is expected that the power of the surface-wave mode will no longer
change monotonically but rather in a more complex manner. Certainly,
a numerical example for the practical linear-taper Y branch discussed
later exhibits such a power change, not like curve A© but like curve
B© in Fig. 15.
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Figure 15. Conceptual variation of the transmitting power of the surface-

wave mode across a plane perpendicular to the z axis.

Curve B© in Fig. 15 shows a sudden power conversion into the
radiation modes near the input end, and then the power of radiation
modes is again reconverted gradually into the surface-wave mode as
they propagate. But, the power drop of the surface-wave mode at the
output end T2 is inevitable because a taper shape is decided a priori.
Therefore, such a Y branch is always accompanied by a loss due to
radiation. However, we can obtain a Y branch with theoretically no
loss from radiation when the taper shape is designed so as to control
intentionally the intensive power conversion and reconversion. Such a
Y branch will transform a part of the input surface-wave mode into
the radiation modes with complete control, and we can finally obtain
only the desired surface-wave mode in the output waveguide, while the
undesired reflection is suppressed at the input end. In such an ideal
case, we may expect conceptually the power change shown by the solid
curve C© in Fig. 15.

To control intentionally the power conversion and reconversion
in a fashion mentioned above, it is necessary to solve the wave be-
havior on a Y branch from the viewpoint of a precise boundary-value
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problem. For this purpose, we approximate a Y branch by a number
of infinitesimal step discontinuities connected in tandem through a
uniform dielectric waveguide with a segment length ∆li as shown in
Fig. 16. Such an approximated structure is then typically divided into
four building blocks. The first (Fig. 17(a)) is the single homogeneous
waveguide with guide width wi , the second (Fig. 17(b)) is the step
discontinuity on it, the third (Fig. 17(c)) is the parallel homogeneous
waveguide with guide width wi and separation di , and the last (Fig.
17(d)) is the step discontinuity. According to the results described in
Sec’s 2.1 and 2.2, part (a) and part (c) (homogeneous waveguides) of
Fig. 17 can be expressed basically by the equivalent network of Fig. 1,
denoted by [SLINE ] , while the equivalent network of Fig. 4, denoted
by [SSTEP ] or [S′STEP ] , is used for expressing both part (b) and part
(d) of Fig. 17, except for the difference in the functional forms of modal
functions. As for part (c) and part (d), the surface-wave and radiation
modes should be, of course, expressed in terms of the even type of
modal functions in a parallel dielectric-slab waveguides.

As a result, the approximated structure Fig. 16 is understood as
a cascade connection of all of the building blocks shown in Fig. 17, and
the schematic draw of the equivalent network shown in Fig. 18 can be
used for expressing the structure of Fig. 16. The network parameters
expressing completely each of the elementary networks can be con-
trolled by varying each of the guide widths wi , the separation widths of
parallel waveguides di and the segment lengths ∆li (i = 1, 2, . . . ,K) .
As was assumed at the beginning of this section, the only surface-wave
mode on each output waveguide II or II is approximately the TE0

mode, so that the surface-wave field on the branched output waveguide
is mathematically expressed by the fundamental even TE surface-wave
mode on a parallel dielectric slab. The insertion loss between input
and output surface-wave modes is then expressed as a function of the
variables {wi, di,∆li} (i = 1, 2, . . . ,K) , and they are solved by min-
imizing (ideally by making zero) the insertion loss at least at a given
frequency by using a nonlinear optimization procedure. In this calcula-
tion, we set the constraint conditions that the resultant field transforms
only into the desired surface-wave mode on the output waveguide with
zero insertion loss, while keeping the total length L of the Y branch
and the separation width D of two waveguides at the output end con-
stant. In a practical design, we fix all of the guide widths wi to W
and the separation width D at the output end to 10W . For the sake of
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experimental convenience, a design is tried at the X band, by using the
polyethylene (n = 1.5) as a dielectric material. Numerical convergence
has been checked, and it is found that the step’s number of K > 48 is
sufficient for approximating a Y branch in the form shown in Fig. 16
[5]. Therefore, the calculations hereafter are performed with K = 48 .
A total power conservation greater than 99.5 % is then achieved in the
calculations.

Figure 16. Step approximation for dielectric waveguide Y branch. Its

original shape is indicated by the smooth curve (The sketch is exagger-

ated.).

Let us here synthesize a low-loss Y branch at k0W = 1 and with
n = 1.5 by varying each of the segment lengths ∆li , while keeping
L = 15W . The segment lengths ∆li are then solved by the modified
Newton iteration method. Figure 19(a) shows the Y branch synthesized
at 9.55 GHz (which corresponds to k0W = 1 when W = 5mm ), and
the calculated insertion loss of this new Y branch is 0.32dB at that
frequency. Further, the ratio of power division into both output ports
is 1.0. The configuration of Fig. 19(a) consists of the serpentine taper
and the abrupt step at both input and output ends. This result indeed
seems to be an unexpected one from the usual design point of view,
but the prudential physical consideration explains that this result is
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certainly consistent with our original idea. For example, the solid curve
in Fig. 19(b) shows the calculated power change of the local surface-
wave mode for the synthesized Y branch, while the dashed curve shows
that for the linear-taper Y branch which has the same dimensions as
Fig. 19(a) except that the serpentine taper is replaced by a linear taper.
As expected, the synthesized Y branch certainly improves the power
drop of the surface-wave mode at the output end, and exhibits the
low-loss nature. But, the solid curve is somewhat different from that of
the ideal case C© in Fig. 15 and there is a small amount of the residual
loss. This can be removed when each of the guide widths wi is also
considered as a variable along with ∆li [20]. However, the computing
time increases, and the design cost becomes a bit high.

Figure 17. Typical four types of building blocks composing the approxi-

mated structure of Figure 16; (a) the single homogeneous dielectric slab,

(b) the step discontinuity on the waveguide shown in (a), (c) the par-

allel homogeneous dielectric slab, and (d) the step discontinuity on the

waveguide shown in (c).
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Figure 18. Equivalent network representation for dielectric waveguide Y

branch with an arbitrarily shaped taper. The network parameters are

controlled by varying each of guide width wj , the separation width of

parallel waveguides di, and the segment lengths ∆li in Figure 16.

We performed a set of measurements on a synthesized Y branch
at f = 9.55 GHz. The dielectric was polyethylene, with n = 1.5 ;
the guide width W was 5 mm, the length of the taper section was
L = 15W = 75mm , and the branch was made by a numerically con-
trolled machine. This test branch was placed in a parallel-plate waveg-
uide with separation of 8mm to simulate a two-dimensional structure.
An external view of a synthesized Y branch for test is shown in Fig.
20(a). Figure 20(b) shows the measured insertion loss characteristics
as a function of frequency. The dotted circles indicate the calculations
for the Y branch of Fig. 19(a), while the solid curve shows the mea-
sured characteristic. It is seen that the measured insertion loss agrees
excellently with the calculated one (0.32 dB) at f = 9.55 GHz. This
corresponds to the fractional power of 93% of input surface-wave mode
transmitted to the output waveguides. Figure 20(b) also presents an-
other set of calculations and experiment. The single circles indicate
the calculation for the linear-taper Y branch which has the same di-
mension with that of Fig. 19(a). In this case, the insertion loss at
f = 9.55 GHz is about 0.85dB , which is 2.7 times worse than the
insertion loss of the serpentine-taper Y branch. We can also confirm
that the serpentine-taper Y branch shows low-loss characteristic over
a wide frequency range, although the optimization is performed at the
frequency f = 9.55 GHz.
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Figure 19. Characteristic features of the low-loss Y branch synthesized

at k0W = 1: (a) Configuration of the low-loss Y branch (not exaggerated,

but enlarged in its scale), and (b) Curve of the calculated power change

of the surface-wave mode with the comparative one for the linear-taper

Y branch.



A new equivalent network approach 273

(a)

(b)

Figure 20. Experimental results of the synthesized Y branch; (a) The

external view of the Y branch for test, and (b) Curves of the insertion

loss as a function of frequency for the synthesized Y branch and for the

linear-taper Y branch. The synthesis is performed at f = 9.55 GHz.
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Figure 21. Calculated and measured insertion loss as a function of the

normalized taper length L/W for the Y branches with the linear taper 1©,

the raised-cosine taper 2©, and the integrated raised-cosine taper 3©. The

square mark on L/W = 15 indicates the insertion loss of the synthesized

Y branch.

As comparative branch structures, we have also investigated the
Y branches with the raised-cosine and integrated raised-cosine tapers
for which the first and the second derivatives are continuous at the
junction points, respectively [21–22]. These are often used in the opti-
cal region. Figure 21 shows the calculated and measured characteristics
of the insertion loss as a function of the normalized taper length L/W
along with those for the linear-taper Y branch. These calculations have
also been performed by the equivalent network approach followed in
the numerical synthesis. For comparison, the measured loss of the syn-
thesized low-loss Y branch at L/W = 15 is also shown by the square
mark. These results are also summarized in Table 1 along with re-
flected power, backward and forward radiation powers. It is seen from
these results that the radiation loss of the raised-cosine and integrated
raised-cosine taper Y branches is much larger than that of the linear
taper when they are designed compactly to the wavelength, for exam-
ple, in the region of L/W < 20 . This is understood from the fact that,



A new equivalent network approach 275

since the design idea of such Y branches undertakes only a smooth
mode conversion between surface-wave modes on the input or the out-
put waveguide and those on the taper section. A large loss is inevitable
when the total length of a Y branch is shortened and the bend around
the junctions becomes sharp.

Table 1. Comparison of the calculations of typical Y-branch character-

istics (L = 15W ).

The low-loss nature of the serpentine-taper Y branch is also con-
firmed from the wave behavior around the taper section. Figure 22(a)
shows the field intensity distribution for the serpentine-taper Y branch
with L/W = 15 , while parts (b), (c) and (d) show the distributions
for the Y branches with linear taper, raised-cosine taper and integrated
raised-cosine taper of the same L/W , respectively. It is clearly seen
that the serpentine taper Y branch smoothly transforms the input
surface-wave mode into the surface-wave mode on the output waveg-
uide with the help of the local radiation wave, as we expected. In
contrast to this, Y branches with conventional tapers scatter the ra-
diation wave away from the Y branch. This tendency is remarkable
for the case of tapers with a smooth transition on their configurations,
such as the raised-cosine tapers. Consequently, the performance of the
newly designed Y branch is superior to other branches whose shapes
are defined a priori, and the method described here can evidently be
very effective for designing low-loss Y branch in the millimeter-wave
region.
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Figure 22(a). Field intensity distribution around the taper section with

L/W = I5 for the synthesized serpentine-taper Y branch when only the

surface-wave mode is incident from the −z direction.

Figure 22(b). Field intensity distribution around the taper section with

L/W = 15 for the linear-taper Y branch when only the surface-wave

mode is incident from the +z direction.
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Figure 22(c). Field intensity distribution around the taper section with

L/W = 15 for the raised-cosine taper Y branch when only the surface-

wave mode is incident from the −z direction.

Figure 22(d). Field intensity distribution around the taper section with

L/W = 15 for the integrated raised-cosine taper Y branch when only the

surface-wave mode is incident from the −z direction.
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4. Electromagnetic-Wave Scattering and Diffraction

4.1 Equivalent Network for Discontinuity in Space.

In this section, we demonstrate that our equivalent network ap-
proach is quite effectively applied to electromagnetic-wave scattering
and diffraction problems [23]. Among those problems, our approach
is specially suited to analyze finite array of conducting or dielectric
strips (or unit cells) which are illuminated by an incident space wave.
These structures are extensively used as polarization-selective surface,
frequency selective surface and so on. The analyses of these structures
are often carried out under the assumption that they are infinite in
length (see the references of [24,25]), even if the dimensions of prac-
tical structures are necessarily finite. On the other hand, the integral
equation method is widely used for analyses of such finite problems, in
which the integral operator is usually transformed into either the spa-
tially algebraic operator [26] or the spectral one [24]. These approaches
then require the handling of a large number of unknowns in numeri-
cal calculations when practical structures comprise a large, but finite
number of unit cells, and a few approaches [24,27-29] have challenged
to relax some of practical difficulties caused by the prohibitively large
storage on the computer.

Our approach is perfectly different from those ones as it is clear
from the discussions in the previous sections, and can greatly relax
the computational difficulties still existing in the approaches just men-
tioned above, because our approach applied to scattering problems
starts also from the partition of structures into several kinds of ba-
sic building block, and expresses the electromagnetic-wave behavior in
each of them by one of appropriate equivalent network matrices derived
in Sec. 2. By the way, we should discuss here the junction-discontinuity
problem that is left in Sec. 2.3. It is to derive the equivalent network
matrix that expresses the wave behavior at the half-space open end
which is a junction between a half space and a full space as shown in
Fig. 23.
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Figure 23. Discontinuity configuration of a half-space open end that is

a junction discontinuity between a half space bound by an electrically

conducting plate and a full space.

Now, let us consider, without loss of generality, that the bounded
half space is realized by a conducting semi-infinite plate with zero
thickness, placed on the xz plane at y = 0 . There is no dielectric
waveguide, so that the fields in either side consist only of the spectral
composite modes. Let us assume here that an arbitrary excitation wave
poralized in the x direction is incident with an arbitrary slant angle
from the full space region (the left-hand side ( z < 0 )) as shown in
Fig. 23. Since the structure of Fig. 23 is symmetric with respect to the
xz plane at y = 0 , such an excitation problem can be divided into
two consistent problems; one (we call it the problem A) is characterized
by the constituent Ex component with the antisymmetric distribution
with respect to the xz plane at y = 0 and the other (the problem B) is
characterized by that with the symmetric distribution with respect to
that symmetry plane. For the problem A, we may replace the symmetry
plane with the short circuit over the full range of z , and it turns
out that the problem A is equivalent to a simple problem that the
antisymmetric constituent of fields is perfectly reflected by the short
circuit or electrically conducting plane extending uniformly on the xz
plane at y = 0 . Therefore, this constituent problem A does not include
any type of junction discontinuities on the xy plane at z = 0 , and
also we have only to consider the odd type of the spectral composite
modes with respect to the xz plane at y = 0 . Thus, the terminal
port for one of odd spectral-composite modes on the z− side of the
junction is directly connected to the corresponding terminal port on
the z+ side without any discontinuity matrix.
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On the other hand, for the problem B, the fields are characterized
by the constituent Ex component with the symmetric distribution
with respect to the xz plane at y = 0 over the full range of z. In this
case, we may introduce an open-circuit condition on such a symmetry
plane and we have only to consider the even type of spectral composite
modes with respect to the xz plane at y = 0 . However, the structure
at the present case is not uniform along the z-axis, but the free space
is extended in the region of z < 0 , while the one for z > 0 is occupied
by the semi-infinite space bound by an electrically conducting plane.
Therefore, the problem B necessarily includes a junction discontinuity
at the xy plane at z = 0 , and we should consider that the Ex field
distribution along the y axis is the type of cos(ρy) for z < 0 , while
it is the type of | cos(ρ′y)| for z > 0 . By considering these different
types of even modal function in the regions z < 0 and z > 0 , and
by applying the field-continuity conditions at the xy plane at z = 0
as seen in Sec. 2.3, we can obtain the junction matrix [SaD] for the
present case as shown in Fig. 24. With the same procedures, another
matrix [S′aD] can be obtained, which is used for the structure of the
mirror inversion of Fig. 23 with respect to the xy plane at z = 0 .

Figure 24. Equivalent network representation [SaD] for a half-space open

end shown in Figure 23.
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4.2 Scattering from Finite Array of Conducting Strips.

To understand how to apply our approach to scattering prob-
lems, let us consider an array of conducting strips with zero thickness
as shown in Fig. 25(a). This structure is partitioned into four building
blocks by correctly defining the terminal planes as shown. There are
two junction discontinuities, one zonal half space of length li and one
zonal full space of width dj , ( i, j = 1, 2, . . . ,M ). By following the ma-
trix notation for each constituent structure mentioned above or in Sec.
2.3, those building blocks can be expressed by the equivalent matrices
[SaD] , [S′aD] , [ShZONE ] and [SfZONE ] . Thus, by connecting properly
these matrices in tandem, the overall equivalent network is obtained
as shown in Fig. 25.

(a)

(b)

Figure 25. Finite array of conducting strips; (a) The configuration on the

longitudinal section, and (b) Its equivalent network.
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In our approach, on the other hand, the incident Gaussian wave
beam is expanded in terms of the spectral composite modes on the
plane T1 , the most left end of the structure in Fig. 25(b), and such a
known amplitude of each mode is considered to be an equivalent-source
amplitude impressed at each terminal port on that plane. Then, in this
sense, there is no impressed source at all of the terminal ports on the
output plane T2 , the most right end of the structure, so they should
be terminated with the appropriate matched impedances for spectral
composite modes as shown. By solving this equivalent network problem
with impressed sources, we can obtain the resulting amplitudes of the
outgoing spectral composite modes at both output and input termi-
nal ports. Thus, by reconstructing the radiation fields on the terminal
planes from these known amplitudes and applying the SDP approx-
imation, we can approximately calculate the fields radiated in both
forward ( +z ) and backward(−z ) directions.

Let us assume here that the array is illuminated by an Gaussian
wave beam incident only from the upper side with a slant angle 15◦ .
Figures 26 and 27 show the scattering fields for the incident wave with
the beam waist w0/λ0 = 4.0 and the beam offset x0/λ0 = 0 , when
the number of conducting strips M is varied.

Figure 26. Scattering patterns calculated for the incident Gaussian beam,

when the number M of conducting strips is varied. This case is k0d/2 =
1.0 so that no diffraction angle satisfies the Bragg condition of the infinite

array.
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Figure 27. Scattering patterns calculated for the incident Gaussian beam,

when the number M of conducting strips is varied. This case is k0d/2 =
1.715 so that the backward radiation occurs to the Bragg reflection angles

given by 150◦ and 210◦.

Since the separation d of conductor strips in the case of Fig. 26 is
chosen as k0d/2 = 1.0 , any diffraction angle does not theoretically
satisfy the Bragg condition. While, d of Fig. 27 is chosen as k0d/2 =
1.715 so that the incident wave is scattered back to the directions
of the angles given by 150◦ and 210◦ , which correspond just to the
Bragg reflection angles of the −1 st order space-harmonic if the strips
are arrayed infinitely with the same period.

We can see from Fig. 26 that the array with a small number of
strips (e.g., M = 5 ) transmits most of the incident power to the same
direction and the reflected wave from the plane of the array surface
increases in its intensity as M increases. While, the backward diffrac-
tion does not occur in this case as expected. On the other hand, Fig. 27
shows that the radiation peaks of backward diffraction clearly appear
at the expected Bragg-reflection angles and their intensity monoton-
ically increases with increasing M . Obviously, these results consist
of very complicated subsidiary peaks which arise from the finiteness
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of the array in length, or the “edge effect”. Such detailed results are
certainly obtained by our approach.

Although only few numerical results are presented here, these
results show that the present method is a very useful and powerful
approach to problems of scattering or diffraction from the finite arrays
of conducting strips. The present approach is quite adaptive to struc-
tures, so that it is easy to solve problems, for example, that conducting
strips or dielectric strips with different widths are arrayed aperiodically
[30–32].

5. Concluding Remarks

In this chapter, a new equivalent network approach has been pre-
sented, which is powerful for investigating precisely the wave-guiding
and wave-scattering natures of discontinuous structures with finite ex-
tent. This finiteness is indeed a very important feature of practical
structures. However, its mathematical treatment, especially in efficient
numerical approach, is quite difficult, and most of the published investi-
gations have shunned discussing this problem neatly. In this chapter, we
have initiated a breakthrough in surmounting this difficulty by a novel
network approach which is based on the familiar equivalent network
approach seen in closed waveguide problems, and have shown that this
method is easy to use for microwave engineers. The present method has
been successfully applied to devise other types of components [33-35]
and also to design leaky-wave antennas based on dielectric-corrugations
structures [36-37]. Although the structures discussed here have been
two-dimensional structers, we have also been sucessful in applying the
present method to more practical three-dimensional structures with
the help of an unprecedented method for structural approximations.
The readers who are interested in those structures will find data in
[38-40].
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Appendices

Appendix I

Let hyk(y) be the magnetic modal function associated with
exk(y) . Then the orthonormal relations for the spectral composite
modes are given as follows.

1. Relations Between the Spectral Composite Modes
Belonging to the Same Regions of ρ

∫ ∞
−∞
ẽxn(y)h̃yk(y)dy

=
∫ ∞
−∞

(∫ n0k0

0
φn(ρ)ex(y, ρ)dρ

) (∫ n0k0

0
φk(ρ′)hy(y, ρ′)dρ′

)
dy

=
∫ n0k0

0

∫ n0k0

0
φn(ρ)φk(ρ′)

(∫ ∞
−∞
ex(y, ρ)hy(y, ρ′)dy

)
dρdρ′

=
∫ n0k0

0
φk(ρ′)

(∫ n0k0

0
φn(ρ)δ(ρ− ρ′)dρ

)
dρ′

=
∫ n0k0

0
φn(ρ′)φk(ρ′)dρ′ = δnk (A1)

2. Relations Between the Spectral Composite Modes
Belonging to Different Regions of ρ

∫ ∞
−∞
ẽxn(y)ĥyk(y)dy

=
∫ ∞
−∞

(∫ n0k0

0
φn(ρ)ex(y, ρ)dρ

) (∫ αn0k0

n0k0

ψk(ρ′)hy(y, ρ′)dρ′
)
dy

=
∫ αn0k0

n0k0

∫ n0k0

0
ψk(ρ′)φn(ρ)

(∫ ∞
−∞
ex(y, ρ)hy(y, ρ′)dy

)
dρdρ′

=
∫ αn0k0

n0k0

ψk(ρ′)
(∫ n0k0

0
φn(ρ)δ(ρ− ρ′)dρ

)
dρ′ = 0 (A2)
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3. Relations Between a Spectral Composite Mode
and a Surface-Wave Mode

∫ ∞
−∞
ẽxn(y)hym(y)dy =

∫ ∞
−∞

(∫ n0k0

0
φn(ρ)ex(y, ρ)dρ

)
hym(y)dy

=
∫ n0k0

0
φn(ρ)

(∫ ∞
−∞
ex(y, ρ)hym(y)dy

)
dρ

= 0 (A3)

Appendix II

The equivalent network of Fig. 2 for a homogeneous dielectric
waveguide of length d is represented in the following matrix form of
order 2M + 4N :

[b][SLINE ][a] (A4)

where

[SLINE ] =




0MM 0MN 0MN S 0MN 0MN

0NM 0NN 0NN 0NM S̃ 0NN
0NM 0NN 0NN 0NM 0NN Ŝ
S 0MN 0MN 0MM 0NM 0NN

0NM S̃ 0NM 0NM 0NN 0NN
0NM 0NN Ŝ 0NM 0NN 0NN




(A5)

[a] = [A0(z1), · · · , AM−1(z1), AM (z1), · · · , AM+N−1(z1), AM+N (z1),
· · · , AM+2N−1(z1), A0(z2), · · · , AM−1(z2), AM (z2), · · · ,
AM+N−1(z2), AM+N (z2), · · · , AM+2N−1(z2)]t (A6)

[b] = [B0(z1), · · · , BM−1(z1), BM (z1), · · · , BM+N−1(z1), BM+N (z1),
· · · , BM+2N−1(z1), B0(z2), · · · , BM−1(z2), BM (z2), · · · ,
BM+N−1(z2), BM+N (z2), · · · , BM+2N−1(z2)]t. (A7)

[0IJ ] means the zero matrix of the order I × J and the superscript
t denotes transposition. [S̃] and [Ŝ] are matrices of order N, the
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elements of which are given by (11) and (13), respectively, while [S]
is a matrix of the order M corresponding to the surface-wave modes in
(3), and its elements Smq are given by

Smq = δmqe−jβmd (A8)

Appendix III

The scattering matrix [SSTEP ] for the isolated step discontinuity
is expressed as follows:

[b] = [SSTEP ][a] (A9)

where the definitions of [a] and [b] are the same as in (A6) and (A7)
with z1 and z2 replaced by 0− and 0+ , respectively. Let us first
consider the case where only the q th surface-wave mode is incident
on the step from the left-hand side with amplitude Aq(0−) = 1 and
otherwise zero (Ap(0−) = 0 for p 	= q and Ap(0+) = 0 for all p ).
For this example, we can obtain (2M + 4N) elements of Spq ( p =
0, 1, . . . , 2M + 4N − 1 ) on the q th row of [SSTEP ] immediately from
the coefficients Rqp and Tqp as follows:

Spq = Rqp SM+2N+pq = Tqp (A10)

Following the same method for the incidence of each of the other
modes from guide I or guide II, all of the matrix elements for the
equivalent network shown in Fig. 4 are solved.

Appendix IV

The terminal impedance Zn of the spectral composite mode in
the radiative part of the continuous spectrum ( 0 < ρ < n0k0 ) can be
defined by

Z̃nh̃yn(y) = ẽxn(y) =
∫ n0k0

0

(
ωµ0

β(ρ)

)
φn(ρ)hy(y, ρ)dρ (A11)

Multiplying both sides by exn and using the orthonormal relation (Al),
we obtain
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Z̃n

=
∫ ∞
−∞

(∫ n0k0

0
φn(ρ′)ex(y, ρ′)dρ′

) (∫ n0k0

0

ωµ0

β(ρ)
φn(ρ)hy(y, ρ)dρ

)
dy

=
∫ n0k0

0
φn(ρ′)

(∫ n0k0

0

ωµ0

β(ρ)
φn(ρ)δ(ρ− ρ′)dρ

)
dρ′

=
∫ n0k0

0

ωµ0

β(ρ)
φn(ρ′)φn(ρ′)dρ′. (A12)

In the same way, Zn in the reactive part ( n0k0 < ρ < αn0k0 ) is
obtained:

Ẑn = −j
∫ αn0k0

n0k0

ωµ0

γ(ρ′)
ψn(ρ′)ψn(ρ′)dρ′. (A13)
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