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1. Introduction

The optimization of the performance of optical guided wave de-
vices requires a knowledge of their propagation characteristics and field
distributions, and their dependence on the fabrication parameters. As
the range of guiding structures becomes more intricate, so the need for
computer analysis becomes greater and thus more demanding. There-
fore, there is a particular interest in theoretical methods of waveguide
analysis which has attracted the attention of many researchers. It is
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appropriate to refer to a general review paper on different numerical
methods by Saad [1] and a review paper on the finite element method
by Rahman, Fernandez and Davies [2] for further details.

Various types of analysis methods for optical waveguides have
been proposed and used and some of these methods are described
elsewhere in this book. Among the different numerical approaches,
the finite element method has established itself as a powerful method
throughout engineering for its flexibility and versatility, being used in
complicated structural, thermal, fluid flow, semiconductor, and electro-
magnetic problems. This method is particularly advantageous for elec-
tromagnetic field problems, because of its applicability to waveguides
with arbitrary shape, arbitrary refractive index profile, and anisotropic
or nonlinear materials. The finite element method has been widely used
during the last two decades in the analysis of various optical waveguide
structures. Thus it is probably the waveguide analysis method that is
the most generally applicable and most versatile.

Figure 1. A general arbitrarily shaped optical waveguide geometry, which
consists of several regions.

This chapter is concerned with the use of two-dimensional finite
element techniques applied to optical waveguide problems. These may
be understood by considering an arbitrarily shaped optical waveguide,
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in Figure 1, which is composed of several different materials, each one
of which can be described by arbitrary permittivity and permeability
tensors € and u. The waveguide is assumed to be uniform along its
longitudinal z axis. Assuming the time and z variation to be given by
exp(jwt) and exp(—jBz) functions respectively, the electromagnetic
fields at the angular frequency w have the form:

7"{(3), Y, 2 t) = H(x: y) exp j(Wt - ;32) (1)
&(z,y,2,t) = E(z,y) exp jwt — Bz)

where (3 is the propagation constant in the positive z-direction. The
general geometry of the guide can, if necessary, be quite complicated,
with an arbitrary permittivity profile e(z,y) in the transverse (z —y)
directions.

2. Variational Formulations

Finite element formulations are usually established via a varia-
tional or a Galerkin (method of moments [3] or weighted residuals)
approach. The latter is more flexible but when possible, it is advanta-
geous to take a variational approach, especially when one global pa-
rameter (like the propagation constant) is the required answer. We will
only refer to this form of derivation in this chapter.

2.1 Scalar Approzimation

Several different variational formulations have been proposed for
use with the finite element method. The simplest is the scalar formu-
lations, which consider only one field component and these have been
used for solving optical waveguide problems [4-11]. This formulation
is valid only in situations where the fields can be described as predom-
inantly TE or TM and one form suitable for quasi-TE modes can be
written as [10}:

10 [ [(3)+(3)"+ (7 -8 n* @) #]ae o
(2)

where B is the propagation constant, n(z,y) is the refractive index
profile and the integration is carried out over the waveguide cross-
section domain 2. A finite element program based on this formulation
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yields 3% as the eigenvalue of the matrix equation for a given free-space
wave number, ko , and ¢(z,y) is the transverse field distribution
which is E, for the quasi-TE modes. Similarly the scalar variational
formulation for the quasi-TM modes can be written as [10]:

1
I¥) 2/ o n¥(z,y)

[(%)2 + (%)2 + (ﬁ"’ ~ kg n’(z, y)) w’]dx dy
(3)

In this formulation (z,y) is the transverse field distribution which is
H, for the quasi-TM modes.

In the finite element approximation [12-15], the primary depen-
dent variables are replaced by a system of discretized variables over the
domain of consideration. To achieve this, one first divides the entire
waveguide cross section into a patchwork of subregions or elements,
usually triangles or quadrilaterals. Elements can have various shapes,
such as triangles or rectangles or even be with curved sides [16,17], and
they can also be of various sizes. Triangles are commonly used because
they are easy to adapt to complex shapes. Using many elements, any
cross-section with a complex boundary and with arbitrary permittivity
distribution can be accurately approximated. The simplest triangular
element assumes a linear interpolation between the field values at the
vertices of the triangle. Higher order interpolation polynomials are also
used, with a larger number of nodal values (unknowns of the problem)
in each element. By expressing the fields in terms of nodal values and
with the assumed shape functions, the resulting field components are
continuous over the whole domain.

To find these nodal fields, the usual (Rayleigh-Ritz) procedure
is to force stationarity [12-15] of the functional with respect to each
nodal variable. This yields a matrix eigenvalue equation, with vector
x of nodal variables:

[Al{x} — A[B]{x} = 0 (4)

where [A] and [B] are real symmetric matrices, and [B] is also posi-
tive definite. The eigenvalue A may be k or 32 depending on the
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variational formulations. We emphasize that it is most desirable for
the resulting matrix equation to be of this canonical form, to allow
efficient and robust solution. This equation can be solved by one of
various standard subroutines to obtain the different modal eigenvalues
and associated eigenvectors.

2.2. Vector Formulations

The single scalar formulation is inadequate (except as an approxi-
mation) for the inherently hybrid mode situation of anisotropic or gen-
uinely two dimensional, inhomogeneous optical waveguide problems.
To represent accurately general waveguide fields, a vector formulation
is necessary, with at least two field components. However, as we will
see later, some vector formulations are affected by spurious or non-
physical solutions which appear mixed with the correct ones in the
computation.

The finite element formulation in terms of the axial electric and
magnetic field components, as the two-parameter basis for a variational
formulation, has been used for analyzing various optical waveguides
[10,17-24]. It has also been applied to anisotropic waveguides with a
diagonal permittivity tensor [10,24].

This E, — H, formmlation cannot treat general anisotropic prob-
lems without destroying the canonical form of Eq. (4). Also, for a
waveguide with an arbitrary dielectric distribution, enforcing bound-
ary conditions in this method can be quite difficult. Another fundamen-
tal disadvantage for optical waveguide problems is that this E, — H,
formulation is based on axial field components which are the least
important of the six components of the two vector E and H fields.
Additionally, it is also affected by spurious solutions, and techniques
to reduce them [10] can be at the expense of greatly increasing the
computing cost.

In 1956, Berk [25] presented a number of vector variational for-
mulations in the form of Rayleigh quotients for loss-free anisotropic
waveguides and resonators in terms of the H field, the E field or a
combination of both. Later, Morishita and Kumagai [26] and Chen
and Lien [27] established general procedures to derive variational for-
mulations for self-adjoint and non-self-adjoint operators.

A vector E formulation has been applied to analyze cylindrical
waveguides [28], optical fibers [29,30], magnetically anisotropic waveg-
uides [31] and 3-D cavities [32]. The H-field formulation has been ex-
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tensively used for the solution of a variety of optical waveguide prob-
lems [4,33-43]. These formulations have attracted attention because
they can be used to analyze general anisotropic but loss-less problems.
The H-field formulation is more suited to dielectric waveguide prob-
lems where the magnetic field is continuous everywhere; furthermore,
as the natural boundary condition [12-15] corresponds to that of an
electric wall [36] boundary condition, one need not force the trial fields
at conducting boundaries. This formulation can be written as [25,33]:

2=/(v « H)* &1 (V x H)dQ

/H*-ﬁ-HdQ

(5)

w

Integration is carried out over the waveguide cross-section 2, where
an asterisk denotes complex conjugation and € and 7 are respec-
tively the permittivity and permeability (which may be of arbitrary
anisotropy) of the loss-free medium. Application of the Rayleigh-Ritz
procedure to (5) leads to a similar eigenvalue problem as in (4), where
now A is a complex Hermitian matrix (which can be reduced to the
real symmetric case by using suitable transformation [35,39] for the
loss-free condition), B is real symmetric and positive definite, and the
eigenvectors x represent the unknown field components at the nodal
points for different modes with w? as their corresponding eigenvalues.
Unfortunately, spurious solutions also appear in this formulation (as
in the E-field formulation), although we will see later that these non-
physical modes can be avoided. In order to obtain a solution for a given
wavelength, the 3 value has to be changed iteratively until the output
eigenvalue corresponds to the correct wavelength.

Variational formulations, in terms of the transverse H-field or
E-field components, have also been recently considered, including an
implicit satisfaction of the divergence-free condition [44-49]. These for-
mulations use the minimum number of variables required and can com-
pletely eliminate spurious solutions but at the expense of the complex-
ity of the matrix problem or the sparsity of the matrices [{45]. In this
case, the matrix order can be reduced to two thirds of what is needed
in the full vector formulation but more work will be needed in the
future, particularly in the development of the formulations and in ef-
ficient matrix techniques [49] before these formulations become fully
usable.
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Othaka et al. [50] used a variational form and Williams and Cam-
brell [51] used the method of moments with the transverse component
of H. Compared with the full vector H, this form can involve ad-
ditional differentiation which is particularly disadvantageous with a
finite element approach. Although there is recently a trend towards
the employment of vector formulations based on only two components
(of E or H) [47,49], a full vector form still has many advantages. This
full vector formulation is quite easy to implement, most versatile with
respect to the tensor €, and leads to a standard matrix form for which
robust and efficient solvers exist.

The full 6-component E and H formulation [52,53] does not ap-
pear to have much advantage over the H-field or E-field formulation,
since in this case the degrees of freedom per node double. Apparent
advantages reside in the simpler modeling of the basic equations, which
allows the elimination of spurious modes, and it can be important when
considering problems with special material properties.

2.3 Natural Boundary Conditions

The boundary condition which is automatically satisfied in the
variational procedure is called the natural boundary condition [12-
15]. The advantage of the variational formulation is that the natural
boundary condition can be automatically satisfied if left free. The func-
tional defined in equation (2) has the continuity g—ﬁ as the natural
boundary condition, whereas the functional in equation (3) has the
continuity ((-,%,)(%g)) as the natural boundary condition where n is
the outward unit normal vector. In contrast, the vector H-formulation
given in equation (5) has the n-H = 0 (Electric wall) as the natural
boundary condition.

If necessary, we may also enforce the natural boundary condition
to reduce the matrix order even these boundary conditions are satis-
fied automatically if left free. In some cases it may be necessary to
change the unsuitable natural boundary condition by introducing ad-
ditional surface integral around the desired boundary. If symmetry of a
waveguide exists, then advantage of that should be taken by imposing
that waveguide symmetry. However, it may be necessary to analyze
the structure with complementary symmetry conditions to get all the
modes but exploitation of the symmetry greatly reduces the computa-
tional cost.
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3. The Finite Element Method

In the execution of the finite element method [12-15], the cross-
section ) of the optical waveguide concerned is first suitably divided
into a number of subdomains or elements. Various types of elements
are available for the finite element techniques. Elements are classified
as one-, two-, and three-dimensional. The simplest example in one di-
mension would be a piecewise continuous linear function or, but for a
more elaborate element it can be piecewise quadratic function. In two
dimensions the elements are often triangles or rectangles. The most
simple triangular element assumes a linear interpolation between the
field values at the corner points (vertices) of the triangle. Within each
of these element the trial function is approximated by a suitably chosen
polynomial. In the simplest case the elements are triangular and first
degree polynomials are used. By this procedure the transverse plane is
covered with a grid of discrete nodes, which coincide with the corners
of the triangles.

8.1 Shape Functions

The continuous field function ¢(z,y) in the problem domain may
be replaced by a set of discrete values (¢p,p =1,2,3,...,m), where m
is the total number of nodes. This function will be continuous across
adjacent triangles, so that if the potential is interpreted like a third
dimension, it can be viewed as a surface with many triangular facets.
To be admissible functions, they must satisfy some conditions between
the elements; usually the continuity of the field across the boundaries
is preferred.

Inside each first order triangle and between the discrete nodes, ¢
is interpolated continuously. This can be achieved by introducing the
nodal shape function Nj(z,y). The field inside an element, ¢e(z,y),
can be written as

3
de(z,9) = Y _ Nilz,y) - ¢ (6)
i=1

where ¢; are the nodal field values. Equation (6) can be written in the
matrix notation as,
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(o)

¢e(z,y) = [N1 N2 N3] ¢ ¢2 (M
¢3

= [N] {¢e} (8)

where the row vector [N] is called the shape function matrix and the
column vector {¢.} is the vector corresponding to element nodal field
values. The simplest first order triangular elements use a first-degree
polynomial (a + bz + cy) over each element. It can be shown that

element shape function {N} =[N]” can be written as
T2Ys —TalY2 Y2—Ys I3 — T2 1
~M 1
{N}= (N | =— 231 —T1Y3s Ys—Y1 Z1—Z3 | (9)
N 24e
3 TiYe —T2y1 Y1 —Y2 T2 — 1 y

where T denotes a transpose, Ae the area of the triangle and z,, 22, z3,
Y1,Y2, and ys are respectively the 2,y coordinates of the three nodes.
{N} can also be written as

N ar iz ay
N3 ag bsz c3y

By comparing equations (9) and (10) the coefficients a;, b and ¢;
are calculated as

o = T2Ys — T3Y2
1 2Ae

bhh=y2—ys3 (11)
and ¢ =x3 — 2o

Similarly a2, b2, c2, a3, b3, c3 can be calculated by cyclic exchange
of1 — 2 — 3 in equation 11.
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Figure 2. Coordinates and node numbers of a typical first order triangu-

lar element.

Consider the typical point P somewhere in the triangle of Fig. 2
with vertices 1, 2 and 3. N; can also be denoted by

area of the triangle P12
- (12)
area of the triangle 123

Similarly N2 and N3 can be defined and it immediately follows from
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the area definition that

Ni+Ny+N3=1 (13)

3.2 Element and Global Matrices

For any one triangular element, the functional J® can be cal-
culated and the total functional J associated with the assemblage of
many elements is, in general, the sum of all the n individual elements,
where n is the total number of elements.

n

I=)Je (14)

1
| (N} B[N] . (N} 9IN]
—[;/A{@}T( or 0w | oy oy

+ 4% {N} [N] - k3 ne {N} [N]>dwdy} {¢e} (15)

The spatial derivative matrices [X] and [Y] can also be written in
matrix form as

o [m by bs] = [X] (16)
%l = [Cl (&)] 63] = [Y] (17)

where b; and c¢; are constant values only depend on the coordinate
values of the three nodes for a given element which are given by the
Eq. 11. The integration required in Eq. 16 can be easily carried out by
using the following relation for a triangular element

it 1 k! 2!
(i+j+k+2)

/ Ni N} Nf da = Ae (18)
A

After carrying out the integration, equation 16 can be written as

J = {¢p}T[Al{p} — A {¢p}T[Bl{¢p} (19)
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where, the eigenvalue A = 8% and the [A] and [B] matrices, for the
scalar formulation (2), are given by

_v 42 .2
A=Y /A[{X}[X]+{Y}{Yl R n {N}m}dﬂ (20)

and

B=3 / RULES (21)

where {X} and {Y} are the transposed column matrices of [X] and
[Y] respectively. Since the energy expression of Eq.(20) is quadratic in
nodal potentials, {¢p}, it must have a unique minimum with respect to
each component of the potential vector {¢,}. To minimize the energy
functional it is sufficient to set

oJ
oo}

Following the minimization, we obtain the standard eigenvalue equa-
tion as shown in Eq. (3).

The vector formulation can be similarly derived except that in-
stead of one unknown potential per node we have three unknown field
potentials and they are H; , Hy, and H, . Over each element, three
components of the magnetic field can be written in the matrix form as

=0 p=1,2,3,...,m (22)

Hy(z,y) = [N{HZ}

Hy(z,y) = [N|{H!} (23)
H,(z,y) = [N{H}

where {H®}, {H?}, and {H?} are the three nodal field vectors of
an element representing the z,y, and z component of the magnetic
field. The full vector magnetic field over an element can be written as

x {HZ}

(H) =y {H} (24)
z {HZ}
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Application of the standard finite element techniques to find sta-
tionary condition to the vector H-formulation given in equation (5)
will yield the same generalized eigenvalue equation as shown in (4).
But for this vector formulation, matrix A will be a complex Hermitian
matrix and B will be a real symmetric positive definite matrix.

8.8 Matrixz Solution Techniques

Solving waveguide problems by finite elements, the key factor af-
fecting storage requirements and computational effort is the choice of
algorithm to solve the matrix equation. In equation (4) the matrices
A and B are highly sparse, the sparsity increasing with the order of
the matrices and decreasing with the polynomial order of the shape
functions [13]. The advantage of higher order basis functions for the
fields is that it gives a more accurate solution for a given matrix or-
der, but it involves an increased programming effort, particularly when
considering anisotropic materials, infinite elements, and penalty func-
tions. Another disadvantage of higher order polynomials (again for a
given matrix order) is that it increases the density of the matrix. It
must be emphasized here that the trade-off and the optimum choice
between low- and high-order polynomials depends crucially on the ma-
trix algorithm used. For instance, to take the extreme case of a fully
dense matrix algorithm being used to solve equation (4), the optimum
choice of polynomial order would be high - but of course this would be
in the knowledge of the gross inefficiency of using a dense matrix algo-
rithm. By contrast, at the other extreme one can use a matrix routine
which considers only the nonzero elements of the upper or lower tri-
angle of the symmetric real matrices. This has been used [54,33] with
a specially developed arbitrary sparse matrix algorithm which solves
the eigenvalue problem by an iteration process applied simultaneously
to a subspace of eigenvectors; the method of subspace iteration [55].
This matrix solution technique does not need any initial guess for the
field eigenvector, which is generated from random number generator
to avoid any initial bias.
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4. Numerical Results for Channel Waveguides

The finite element method has been applied to a wide variety
of optical guided wave devices, for example, optical fibers [6, 18, 23,
40, 44, 56}, slab waveguides [8], channel waveguides (8, 10, 33, 35, 37,
44), rib waveguides [5, 19, 38|, directional couplers [17, 35, 44], electro-
optic modulators [9,41], parametric oscillators [57], nonlinear optical
waveguides [58-60], semiconductor amplifier [61] and semiconductor
lasers [4]. In the spirit of this book we will show some examples of its
application for channel waveguides.
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Figure 3. Discretization of a channel waveguide with orthodox and infi-
nite elements.
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4.1 Analysis of step index channel waveguide

In the finite element method, the cross-section of a waveguide is
first subdivided into a patchwork of elements. It is quite laborious to
input transverse coordinate data for all the nodes and element topol-
ogy information. In general, a simple semi-automatic mesh generation
program can provide all this information. As a first example we have
considered a simple step index channel waveguide. A simple mesh with
only 6 and 7 z-side and y-side mesh divisions respectively is shown
in Fig. 3. For the available one-fold symmetry the grid covers only a
part of the half plane with > 0. It is composed of six domains, each
of which consists of uniform rectangular grids. Half of the waveguide
cross-section is represented by 84 first-order elements and some infinite
element. All these elements can have different refractive indices but for
a simple step index channel waveguide we need only three refractive
index values.

Modes in channel waveguides are neither pure TE nor pure TM.
In two-dimensional optical waveguides they are generally classified as
the EZ, modes if the transverse electric field is primarily in the z-
direction and E¥,. modes if the transverse electric field is primarily in
the y -direction. The m and n subscripts denote the number of maxima
for the principal field component in the z and y directions, respec-
tively. The EZ, can also be denoted as Hp, and similarly Eny,
modes as H},, modes. The lowest order mode has m =1 and n = 1.
For most purposes, the E7%, modes can be as considered quasi-TE
modes while the E%, modes can be considered as quasi-TM modes.

Figure 4 shows the variation of the normalized propagation con-
stant, V,

)2 -
V= (‘nz_—n?’z (25)

for the HY, and H3, modes (quasi TE modes) for the step index
channel waveguide. In this example guide depth ( b) and half-guide
width (a) are varied and the core (n, ), substrate (n2 ), and cladding
(n3) refractive indices are taken to be 2.30, 2.29, and 1.0 respectively.
The wavelength is considered here as 0.850 pm. We have analyzed
this waveguide structure using the vector H-formulation with 3200
first order elements. It takes less than 2 minutes to compute on a
Sun Sparcstation 2. The dimensions ¢, d, and e should be such that
orthodox boundary walls would not influence the solutions. To obtain
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HY.» modes with m odd or even only, the symmetry wall along y =0
should to be an electric wall or a magnetic wall respectively.
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Figure 4. Dispersion characteristics for a step-channel waveguide.

4.2 Effect of Mesh Divisions

In the finite element method the solution accuracy improves [50]
with the mesh refinement like the finite difference method. Figure 5
illustrates the effect of mesh divisions when a =3um and b=3um.
This figure shows monotonic convergence with the mesh divisions. Note
that in this figure the normalized propagation constant (which itself
represents an expanded version of the propagation constant) is drawn
in an enlarged scale to show the variation. It can be also noticed that
the higher order mode converges slower than the fundamental mode
as more mesh divisions are required to represent faster spatial field
variations.
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Convergence of the finite element solution is often studied by re-
fining the size of the elements. Accuracy of results can be considerably
increased by careful extrapolation techniques [16,38]. The technique
is based on solving the physical problem with say two or three rather
coarse meshes and extrapolating systematically from these results with
considerable savings in computer time. If the pattern of element shapes
is suitably preserved, then a powerful extrapolation procedure such as
Aitken’s extrapolation procedure [16,38] can be employed. In this tech-
nique mesh refinement should follow a fixed geometrical ratio and the
results for the three calculations are put into the following extrapola-
tion formulae [38]

(Xr-H - Xr)2
Xr+1 = 2Xr + X1

X = Xr+l - (26)

Dotted lines in Fig. 5 are the extrapolated results using the Aitken’s
procedure.
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Figure 5. The convergence of the finite element solution with the mesh
divisions.
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It is convenient to have an automatic and interactive mesh genera-
tion program. More advanced packages can have sophisticated features,
such as adaptive remeshing. Figure 6 shows such an adaptive mesh for a
step channel waveguide. It can be observed that the center of the guide
has a finer mesh compared to the much coarser mesh further away from
the core. Using such adaptive remeshing [60-62] the accuracy of the
solution can be improved for a given number of elements.

Figure 6. Adaptive meshes for the above channel waveguide using 92
first order elements.

4.8 Effect of Infinite Elements

Traditionally open-type optical waveguides are represented by re-
stricting the problem domain up to a limit and filling the region with
orthodox elements. However, this crude approach either introduces a
significant error when the boundary is too close, or needs the consid-
eration of an excessively large domain. One adaptive technique is to
shift the virtual boundary wall recursively [22] to satisfy a criterion for
maximum field strength at that wall. Open-boundary problems may be
tackled more elegantly by introducing infinite elements. Adding these
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infinite elements along the outer boundary of orthodox finite elements,
any open-type optical waveguide cross-sectional domain can be repre-
sented very conveniently. These infinite elements extend the domain of
explicit field representation to infinity without increasing the matrix
order [33], so that the computational time is virtually unchanged.

In Cartesian coordinates, if an element is extended to infinity
in the positive x direction, then we can consider the following shape
function [33]

N(z,y) = Ny(y) - Ne(x) = Ny(y) - exp[—2/Lq] (27)

where L, is the decay length in the z -direction. Similarly, elements
can extend to the y-direction or in both directions.

0.64
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X- Int-0
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Figure 7. Effect of the artificial boundary wall position and the infinite
elements at the same location.

A pending question in applying this technique is the selection of
the free parameter, the decay length, which represents the decaying
behavior of the field outside the core region. Although this free pa-
rameter can be optimized systematically [33, 38, 43, 63], in practice
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almost any reasonable guess will be better than the default artificial
boundary wall. Figure 7 illustrates the advantage of using infinite el-
ements. The dashed line shows the effect of the fictitious right-side
boundary wall position on the normalized propagation constant, when
infinite elements are not used (Inf = 0). When infinite elements are
used results improve considerably. Figure 7 also illustrates that when
optimum decay value (in this example this was 0.65 pm) is used, the
result is remarkably accurate even when the artificial wall (distance c)
is only 0.1 pm from the guide core.

4.4 Effect of Penalty parameters

-Perhaps the most serious difficulty in using some of the vector
formulations is the appearance of extraneous nonphysical or spurious
modes [2,64]. In the conventional vector finite element formulations,
such as Eq. (5), the associated Euler equation is consistent with the
two Maxwell curl equations but does not imply V - B = 0 which is
believed to be responsible for the spurious modes. By imposing the di-
vergence constraint by using the penalty technique, spurious solutions
can be effectively removed. Besides removing them from the region of
interest the penalty procedure also improves the eigenvector quality. A
variational expression with the divergence-free constraint (V- H = 0)
imposed in a least-square sense is given by [34,37]:

/(VxH)*-’e‘—l'(VxH) aQ + a/(V-H)*-(V-H) aQ
2

w =
/HﬁdeQ

(28)

It is necessary to comment on the free term «, the penalty co-
efficient, because the accuracy of the solution depends on its value.
Generally, with the larger o value, the solutions get more stable but
their accuracy deteriorates. On the other hand, the smaller the values
of o becomes, the better the accuracy of the physical solutions tend to
become. However, with the smaller a value, more spurious solutions
appear and if a spurious solution couples with a physical solutions to
form two degenerative eigenvectors, then the accuracy of the physical
solution may be worse or very unpredictable. By considering eigen-
values \; for @ = a; and Ao for a = a respectively, the correct
eigenvalue Ao (@ = 0) can be extrapolated [40,56]. It is also observed
from our experience that spurious solutions can be avoided by setting
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a = 1/n2. This error is very small for reasonable mesh refinement.
Figure 8 illustrates the effect of the penalty parameter for the HY,
mode.
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Figure 8. Variation of the effective indices with the penalty value.

One of the advantages of using the penalty method is that it
does not increase the matrix order and the additional computational
time is negligible [34]. Another big advantage of using penalty term is
that eigenvector quality is vastly improved [34]. Figure 9(a) shows an
eigenvector with a = 0.2, in contrast to the eigenvector at o = 0.0,
that is no penalty term is used, is shown in Figure 9(b).



208 Rahman

=)
>

(a)

a =4 ym

(b)

b=2um

|
)

1) 0:
'gf)%
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the HY, mode with (a) a = 0.20 and (b) a = 0.
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Figure 10. Dispersion characteristics for a diffused channel waveguide.

4.5 Diffused Channel Waveguide

The channel waveguides formed by diffusion are of considerable
interest because of their applications to integrated optical devices. Due
to several important physical properties of the crystal materials, such
as large electro-optical, elasto-optical and second order nonlinearities,
a number of interesting devices such as switches and modulators [9,41]
and parametric oscillators [57] can be realized. Optical channel waveg-
uides can be formed in LiNbO 3 by the in-diffusion of thin titanium
stripes. The diffusion induced refractive index variation can be de-
scribed by [11]:

n(z,y) = ns(z,y) + An - f(z) - 9(y) (29)

The finite element method can clearly represent a waveguide with
any given arbitrary index profile as each element can have different re-
fractive indices. We can assign each element with different refractive
index values following any given f(z) and g(y) refractive index profile,
such as of the Gaussian, exponential or error function type. Figure 10
shows the variation of the normalized propagation constant for the
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diffused channel waveguide with normalized dimension of the guide a’,
where

a' = ko ay/(ns + An)2 —n2 (30)

and a, the width of the titanium strip, was 6.0 pm. In this example
ns and An were 2.0 and 0.1 and both f(z) and f(y) were Gaussian
types with diffusion length 3.0 pm.

5. Concluding Remarks

Unfortunately most of the optical waveguides do not lend them-
selves well to analytical techniques. In this book it has been demon-
strated that numerical analysis becomes standard for most of the di-
electric waveguide forms which are usable at optical frequencies. Fi-
nite element methods have undoubtedly become a powerful tool for
the analysis of electromagnetic problems and they stand as some of
the most important techniques for carrying out such numerical anal-
ysis for such optical waveguides. With this method, the propagation
characteristics of a wide range of practical optical waveguides are eas-
ily attainable. Besides the characterization of optical waveguides, there
have been numerous applications for various guided wave devices, such
as directional couplers, electro-optic modulators, parametric oscilla-
tors, semiconductor lasers and amplifiers.

Several ways to formulate this method using variational appro-
aches have been discussed in reference [2]. The full vector H-field for-
mulation still appears to be the most convenient for a wide range of
practical optical waveguides. Although it uses three rather than the
minimum of two components to describe the fields, the resultant ma-
trix problem can be solved using standard software library packages.
Its main drawback, the existence of spurious modes, can be partially
cured using a penalty method. This formulation is fundamentally more
accurate than scalar forms since it can represent true hybrid modes.

In this chapter we have presented results for simple step-index
and diffused channel waveguides using vector H-formulation. We have
also discussed the effect of two free parameters, the penalty term (c)
and the decay constant and their selection criteria.

Recent advances in computer technology have brought a rapid
change in the form of traditional finite element analysis. Furthermore,
the mathematics required in defining the element verges on the trivial,
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and computer programming at the very simple level can produce many
useful results. The advent of fast processing and computer graphics
has allowed the incorporation of pre- and post-processing facilities to
such an extent that nowadays it is hard to conceive of a finite element
program without some of these. The enormous increase of available
memory in the present modest workstations with fast processors has
caused a trend towards even more complicated modeling, allowing the
solution of problems that only a few years ago were too big even for the
largest machines. Undoubtedly this trend will mean that in the near
future, more and more electromagnetic field problems will be solved
routinely using these numerical techniques. In particular, as the com-
puter becomes faster, more powerful and cheaper, CAD based on finite
element method will be seen to have generated wider interest.
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